Lecture 13: ABELIAN GAUGE THEORIES:
THE FRAMEWORK OF QED



With this chapter, we begin the study of a class of geometric models that
have played a central role in the theory of fundamental interactions for more
than a century: gauge theories. They are characterized by new physics
properties and new technical difficulties.

We devote a first chapter to a simplest but physically important exam-
ple, the Abelian gauge theory, the field theoretical framework for Quantum
Electrodynamics (QED). However, since QED is discussed extensively else-
where, we mainly focus on the formal aspects of Abelian gauge theories.

The set-up of the chapter is the following: we begin with elementary con-
siderations about the massive vector field in perturbation theory. We show
that coupling to matter field leads to field theories that are renormalizable
in four dimensions only if the vector field is coupled to a conserved current.
In the latter case the massless vector limit can be defined and the resulting
field theory is gauge invariant.



We discuss the specific properties of gauge invariant theories. We then quan-
tize gauge theories starting directly from first principles. The quantization
of gauge theories involves gauge fixing. The formal equivalence between
different gauges is established.

In section 13.6, regularization methods are described that overcome the

new difficulties one encounters in gauge theories.

The Abelian gauge symmetry, broken by gauge fixing terms, leads to a
set of WT' identities, which are used to prove renormalizability.

The gauge dependence of correlation functions in a set of covariant gauges

is determined.

Renormalization results imply renormalization group equations and we

calculate the RG [-function at leading order.

As an introduction to the Standard Model of fundamental interactions at
the microscopic scale, we then study the Abelian Higgs model, which also

describes, in three dimensions, superconductors in a magnetic field.
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13.1 The free massive vector field

The quantization of the free massive vector field is not a trivial extension of
the quantization of the scalar field and thus requires a specific discussion.

Notation. In the first part of this section we work in real time with the
metric {4+, —, —,-- -} where the first component is the time component.

We then use Greek indices for the four space-time components, p =
0,1,2,3 and Roman indices for the space components ¢ = 1,2,3, for ex-
ample, the vector field is denoted by A,, = {4, A;}.

Space-time coordinates are denoted by {t = x¢g = —ixy, x; }, where x4 will
be later in the section the euclidean or imaginary time.

Finally, time derivative is occasionally indicated by

‘ — fli.
ot
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The local covariant action. The local O(1,3) invariant classical action for a

free massive vector field can be written as

A(A) = — / dt d*x [i D Fu(ta)Fr(t o) — 3m? Y Ay(t x)AM (L, z)

(13.1)
with
Fo(t,x)=0,A,(t,x)—0,A,, x). (13.2)

One may wonder about the peculiar form of the derivative term, but it is
straightforward to verify that the additional covariant term one could think
of adding, namely ) o 0,A,0" A", depending on its sign corresponds either
to an Ay field with a negative metric, or to an unbounded potential.
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13.1.1 Quantization

Separating space and time components, the action (13.1) can be rewritten
as (V1 = (01,0,,0s) is the space gradient)

A(A):/dtd%[%Z(A?(t,x) m2 A2 (z ) Zzﬂm

%(VLAO(t x)) + %Ag(t, T) — Z A;(t,x)0; Apl(t, x)] . (13.3)

The action (13.3) has a peculiar property: it does not involve the time
derivative Ay and, thus, the time component Ay of the vector field has no
conjugate momentum. Therefore, Ay is not a dynamical degree of freedom
and the corresponding field equation
0A
0 Ao (t, x)

= (—=Vi +m?) Ao(t, ) + Y 0id(t,z) =0, (13.4)
1s a constraint equation.
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This feature reflects the property that a massive vector field has only three
physical degrees of freedom corresponding to a space vector in the particle
rest-frame.

Using the A field equation to eliminate Ay from the action, one obtains

the reduced Lagrangian density
9;0; ‘ 1,2 2
= QZA (to) (0 — 55— ) Aj(tw) — gm® y | AR(t )
- i
— 3 ZF2 (t,x)

We denote by E; (because it becomes the electric field in the massless limit)

the momentum conjugated to A;, given by

oL - 1 -
E; = oA = A; —0; (V2 —m?) ZajAj.
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The Hamiltonian density H, Legendre transform of the Lagrangian, has the
form
1 9;0; 1, 2 2 1 2
i,7 { 1,9
(13.5)
The differential operator —0;0; being non-negative, the Hamiltonian is pos-

itive. The quantization procedure from now on is standard.

13.1.2 Fuclidean field theory

After continuation to imaginary time, it leads to an euclidean field integral
in which appears the euclidean reduced Lagrangian. This Lagrangian has
unpleasant properties: it is non-local and not O(4) space—time symmetric.

However, since the dependence in Aj of the action (13.3) is quadratic,
we can proceed in the following way: we substitute in the field integral

representation of the partition function the initial euclidean Lagrangian.
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We then perform the Gaussian integral over the time component. As we
know this is equivalent to solving the corresponding equation of motion,
and we thus recover the reduced Lagrangian.

Finally, the determinant resulting from the integration is field indepen-
dent and disappears in the normalization of the field integral.

This shows that if we start from the euclidean action,

S(A) = /d4a: [i Z Ep(x) + Z sm’ A2 () (13.6)

with
Fo(r)=0,A(x) —0,A,(x), (13.7)

we directly obtain the correct quantized action (note that in the continua-

tion to imaginary time we have set Ag = —iAy).
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Two-point connected correlation function. The generating functional Z(.J)

of A,-field correlation functions is then given by

Z(J) = / [dA,] exp [—S(A) + /d4:13 J(z) - A(az)] : (13.8)
In terms of the Fourier representations of the vector field and the current,
A (z) = / Ak e AL (k), T () = / 'k et J, (k)

the action can be rewritten as

~

S(A) = (2m)*L /d‘*kZA [(K* +m?)8,, — kuky] AL (k)

and

/d% I(z) - Az) = (27)" / 4tk S T (-
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The Gaussian integration amounts to replacing flﬂ(k) by the solution of the

corresponding field equation,

~ ~

> [ +m)ou — kuky] Au(k) = Ju(—k) = Au(k) = Au(k)J,(—k)

174

with
. Opw + kuky /m?
Aﬂu(k) — k‘2 n m2 ’

The integration yields the generating functional Z(J). The generating func-

tional W(J) of connected functions then is,

W(J) = Z(J) = 1 (2m)* / A5 S A (R)(—K).  (13.9)

We conclude that Aw(k) is the vector field propagator in the Fourier rep-

resentation.
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At the pole k,, = ime, with e, = 1 (the mass-shell), the numerator d,, —
e,€y, 1s a projector transverse to the vector k and only three modes are
propagated.

In the rest frame k; = 0, the numerator becomes 9,, — 0,40,4. The
propagator thus propagates three components belonging to the vector rep-
resentation of the static group O(3), subgroup of O(1,3).

Power counting. The propagator is such that in some directions it goes
to a constant for |k| large and the field has a power counting dimension d/2
in d dimensions. As we have already indicated in section 6.9, field theories
involving massive vector fields coupled to matter are renormalizable, in
general, only in dimensions d = 2 and cannot be used for renormalizable
theories in four dimensions.

A directly related disease (because the propagator is a homogeneous func-
tion of k and m) is the impossibility to pass continuously to the massless

limit.
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Conserved current. If the external source J,(x) has the form of a conserved

> Oudu(x) =0 & > kuJu(k) =0, (13.10)

then expression (13.9) reduces to

W(J) /d‘%ZJ k2+m2j“( k).

current,

This means that the propagator can be replaced by d,,/(k?* + m?) which
behaves like the propagator of a scalar particle. In this case both problems
of large momentum behaviour and massless limit are solved.

One may now wonder why we have not used at once such a propagator:
the reason is that it propagates, in addition to a vector field, a scalar particle
with negative metric (like the regulator fields). This is better illustrated by

a short calculation.
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13.1.3 More general propagators, interpretation

We add to the action (13.6) the action of an uncoupled massive scalar field
X:
S(A,x) =S(A) + 3 /d4:13 {(VX([B))2 + MQXQ(:B)} : (13.11)

The generating functional of correlation functions becomes

Z(J) = / [dA,] [dx] exp [—S(A, X) + / d4xJ(af)~A(x)]. (13.12)

In the absence of a source for y, the integration over x yields a constant
factor multiplying the functional (13.8).
In the integral (13.12), we now change variables, A — A’ with (note the

i factor),

A(z)=A'(z) + %Vx(x). (13.13)
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This change, called gauge transformation, leaves F},, invariant. If the source
satisfies the conservation equation (13.10), the source term is not modified.
Only the vector field mass term is affected:

%mQAQ(x) — %mQA’2(:c) +imA'(z) - Vx(x) — %(Vx(:c)f.
This main effect is to cancel the y kinetic term. One obtains
S(A,y) = S(A") + / Qo (imA'(z) - Vi(z) + 1M ().

After an integration by parts of A’ - Vy, one integrates over x(x). This
amounts to replacing x(x) by the solution of the x(x) field equation,
m
x(z) = WV - Al(z).
One obtains the new action (renaming now A’ — A),
1

Se(4) = S(A) + 5 (V-A(z))’d*s with &=M?/m?.  (13.14)
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The addition of this term is called gauge fixing. By varying & from 0 to
+00, one reproduces a set of gauges: £ = 0 corresponds to Landau’s gauge,
£ = 1 is Feynman’s gauge. In the limit £ = oo (the unitary gauge), one
recovers the initial unitary field theory.

The corresponding propagator is then

) 5.0 E— 1)k, k,
[Agluw (k) = L2 _tm2 + (k2 —|—(m2) ()k;—'— Em?)

(13.15)

For all finite values of ¢ the propagator behaves at large momentum like

a scalar field propagator. However, the new propagator has an unphysical

pole at k? = —¢m?. The propagator can be rewritten as
~ O + kyky /m? k. ky
Al (k) = 5= — T s (13.16)

showing that it propagates, in addition to the vector particle, an unphysical

scalar particle. In the mass-shell limit k2 — —m?, the ¢ dependence cancels.
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The massless limit. For all finite values of ¢, the propagator [A¢],, (k)
behaves at large momentum as a scalar propagator and has the zero mass
limit,

~ 0 k. ky

[Af]ﬂl/(k) — % + (S o 1) (I€2)2 :

(13.17)

However, for values of ¢ # 1, the term proportional to 1/k* may generate
IR divergences in interacting theories in four dimensions, a problem that
requires some care.
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13.2 Interaction with fermion matter

We conclude from the preceding analysis that only vector fields coupled
to conserved currents and, thus, associated with continuous symmetries,
provide suitable candidates for the construction of theories renormalizable
in four dimensions. We now give an explicit, an physically relevant, example.

We start from a free action for a massive Dirac fermion,

Sr (1) = — / 'z () (@ + M) (), (13.18)

and want to add an O(4) invariant coupling to a vector field.
As we have already noted in section 11.8.3, the action (13.18) for a free
Dirac fermion has a U(1) symmetry associated with the conservation of the

fermion number (A is constant)

Y(x) =l (2), (a) =eT M (2). (13.19)
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To this symmetry corresponds a current whose expression is obtained by
calculating the variation of the action under a space-dependent group trans-
formation (see appendix A12.1). If A is space-dependent, the variation of

the action is

OSF = —i/d4x V(x)FA(z)(x)

and, thus, the corresponding conserved current J,(x) is

Ju() = =ip(x) 7y, ().

The only O(4) symmetric interaction term which is renormalizable, from

the point of view of power counting, is proportional to

[ i dla)a@)ie).

This interaction term has precisely the form of a vector field linearly coupled

to the conserved current J,(z).
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The action of a fermion interacting with a vector field then takes the form
S(A,G.0) = S(4) ~ [ dab(a) @+ M +ied)v@). (1320

where S(A) is the vector free action (13.6) and the parameter e is the

current—vector field coupling constant.

The vector field propagator. The transformations of section 13.1, which
have led to the propagator (13.15), rely on a change of variables in the field
integral of the form (13.13):

Az) = —éVA(x) + A (2). (13.21)

One verifies that the induced variation of Sp(A,,1) can be cancelled by
a change of the fermion variables of the form of the transformation (13.19)
with a space-dependent function A(x):

Y(x) = MDY (), Pla) = e P (2), (13.22)
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Therefore, the algebraic transformations that allow to pass from a unitary
but non-renormalizable action to an non-unitary but renormalizable action
remain justified.

The action of massive QED with fermion matter in a renormalizable gauge

then can be written as

(4,00 = a1 FLW + A + (7 AW

— () (§+ M + ied) w(x)] . (13.23)

This is the action for a massive photon interacting with charged fermion
matter.

The equivalence remains valid for the action and transverse A-field corre-
lation functions. Eventually, we shall have to discuss the problem of matter
correlation functions. However, we first want to examine the special prop-

erties of the massless vector field theory.
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Higher spins. The strategy that has allowed transforming a unitary non-
renormalizable theory into a renormalizable non-unitary theory does not
work for higher spin fields even when the fields are coupled to conserved
currents like the spin two energy—momentum tensor or the spin 3/2 field

coupled to the supersymmetry current.
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13.3 Massless vector field: Abelian gauge symmetry

In the massless vector field limit m = 0, the classical action (13.20) reduces
to

S(AG.0) = [[ate|4 Y Fa ) - 30) @+ M +ied)viz)|. (1320

The action then has a remarkable property: it is invariant under U (1) gauge
transformations as defined by equations (13.21, 13.22)). Gauge transforma-
tions are local (i.e., with space-dependent parameters) group transforma-
tions.

Such a symmetry is called a U(1) gauge symmetry and the vector field
is then called a gauge field. From the physics viewpoint, the quantum field
theory describes the interaction of a charged fermion with the electromag-
netic field, which is the basis of QED.
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By constructing a renormalizable theory for a vector field in four dimen-
sions we have been led naturally to introduce a new geometric structure, an
Abelian (because the U(1) is Abelian or commutative) gauge theory, which

is the quantum version of Maxwell’s electromagnetism.

13.3.1 Gauge symmetry

Gauge symmetry has a geometric interpretation that is worth describing.
The invariance of the fermion part of the action can be seen as a consequence
of the replacement of the derivative 0, of the free fermion theory by the
covariant derivative 0, +teA,, which allows the transformation of the gauge
field to cancel the term coming from the derivative. We are thus reminded
of the concepts of covariant derivative, affine connection, curvature and
parallel transport introduced for Riemannian manifolds.
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In the corresponding terminology, A, (x) is the affine connection.

The differential operator D, = 9, +ieA,, is the covariant derivative and,
for later purpose, we introduce the notation ) = > YDy

The curvature tensor (which is the electromagnetic field in QED) is

1
F,, = - D,,D,|=0,A4, - 0,A,.

Finally, the parallel transporter U(C,,) (a notion also essential for lattice
gauge theories), where C,, is an oriented, piecewise differentiable, curve
with end-points x,y, is an element of the U(1) group. Since the group is
Abelian, it can be expressed explicitly in terms of a line integral as

U(Cyy) = exp [ie?{} ZAM(S)dSM] : (13.25)
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One immediately verifies that the transformation of U(C},) induced by a
gauge transformation (13.21) of A, has the form

UC)=U'(C) exp[ 7{ 25’ A(s dsM] = U'(Cyy) exp |i(A(y) — Alx))]

which is such that ¢ (y)U(Cy,)w () is gauge invariant.
Note that the parallel transporter around a closed curve is gauge invari-
ant. According to Stokes theorem, for a simple closed curve, U(C) can be

rewritten as

Y

U(C)—exp[ /deu/\dx,,FW(x)

v
that is, in terms of a surface integral over a surface D that has the curve C
as a boundary: dD = C. This expression relates the curvature tensor F},,
to parallel transport around a closed curve, remark that also will be useful

in the construction of lattice gauge theories.
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Charged scalar fields. With the geometric ideas of parallel transport in
mind, it is straightforward to construct a gauge action for a charged scalar

field. One starts from the U(1) invariant action

S(@) = [ ata [IV6()+ U(lo@)P)]

in which ¢(x) is a complex field, and replaces the derivative 9, by a covariant
derivative. The explicit form of the covariant derivative depends on the
charge assigned to the field ¢(x). If one assumes that ¢ couples to A, with

a coupling constant eg, one obtains,

So(é:4,) = [ da Do) + UGe@P)] . (13:20
where D is the covariant derivative, a vector with components

D, =8, +iegA, . (13.27)
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Quantization of charge. If we introduce additional charged fields, we have
to assign them charges which characterize their transformation properties
under U(1). A delicate question arises here. Since the U(1) group has
the same Lie algebra as the group of translations, properties depending
only on infinitesimal group transformations do not require a quantization
of charge. In particular, in perturbation theory WT identities are true even
if the charges are not rationally related and the necessity of a quantization
of charges, therefore, never appears. The conventional wisdom is that QED
does not imply charge quantization.

However, note that the only known non-perturbative regularization, based
on a lattice approximation, involves group elements in the form of parallel
transporters and, therefore, requires charge quantization (see section 13.6).

The question remains open.
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13.3.2 The massless vector field as a limit

Geometric and physical considerations single out the theory with a massless
vector field: it has an exact gauge symmetry and it describes the physics of
QED because the photon is, at least to an excellent approximation, found
experimentally to be massless. Therefore, we could have restricted our
discussion to the massless case, as we shall do in the non-Abelian case.

However, considering the massless theory as a limit of the massive theory
provides us with a simple resolution to several difficulties.

First, we have already seen in section 13.1 that we could not write at once
a propagator for a massless vector field. In a gauge invariant theory, this
difficulty persists beyond perturbation theory.

Indeed, the gauge symmetry implies that the action does not depend on
one of the dynamical variables which is related to a gauge transformation.
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As a consequence, the field integral cannot be defined because the volume
of the gauge group, which can be factorized, is infinite.

This difficulty reflects the property that in classical electrodynamics only
the electromagnetic tensor F},, is physical. The vector field A, is a mathe-
matical entity that enables deriving the classical field equations by varying
a local covariant action. It contains redundant degrees of freedom whose
evolution is not determined by the field equations.

We show in section 13.4 how the gauge action can be quantized starting
from first principles. The procedure is less straightforward and leads to
non-covariant gauges, problems whose analysis we want to postpone.

Starting from the massive theory, performing the algebraic transforma-
tions indicated in section 13.1 (which lead to gauge fixing) and taking the
massless limit, we have been able to define directly the gauge theory.

Finally, the mass of the vector field provides the theory with a natural
IR cut-off that allow to analyse the IR problems of the massless theory.
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13.4 Canonical quantization: non-covariant gauges

Although we have been able to construct a gauge invariant theory as a limit
of a theory of a massive vector field coupled to a conserved current, it is use-
ful to contemplate the difficulties one encounters when one tries to quantize
a gauge theory starting from first principles. Moreover, in the case of non-
Abelian gauge symmetries, the massless limit is not continuous. Therefore,
we show how, starting directly from the classical field equations of a gauge
invariant theory, it is possible to recover the field integral representation of
the generating functional of correlation functions.

The problem can be solved by several different strategies and we present
two of them, corresponding to so-called Coulomb’s gauge and temporal

gauge.
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We again consider the simple action

S(A,J) :8(A)—/d4xJ(af)~A(x), S(A) = i/d‘LxZFiV(x),

(13.28)
of a gauge field coupled to a conserved current.

13.4.1 Coulomb’s gauge

We first proceed as in the massive case and eliminate the gauge field time
component from the action. Taking into account current conservation (note

Jo = iJy), we then obtain the integral of a reduced Lagrangian density:

. 0,0\ -
,C(AZ) = Z [%Az(t,ﬂf) ((Szj — v—ij) Aj(t,x) — iny(t,x)
©5J
0;0;
—|—Ji(t,l’) ((Szj — V—Qj) Aj(t,ilf)] .
1L
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In contrast with the massive case, the action depends only on
> (65— 0:0;/V%) At ).
J

After Fourier transformation, this implies that the action does not depend
on the component of fli(t, /%) along l%, the space component of the momentum
k. We recover the well-known property that a massless vector field has
only two physical components. We thus expand the vector A;(t, /Ac) on a
transverse basis e?(k), calling 2, the corresponding two components (the
polarizations):

koe'(k) =0, e“(k)-e’(k)=0um, A(tk)=——k+> e"(k)Ua(k),

and .J, the corresponding sources. The Lagrangian density in these variables
becomes

LAa) =) [Z 5’M2la(t,x)8“2la(t,x)+Ja(t,x)2[a(t,x)].

a=1,2"% pu
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The quantization now is straightforward. Eventually, one obtains a field
integral over the fields 2(,. However, the corresponding action, once ex-
pressed in terms of the initial current J,,, is non-local. One can reintroduce
the components A; of the gauge field provided one multiplies the integrand
by 0(>_, 0;A;). The last step, that is, returning to an integral involving the
time component, is the same as in the massive case. The final result is the
euclidean generating functional in Coulomb’s gauge:

Zoou.(J) = / [dAM(x)(S(Z &L-AZ-(:U))] e~ SA) (13.29)

where S(A, J) is defined in (13.28). Coulomb’s gauge, in the Abelian case,
has a nice physical interpretation: only physical degrees of freedom propa-

gate, but it leads to non-covariant calculations, and this is a serious draw-

back.
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In particular, the gauge field propagator (k = {k4,k, }) becomes

D -
=
>0
N—"
VN
>~
N——"
o

= (2) 1 k;k:
Wi (k) = 15 (57:,7' - kzj) -

The time component does not decrease in the large time direction. There-
fore, with this propagator the theory is not explicitly renormalizable by
power counting.

We still have to prove that this gauge is equivalent to the covariant gauges
introduced in section 13.1, but we postpone this issue and discuss before
another quantization scheme.
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13.4.2 The temporal (or Weyl) gauge

In the non-Abelian case the quantization in Coulomb’s gauge is complicate
and, therefore, we now explain another, more easily generalizable, method.
The field equations in real time ¢ that correspond to the action (13.28)

are

> 0uF(t,x) = J"(t,x), x€R>. (13.30)
v

The extension of the arguments that follow to a gauge theory containing
matter fields is straightforward.

The method relies on the observation that the gauge transformed of any
solution of equation (13.30) is again a solution. The set of all solutions can
thus be obtained by restricting the gauge field to a gauge section.
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Here, we considers only the solutions satisfying
Ag(t,x) =0, (13.31)

in which Ag is the time component of the field A4,. Equation (13.30) can
then be rewritten, separating time and space components, and taking into
account the condition (13.31), as (1 <1,j < 3)

> 0iAi(t,x) = Jo(t, @), (13.32)
v) =Y 0;Fji(t,x) = Ji(t,x). (13.33)

The equation (13.33) is the field equation that can be derived from the
classical Lagrangian density

L) =Y [%Af(t,iji(t,x (t,2 } ——ZF2 (t,z), 1<i,j<3.

)
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The conjugated momentum of the field A;(t, x) is the electric field

Ei(ta :C) — Ai(tv x)
The expression of the Hamiltonian density follows,

H(E(z), A(z)) = 4 Z (B2 (x) — Ji(x)Ai(2)] + 2 Z F2(z).  (13.34)
The partition function Z(J;) is then
Z(J;) = / [dA;] e S AT — / [dA] ][ 6(As(x)) e SA7) - (13.35)

since S(A;, J;) is the covariant euclidean action (13.28) taken for A, = 0.
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We still have to implement the constraint (13.32), which is Gauss’s law. Af-
ter quantization, it becomes a constraint on the physically acceptable states
W(A). The conjugated momenta F; as quantum operators are represented
by functional differential operators —id/dA;. The condition (13.32) thus
takes the form

% Z 0; Mf(x) U(A) = Jo(t,z)T(A). (13.36)
We recognize in the left hand side of equation (13.36) the generator of time-
independent gauge transformations of the field A(z) acting on W.

In the absence of an external source (Jy(t,x) = 0), the physical states
must be gauge invariant. This condition is consistent with quantum evolu-
tion because in the gauge (13.31) the theory has still an invariance under

time-independent gauge transformations.
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For a general external source, the condition (13.36) tells us how the state
transforms. Consistency with quantum evolution then requires the commu-
tation of the operator ) . 0;E; — Jy with the Hamiltonian. A short calcula-
tion shows that this commutation is implied by current conservation.

We exhibit, for later purpose, a state satisfying the condition (13.36) in

the case of two opposite static charges:
Jo(t,x) =eld(x —x2) —0(x —x1)], Ji(t,x)=0. (13.37)
The state,

U(A) =exp [z’ejiZAi(s)dsi] : (13.38)

in which C'is an arbitrary differentiable path joining x; to x5, indeed verifies

P2 O Gy YA = g YA e

=eld(x —x2) —0(x — x1)] V(A).
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The result is consistent with the equations (13.36,13.37).

The representation (13.38) has the form of a parallel transporter corre-
sponding to time-independent gauge transformations. This representation,
as well as its non-Abelian generalization, will be useful in chapter 16, in the
discussion of the confinement problem.

The propagator in the temporal gauge. The propagator of the gauge field

in the temporal gauge (in the euclidean formalism) reads
Wi = % (5@7‘ - %) + k—lg%,
1 4 K

in which k| is the ‘space’ part of k, that is, its projection on R?. This prop-
agator, as in the case of Coulomb’s gauge, has a large momentum behaviour
which is not uniform and thus, in contrast with covariant gauges, leads to
theories which are not explicitly renormalizable in four dimensions. More-
over, its longitudinal part has a double pole at k4 = 0 that also requires

some regularization.
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13.5 Equivalence with covariant gauges

We have obtained different field integral representations of the same theory.
We now show that, at least for expectation values of gauge invariant observ-
ables, they are formally equivalent to the O(4) covariant representations we
have discussed in section 13.1. More generally, we show here the equivalence
between the temporal gauge and a class of gauges characterized by a gauge
condition of the form

n(9) - A(x) = v(a),

where the vector n is a constant or a differential operator and v(x) an
arbitrary external field. By setting the external field v(x) to zero, one
enforces the strict gauge condition n(d) - A(z) = 0 but by integrating over
it with a Gaussian weight one can generate actions of the form (13.14). This
covers all the examples met so far. The method easily generalizes to other

gauges.
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Derivation. We start from the temporal gauge. We use the second expres-

sion (13.35), which involves an integral over a 4-component vector field:
Z(J) = / [dA] | ] 6 (As(z))e 57 (13.39)
We insert the identity
/[dA(x)] H5 n(9) - (VyA(z) + A(z)) —v(x)| = const. ,
inside expression (13.39),

Z / A4, dA] TT 6(A4(2))3 [0(8) - (VoA () + Ax)) — v(x)] e~ SAD .

We change variables, substituting
A(z) — A(x) — VA(z).
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The change of variables has the form of a gauge transformation. Since the

current J, is conserved, only the J-functions are modified:
0(Ay)d [n(@) : (VmA(az) + A(x)) — V(.CE)} — 5(A4—A)6 n(0) - A(x) —v(z)].

The integration over A can again be performed. It yields

/ AT 6 (Aa(e) — A(x)) = const.
and, therefore,
2(7) = [ [44,)8[n(0) - Ale) - v(a)]e S

Since the result by construction does not depend on v(x), one can either set

v(x) to zero or integrate over v(x) with, for example, the Gaussian measure
[dp(v)] = [dv(x)] exp [—% /d4x V2(£C)] . (13.40)
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One then obtains

20) = [ a4 exp |- Spe(4) + [ a'23() A)]

with
Sgauge(A) = S(A) + 2 /d4x m(d) - A(z)]*. (13.41)

Specializing to n = ¢~ 1/2V,, one sees that the result in particular demon-
strates the equivalence between the temporal gauge A4 = 0 and the covari-
ant gauges (13.14). By contrast, if one chooses ny = 0 and n; = 9, and

sets v = 0, one recovers Coulomb’s gauge.
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The propagator. To the action (13.41) corresponds the gauge field propaga-

tor

17(2
W2 (k)

b 5o (kpny + kyny) n (K* + n?) kyuky
k2 | H k-n (k - n)Q

Remark. The strict gauge condition is recovered in the limit |[n| — oo,
which exists for the propagator but not for the action. To write explicitly
the limiting action one has to introduce a Lagrange multiplier A\(x) which
implements the gauge condition as

Seauge(4) = S(A) + /d4x AMx)n(0) - A(x).
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13.5.1 Interpretation: the Faddeev—Popov quantization

The result we have obtained has an interpretation that can be rigorously
justified only in the lattice approximation on a finite lattice (see section
13.6).

The problem of a gauge invariant theory is that locality requires an action
with redundant degrees of freedom or equivalently that the local gauge
invariant action does not provide a dynamics to the degrees of freedom
attached to gauge transformations.

Therefore, we supply them with a ‘stochastic’ dynamics: we express the
gauge field A, as the sum of a gauge field B, projection of 4,, on some gauge
section, that is, satisfying some gauge condition, and a gauge transformation
A:

A(z) =B(x) + VA(x). (13.42)

We assume that this decomposition is unique. Gauge invariance implies

that the gauge action depends only on B,, and specifies its dynamics.
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To A(x), whose dynamics is undetermined, we impose, for example,
E(A,z) = V*A(z) +V-B(z) —v(z) =0, (13.43)

in which v(x) is a stochastic field with some probability distribution.
We impose the equation in the field integral using the general identity
(chain rule)

/[dA] H5[5(A,az)] det M = const. ,

where M is the functional derivative of the equation (13.43) with respect

to the field A(xz),

M) = )

However, here M = V? and its determinant is field independent. The
determinant yields a factor that disappears in the normalization of the field
integral.
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The field integral reduces to
Z = / dB,dA]d [V2A(a:) +V - -B(zx) — I/(x)] exp [—S(B)]. (13.44)

The field measure [dB,dA]| is the decomposition of the flat measure [dA,]
into a product of measures on B, and A. The action S(B) is the gauge
invariant action S(A) in which equation (13.42) has been used. We now

recognize that the whole expression can be rewritten in terms of A, as
z = [[A4J51V - A) - (@) exp[-S(A)].

Moreover, since the result of the field integration does not depend on the
dynamics of A(z), the result does not depend on the field v(x) either and
we can integrate over v(x) with, for example, the Gaussian measure (13.40).

The result remains valid in the presence of sources for gauge invariant
operators (polynomials in the fields that are invariant under gauge trans-

formations).
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13.6 Perturbation theory: regularization

For most of the section, we consider an action for massive QED with
fermions in a covariant gauge, of the form (13.23).

With the propagator (13.15) power counting is the same as for a scalar
field. Therefore, one can construct interacting theories renormalizable by
power counting in four dimensions. However, because gauge invariance is
essential for the physical consistency of the theory, it has to be preserved
by the renormalization. In a first step, gauge invariant regularizations are

thus required.

Dimensional reqularization. We have defined dimensional regularization
in section 9.2. This regularization is well suited to perturbative calculations
in QED. Examples will be given in section 13.11. It leads to problems only
in the case of chiral gauge theories, due to the 5 problem (see section 15.5)

because 5 has no proper dimensional continuation.
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13.6.1 Momentum cut-off reqularization

In this chapter the special problems generated by chiral fermions are not met
and we can calculate with dimensional regularization. However, for later
purpose it is instructive to also discuss momentum cut-off or Pauli—Villars’s
regularization, especially in the case of fermion matter. Moreover, momen-
tum regularization allows proving bare RG equations and thus discussing
the flow of effective low energy parameters, in particular, the effective low
energy charge.

It is convenient to decompose the regularization of a matter action in
presence of a gauge field into two steps, first regularization of matter in a
gauge background, then regularization of the integral over the gauge field.
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Charged fermions in a gauge background. From the point of view of mo-
mentum regularization, a specific problem arises because in a gauge theory
only covariant derivatives can be used. A regularized action of fermions in

a gauge background then takes the form (1) = Zu VMDu)v

Se(@0,4) = [ dted@) 0+ [ (1-P2/M2) vi@), S =001,

T

Note that up to this point the regularization, unlike dimensional or lattice
regularizations, preserves a possible chiral symmetry for M = 0.

However, the higher order derivatives of the regularization, while they
improve the large momentum behaviour of the fermion propagator, generate
new, more singular, gauge interactions and it is no longer clear whether the

theory can be rendered finite.
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Correlation functions in the gauge background then are generated by

Z(7,m; A) = / [d(2)dd()] exp [~Sp(@, &, A)

+ [ ate (o) + w<x>n<x>)] L (13.45)

where 17,7 are Grassmann sources.
Integrating over fermions explicitly, one obtains

Z(7.1: A) = Zo(A) exp [— [ awatynt)aeca y,xm(w)] ,

Zo(A) = Ndet | (M +1) [ (1 -2*/M7)

r

Y

where N is a gauge field-independent normalization and Agr(A;y,x) the
fermion propagator in an external gauge field.
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Fig. 13.1 — One-loop contribution to the gauge field two-point function.

The fermion determinant. The first problem arises from the determinant
that generates closed fermion loops in a gauge background (like in Fig. 13.1).
Using Indet = trln, one finds

In Zp(A) =trln (M +1) + Ztrln (1-1°/M;7) — (A=0).

In four dimensions, we can then use the anticommutation of 75 with 12,

det(ID + M) = det y5(ID + M )~ = det(M —1D),
In Z5(A) = % trln (M? — %) + Ztrln (1-1°/M?) — (A=0).
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We see that, from the point of view of power counting, the regularization
does not improve the determinant and, thus, not one-loop diagrams of the
form of fermion closed loops with external gauge fields, a problem that
requires an additional regularization. This analysis signals a difficulty in
constructing in general a regularized gauge invariant expression for the de-
terminant of operators of the form 1) + M in the continuum and at fixed
dimension (see section 15.5).

Auxiliary fields method. The fermion determinant can be regularized by
adding to the action an unphysical boson regulator fields with spin 1/2 and,
therefore, a propagator analogous to Ar but with different masses

So(6.054) = [ ated(e) (M +) [ [1 - P2/ (M2P] ola), MP = O(4),

r=1

The integration over the boson fields ¢, ¢ adds to In Z; the quantity
§ln Zo(A) = —Ltrln [(M)? —1?] — Ztrln [1-17/(MP)*] — (A=0).
r=1
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Expanding in inverse powers of I3, one adjusts the masses MP to cancel
as many powers as possible. However, the unpaired initial fermion mass
M is the source of a problem. The corresponding determinant can only be
regularized with an unpaired boson with mass M = O(A).

In the chiral limit M = 0 we have two options: either we give a chiral
charge to the boson field and the mass MY breaks chiral symmetry, or we
leave it invariant in a chiral transformation. Then, after a chiral gauge

transformation, we obtain the determinant of the operator
ei0(2)7s [ 10 ()75 D+ M(])3)_1.

For 0(x) constant, €75 anticommutes with ]) and cancels. Otherwise, a non-
trivial contribution remains. The method thus indicates potential difficulties

with chiral gauge transformations.
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Since the problem reduces to the study of a determinant in an external
background, one can examine it directly, as we will, starting with section
15.5. One verifies whether it is possible to define some regularized form
in a way consistent with chiral symmetry. One then inserts the one-loop
renormalized diagrams in the general diagrams regularized by the preceding
cut-off methods.

The gauge field propagator. After integration over the gauge field, dia-
grams constructed from Agr(A;y, x) belong to loops with gauge field propa-
gators (figure 13.2), and, therefore, can be rendered finite if the gauge field
propagator can be improved.

For the free gauge action in a covariant gauge usual derivatives can be
used because in an Abelian theory the gauge field is neutral. The tensor
F,, is gauge invariant and the action for the scalar x(z) of equation (13.11)
and thus V - A is arbitrary. Therefore, the large momentum behaviour of
the gauge field propagator can be arbitrarily improved.
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Fig. 13.2 — Example of a multi-loop diagram.

Scalar matter. In the case of scalar matter, a similar analysis holds.

The determinant det DZ generated by integrating over charged scalar
fields in a gauge background can be regularized by Schwinger’s proper time
method. The determinant is then expressed in terms of the evolution oper-
ator corresponding to a non-relativistic Hamiltonian in a magnetic field.

For multi-loop diagrams scalar self-interaction vertices can be added, but
then the number of matter propagators exceeds the number of gauge field

vertices and again the diagrams can be made superficially convergent.
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13.6.2 Lattice reqularization

The construction of a lattice regularized form of a gauge theory is directly
based on the notion of parallel transport and the geometric interpretation
of the gauge field as a connection. Since on the lattice points are split, the
gauge field has to be replaced by link variables corresponding to parallel
transport along links of the lattice (see section 13.3.1 and chapter 16 for a
detailed discussion).

A link variable U(z,y) is an element of the U(1) group, lattice analogue
of the parallel transporter U(C') defined by equation (13.25), the curve C
being the link joining the site x to the neighbour sitey on the lattice.

It can be parametrized in terms of an angle 0,,, and is such that

Uz,y) = Uyy = €%y = (Uy,) "

The measure of integration over the gauge variables is the group invariant

measure, that is, the flat measure do,,,.
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Lattice dependent U(1) group transformations are then the lattice equiva-
lents of the gauge transformations of the continuum theory.
Gauge invariant fermion interaction terms on the lattice, for example,

have the form (but lead to subtle issues for the fermion lattice propagator)

(@ + ang )y, U(x + any, )i (),

where n,, 1s the unit vector in p direction and a the lattice spacing.

Plaguette action. We have shown in section 13.3.1 that the curvature
tensor is associated with parallel transport around a closed curve. This
indicates that a regularized form of [d*z o F/f,/ is the product of link
variables around a closed curve on the lattice, the simplest one on an hyper-
cubic lattice being a square, forming a plaquette. This leads to the famous

plaquette action (for details see chapter 16),

E UryUyUtUry, 2,9, 2,1 forming a square .
all plaquettes
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A typical gauge invariant lattice action corresponding to the continuum

action of a Abelian gauge field coupled to fermions then has the form

(U w ¢ Z nyUyzU Utz — K Z wy’yya; y:cwaz Z M%:%: )

plaquettes links sites

(13.46)
where have denoted by x, y,..., the lattice sites, v;, = Zu Yu(x —y), and
£ and k are the coupling constants.

Note that on the lattice and in a finite volume the gauge invariant action
leads to a well-defined partition function because the U (1) group is compact:
the volume of the gauge group for a lattice of Q lattice sites is (27)*’

However, in the continuum limit, the compact character of the group is
lost. Therefore, even on the lattice it is necessary to fix the gauge in order
to be able to construct a regularized perturbation theory. Since we shall
devote chapter 16 to lattice gauge theories, we postpone the discussion of
this problem.
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13.7 WT identities

In this section, for convenience, we assume dimensional regularization.

In gauge theories WT' identities play an essential role because it is nec-
essary to maintain the gauge symmetry in order to ensure that the theory,
which is not explicitly unitary, remains equivalent to a unitary theory, at
least for the ‘physical’ observables, that is, gauge invariant observables (in-
cluding S-matrix elements).

Their derivation is simple. We again take the example of the action

(13.23)

85(1471;715) :/d4x[iZFil/(‘@)+%m2A2($)—|—%(V-A(;@)Q

(@) (- M+ ied) w<x>]
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We add sources J,(x), n(z) and 7j(x) for the fields A, (z), ¥ (z) and ¥(z),

respectively. The action becomes

S(A, 1) = Se(A, 1)) / a4 [3(2) - Ax) + 7(@)() + P(a)n(@)]

We make infinitesimal gauge transformations (13.22, 13.21) on the action
>.. The terms that are not invariant are the A, mass term, the gauge fixing

term and the sources. The variation of the action is

5y = 1 /d4xA(a:) {(V?/§ —=m*) V- A(z)+ V- I(z)

+ie [n(z)Y(x) — P(@)n(z)] }-

This leads, following the usual arguments, to an equation for the generating
functionals Z(J,7,n) and thus W(J, 7, n) which has the form,

2 _vV? 0 — e |n(x 0 —nlx 0 n
{(m \Y% /S)zﬂ:auwﬂ(x) [n( )577(33) ul )577(1,)]})/\/(%77,77)

=V J(2). (13.47)
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This equation implies identities satisfied by correlation functions.
The contribution linear in J yields a constraint for the gauge field two-

point function, which after Fourier transformation reads

k
k, W<2> v 13.4

For J = 0, from the coefficients of powers of n and 7, one infers relations

between correlation functions (in the Fourier representation),

(K*/€+m®) Y kW (kspr, . opniaas - - an)
:ZGZEE: {Vv(2n>(p17°°°7lh'+'k7"'71%1;Q17-"7Qn)

WO (py, . pniars - +k,...,qn)} : (13.49)

in which £ is the gauge field momentum, and p; and ¢; the momenta of

and ¢ fields, respectively.
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The presence of additional external gauge fields does not modify the iden-
tities.

The equation (13.47) is a linear first-order partial differential equation.
The Legendre transformation is simple and yields an equation for the gen-
erating functional of vertex functions I'(A, v, )):

(V2/§—m2)V-A(x)+;8M%+ie lw(x) o b éI’ ]:O.

o )
(13.50)
It can be verified that the equations (13.47) and (13.50) have the same
content as the quantum equations of motion of the y-field of section 13.1.
The general solution of equation (13.50) can be written as

DA 0) = T (A,5,0) + § [ [mA%@) + (V- A@)"/¢] de,

where I'gyy,. 1s gauge invariant.
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13.8 Renormalization

We perform a loop expansion of the functional I'. Because the equation
(13.50) is linear, the tree approximation satisfies the inhomogeneous equa-
tion while all higher order terms satisfy the homogeneous equation. Denot-

ing by I'y the ¢-loop contribution to I', we find for £ > 0,

Ty VI B
20w T Y550~ T s =0

Therefore, the generating functional I'y of /-loop vertex functions is gauge
invariant. The divergent part F?iv of I'y, which is given by the singular part
of the Laurent expansion in € = 4 — d, thus is also gauge invariant.

The conclusion is that the action can be completely renormalized by

adding gauge invariant counter-terms.
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As in the example of the linear symmetry breaking in section 12.3, one can
say that the terms which break the gauge invariance, the gauge field mass
term and the gauge fixing term, are not renormalized since they are not
modified by counterterms.

The full renormalized action can then be written as

S (A, 1) = / d'z

YZAY FL, 4 3mPA% 4 £ (V- A)°
w,v
— Zy (B + Mo) ¥, (13.51)

where Z 4 is the gauge field, Z,;, and My are the v field and mass renormal-
1zation constants.

We now introduce the unrenormalized (bare) fields 1°, 9", A) and charge

€0,

W =2y, =2, AS=2%4,. e =2%.
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We note that the covariant derivative is not renormalized:
0y, + ieoAg =0, +ied, .
As a consequence, we obtain the relation
Zalo,=1. (13.52)

Gauge invariance relates the renormalization of the charge and the gauge
field.

Moreover, since the quantities F,,(z) and (z)y(x) are gauge invari-
ant, their correlation functions are the same in the unitary and £ gauges.
Therefore, Z4 and My (but not Z,) can be chosen independent of &.
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13.9 Gauge dependence: the fermion two-point function

In most of the section, we assume dimensional regularization.

Some insight into the physical properties of the theory can be gained from
a study of the the gauge dependence of correlation functions. In covariant
gauges of the action (13.23) this amounts to studying the dependence on
the parameter ¢ of correlation functions.

As an example, we discuss the fermion two-point function:

W (u,v) = (P(w)ip(v)) = 271 / [dA,, do A (u)ih(v) e~ Se(Av),
(13.53)
where the partition function Z is gauge independent and, thus, £ indepen-
dent.
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We now invert the algebraic transformations of section 13.1.3. We introduce
an uncoupled scalar field y and add a mass term to action:

Se(A B, 1) > Se(A, By x) = Se(A, ) + Lem? / d%e ().

The direct integration over y yields a constant factor that cancels in the
ratio (13.53).
Instead, we change variables, shifting y(z) as,

X(@) = X(@) + 5oV - A)
After an integration by parts the action becomes

S(A, 1,1, x) = Se(A, b, ) + %SmQ/ddan2(af) —im/ddﬂfA(fc)-Vx(ﬂf)

1 2
% d%z(V - A(z))".
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The last term cancels the gauge fixing term and the second term in the right
hand side can be eliminated by the gauge transformation,

A(z) = A(x) +iVx(z)/m,
$(@) o> P@) XM (a1 () emiexDm

The field integral representation of the two-point function then factorizes
and leads to the relation

W£(2)(u, v) = W (u, v)Z;l /[dx] e =) (13.54)

in which Wég)(u, v) is calculated with the unitary action (13.20) of massive
QED and

Se(x) = / d’z [—%(Vx(fl?))2 - %£m2><2(w)} +iex(v) — iex(u).
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The x integration can be performed by noting that
iex(v) —iex(u) = /ddx J(x)x(x) with J(x) = ield(x —v) — d(x — u)].
Thus, in terms of the x propagator A,

/ [dy] e %) = exp _—5 / Az dly J(z) Ay (€ 2 — ) (y)

= exp :_—62 (AL (£,0) = A (& u—w))]. (13.55)

The x propagator has the Fourier representation

1 [ ddper
AED) = e | ¢ g

and, thus,

1 dép (1 — e'P*
A(,0) = Axl&2) = 5 / 52(+ &12 )
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We then infer the ratio of the bare two-point functions for two different

values of £. For example,

2 ip(u—wv) 1
Wg)(u,v) — exp[ ¢ /ddp : w2 (u,v). (13.56)
p

(27)d 2(p2 4+ ¢m2) | (€=0)

Only the second term in the exponential is divergent while the first one
contains the unphysical x poles.

Introducing the fermion renormalization constant Z,,, we obtain the ratio
of renormalization constants for two values of £ (up to a finite renormaliza-

tions, required in the limit m — 0 to avoid IR divergences),

62 d
Zp(€) = Zy(0) exp [— (;) . / - (def §m2)] . (13.57)
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Fig. 13.3 — Order e contribution. The full lines correspond to the fermion two-

point function, the dotted line to the unphysical scalar field propagator.

The relation between renormalized functions then becomes

2 ip(u—v)
(2) - ge i © (2)
el =exp [(27T)d /d P T em)| " =0

(u,v). (13.58)

Unitarity. An expansion in powers of e of the factor in equation (13.58)
immediately shows that only the first term, which is ¢ independent, has the
physical fermion pole (see figure 13.3 for the e contribution) .

The method we have used can be generalized to all 1, 1, F,,, correlation

functions.
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Again one proves factorization and, after renormalization, only the first
term in an expansion in powers of e?¢ of the ratio between correlation
functions, which is ¢-independent, contributes in the mass-shell limit.

Therefore, the properly normalized S-matrix elements are gauge inde-
pendent and equal to the matrix elements of the unitary theory. The full

S-matrix, in the subspace of physical states, is thus unitary.

Gauge invariant operators. We have examined the gauge dependence of
S-matrix elements. From the point of view of correlation functions, the
only gauge independent quantities are the expectation values of products of
gauge invariant operators, that is, local polynomials in the field invariant
under the transformations (13.19, 13.21).

The simplest such operators are F),,, which selects the transverse part
of the gauge field, ()1 (x) or more generally 1 (x)I 4¢(z) in which the
matrix I' 4 is any element of the algebra of v matrices.
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The mechanism which makes the correlation functions of ¢ gauge dependent
while v (z)(x) is gauge independent can be seen in equation (13.56).

When in the product ()1 (y), y approaches x the additional gauge de-
pendent renormalization needed to make the product () () finite cancels
the gauge dependent part of the fermion field renormalization.

To study the renormalization properties of gauge invariant operators one
can add to the action sources for them. The form of WT identities is not
modified. The arguments of section 13.7 are still valid: the counterterms
are gauge invariant and can be chosen gauge independent. This also proves
that gauge invariant operators mix under renormalization only with gauge

invariant operators of lower or equal canonical dimensions.
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Non-gauge invariant correlation functions in the unitary gauge. With the
original action (13.20), all correlation functions are ‘physical’, but the theory
is not renormalizable. However, one is able to define some correlation func-
tions, the renormalized gauge invariant correlation functions, which have a

large cut-off limit. The relation (13.54), in presence of a cut-off,

o2 1 — etk(u—v) 5
W(g)(u, V) = exp [— (27) /ddk 372 ] WO( >(u,v),

yields an explanation for this surprising property. For |u — v| # 0, the
leading term in the large cut-off limit in the exponential is

62 (idki 2/\d—2
(2 )d X e
T

m2k>2 m2

Therefore, in the physical representation all non-gauge invariant correlation

functions vanish in the infinite cut-off limit.
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The technical explanation is the following: although the mass term breaks
gauge invariance, this breaking is not sufficient to prevent fluctuations com-
ing from the gauge degrees of freedom to suppress these correlation func-

tions.
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13.10 Renormalization group equations

In this section, we derive RG equations in the case of the action (13.23),
which corresponds to massive QED with fermions, displaying the depen-
dence of RG functions on the gauge fixing parameter £&. We denote by
I'(7) the vertex functions corresponding to [ gauge fields, and n fermion
pairs ¢ and ¢). In momentum representation, the relation between bare and

renormalized vertex functions is

~(l,n —1 —n1(l,n
F](B )(pi7qj;0507£07m07M0) — ZA /2Z¢ F(l’ )(pi7qj;/$7a7£7m7M)7
(13.59)
in which g is the renormalization scale, and we have called a the loop

expansion parameter:
o = e?/4r.
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Differentiating equation (13.59) with respect to p at bare parameters fixed,
we find the RG equations:

0 0 0 0 0
o +Bla) 5+ () Be i la)mo— +nar () M oo
[

_577A(Oé) — nmp(a) (n) (pi’ G5 i, a,&,m, M) _0.

The equation (13.52) relates Z4 and Z., the gauge field and coupling con-

stant renormalization constants,
Lale=1.

Therefore,
a=7Zsqq. (13.60)

Moreover, we have shown in section 13.7 that the parameters m and & are

not renormalized. It follows that,

ma =m2Z;', € =E24. (13.61)
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Finally, in section 13.9, we have shown that the renormalization constant
Z 4 can be chosen to be independent of ¢ (the minimal subtraction scheme
satisfies this requirement). The equations (13.60, 13.61) then imply a set of

relations between RG functions:

Bla) =nala), (o) =—F(a), nm(a)=>5(a)/2.

In addition S(«) is independent of £. The function 7, can also be chosen
independent of &, only the fermion field renormalization is necessarily gauge
dependent. Actually, from equation (13.57) it is even possible to determine
the gauge dependence of 7. A short calculation within the minimal sub-

traction scheme leads to

g (v, &) = ny(a,0) —al/2r.
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13.11 The one-loop S-function: charged fermions

Dimensional regularization and minimal subtraction are used in the calcu-
lation.

We calculate the S-function in the case of the action (13.23), which in-
volves a gauge field and charged fermions, at one-loop order. We infer
the coupling constant renormalization from the gauge field renormalization,
provided by the gauge field two-point function, and the relation (13.52).

The one-loop contribution to the generating functional of vertex functions

coming from the fermion integration is
Tioop(Ay) = —trin (@ +ied + M).

The second derivative with respect to A, yields the one-loop contribution

to the renormalized vertex two-point function, which we decompose as
T3 (p) = Za (8,0® — pubv) + Dup /€ + €25, (). (13.62)
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Then,

Em4m::/‘d@fUTM(%+LM)%w%—ﬁ+wmﬂL

(2m)® (k* + M?) [(p — k)* + M?]

One verifies that, as expected, the one-loop contribution is transverse and,
thus, ¢ is not renormalized. We calculate the one-loop integral by intro-
ducing Feynman parameters. After some algebra, and with the help of the

identity

4%k 47k ) 49k

one obtains (using tr, 1 = 4),
d’k 1

E,uz/(p) — 8(]9 5#1/ - pupz/)/o dSS(l - 3)/ (27T)d [k2 n 8(1 B S)p2 n MQ]Q'

In particular, the divergent part of ¥,,(p) is (e =4 —d)

Yuw(p) = 6—2(p25uv — pupy) + O(1).



This determines the A, field renormalization Z4 and thus, from equation
(13.52), also Z.:

2 2

" 4+0(h), Zo=1+

Zy=1- +0 (e*). (13.64)

672¢e 672¢e

We infer the corresponding B-function at one-loop order (o = e?/4m):

1 o
%3(C¥) . [(11Ii§zjége)] — —ca %_'%gif +0 (Cf3).

The sign of the (B-function. Note that in the domain of validity of the
expansion (13.64) (« small), Z 4 satisfies

Za<1.

This is a consequence of the Kallen—-Lehmann representation for the two-

point function (see section 5.11).
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In the case of the gauge field the property remains true because Z 4 is
related to the transverse part of the two-point function to which unphysical
states do not contribute.

Since Z4Z., = 1 we see that the sign of the S-function in four dimensions
is determined by hermiticity for a small enough.

The sign of the f-function indicates that QED is trivial: in the infinite
cut-off limit the effective coupling constant at low energy scale goes to zero.
This is consistent with the small value of a at low energy.
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13.11.1 Furry’s theorem

For more general perturbative calculations the following observation is use-
ful. Correlation functions without matter field and an odd number of gauge
fields vanish. The proof is based on charge conjugation.

We consider the contribution to the effective gauge field action, det(d +
ieA+ M), which is generated by the integration over the fermion fields, and

use the property of the charge conjugation matrix C' introduced in section
Al11.2.5:

det (@ + ied+ M) = det [" (# +ieA + M)| =det C~' [" (7 + ied + M)| C
=det (J —ied + M).

Therefore, the interaction between gauge fields generated by the fermions
is even in A,. Note in particular the implication for Feynman diagrams:
fermion loops with an odd number of external gauge fields can be omitted.
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13.12 The Abelian Higgs model

As an introduction to chapter 14, we now consider a gauge field coupled to
a charged scalar field ¢(x) in an unusual phase. In three dimensions, this is
also a macroscopic model for a superconductor in a magnetic field.

We start from the gauge invariant action (13.26). The scalar field ¢(x) is
complex and the covariant derivative D,, is defined as in equation (13.27):
D, =0, +ieA,.

Renormalizability requires a scalar field self-interaction of the |gb|4 type
and a renormalizable action thus has the form

S.0) = [ato(4 B2+ S D0 +riof + dglel').  (13.65
n% 7

In the classical limit, for » > 0 the U(1) global symmetry is unbroken, the
gauge field has two massless components and the scalar field ¢ has two real

components with equal mass /7.
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However, for r < 0 the global U(1) symmetry is spontaneously broken
and ¢(z) acquires a non-vanishing expectation value (¢) = v = /—3r/2g,
which for convenience we have chosen real positive (we comment later on
the meaning of (¢), which is not gauge invariant).

This is a situation we have discussed in section 12.4 and we have concluded
that the SSB of a continuous symmetry implies the presence of a massless
state, a Goldstone particle. This result can be derived, in the classical limit,
by parametrizing the field ¢ as (see section 12.4)

o) = % o+ plz)] €

As a consequence of the symmetry, the resulting action then depends only
on V6 and the field 6 is massless.
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However, the transformation ¢(z) — v + p(x) has the form of a gauge
transformation. If we perform the corresponding transformation on the

gauge field A, (z),
1
A(x) =A'(z) + EV@(CB),

we eliminate the field 6 from the action completely. After this transforma-
tion the action S(A, ¢) indeed reduces to

S(A, p) = /d4fl? [i > Fa 45 (Vo) + 5 A+ 0)® + §r(p+0)?
[T

+ ﬁg(p+v)4]. (13.66)

In the tree approximation the spectrum of the theory now contains one
massive vector particle and one massive scalar, generally called the Higgs

particle, with masses
m(A) = lelv, m(p) =vvg/3=V-2r.

1120



As a consequence of gauge invariance, no Goldstone boson has been gener-
ated. This is a most remarkable property, which is also at the basis of the
Meissner effect in superconductivity.

Note that the total number of physical degrees of freedom has not changed
between the symmetric phase and the spontaneously broken phase since one
degree of freedom of the scalar field has been transferred to the vector field.

From the technical point of view, the field theory has a surprising prop-
erty: in this so-called unitary gauge corresponding to the action (13.66),
the theory contains only physical fields, can be trivially quantized but is
not renormalizable (and the p integration measure not defined).

By contrast, if one starts from the action (13.65) and quantize it in the
same way as in the symmetric phase, the field theory contains unphysical

degrees of freedom, but is renormalizable by power counting.
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We are reminded of the massive vector field coupled to a conserved current,
discussed in the first part of the chapter. Actually, there exists a relation
between the massive vector field and the Higgs model: if one takes the
formal non-linear o-model limit of the action (13.65), a limit in which the
bare mass of the Higgs field becomes infinite at fixed expectation value v,
one recovers the action (13.6) with the identification m = |e|v.

Therefore, in order to be able to calculate perturbatively gauge invariant
observables and S-matrix elements, we return to the action (13.65). We
fix the gauge by adding a term proportional to (V - A)2. This amounts to
couple the phase field 0(x) which plays the role of the A(x) field of section
13.1.

As a final remark, we recall for later purpose that the mechanism of
spontaneous symmetry breaking can also be used to give a mass to fermions

in a chiral invariant theory (section 12.5).
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13.13 Quantization of the Abelian Higgs model

We now start from the action

st = [ae[{ SR g (7 AF ¢ ]
+ [ [Z Dl + rlf? + %gw] | (13.67)
7

in which a mass has been given to the vector field to provide an IR cut-off.
We assume that ¢ has a real expectation value v in the classical limit.

We introduce the real and imaginary parts of ¢ and set

b(z) = % W+ o(x) + ix(z)]. (13.68)
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The quadratic part S of the action is then

S2(A, ¢) = / [ZF2+—VA) 5 (e*v® + m?) A”

—evxV - A+ 3 (Vp)* + 2gv°p® + 4 (VX)Q} -

We see that V - A is coupled to the Goldstone field x. The corresponding

propagators are

~ I k. k

(2) (1) — Our — Fufy phv
W/JV (k) k2 4+ e202 + m?2 +€k2(k2 _|_(Sm2)’
~ (9 B 1evk, ~ (9 1 £ev?
Wi (k) = _fk2(k2 +&m?)’ W) = 2R 4 em?)’
~ 1

(2) (L) =
Wes () k2 + gu2/3°
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The spectrum of the theory contains three physical states and the usual
state with negative norm coming from the regulator. We see that in the
absence of a mass term for the vector field in the action (13.67), the theory
is potentially IR divergent in four dimensions. On the other hand, with the
mass term the gauge symmetry is broken and the y-field corresponds really
to a Goldstone mode. Even in the physical gauge, a massless scalar field is

then present and coupled.

13.18.1 W'T identities and renormalization

It follows from the combined analysis of chapter 12 and section 13.7 that
after renormalization the correlation functions satisty the equivalent of W'T
identities (13.47) and (13.50). As a consequence the dependence of corre-
lation functions on the parameter £ can be determined as in section 13.9.
In particular, only correlation functions of gauge invariant operators and

S-matrix elements are gauge independent.
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The explicit form of the WT for correlation functions is now rather com-
plicate. We display here only the identities corresponding to the (A,,x)
two-point vertex functions. Denoting by v the expectation value of the
renormalized p-field, one obtains by differentiating equation (13.50) with
respect to A,

Z kT2 (k) +iev TR (k) = k,, (K2/€ +m?) . (13.69)

Differentiating then with respect to x, one finds,

Zk T2 (k) —iev 2 (k) = 0. (13.70)

We parametrize the different functions as
L) (k) = a(k?)ou — bk kuky, T3)(k) = ieve(k)k,, TE(k) = d(k?).
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In the tree approximation the values of a, b, ¢ and d are

a(k?) = e?v? +m? + k%, b(k*)=1-1/¢,
{c(k2) =1, d(k?) = k2.
From the identity (13.70) follows
d(k*) = k*c(k?).
The identity (13.69) leads to
a(k?) — E*b(k?) — e*v?c(k?) = k? /€ + m?.

In particular, in the £ = 0 limit, the equation implies

a(0) — e*v?c(0) = m?. (13.71)
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The corresponding connected two-point functions have the general form

W(Q)(k) _ 1 (5/w - kuk'/) 4 §kyky

k2 k2(k2_+_€7n2)’

W (k) = —. (13.72)

RG B functions. For completeness we give here the RG [-functions at

one-loop in a more general model with N charged scalars:

1

4
Y Ne®. (13.73)

By

= o7 [V + 4)g* — 18ge® + 54e], Be =

The origin e? = g = 0 is an IR stable fixed point only for N > 183.
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13.13.2 Decoupling gauge

The quantization method we have used above leads to massless fields and
thus IR divergences, even though the physical theory contained only massive
fields. By the cleverer choice of a gauge which explicitly breaks the global
U(1) symmetry of the action (and, therefore, eliminates Goldstone modes),

it is possible to circumvent this difficulty.
In terms of the decomposition (13.42), A(x) = B(x)+VA(x), where B(x)
belongs to a gauge section, we impose the condition

E(A,z) =V - (B(z) + VA(z)) + Aev Im (gb(m) e_ieA(x)) —&Y2y(x) =0,
(13.74)

in which \ is an arbitrary constant and v(x) an external stochastic field.

1129



The important new feature is that the operator (see section 13.5.1)

0E(A, x) 2 —ieA(z)\] 5(4)
yM|x) = ———— = {qut)\evRe(cbaz e ' w)}é (x —vy),
(M) = 25 (@)
functional derivative of equation (13.74) with respect to A, now depends on
the dynamical fields and the associated determinant det M is no longer a
constant.
This is a source of new difficulties: one has to introduce spinless fermion

fields to express det M in a local form,
det M = /[dC dC] exp [/ d*z d*y C(y) (yM|z) C(x)

The fields C' and C are two scalar fermion fields. As we have explained
on an example in section 11.11, scalar fermions cannot be interpreted as

physical particles. They are of a nature similar to Pauli—Villars regulator

fields.
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As before we integrate over v(x) with the distribution (13.40) and use the

gauge invariance of the initial action:

Ssym. (B, ¢) — Ssym. (Aa ¢ e_ieA)‘

—iel

Changing then variables in the field integral ¢e — ¢, we obtain the

quantized action
Squ(A,<b,(_7,C):/ { ZFQ +— (V- A—l—)\evlmgb)2+|DMq§|2

+M2|6]° + §g]¢*| — C (V2 + AevReg) O}

The initial gauge symmetry is hardly visible in this action. However, it has
a surprising new symmetry, the BRS symmetry, that can be used to prove
that renormalization preserves the form of the action. We postpone the
analysis of such a problem until section 14.5.4, and discuss here only the

tree approximation.
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Tree approximation. We now use the parametrization (13.68) and choose
A=¢&6V2 .

This is the relation only at leading order. The propagators are then

@ _ O N (€ — Dk,
1224 k2_+_6202 (kﬁ +_€2v2)(k2_+_€€2v2)7
~ 1
2) _
W)EX) Ryl (13.75)
e -

The advantages of this gauge (introduced by 't Hooft) are that by construc-
tion there is no A, x propagator and that all unphysical fields are massive
2,2

v

and have the same mass £e“v°. To prove gauge independence of physical

observables, it suffices to show that the pole at k? = —&e?v? cancels.
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The price to pay here is the more complicated form of WT identities
which now are mixed with BRS symmetry (see section 14.3.4). We examine
this question in next chapter in detail.

13.14 Physical observables. Unitarity of the S-Matrix

The unphysical pole at k? = —&m? can be shown to cancel in physical
observables (gauge invariant operators, S-matrix) either through a gauge
dependence analysis as we have done in section 13.9, or directly by using
the whole set of WT identities and showing explicitly that the pole coming
from W,S?) cancels the contribution coming from W,gg in the intermediate
state in generalized unitarity relations. As the expressions (13.72) show,
the residues of the pole are related and, therefore, one understands that a
cancellation is possible. The proof is not very difficult but tedious and we
refer to the literature.
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In the limit m = 0, we expect also the pole at k? = 0 to cancel in phys-
ical observables. According to relation (13.71), for k* — 0 the different

propagators behave like

~ k. k 1 1 ~ k

2 nrv 2 . n
W) ~ 12 <m2 T2 62026(0)) W~ —iev 122
~ 1

(2)
WX c(0)k2

Again a direct argument based on WT identities for connected correlation
functions and unitarity relations allows to prove that in the m? = 0 limit
the y-field decouples from physical observables. Here we do not have an al-
ternative proof based upon gauge dependence. However, we shall construct

one in a more general context by using a different gauge.
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