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TRANSFER MATRIX OF A CONSTANT GRADIENT

ALPHA MAGNET FOR EL SA EXTENSION

In order to bunch the ELSA beam, a set of two constant gradient alpha magnets will be used.
To simulate the beam transport trough the EL SA extension, this element has to be included in
the TraceWIN program.

In this paper, the motion equation of a particle in such adevice is linearised to get the transfer
matrix. The matrix has been validated with a step-by-step integration of the motion of a
particle in the magnetic field.

1. Magnetic field and fixed coordinate system

The trgectory of the synchronous particle (ideal trgectory) is, by definition, in the plan
(X, Y). The frame origin is the point where the particle enters the magnet. The X direction is
the direction of the magnetic field gradient. At any position, the main trgjectory makes an
angle gs with the X axis. The entrance angle for negative particle g« is. -40.71°. With this
particular angle, the synchronous particle exits the magnet at the same position as the entering
particle (and with the opposite angle).
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In this frame, the magnetic field is:

2B, =kZ9
B=¢B, =0 -
&8, = kX

2. Trajectory of the synchronous particle

The synchronous particle with charge g movesin the (X, Y) plane.
Its equations of motion withtimet are;

i dp

I th =gy X8,
.I._Y:- X/, XB
T

p is the particle momentum, v its velocity,

giving:

idpx :qx&ﬁ(xx

L ds Po

: dﬁ =-q xp_x K xX
i ds Po

19X _ Py

:|: ds Po

I .. ..
{qs = arcsinéqi%: arccoséq&g
I Po @ Po @
P, = bog,MyC isthe particle momentum modulus,

sisthe curvilign abscissa, with ds = v, xdt .

These equations have to be solved using as initial conditions:
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| Py = P COST,,

1 py = posing,
fa. =a.

The maximum penetration of the particle X, in the magnet can be calculated in the following
way':

dp 1

xS TEX PPy = Py - oK
At maximum penetration, one has: p, = p,, giving:

X, = 2% Pyo - Py )
\ g

The length L of the trgjectory is obtained from the integration of:
dtzgiﬁﬁgﬁ.
Px

One obtains;
X

M 1
L =2xp, x(‘)(pio +gXK xpy, xX 2 - 0.25x0°k> x)(“)'E xdX .
0
Thisintegral cannot be solved analytically but can be easily calculated numerically.

3. The moving coordinate system

In the transfer matrix formalism, a beam particle is referenced, at a given curvilign abscissa s,

to the synchronous particle in a6D phase-space, with a 6-coordinate vector:
2 0
(}X'+
(} =
F=¢’
Cy~
G

£

with:

- X isthe particle transverse position in the deviation plane,

. . . . dx
- X' isthe particle transverse anglein the x direction. x¢= P &’ px the x-component of the
S

S
particle momentum, and ps the s-component of the particle momentum,
- y isthe particle transverse position orthogonal to the x direction,
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-y isthe particle transverse anglein they direction. y'= Py - % py the y-component of the

S S ’
particle momentum,
- ] is the time difference between the particle arriving in s (t) and the synchronous particle

arriving in s (t). Thistime is normalised by the RF frequency fre.
j =2p xfe oAt-19),
- d isthe particle momentum p relative to the synchronous particle momentum p(S).
- n®
d=P . L

4. Matrix calculation

In the matrix formalism, the particle vector transport from a point (1) to a point (2) is given
by:
(F)(z) = [T]>‘(F)(1)’

where [T] isthe transfer matrix from (1) to (2). The coefficients of [T] are:
T, = ) .
i isthelineindex, j isthe column index (between 1 and 6).

The matrix coefficients can be calculated by varying the input particle coordinate along each
direction independently and looking at the output coordinates.
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1.1 Matrix first column: variation with x
Y

0 (0, 0)
A (0,r0)

B (O, r otX)

C (r o'sin(d), I 0:cos(do))
D (Xp, Yp)

E (O, rotx-r)

Mo

e
1.1.1. Calculusof T,

D is at the intersection of (O, C) and the circle with centre E and radius r. Its coordinates
satisfy:
T XD = tan(Qo)xYD

+XI22)+(YD_ (I‘0+X- r))2:r2

Giving:
(1+tan2qo)>3YDz- 2Xx- dr )®v, +(r,+x){x- 2>dr - r,)=0,

: 0

with: r:r0+dr:ro>§i+d—ri.
Mog

__P _ dr dB _ . X

=— one has: —=-—:smqsxx—.

As: r ,
qxB Mo B,

The solution of (X) is obtained giving areduced discriminator:

Dl:(X_ dr )2_ (r0+X)>(X- dr - rO)
cos’q,

giving:
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D=

> —-—T xcos’q, - (l+—3= —-2 - 1=0

4 2
rée S%ex dro ? xOQeex . dr &
Cos'q, gro onI Moo o QH

A first order development in X «<1 and ar <<1 gives:

r.0 r.0
2
r e dru
D'=—2—xgd+2%—
2 U
Cos QO e rou

This gives the coordinates of D:

| . X dr O
i Xp =T 48ing, >1§1+ cosq, x— + (1- cosq,)*—=
I Mo log
i

Yo =T c0sq, ?wosqo k(1 cosqo)x(:—ri
| 0 09

Thefina position of the particle in the moving frame isthen :

YD'YC ®e >S|nq O
X, = = Gco 1- cosq, ) *—2——=xx =T, , XX
" cosq, g o + 0 com )< X o
1.1.2. Calculusof T,
tanq, - tanq
X¢ =tan - = )
F=ten0o-9)= e wang
with: tanq=M-
YD-YE

At first order, one has:

x-dr 0O
tanq = tanq, >§+—1,
I COSt, g

giving :

S

. >sing, 6 x
xgtz-squ? X—q:xr_ Tpp XX
2
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1.1.3. Calculusof Ts,

. 2p xf 20 Xf aalr dq 0
= L-r = —+—x
J b,C ( OqO) byc I o o Gy 5
with: dg = cos?q, xd(tanq ) = cos?q,, tanq - tanq,) = sinq, xaée(r ar 2
o @

One obtains finaly:

><f ng, 0
= >§smq0 smqo)xx— XX =Ty, XX|.

s a

The other terms (Ts, T41,T61) are equal to zero.

1.2 Matrix second column:; variation with X’

Y A
X — ¢
0 (0, 0)
ol A\, A (0, 10)
B (0, ro)
C (r o'sin(qo), r 0-c0s(qo))
Yo D (Xo, Yp)
E (r osin(atan(x’)), r o-[1-cos(atan(x’))])= (r o X', 0)
5 oE » X

1.1.4. Calculusof Ty,

D is at the intersection of (O, C) and the circle with centre E and radius r . Its coordinates
satisfy:

i Xp =tanqg, XY,

Jf(XD' roxx®2+YD2 :rg
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Giving:
(1+tan2q0)>€w(D2 - 2 o x@ang, XY, - 1 ><(1- xtl?): 0.

The solution of (X) is obtained giving areduced discriminator:

r2§1- x¢)
cos’q,

D'=r 2 xan®q, xx¢ + :
A first order development in x(<<1 gives:
D=0
cos’q,

This gives the coordinates of D:
i Xp =1 46inq, {1+sing, xx9
| .
Y5 =1 xc0sq, {L+sing, ¢

Thefina position of the particle in the moving frame isthen :
— YD B Yc
cosq,

X =1 o8ing Xx¢=T,, xx¢

1.1.5. Calculusof T,,

tanq, - tanq,
1+ tanq, Xanq,

Xg: = tan(qo - ql) =

. X, - X
with: tanq, =—2——F.
YD - YE

At first order, one has:
Xp - Xe
YD - YE

tanq =

giving :

X¢ =cosq, XX(=T,, XX(
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1.1.6. Calculusof Ts,

. _2px
b= b,c b,c

with: dq = cos?q, xd(tanq) = cos?q, {tanq - tanq,),

as.  tanq =tan(g, +q,)=tang, ?+ﬂm¢%
sing, XCosq, a
one has: dg = (1- cosq, ) x«.

One obtains finaly:
; 2p foF
b

xr o {1- cosg,)xx¢=T,, xx¢,

J =

0

The other terms (T, T42 ,Ts2) are equal to zero.

1.3 Matrix sixth column: variation with d

Y
Sy
o 0(0,0)
A (0, ro)
r B (0, r o)
C (r o'sin(qo), r 0-cos(qo))
D (Xp, Yp)
e E@©,ro-r)
O‘ » X
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1.1.7. Calculusof T4

D is at the intersection of (O, C) and the circle with centre E and radius r . Its coordinates

satisfy:
.\[XD =tan(qo)WD
+XI22)+(YD_ (ro' r))2:r2.

Giving:
(1+tan2qo)>8w([,2 +2xdr XY - 1o X{r,+2xdr )=0

. dr 0
with: r:r0+dr:r0>§+—:
0gd

P one has: d_r:d_

AsS. r= ,
q>B Mo

The solution of (X) is obtained giving areduced discriminator:

JFoore+2 dr)
cos’q,

D=dr?

A first order development in ar <<1 gives:

2
r dr u
D= 20 A +2x_lj
cos g, @ Mol

This gives the coordinates of D:

i o]
i Xp =T1,>8iNq, ? (1 C0sq,, )xd_r:
1 Moo
: dr O
1I'YD =1, X0sq, >§I +(1- cosqo)xr—:
| 00

Thefina position of the particle in the moving frameisthen :
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1.1.8. Calculusof T,

tang, - tang
x¢ =tan(g. - q)=
¢ (8- a) 1+ tang, Xtanq
wih: tanq:M.
YD-YE

At first order, one has:

_ d 0
tanq =tanq, 7?- m:,
0 0@

giving :

X{ =sing,>d =T;,>d

1.1.9. Calculusof Tsg
2p xf alr  dgo

20 xf
L-r = r —+—
b.c (L- rg0) R T

with:  dg = cos®q, xd(tanq ) = cos?q, {tanq - tanq,) = - sing, r ,
rO

One obtains finaly:

PELEE LR
boc Qo o

Theterms (T, T46) are equal to zero, the term Ty iSequal to 1.

1.4 Matrix fifth column: variation with |

The output position, slope, energy do not depend on the input phasej :
Theterms (Tys, Tas, Tss, T4s T6s) are equal to zero, theterm Tss isequal to 1.

1.5 Matrix third and fourth columns: motion iny (or Z)

The equation of motion along Z directioniis:
d&:_q)&XBX :_qx&)«xz
dt gn gn
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For the matrix calculation, one uses afirst order development of the force, giving:

dgtz _ PN

This equation is the classical one in a quadrupole with gradient: k>sing,.
The associated matrix coefficients are:
T,3=T,, = cos(\/Er Oqo),

o= sin(\/ir oqo)
34 \/— )
K
T,3=- \/Rxsin(\/Rr Oqo),
with: K =m.
Po

The other coefficients are equal to 0.
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The final matrix of afraction of a apha magnet (on which, Xs and gs are kept almost constant) :

& cosq, +(1- cosqo)xrofﬁ r,>sing, 0 0 0 roxi-cosq,) 2
¢ : B
g _Snq, & mg cosq, 0 0 0 sing, -
C No Xs 1] -
8 0 0 cos(\/?r oqo) sm(\/_+Kroqo) 0 0 +
g -
g 0 0 - \/Rxsin(\/Rr Oqo) cos(\/Rr Oqo) 0 0 i

&, : r,sing, o -
ng xéano +(a, - quo)xox_qsé K, %o ¥{1- cosq) 0 0 1 K 0 og, - quO)%
g 0 0 0 0 0 1 b
with: K :m,

XS
and: K. = 2 e :
. b,c

The matrix of the full element isa product of all matrixes for varying Xs and gs.
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