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O Ì5J )�*'5án./.-'-�6S-�C8/�âS/1*�Ã�:h0S570W*'/1<oBd2�:;Çá:>-�2'/�CSBd0S-&<>/@*',��ê,1*'/10�2�:>/1<cCÖ6Nn ÜS5�nAÌ_Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì R G
O ÌPGuÅ Ð=,.-�68<;2 Bd2�C8/ -�:;Ã�68<oBd2�:>570¾C8/$Þ :>-�4S- B^0S/$9PB7-.E�/10"n.57Ã�4PBd* Bd:>-'570 BuÇ�/.nq<>/.-�579S-'/1*�ÇABd2�:>570S-

57482�:���6S/.-�CÖ6N�L* Bd9m/�C857080S,./.-&4PBd*�� l Ô Bê/10WÜPBd682.E\Ì Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì R�R

RSÌPG ä�6S/�C�È Bd*�2�:>-'2'/�CÖ6W- Bd2'/1<;<;:;2'/*A@Ë_Ë C8/@<TÈÉÎ l Ï�Ì·Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì IAÅ
RSÌ Ä ä�6S/�C�È Bd*�2�:>-'2'/�CÖ6W- Bd2'/1<;<;:;2'/)��Ú@Ð&Ó�C8/�<oB�Û=Ï l Ï�Ì Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì I2G
RSÌ O ä�6S/�C�È Bd*�2�:>-'2'/�CÖ6W- Bd2'/1<;<;:;2'/)��Ó l å C8/(<oB�Û�Ï l Ï�Ì·Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì IAÄ
RSÌ R ÑÙÃqBd?�/�CÖ6ß2',1<>/.-'n.574m/ ��ÌÉÎ&Ì l Ì l Ì�Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì I O
RSÌ5I ËF572�:
��CÖ6NÃqB7-4�36S/(n.5áC8,(C�ÈÉÑíå`Ñ l ��9m57*'CßCÖ6N- Bd2'/1<;<;:;2'/�ÑíÛ�Ô�ÎLÚ@Ð�Ï�æ+Ì Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì I�R
RSÌ Æ æh/.-�CÖ:
	m,1*'/10�2'-=n ÜPBdÃ�4S-�C8/(Çá6S/(C�ÈÉÑÙå Ñ l Ì Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì I�I
RSÌ S ä�6S/�C�È Bd*�2�:>-'2'/�CÖ6W- Bd2'/1<;<;:;2'/�ÑíÛ=Ô�Î`Ú@Ð�Ï�ækC8/(<TÈÉÎ l Ï�Ì Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì IAÆ
RSÌ Á ä�6S/�C�È Bd*�2�:>-'2'/�C8/.-&CÖ:
	�,1*'/1032'-&:;0S-'2�*�68Ã�/1032'-H��9�57*'CWC�ÈÉÑíÛ�Ô�ÎLÚ@Ð�Ï�æ+Ì=Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì I S
RSÌ5J �`57Ã�4m5A-�:;2�:>570NC8/(<TÈ :;ÃqBd?�/168*�ÑÙå Ñ l ��9�57*'CßC�ÈÉÑíÛ�Ô�ÎLÚ@Ð�Ï�æ+Ì Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì IAÁ

IÖÌPG )�*�:;0Sn1:;4m/ßC8/ *'/.n.570S-�2�*�6Sn12�:>570 -'2 Bd0SCSBd*'CZC�È 680Z2',1<>/.-'n.574�/Q�`57Ã�482'570 4�5768*�<TÈÉ,12�6SC8/WC�È 680
Ú@Ð=å ÜS57*'-�BxÊÖ/AÌ Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì ÆAÅ

IÖÌ Ä )�*�:;0Sn1:;4m/�C8/(<oB�CÖ:
	m6S-�:>570 �`57Ã�482'570FCSBd0S-�<>/(nuB7-�C�È 680S/�CÖ:
	�6S-�:>570ßÇ�/1*'-�<TÈ B.ÇABd032uÌ Ì�Ì(Ì�Ì ÆAÄ
IÖÌ O l 4m/.n12�*'/ 98:;4PBd* BdÃ�,12�*�:��36S/=CÖ6�2'/1Ã�4S-+C8/�Ã�570�2',./<B ∝ 48*'5��ê570SC8/168*XC�È :;0�2'/1* B7n12�:>570 E+/10@�b570Sn��

2�:>570kC8/�<TÈÉ,10S/1*�?A:>/�4�5768*�Ñ l Ú@Ð�Ñ\Ìmæ�B <;:;?A0S/�0S57:;*'/�n.57*�*'/.-�4m570SC Bd6ÖÊ%48ÜS572'570S-<� I2G�G,%�/iä�Ì
Ó=0"Ç�57:;2�n1<oBd:;*'/1Ã�/1032@��6S/�<>/.-�48ÜS572'570S-@�ßÜPBd682�2'/1Ã�4S-�C8/�Ã�57032',./ 57032�680S/$BdÃ�48<;:;2�6SC8/
48<;6S-6�TBd:;98<>/�CÖ6+�TBd:;2�C8/@<oB�4m/1*�2'/(C8/�n'ÜPBd*�?�/AÌ�Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ O

IÖÌ R l 4m/.n12�*'/�)+Ñ � l ÑÙÔ�C8/@<oB�-'5768*'n./(C8/�nuBd<;:;98* Bd2�:>570 ��9�57*'C�Ì¾Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ�R
IÖÌ5I Â�:>-�2�*�:;98682�:>570�C8/.-_,1Ç�Ý10S/1Ã�/10�2'-ç-'/1<>570

θcom − θrec
4m5768*_C8/.-F,1Ç�,10S/1Ã�/1032'- �`57Ã�482'570

C8/ 2�*'57:>-�-'5768*'n./.-�C8/ nuBd<;:;98* Bd2�:>570S- Bd6¾- 57<*B 133 l 0 B
392keV

E� 22 Û@B B
511keV

E� 137 �`-
B
662keV

E E -�68*�<TÈ BxÊ8/AÌ Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ�I
IÖÌ Æ [�Ç�57<;682�:>570WCÖ6 ?3Bd:;0 /10 -�:;?A0PBd<�-�68*L98*�68:;2�-�68:;Ç7Bd0�2L<TÈ Bd08?A<>/@C�È B7n.n./1482 Bd0Sn./@<;:;Ã�:;2'/�4m5768*L680S/

-'5768*'n./�C8/(nuBd<;:;98* Bd2�:>570_C8/ 133 l 0W-�68*�<TÈ BxÊÖ/ Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ�I
IÖÌ S [�Ç�57<;682�:>570"CÖ6 �bB7n12'/168*H�b57*�2�68:;2'-�B.Ç�/.n�<>/�0�68Ã�,1*'5WC8/�-'n1:>/10Sn./@7�:;0SC85�7®4�5768*@680S/�579S-'/1*��

ÇABd2�:>570NCÖ6N�L* Bd9m/AÌ�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ S
IÖÌ Á Â�:>-�2�*�:;98682�:>570ÍC8/.-�,1Ç�,10S/1Ã�/1032'-,�`57Ã�482'570 4m5768*�680 n ÜPBdÃ�4"Çá:>C8/�-'/1<>570 <oB CÖ:>-�2 Bd0Sn./$Bd6

n./10�2�*'/�CÖ6WC8,12'/.n12'/168*uÌ Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ S
IÖÌ5J �=:>-�2'57?A* BdÃ�Ã�/�C8/.-�48: ÊÖ/1<>-�98*�68Ø3Bd0�2'-&4m5768*&680S/�579S-'/1*�ÇABd2�:>570NCÖ6N�L* Bd9m/AÌ(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì Æ�J
IÖÌPGuÅ Î(?qnuB7n1:;2',�C8/(n'ÜPB>��6S/�48: Ê8/1<>-�4m5768*�680S/�579S-'/1*�ÇABd2�:>570NCÖ6 �L* Bd9m/AÌ{Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S7Å
IÖÌPG�G � Bd*�2'/�C8/.-&48: ÊÖ/1<>-�ÇABd<;:>C8/.-&4m/10SCSBd032�680S/�579S-'/1*�ÇABd2�:>570NCÖ6 �L* Bd9m/(C8/(<oB�*',1Ç�57<;682�:>570 GuÅAÄÖÌ�Ì S8G
IÖÌPGuÄ ÑÙÃqBd?�/�C8,.n.570�Ç�57<;6S,./�CÖ6_4868<>- Bd*@CÖ6��L* Bd9�/�/1032�*'/

200keV
/12

500keV
Ì�æh/�2'/1Ã�4S-@C�ÈÉ/\Ê8�

4m5A-�:;2�:>570W/.-�2
300ks

Ì¬Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S7Ä
IÖÌPG O Â�:>-�2�*�:;98682�:>570¾C8/.-�,1Ç�,10S/1Ã�/10�2'-�-'/1<>570k<oBßÇABd<>/168*�C8/

θcom − θrec
576

θrec
n.57*�*'/.-�4m570SC �

<TÈ Bd08?A<>/(Bd6 -'57Ã�Ã�/12 *'/.n.570S-�2�*�68:;2&CÖ6 n.ì70S/@C8/�CÖ:
	�6S-':>570 4m5768*`680S/�- 5768*'n./=C8/@nuBd<;:;98* Bd2�:>570
C8/ 113 l 0N� O JAÄ,%�/Tä
CSBd0S-�<TÈ BxÊ8/AÌ�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S O

IÖÌPG R Â�:>-�2�*�:;98682�:>570 C8/.-X,1Ç�,10S/1Ã�/10�2'-�-'/1<>570�<oB(ÇABd<>/168*LC8/
θcom − θrec

4m5768*+<>/!�L* Bd9m/�/10�2�*'/�ÄAÅAÅ
%�/iä�/12$IAÅAÅ,%�/Tä�ÌSæh/(2'/1Ã�4S-&C�ÈÉ579S- /1*�Ç7Bd2�:>570F/.-�2&C8/ O ÅAÅ@%Ö-NÌ�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S O

IÖÌPG�I l /10S-�:;98:;<;:;2',�CÖ6�Ã�5áC8/3�`57Ã�482'570q/10�:;ÃqBd?�/1*�:>/ 4�5768*�<>/`Ã�5�C8/3�`57Ã�482'570�n.57Ã�4PBd*',./$��n./1<;<>/
C8/()+Ñ � l ÑíÔ�/12�C�ÈÉÑ l Ú@Ð�Ñ Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S R

IÖÌPGuÆM[�Ç�57<;682�:>570�CÖ6¬4PBd* BdÃ�Ý12�*'/
Q100

BuÇ�/.n%<TÈ Bd08?A<>/F4�57<oBd:;*'/%C8/%CÖ:
	�6S-':>570 4m5768*ßCÖ:
	m,1*'/10�2'/.-
9PBd0SC8/.-=/10W,10S/1*�?A:>/.-uÌ�Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S>I

IÖÌPG S [�Ç�57<;682�:>570¬CÖ6 4PBd* BdÃ�Ý12�*'/
Q100

BuÇ�/.nW<TÈÉ,10S/1*�?A:>/NCÖ6 48ÜS572'570 :;0Sn1:>C8/10�2q4m5768*qCÖ:
	m,1*'/10�2'-
Bd08?A<>/.-�4�57<oBd:;*'/.-&C8/�CÖ:
	�6S-�:>570hÌ
Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S7Æ

IÖÌPGuÁ Â�:
	m6S-�:>570ß48*',��ê,1*'/10�2�:>/1<;<>/�C�È 680N48ÜS572'570NC�ÈÉÑ l Ú(Ð�ÑX-'68*�)+Ñ � l ÑÙÔ(ÌãÌ�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì S�S
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IÖÌPG�J l :;Ã�68<oBd2�:>570"Ú@Î+Ï�Û=Ô O C8/�<oBqCÖ:>-'2�*�:;98682�:>570kC8/�48ÜS572'570S-(-'/1<>570F<TÈ Bd08?A<>/�B�#.:;Ã�682 Bd<+C8/�CÖ:
� �
�ê6S-�:>570 4�5768* 680S/@-'5768*'n./@GuÅAÅ

%
4m57<oBd*�:>-',./(B.Ç�/.n�680WBd08?A<>/@C8/�4�57<oBd*�:>- Bd2�:>570ßC8/

45◦
/1032�*'/

ÄAÅAÅ %�/Täé/12MIAÅAÅ %�/Tä�Ì+æ�B%CÖ:>-�2�*�:;98682�:>570 �^682�*'/148<;:>,./N/1032�*'/NÅç/12
π
�4m5768*T�12�*'/W/10S-�68:;2'/

B ?qn ÜS,./�/10�2�*'/�Å�/12
3π/2

ÌSæ�B�n.5768*�9m/�/10�2�*'/
π

/12
3π/2

/.-�2&C8570Sn(680S/(*',148<;:���6S/�C8/�n./1<;<>/
48*�:>- /�/1032�*'/�Å�/12

π/2
Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì S7Á

IÖÌ ÄAÅM[+Ç�57<;682�:>570FC8/
Q100

B.Ç�/.n�<TÈÉ,10S/1*�?A:>/�4m5768*&<>/(Ã�5áC8/)�`57Ã�482'570_C�ÈÉÑíå Ñ l 57982'/1036S/�B.Ç�/.n�C8/.-
-':;Ã�68<oBd2�:>570S-�/10_Ú@Î+Ï�Û=Ô O Ì Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì S7Á

IÖÌ Ä2G l /10S-':;98:;<;:;2',�CÖ6ßÃ�5áC8/)�`57Ã�482'570N/10W4m57<oBd*�:;Ã�,12�*�:>/AÌ�Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì S>J
IÖÌ ÄAÄ Â�:>-�2�*�:;98682�:>570çC8/.-�,1Ç�,10S/1Ã�/1032'-(CÖ6Q�ê570SC_4�/10SCSBd0�2=<>/.-=2'/.-�2'-�C�ÈÉ,12 Bd<>57080PBd?�/�-'/1<>570

∆Y
/12

∆Z
Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì ÁAÅ

IÖÌ Ä O Â�:>-�2�*�:;98682�:>570�C8/.-{,1Ç�,10S/1Ã�/1032'-(�b57*�2�68:;2'-{CSBd0S-c<>/X48<oBd0
∆Y

/12
∆Z

- Bd0S-{-',1<>/.n12�:>570T�`57Ã�482'570hÌ�Á2G
IÖÌ Ä�R Â�:>-�2�*�:;98682�:>570¬C8/.- ,1Ç�,10S/1Ã�/1032'-M�ê57*�2�68:;2'- CSBd0S-�<>/N48<oBd0

∆Y
/12

∆Z
BuÇ�/.nN<oB -',1<>/.n12�:>570

�`57Ã�482'570hÌ Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì ÁAÄ
IÖÌ Ä�I Â�:>-�2�*�:;98682�:>570çC8/.-�,1Ç�,10S/1Ã�/1032'-<�`57Ã�482'570%4m5768*�680S/�-'5768*'n./�C8/�nuBd<;:;98* Bd2�:>570%ÜS57*'-�BxÊ8/)�

O JAÄ,%�/Tä�Ì Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì Á O
IÖÌ ÄAÆ Â�:>-�2�*�:;98682�:>570çC8/.-�,1Ç�,10S/1Ã�/1032'-<�`57Ã�482'570%4m5768*�680S/�-'5768*'n./�C8/�nuBd<;:;98* Bd2�:>570%ÜS57*'-�BxÊ8/)�

O JAÄQ%�/Tä Bd48*'Ý.-�C8,.n.570�Ç�57<;682�:>570hÌ�æ�BNCÖ:>-'2�*�:;98682�:>570 �ê682�*'/148<;:>,./ /1032�*'/ßÅW/12
π
�4m5768*)�12�*'/

/10S-'68:;2'/�B ?qn'ÜS,./�/1032�*'/�Å�/12
3π/2

Ì�æ�B�n.5768*�9m/�/10�2�*'/
π

/12
3π/2

/.-�2�C8570Sn�680S/�*',148<;:��36S/
C8/�n./1<;<>/(48*�:>-'/(/1032�*'/�Å�/12

π/2
Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì Á�R

IÖÌ Ä S Â�:>-�2�*�:;98682�:>570_C8/.-�,1Ç�,10S/1Ã�/1032'-!�`57Ã�482'570N4�5768*��LØá?A036S-�A�� G@/1032�*'/�ÄAÅAÅ�/12&ÁAÅAÅ'%�/iä�Ì8æh/
2'/1Ã�4S-=C�ÈÉ579S-'/1*�ÇABd2�:>570N/.-�2&C�ÈÉ/103Çá:;*'570NIAÅAÅ@%Ö-uÌÖæ�B�CÖ:>-'2�*�:;98682�:>570&�ê682�*'/148<;:>,./�/1032�*'/�Å�/12

π


4m5768*6�12�*'/�/10S-'68:;2'/@B ?qn ÜS,./(/1032�*'/(Å�/12
3π/2

Ì8æ�B�n.5768*�9�/�/1032�*'/
π

/12
3π/2

/.-�2 C8570Sn=680S/
*',148<;:���6S/�C8/�n./1<;<>/�48*�:>-'/(/1032�*'/�Å�/12

π/2
Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì Á�R

ÆÖÌPG ){57<oBd*�:>- Bd2�:>570 CÖ6F4868<>- Bd*(CÖ6 �L* Bd9�/�/10 �b570Sn12�:>570%C8/�<oB$48ÜPB7-'/�C8/�*'572 Bd2�:>570k579S- /1*�Ç�,./�/10
57482�:���6S/"B ��?3Bd6Sn ÜS/ E�/12&/10Nè=ä B ��CÖ*'57:;2'/ E\ÌáÌ�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì J S

ÆÖÌ Ä �`5768*�9m/XC8/+<;68Ã�:>Ý1*'/ �`57Ã�482'570�57982'/10�6S/L/10�2�*'/LÄAÅAÅ�/12{ÁAÅAÅ�%�/1Ç(CSBd0S-h<>/.-�Á�9PBd0SC8/.-cC8,��S08:>/.-
4PBd* à 68:;4�/1*�/12�Bd<TÌP/10NÄAÅAÅ2GAÌ Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì JAÁ

ÆÖÌ O )+*'579PBd98:;<;:;2',�C8/�Ð�B.Øá<>/1:;?AÜN57982'/1036S/�CSBd0S-�<>/.-�Æ�9PBd0SC8/.-=/10ß48ÜPB7-'/AÌ(Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì J�J
ÆÖÌ R Â�:>-�2�*�:;98682�:>570FC8/.-�,1Ç�,10S/1Ã�/10�2'-H�`57Ã�482'570FCÖ:
	�6S-',.-=-'/1<>570W<TÈ Bd08?A<>/�C8/�CÖ:
	�6S-':>570_B�#.:;Ã�682 Bd<

/10�2�*'/�ÄAÅAÅq/12=ÁAÅAÅ,%�/iä CSBd0S-&<>/.-�C857ÃqBd:;0S/.-@Ó�) � å�C8/�<oB�48ÜPB7- /�C8/�*'572 Bd2�:>570FCÖ6N4868<>- Bd*
CÖ6N�L* Bd9m/AÌ8æ�B�CÖ:>-�2�*�:;98682�:>570&�^682 *'/148<;:>,./�/10�2�*'/�Å�/12

π
á4m5768*3�12�*'/(/10S-�68:;2'/�B ?qn'ÜS,./�/1032�*'/

Åq/12
3π/2

Ìmæ�B�n.5768*�9m/�/10�2�*'/
π

/12
3π/2

/.-�2�C8570Sn�680S/�*',148<;:��36S/�C8/�n./1<;<>/�48*�:>-'/�/10�2�*'/�Å
/12
π/2

ÌPÆ�98:;0S-=C�È Bd08?A<>/�B�#.:;Ã�682�ÜPBd<{57032�C8570Sn(,12',(48*�:>-�4m5768*�n.570S-�2�*�68:;*'/�n./(48*'5��S<TÌ Ì�Ì(Ì GuÅAÅ
ÆÖÌ5I Â�:>-�2�*�:;98682�:>570FC8/.-�,1Ç�,10S/1Ã�/10�2'-H�`57Ã�482'570FCÖ:
	�6S-',.-=-'/1<>570W<TÈ Bd08?A<>/�C8/�CÖ:
	�6S-':>570_B�#.:;Ã�682 Bd<

/10�2�*'/�ÄAÅAÅ�/12�ÁAÅAÅ'%�/Tä�CSBd0S-�<>/.-&C857ÃqBd:;0S/.-=Ô*G � Ô&Ä�C8/@<oB�48ÜPB7-'/(C8/@*'572 Bd2�:>570NCÖ6ß4868<>- Bd*
CÖ6N�L* Bd9m/AÌ8æ�B�CÖ:>-�2�*�:;98682�:>570&�^682 *'/148<;:>,./�/10�2�*'/�Å�/12

π
á4m5768*3�12�*'/(/10S-�68:;2'/�B ?qn'ÜS,./�/1032�*'/

Åq/12
3π/2

Ìmæ�B�n.5768*�9m/�/10�2�*'/
π

/12
3π/2

/.-�2�C8570Sn�680S/�*',148<;:��36S/�C8/�n./1<;<>/�48*�:>-'/�/10�2�*'/�Å
/12
π/2

ÌPÆ�98:;0S-=C�È Bd08?A<>/�B�#.:;Ã�682�ÜPBd<{57032�C8570Sn(,12',(48*�:>-�4m5768*�n.570S-�2�*�68:;*'/�n./(48*'5��S<TÌ Ì�Ì(Ì GuÅAÅ
ÆÖÌ Æ Â�:>-�2�*�:;98682�:>570FC8/.-�,1Ç�,10S/1Ã�/10�2'-H�`57Ã�482'570FCÖ:
	�6S-',.-=-'/1<>570W<TÈ Bd08?A<>/�C8/�CÖ:
	�6S-':>570_B�#.:;Ã�682 Bd<

/10�2�*'/�ÄAÅAÅq/12=ÁAÅAÅ@%�/Tä
CSBd0S-�<>/.-�C857ÃqBd:;0S/.-�æ�G � æ�Ä�C8/�<oB�48ÜPB7-'/�C8/�*'572 Bd2�:>570_CÖ6W4868<>- Bd*
CÖ6N�L* Bd9m/AÌ8æ�B�CÖ:>-�2�*�:;98682�:>570&�^682 *'/148<;:>,./�/10�2�*'/�Å�/12

π
á4m5768*3�12�*'/(/10S-�68:;2'/�B ?qn'ÜS,./�/1032�*'/

Åq/12
3π/2

Ìmæ�B�n.5768*�9m/�/10�2�*'/
π

/12
3π/2

/.-�2�C8570Sn�680S/�*',148<;:��36S/�C8/�n./1<;<>/�48*�:>-'/�/10�2�*'/�Å
/12
π/2

ÌPÆ�98:;0S-=C�È Bd08?A<>/�B�#.:;Ã�682�ÜPBd<{57032�C8570Sn(,12',(48*�:>-�4m5768*�n.570S-�2�*�68:;*'/�n./(48*'5��S<TÌ Ì�Ì(Ì GuÅ2G
ÆÖÌ S Ï=08?A<>/�C8/�4m57<oBd*�:>- Bd2�:>570F,1ÇABd<;6S,�CSBd0S-=<>/.-@Æ�9PBd0SC8/.-@/10N48ÜPB7-'/�4�5768*=<>/'�L* Bd9m/�/10�2�*'/�ÄAÅAÅ

%�/iä�/12&ÁAÅAÅ)%�/Tä�Ì8æ�B�n.5768*�9m/(/10 ?A*�:>- /=*'/148*',.- /1032'/(680S/(n.5768*�9m/@C8/=<;68Ã�:>Ý1*'/�Ñ l Ú@Ð=Ñ�/1032�*'/
G�I�/12$IAÅ@%�/Tä�Ì²Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì GuÅ2G

ÆÖÌ Á âS* B7n12�:>570�C8/X4�57<oBd*�:>-±Bd2�:>570�,1ÇABd<;6S,./LCSBd0S-c<>/.-�Æ�9PBd0SC8/.-{/10�48ÜPB7-'/X4�5768*c<>/ �L* Bd9m/L/10�2�*'/`ÄAÅAÅ
%�/iä /12cÁAÅAÅ6%�/iä�Ìxæ�B&n.5768*�9m/+/10�?A*�:>- /�*'/148*',.-'/1032'/L680S/+n.5768*�9m/XC8/�<;68Ã�:>Ý1*'/LÑ l Ú(Ð�Ñ�/1032�*'/$G�I
/12 IAÅ!%�/Tä�Ì�æh/.-�<;:;Ã�:;2'/.-L-�684�,1*�:>/168*'/.-L-'57032+C8/.- -�:;0S,./.-+/10�98<>/16$Bd<>57*'-��36S/�n./1<;<>/.-X:;02�ê,1*�:>/168*'/.-
- 57032=B ?qn ÜS,./.-=/10ß*'5768?�/AÌ �`/.-�<;:;Ã�:;2'/.-&-'570�2�C857080S,./.-���680ß08:;Ç�/uBd6_C8/�n.5702��Bd0Sn./�C8/,G

σ
Ì GuÅAÄ

ÆÖÌ5J Ò�570S/�C�ÈÉ579S-'/1*�Ç7Bd2�:>570FC8/@<oB�4m57<oBd*�:>- Bd2�:>570N57482�:���6S/AÌWÌ�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì GuÅ O
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ÆÖÌPGuÅ Ï=08?A<>/�C8/@4m57<oBd*�:>- Bd2�:>570N57982'/1036FCSBd0S-&<>/.-&CÖ:
	�,1*'/1032'/.-$#u570S/.-�C�ÈÉ579S-'/1*�ÇABd2�:>570hÌ�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÅ�R
ÆÖÌPG�G"){57<oBd*�:>- Bd2�:>570N* B7CÖ:>5qC8/(<oB�0S,19868<>/16S-'/�CÖ6N�L* Bd9m/AÌXÌ�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÅ�I
ÆÖÌPGuÄ Â�:
	�,1*'/1032'-(Ã�5áC8Ý1<>/.-@2�ÜS,.57*�:��36S/.-(C8/�4m57<oBd*�:>- Bd2�:>570k/10 �ê570Sn12�:>570çC8/�<oB$48ÜPB7-'/ B 1 e>- c�� f�c.1

�_�- e�/ 0Pc.1
�
e �8/:[	��0Pc.1

�
_�/��]^51 [�d �R^ �&d E\Ì`Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÅAÆ

ÆÖÌPG O )�*'5��S<`C8/�4m57<oBd*�:>- Bd2�:>570"Bd2�2'/10SCÖ6"/10��ê570Sn12�:>570ÍC8/�<oB 48ÜPB7-'/�4m5768*�<>/�Ã�5áC8Ý1<>/�C8/�<TÈ e �8/:[��
0Pc�1 ,12'/10SCÖ6 B � ?3Bd6Sn'ÜS/ E(Bd:;0S-':(��6S/�CSBd0S-@<TÈ e �2/:[��<0Pc.1 -�2 Bd0SCSBd*'C�Ì�Î�0çÜPBd682�pmn.5768*�9�/�C8/
<;68Ã�:>Ý1*'/AÌSÏ=6WÃ�:;<;:>/16 p8Ï=08?A<>/�C8/@4m57<oBd*�:>- Bd2�:>570hÌPÎ+0ß9PB7-�p8â8* B7n12�:>570FC8/@4�57<oBd*�:>- Bd2�:>570hÌªÌ�Ì GuÅAÆ

SáÌPG Ð=/148*',.-'/1032 Bd2�:>570FC8/@<oB�-�2�*�6Sn12�68*'/�/10Nn.576Sn ÜS/�CÖ6 �b57*�ÃqBd<;:>-�Ã�/ O	� GAÌ·Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÄ�I
SáÌ Ä � Bd*�2'/ O Â�C8/(<oB�C8/10S-':;2',(9PBd*�Ø�5708:��36S/�C8/@<TÈÉ,12'57:;<>/AÌ�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÄ S
SáÌ O Î�Ç�57<;682�:>570FCÖ6 - c.1'_�[ B.Ç�/.n�<oB�CÖ:>-'2 Bd0Sn./<��<TÈÉ,12'57:;<>/AÌ Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÄAÁ
SáÌ R Î�Ç�57<;682�:>570FCÖ6 �TB7n12'/168*

γ22
B.Ç�/.n�<oB�CÖ:>-�2 Bd0Sn./<��<TÈÉ,12'57:;<>/AÌ Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÄ�J

SáÌ5I æ�:;?A0S/.-�C8/ n'ÜPBdÃ�4¾ÃqBd?A0S,12�:���6S/ /10 O Â·57982'/1036S/.-qBd48*'Ý.-�*',.-'57<;682�:>570ZC8/.-�,��36PBd2�:>570S-�C8/
Ë%BxÊ87`/1<;<h4m5768*�680S/�,12'57:;<>/<��0S/1682�*'570S-=/10ß*'572 Bd2�:>570_CSBd0S-�<>/(Çá:>C8/AÌ`Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G O G

SáÌ Æ �`57684m/@C8/=<oB�n.5702�S?A68* Bd2�:>570_C8/.-L<;:;?A0S/.-�C8/�n ÜPBdÃ�4ßÃqBd?A0S,12�:��36S/�CSBd0S- <>/=48<oBd0 Ê��@Å�B.Ç�/.n
680S/�C8/10S-':;2',�/12�680Nn.5768* Bd032�-�:;2�6S,(CSBd0S-�680S/�n.576Sn ÜS/�48*'5án'ÜS/�C8/�<oB�n1*'5��82'/�C8/@<TÈÉ,12'57:;<>/AÌ Ì G O Ä

SáÌ S �`57684m/@C8/=<oB�n.5702�S?A68* Bd2�:>570_C8/.-L<;:;?A0S/.-�C8/�n ÜPBdÃ�4ßÃqBd?A0S,12�:��36S/�CSBd0S- <>/=48<oBd0 Ê��@Å�B.Ç�/.n
680S/�C8/10S-':;2',�/12�680Nn.5768* Bd032=6808:
�ê57*�Ã�/�CSBd0S-�<TÈÉ,12'57:;<>/AÌ Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G O Ä

SáÌ Á � Bd*�2'/ O Â�C8/(<oB�n.57Ã�4m5A- Bd0�2'/�C8/�ÎZ4PBd* Bd<;<>Ý1<>/�Bd6Wn'ÜPBdÃ�4_ÃqBd?A0S,12�:��36S/AÌ Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G O�O

ÁÖÌPG ÑÙÃqBd?�/(* B7CÖ:>5�C8/@<oB�*',1?A:>570FBd682'5768*�C8/�) l Ð©å!G�IAÅ�J �KIAÁÖÌ¦Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G O Á
ÁÖÌ Ä ä+/.n12'/168*'-�682�:;<;:>-',.-�4m5768*&<oB�9PBd*�Øán./10�2�*�:>- Bd2�:>570%C8/.-&C857080S,./.-&2'/1Ã�4m57*'/1<;<>/.-uÌ Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G R G
ÁÖÌ O �`5768*�9m/�C8/@<;68Ã�:>Ý1*'/�C8/() l Ð©åHG�IAÅ�J �KIAÁ�48*�:>-'/�/1032�*'/�ÄAÅ�/12$IAÅ,%�/Tä Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G R3Ä
ÁÖÌ R ÑÙÃqBd?�/�C8/�<TÈÉ,1Ã�:>-'-�:>570N0S570_4868<>-',./�Bd682'5768*@C8/�) l Ð©åHG�IAÅ�J �KIAÁ$/1032�*'/ G S@%�/Tä /12�R3Å,%�/iä�Ì

æh/.-�n.5�57*'C857080S,./.-�-'57032=/10Wë3ÄAÅAÅAÅ�/12&<>/.-&n.570�2'5768*'-=/10ß0S57:;*=-'57032�n./16ÖÊßC8/ ��ÌÉÎ&Ì l Ì l Ì(Ì�Ì G R O
ÁÖÌ5I )�*'5��S<L<;:>-'-',�C8/q<oBßnuBd*�2'/q/10Í-�:;?A08:
�PnuBd2�:;Çá:;2',$-'/1<>570 <oBWCÖ:;*'/.n12�:>570"Û(Ó$� l Î�/1032�*'/ G Sß/12�R3Å

%�/iä�ÌSæcB�n.5768*�9�/(/10N*'5768?�/(:;0SCÖ:��36S/�<>/@48*'5��S<cBd2�2'/10SCÖ6N4m5768*�680S/�-'5768*'n./(4m570Sn12�6S/1<;<>/AÌ Ì�Ì G R�R
ÁÖÌ Æ Î�Ê8n.Ý.-XCSBd0S-X<oB�nuBd*�2'/&/10 -�:;?A08:
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-�68*�<oB�-'5768*'n./���<oB�nuBd*�2'/�57*�:;?A:;0PBd<>/�/1032�*'/TG S�/12�R3Å,%�/Tä�ÌXÌ(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì G R I
ÁÖÌ S l 4m/.n12�*'/&/10�,10S/1*�?A:>/�C�ÈÉÑ l Ú@Ð=Ñ�/12+C8/&å /1484m5 l Ï$A¬/1032�*'/�Ä�/12XÄAÅAÅH%�/Tä�ÌAÔ�57682'/.-L<>/.-+/1*�*'/168*'-
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Ljet sin(θjet)
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JÖÌPG Ï¬?3Bd6Sn ÜS/�p�ÑiÃqBd?�/�A@Ë_Ëé<;:>-'- ,./&4PBd*`680S/�?3Bd6S-'-':>/1080S/=C8/
15′′

â{Þ ��Ë �C�È 680S/�*',1?A:>570 C8/
4′ × 4′
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σ
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JÖÌ R � Bd*�2'/�C8/�Ç�:;2'/.-'- /�/10NÃ �d-�4�5768*�<>/@Ç�/1032�n ÜS59��6S,AÌ¤Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÆ O
JÖÌ5I � Bd*�2'/�CÖ6çn'ÜPBdÃ�4çÃqBd?A0S,12�:���6S/�/10%Ôc/.-�<oB$4�5768*�<>/�Ç�/1032(n'ÜS58��6S,�C8/)�TB7n12'/168*(C8/�æh57*'/10�2 #

γ = 106 /12&C8/(4PBd* BdÃ�Ý12�*'/
σ = 0.001

Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÆ�R
JÖÌ Æ � Bd*�2'/�/10",1Ã�:>-'-�:>570 :;0�2',1?A*',./q-�68*�<oB <;:;?A0S/�C8/�Çá:>-',./T� 680S/�,10S/1*�?A:>/$C8/,R&%�/iä¦4m5768*�680

�TB7n12'/168*�C8/(æh57*'/10�2 #
γ = 106 /12&680ß4PBd* BdÃ�Ý12�*'/

σ = 0.001
ÌNÌ�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÆ S

JÖÌ S Â@,14m/10SCSBd0Sn./�-'/1<>570
θ
CÖ6qn ÜPBdÃ�4�ÃqBd?A0S,12�:���6S/�CSBd0S-+<>/.-+Ã�5�C8Ý1<>/.-LC8/ à 57Ã�:>-'-±Bd*'5uÇ&BbÄAÅAÅ O E

/12&Â@/1<{ÒmBd080PB&BbÄAÅAÅ�R9E\ÌFÌ�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì GuÆ S
JÖÌ Á l 4m/.n12�*'/=-'Ø�0Sn Ü8*'572�*'570$4m5768*L680"�bB7n12'/168* C8/�æ�57*'/1032 #

γ = 106 /12X680 4PBd* BdÃ�Ý12�*'/
σ = 0.001

Ì GuÆAÁ
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IÖÌPG Ð=,.-'57<;682�:>570N/10W,10S/1*�?A:>/�CÖ6ßÃ�5�C8/)�`57Ã�482'570FC�ÈÉÑÙå Ñ l /10ßÇ�57<FÌ�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì ÆAÄ
IÖÌ Ä æcBd*�?�/168*

σ
C8/(<oB�?3Bd6S-'-�:>/1080S/�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì ÆAÁ

IÖÌ O â�B7n12'/168*=C8/@Ã�5áCÖ68<oBd2�:>570N4m5768* O -'5768*'n./.-&C8/�nuBd<;:;98* Bd2�:>570 Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì ÁAÅ

ÆÖÌPG å�Bd0SC8/.-=/10ß48ÜPB7-'/(682�:;<;:>-',./.- Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì JAÁ
SáÌPG �`5702�S?A68* Bd2�:>570%C�ÈÉ,���68:;<;:;98*'/�C8/(<TÈÉ,12'57:;<>/<��0S/1682�*'570S- Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì�Ì(Ì�Ì(Ì�Ì�Ì(Ì GuÄAÁ
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���#	$	�	$	$	�	$	�	$	$	�	$	�	$	$	�	�	$	�	$	�	$	$	�	$	�	$	$	 %

&(')&(')& *,+.-0/21436587)+�-:9$;<+�=>14?@3(;A-:B23(C�C�+D7FEHG
3(?IE"143658?@+KJ
3(=L?:7)E$J<M�N>-O5FP�=<+RQS3(;LTLEHC�+!;�1@E(78+ U
&(')&('WV XY3>T>Z!7)+�-:T,[ /!143(5)7)+�-:9�;<+�=>14?@3(;L-\'R'D'D']'D']'D']'D']'D'D'R'D']'D']'D'D']'D']'D'R' ^

�
	F_ ����$`a������b< c�d	�	$	�	$	$	�	$	�	$	$	�	$	�	$	$	�	$	�	$	$	�	�	$	�	$	�	$	$	�	$	�	$	$	 e
&('WV>')& f\;gJ
+!=YTh[ M<5)-O143658?@+('i'D']'D']'D'R'D'D']'D']'D']'D']'D'D'R'D']'D']'D'D']'D']'D'R' j
&('WV>'WV kK36;<;</�+�-03(GA-O+�?4l"E"1@5836;<;<+�787)+�-m'D'R'D'D']'D']'D']'D']'D'D'R'D']'D']'D'D']'D']'D'R'n&.o

�
	)p ������q��rq�q����q��Ysqg`q�q���.b> "�t	$	$	�	$	�	$	$	�	$	�	$	$	�	�	$	�	$	�	$	$	�	$	�	$	$	 �>%
�
	8u vw����������
�q���
�yx
� .�.��$sqb<�q�z��b{`q|~},�.���h�q�sq��$�q��rq�q����q����$s��`q�q���.b> �	$	$	 ���

���!� � ��¨��{��¡&�'�'��¨�� ¢���§��P��¡�¢�¨

��� ��� � � �! Z5-$6*,13�8 �� &��!��5-0O$'&� "%$ � � �>1,)a� $ 07)?5 $'*307� = $'��0I13) = ���� .*4������� $'&���) � �8&��
5 )+13�
æ�/.-�,12'57:;<>/.-T�N0S/1682�*'570S-�-'57032�4PBd*�Ã�: <>/.-�n.57*�4S-�<>/.-�48<;6S-�C8/10S-'/.-�C8/$<TÈ 6808:;Ç�/1*'-�/12�-'570�2�?�,10S,��

* Bd<>/1Ã�/1032�/108?�/10SCÖ*',./.-�4PBd*�C8/.-�,12'57:;<>/.-�ÃqB7-'-':;Ç�/.-�cC8/$48<;6S-�C8/ ÁWÃqB7-'-'/.-�-'57<oBd:;*'/.-uÌ���ÈÉ/.-�2�/10 G�J O R ��6S/
<>/.-&48Ü�Øá-�:>n1:>/10S-�Þ Bd<;2'/1*@å�BAB7C8/�/12�â8*�:;2 #�Ò 7�:>n %�Øß48*',.CÖ:;*'/10�2@4�5768*�<oB�48*'/1Ã�:>Ý1*'/<�ê57:>-=<TÈÉ/\ÊÖ:>-�2'/10Sn./�C�ÈÉ,12'57:;<>/.-
n.570S-�2�:;2�6S,./.-�/10 4PBd*�2�:>/qC8/q0S/1682�*'570S- Bêå�BAB7C8/$/12�Ò 7�:>n4%áØ G�J O R9E\Ì{Ñi<>-H�S*'/10�2�C8/q48<;6S-�<>/q* Bd4848*'5�n ÜS/1Ã�/1032
/1032�*'/�<oBq0PBd:>-'- Bd0Sn./�C8/�n./.-@C8/1*�08:>Ý1*'/.-�/12@<TÈÉ/\Êá48<>5A-':>570%C8/.-(-'684�/1*�0S5~Ç7B7/AÌ Q=6S/1<���6S/.-�Bd080S,./.-@48<;6S-@2 Bd*'C%/10
G�J O J2áÓ=484m/108ÜS/1:;Ã�/1*`/12Lä+57<P%�5�	NC8,1Ç�/1<>57484�Ý1*'/10�2&B.Ç�/.n&48<;6S-`C8/�*�:;?A6S/168* n./12�2'/&2�ÜS,.57*�:>/AÌ B^Ç�57:;*Lâ{:;?A68*'/<GAÌ Ä E\Ì

Â@/�4PBd*X<oB(?A* Bd0SC8/=ÇABd*�:>,12',=C�ÈÉ,���6PBd2�:>570S-LC�ÈÉ,12 Bd2 C8/&<oB�ÃqBd2�:>Ý1*'/�0�6Sn1<>,uBd:;*'/*��C8/.-`C8/10S-�:;2',.-L,1?3Bd<>/.-
Ç�57:;*'/�-�684m,1*�:>/168*'/.-*��n./1<;<>/�C�È 680_0S5~Ø3Bd6%Bd2'57Ã�:���6S/�

ρnuc = 2.8 1017 kg/m3 S680S/�2�ÜS,.57*�:>/)��6PBd032�:;2 Bd2�:;Ç�/
/12�48*',.n1:>-'/$C8/qn./.-�579Ö×�/12'-�0hÈ Bß4PB7-�/10Sn.57*'/q,12',$,1<oBd9�57*',./AÌ{Ñi<X0hÈÉ/.-�2�n./14m/10SCSBd032�4PB7-�:;0�682�:;<>/$C8/q* Bd484�/1<>/1*
�36S/1<���6S/.-�48*'5748*�:>,12',.-=/.-'-'/1032�:>/1<;<>/.-=C8/�n./.-&579Ö×�/12'-&n.57Ã�4PB7n12'-uÌ

� H��N�c�UH�s~}�tu� 0�} 0!JZH�tu��su�h���
è=0S/(2'/1<;<>/�,12'57:;<>/�2�:;*'/�- B�n.57ÜS,.-�:>570FC8/.-&/�	m/12'-=Bd032 Bd?�5708:>-�2'/.-�C8/(<oB'�b57*'n./(C�È Bd2�2�* B7n12�:>570_?A* BuÇ�:;2 B �

2�:>57080S/1<;<>/<��68:c/10�2�* B6�>0S/�<>/.-�4PBd*�2�:>n168<>/.-=/10F-'570Nn./1032�*'/�/12�C8/�<oB�48*'/.-'-�:>570_C8/�C8,1?�,10S,1*'/.-'n./10Sn./'�36PBd0�2�:��36S/
C8/.-�0S/1682�*'570S-$��68:h,1Çá:;2'/�Bd<>57*'-�<TÈÉ/�	�570SCÖ*'/1Ã�/1032@C8/(n./1<;<>/��in1:c-�68*&/1<;<>/��TÃT�1Ã�/AÌ

æ�/�48*'5án./.-'-�6S-�C8/��b57*�ÃqBd2�:>570%C8/.-=0S/1682�*'570S-*��<TÈ :;032',1*�:>/168*�C8/�<TÈÉ,12'57:;<>/��Bd484m/1<>, �=[��8/��.e �b^4_ c /Z^Ze � 
/.-�2+C8,.n1*�:;2XC8/ <oB!�TB>=.570�-�68:;ÇABd032'/AÌ�æh/.-+,1<>/.n12�*'570S-+2�*'Ý.-��ê57*�2'/1Ã�/10�2LC8,1?�,10S,1*',.-X/12X2�*'Ý.-+,10S/1*�?�,12�:��36S/.-Ln.5703Ç�/1*��
2�:>-'-'/10�2@/10%0S/1682�*'570S-@<>/.-@48*'572'570S-(C8/.-�0S5uØ3Bd6ÖÊçC8/�<TÈÉ,12'57:;<>/�4PBd*(nuBd482�68*'/�,1<>/.n12�*'5708:��36S/AÌ �`/.n1:�-'/�48*'5�CÖ68:;2
<>57*'-4��6S/@<oB�C8/10S-�:;2',(C8,14PB7-'-'/�<>/.-

1012 kg/m3 �B^48*'5án./.-'-�6S-&è�Ð3�`ÏHE

p+ e− → n+ νe
B�GAÌPG E

I
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���
	���GAÌPGApÖä�6S/�C�È Bd*�2�:>-�2'/�C�È 680S/�,12'57:;<>/)��0S/1682�*'570S-uÌ

���
	���GAÌ ÄÖpPæh/.-&48*'/1Ã�:>/1*'-�48Ü3ØÖ-�:>n1:>/10S-���<TÈÉ57*�:;?A:;0S/�C8/@<oB�C8,.n.5768Ç�/1*�2'/�C8/.-&,12'57:;<>/.-!��0S/1682�*'570S-uÌ

Â(Bd0S-&<>/.-=n.570SCÖ:;2�:>570S-�0S57*�ÃqBd<>/.- S<>/.-&0S/1682�*'570S-�/10_-'68*�0S57Ã�98*'/�- /(*'/.n.5703Ç�/1*�2�:>-'- /1032(/10W48*'572'570S-
4PBd*=C8,.-�:;032',1?A* Bd2�:>570

β
-�68:;ÇABd032

n→ e− + p+ ν̄e
B�GAÌ Ä E

nuBd*`680q0S/1682�*'570 :>-'57<>,�0S/�4m5A-'-'Ý.C8/��36hÈ 680S/�CÖ68*',./=C8/�Ç�:>/=2�*'Ý.-`n.5768*�2'/��C8/'G RSÌ Á�Ã�:;0�682'/.-uÌáÛ=,uBd02�
Ã�57:;0S- 3CSBd0S-+<>/.-Xn.570SCÖ:;2�:>570S-LC8/&C8,1?�,10S,1*'/.- n./10Sn./=n.57Ã�48<>Ý12'/�C8/.-+,1<>/.n12�*'570S-�3:;<S0hÈ Ø�B@48<;6S-XC�ÈÉ,12 Bd2+<;:;98*'/��36S/
<>/.- ,1<>/.n12�*'570S- :>-'-'6S-`C8/�n./12�2'/@C8,.-�:;032',1?A* Bd2�:>570N4868:>-'-'/1032�5án.n1684�/1*uÌáæh/.-`0S/1682�*'570S- 0S/�4�/168Ç�/10�2�C8570Sn=4PB7- -'/
C8,.-':;032',1?A*'/1*=/10N48*'572'570S-uÌ

Ï=6ç-'/1:;0çC8/�<TÈÉ,12'57:;<>/�<>57*'-4��6S/�<oB C8/10S-�:;2',�Bd2�2'/1:;032
1014 kg/m3 mn./1*�2 Bd:;0S-@0S5~Ø3Bd6ÖÊF<;:;9mÝ1*'/1032�C8/.-

0S/1682�*'570S-��368:�n1:;*'n168<>/10�2&<;:;98*'/1Ã�/1032uÌ�è�0 ?3B�#<� O n.57Ã�4�5A-±Bd032'/.-�- /$�b57*�Ã�/1032&C8570SnTB^<>/.-&0S5uØ3Bd6ÖÊ *�:>n'ÜS/.-�/10
0S/1682�*'570S- 3<>/.-L0S/1682�*'570S- C8,1?�,10S,1*',.-�á<;:;98*'/.-L/12L0S570$*'/1<oBd2�:;Çá:>-�2'/.-`/12X<>/.-`,1<>/.n12�*'570S-L*'/1<oBd2�:;Çá:>-�2'/.- C8,1?�,10S,1*',.-.E\Ì
æXÈ Bd484PBd*�:>/1Ã�/1032�/10�2�*'/�C8/16ÖÊ_0S/1682�*'570S-@<;:;98*'/.-!�b57*�Ã�/�C8/.-�9m5A-'570S-H�368:{0S/�-'57032@4PB7-@-'5768Ã�:>-(Bd6%48*�:;0Sn1:;4�/
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C�ÈÉ/\ÊÖn1<;6S-':>570 C8/W){Bd68<;:=/12qC8/ßn./ �bBd:;2�4m/168Ç�/1032q2'576S-�5�n.n1684m/1*�<>/ 08:;Ç�/uBd6 �b570SCSBdÃ�/1032 Bd<TÌLæh/.-�4PBd:;*'/.-$C8/
0S/1682�*'570S-�0S/q4m/168Ç�/1032�48<;6S-�4m/1*'CÖ*'/$C�ÈÉ,10S/1*�?A:>/ß/12�<>/ 	S68:>C8/ - /$nuBd* B7n12',1*�:>-'/WBd<>57*'-�4PBd*�680S/ßBd9S-'/10Sn./ C8/
Ç�:>- n.5A-�:;2',AÌ8Ñi<hC8/1Çá:>/1032=C8570Sn�-�684m/1* 	S68:>C8/AÌ

){5768*NC8/.-WC8/10S-':;2',.-ß48*'5�n ÜS/.-NC8/%<oB¾C8/10S-�:;2',çC8/.-W0S5uØ3Bd6ÖÊ�Bd2'57Ã�:��36S/.-�&<oB¾CÖ:>-�2�:;0Sn12�:>570�/1032�*'/
0S/1682�*'570S-WCÖ6 0S5uØ3Bd6©/12 0S/1682�*'570S-N<;:;98*'/.-WC8/1Çá:>/1032ß:;0S-�:;?A08:
��Bd0�2'/AÌ�æh/ 	S68:>C8/kC8/1Çá:>/1032ß680 Ã�,1<oBd08?�/ C8/
0S/1682�*'570S-�7C8/`48*'572'570S-�/12�C�ÈÉ,1<>/.n12�*'570S-+<;:;98*'/.-�C857Ã�:;0S,.-�4PBd*{<oB=48*'/.-'-':>570�C8/ C8,1?�,10S,1*'/.-'n./10Sn./&C8/.-{0S/1682�*'570S-uÌ
æh/ 	S68:>C8/ 48*'572'5708:��36S/&0hÈÉ57484�5A-'/ <;68:SBd6Sn1680S/ *',.-�:>-'2 Bd0Sn./&Bd6�4PB7-'- Bd?�/ CÖ6�n.5768* Bd032X,1<>/.n12�*�:���6S/AÌAæh/.-�48*'572'570S-
C8/1Ç�:>/1080S/10�2�Bd<>57*'-&-'684�/1*'n.570SCÖ6Sn12'/168*'-uÌ

Ï C8/.-�C8/10S-�:;2',.-�/10Sn.57*'/�48<;6S-�,1<>/1Ç�,./.-��-�68* GuÅß4PBd*�2�:>n168<>/.-�570ÍBd68* B_Áß0S/1682�*'570S-� G�48*'572'570¾/12
G 0S/1682�*'570hÌ �`/12�2'/ß48*'574m57*�2�:>570 /.-�2�C8,12'/1*�Ã�:;0S,./N4PBd*�<TÈÉ,��368:;<;:;98*'/N/1032�*'/ß<oBçnuBd482�68*'/N,1<>/.n12�*'5708:��36S/_/12�<oB
C8,.-�:;032',1?A* Bd2�:>570

β
:;08Ü8:;9m,./(4PBd*�<oB�48*',.-'/10Sn./�C8/.-�,1<>/.n12�*'570S-�C8,1?�,10S,1*',.-uÌ

� H �7z'J�� y ��J108Hc��t~}^�h���_�c� D/. w�vx�{vd�ß�c�
108 #X��s DVJ

Ó=682�*'/�680S/�C8/10S-�:;2',�2�*'Ý.-�:;Ã�4m57*�2 Bd032'/��<>/.-(,12'57:;<>/.-��$0S/1682�*'570S-(4m5A-'-',.C8/10�2(,1?3Bd<>/1Ã�/1032�680 �b57*�2
n'ÜPBdÃ�4ÍÃqBd?A0S,12�:��36S/AÌ{è=0S/�48*'/1Ã�:>Ý1*'/$Ã�/.-�68*'/$CÖ:;*'/.n12'/ C8/qn./$n'ÜPBdÃ�4 B�G.Î3GuÄAÅ SáÌ R>�KIAÄAÅ�J E<�ê682�*',uBd<;:>-',./ /10
B75��82LÄAÅAÅAÄ@4PBd*+<TÈ :;0S-'2�*�68Ã�/1032LÎX)+Ñ�� BêÎ�68*'574�/uBd0 )�ÜS572'570$ÑÙÃqBd?A:;08?'� BdÃ�/1* B E���9�57*'C�CÖ6�-±Bd2'/1<;<;:;2'/3A@Ë_ËQ�
Û=/ 7�2'570"C8/�<TÈÉÎ l Ï BêÏ�?�/10Sn./ l 4PBd2�:oBd<>/qÎ�68*'574m,./1080S/ E"BêËF/1*'/1?AÜS/12�2�:L/12�Bd<TÌcÄAÅAÅAÄ E\Ì�Ïµ4PBd*�2�:;*�C8/.- O * Bd:>/.-
C�È Bd9S-'57*�482�:>570 n1Øán1<>572�*'570 579S-'/1*�Ç�,./.- CSBd0S-X<>/�-�4m/.n12�*'/3A@�680 n'ÜPBdÃ�4 ÃqBd?A0S,12�:��36S/�C�ÈÉ/103Çá:;*'570WÁAÅ(Ã�:;<;<;:oBd*'C8-
C8/H�b57:>-&-�684m,1*�:>/168*���n./1<;68:cCÖ6 l 57<>/1:;< �^682�Ã�/.-�68*',AÌ�è�0ß2'/1<cn'ÜPBdÃ�4_-~ÈÉ/\Êá48<;:���6S/(4PBd*&<>/H�TBd:;23��6S/(<>/@48*'5�CÖ68:;2
C8/ <TÈ :;032'/10S-�:;2',=CÖ6�n'ÜPBdÃ�4$ÃqBd?A0S,12�:��36S/�4PBd*X<oB@-�68*��bB7n./�C8/ <TÈÉ,12'57:;<>/�*'/.-�2'/�n.570S-�2 Bd0�2+<>57*'-+C8/�<TÈÉ/�	�570SCÖ*'/1Ã�/1032
-�2'/1<;<oBd:;*'/AÌ

[+2 Bd032�C857080S,@- B�4m/12�:;2'/=2 Bd:;<;<>/@/12 4PBd*�n.570S-'/1*�ÇABd2�:>570WCÖ6 Ã�57Ã�/10�2&n1:;0S,12�:��36S/�8/1<;<>/�ÇAB�-'/�Ã�/12�2�*'/
�%2'5768*�0S/1*q2�*'Ý.-q* Bd48:>C8/1Ã�/1032 -�68*q/1<;<>/��TÃT�1Ã�/FC857080PBd032$0PBd:>-'- Bd0Sn./N�ç680 :;032'/10S-'/_n'ÜPBdÃ�4 ÃqBd?A0S,12�:��36S/AÌ
æ+ÈÉ,12'57:;<>/<��0S/1682�*'570S-=C8/1Ç�:>/10�2&680W?�,10S,1* Bd2'/168*�C8/(n.5768* Bd032�Pn.57Ã�Ã�/�<oB�CÖØ�0PBdÃ�5qC�È 680WÇ�,1<>5T��68:�*'5768<>/AÌ

� H�tu�3v���tus�y+w���v<DVJFy�z�|hs~}^�h�c���iw?H�� J��k�UH�tXJZD��
�`/.-c579Ö×�/12'-c,12 Bd98<;:>-'-'/10�2c680�Ç�,1*�:;2 Bd98<>/L<;:>/10�/10�2�*'/X<TÈ B7-�2�*'5748Ü�Øá-':��36S/L/12h<oB 48Ü3ØÖ-�:���6S/��b570SCSBdÃ�/1032 Bd<>/

/12&n./�CSBd0S-&CÖ:
	�,1*'/1032'-=C857ÃqBd:;0S/.-�p
� ($�UD JÖt~} T�}�tu� 0P�UH���v;JZD^��� <>/�n ÜPBdÃ�4F?A* BuÇ�:;2 Bd2�:>57080S/1<+C8/.-@,12'57:;<>/.-*�q0S/1682�*'570S-�/.-'2�-�:c:;032'/10S-'/

�36hÈ :;<m0S/@4m/16826�12�*'/(C8,.n1*�:;2&n.57*�*'/.n12'/1Ã�/10�2���6S/@4PBd* <oB�2�ÜS,.57*�:>/@*'/1<oBd2�:;Ç�:>-�2'/(C8/@<oB�?A* BuÇ�:;2 Bd2�:>570�
<oB�*'/1<oBd2�:;Ç�:;2',�?�,10S,1* Bd<>/AÌS)c5768*�n./.-&579Ö×�/12'-�<>/(4PBd* BdÃ�Ý12�*'/�C8/@*'/1<oBd2�:;Çá:;2',�ÇABd682

α =
GM

c2R
∼ 0.2

B�GAÌ O E

Bd<>57*'- ��6S/=4�5768*`680S/=,12'57:;<>/�-�68*`<oB�- ,��36S/10Sn./=48*�:;0Sn1:;4PBd<>/ B^<>/(-'57<>/1:;< E+:;<�ÇABd682
α ∼ 10−6 ÌáË �1Ã�/

4�5768*@<>/.-@0PBd:;0S/.-@98<oBd0Sn'ÜS/.- U�368:�-'570�2�C8/.-�B7-�2�*'/.-�2�*'Ý.-(C8/10S-'/.-�m570 Bq- /168<>/1Ã�/1032
α ∼ 10−3 Ì

æh/.-�,12'57:;<>/.-'�ß0S/1682�*'570S-�-'57032�Bd:;0S-�:X<>/.-�B7-�2�*'/.-�*',1?A68<;:>/1*'-+BênAÈÉ/.-�2@�ßCÖ:;*'/�4m5768*�<>/.-4��6S/1<>-�<TÈÉ/.- �
4PB7n./�2'/1Ã�4S-@0S/�4�5A-'- Ý.C8/�4PB7-(C8/�-�:;08?A68<oBd*�:;2',qn.57Ã�Ã�/�680ç2�*'576F0S57:;*.E=<>/.-@48<;6S-�*'/1<oBd2�:;Ç�:>-�2'/.-~Ì
Î�<;<>/.-�570�2&0S572 BdÃ�Ã�/1032�4�/1*�Ã�:>-=C8/(2'/.-�2'/1*&<oB�*'/1<oBd2�:;Çá:;2',�/10_n'ÜPBdÃ�4&�b57*�2<Bêæ�Øá0S/�/12=Bd<TÌPÄAÅAÅ�R9E\Ì
Ð�,.n1:;48*'58�36S/1Ã�/10�2�P<oB�2�ÜS,.57*�:>/�C8/�<oB�*'/1<oBd2�:;Ç�:;2',�?�,10S,1* Bd<>/�B�4�/1*�Ã�:>-=C8/�Ã�/.-�68*'/1*�C8/.-�ÃqB7-'- /.-
C�ÈÉ,12'57:;<>/.-3��0S/1682�*'570S-$��Ã�:>/16ÖÊ ��6S/

103 48*'Ý.-�Ön./!�368:mn.570S-�2�:;2�6S/@680 *'/.n.57*'C 4�5768*�C8/.- 579Ö×�/12'-
ÜS57*'-&CÖ6N-�ØÖ-�2'Ý1Ã�/(-'57<oBd:;*'/AÌ

� ��z�|hs~}^�h���¾�{�3sFy6J8vxt~}^�3� D���s�� <oBWC8/10S-�:;2',$C8/qÃqBd2�:>Ý1*'/ Bd6"n.5á/168*�C8/.-�,12'57:;<>/.-@�ß0S/1682�*'570S-
C8,14PB7-'-'/=<oB�C8/10S-�:;2',�CÖ6 0S5uØ3Bd6ßC8/�<TÈ Bd2'57Ã�/�ÖC8/�-'57*�2'/$��6S/=<oB�48*'/.-'-':>570$Ø�/.-�2 /.-'-'/10�2�:>/1<;<>/1Ã�/1032
�ê5768*�08:>/=4PBd*L<TÈ :;0�2'/1* B7n12�:>570ß036Sn1<>,uBd:;*'/��b57*�2'/AÌ�æh/.- ,12'57:;<>/.-��(0S/1682�*'570S-�- 57032 C8570Sn�8��4PBd*�2`CSBd0S-
<TÈ 6808:;Ç�/1*'-�48*�:;Ã�57*'CÖ:oBd<;�<>/ <;:>/16 6808:���6S/ßC�ÈÉ579S-'/1*�ÇABd2�:>570 C8/ <oBFÃqBd2�:>Ý1*'/WCSBd0S-�680 ,12 Bd2�68<;2�* B
C8/10S-'/��368:Ö0hÈÉ/.-�2�4PB7-�*'/148*'5áCÖ6Sn12�:;98<>/&/10�<oBd9m57* Bd2'57:;*'/AÌ�æh/.-�*'/12'57Ã�9�,./.-+C8/ <TÈ B7-'2�*'5748Ü3ØÖ-�:��36S/�-'68*
<oB 48Ü3ØÖ-�:���6S/�ÜPB7CÖ*'5708:��36S/��*'/1<oBd2�:;Ç�/1Ã�/1032�ÃqBd<Xn.5708036S/�{-'570�2�CSBd0S-�n./�nuB7-�4�572'/10�2�:>/1<;<>/1Ã�/1032
2�*'Ý.-�:;Ã�4�57*�2 Bd0�2'/.-uÌ
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� � � C�� y�z�|hs~}^�h��� �{�3s�y DVJ8s ��J8s � <>/.-`,12'57:;<>/.-���0S/1682�*'570S- 4m5A-'-'Ý.C8/10�2L680 n'ÜPBdÃ�4 ÃqBd?A0S,��
2�:���6S/�:;Ã�4m57*�2 Bd032�C8/$<TÈÉ57*'CÖ*'/ C8/

108 − 1011T
c/12�- 57032�/1032'5768*',./.-�C�È 680S/$ÃqBd?A0S,12'5A-�48ÜSÝ1*'/

n.570S-'2�:;2�6S,./qC�È 680 48<oB7-'ÃqBWn'ÜPBd*�?�,AÌ{æh/qÃ�,.nuBd08:>-�Ã�/$C�ÈÉ,1Ã�:>- -�:>570"C8/.-�4868<>- Bd*'-�/.-'2�/10Sn.57*'/q680
48*'5798<>Ý1Ã�/�5768Ç�/1*�2�Bd67×�5768*'C�È Ü368:TÌ

� ���3�OJZHc}^�h�c���h�6JZH�t~}^�h��� � <>/.-W,12'57:;<>/.-N�Í0S/1682�*'570S-N-'57032W<>/ç-':>Ý1?�/çC�ÈÉ/�	m/12'-&��6PBd032�:���6S/.-
ÃqB7n1*'5A- n.5748:��36S/.-=n.57Ã�Ã�/(<oB�-�684m/1* 	S68:>CÖ:;2',�/12&<oB�-�684m/1*'n.570SCÖ6Sn12�:;Çá:;2',AÌ

� � ����� � $9���813�! ��� �5 $'*:13�! � &��!��5-0O$'&� 
æ+È :;0�2',1*�:>/168*LC�È 680S/ ,12'57:;<>/3�=0S/1682�*'570S-+C857:;2��12�*'/�C8,.n1*�:;2+CSBd0S-�<>/ nuB7CÖ*'/�C8/`<oB�*'/1<oBd2�:;Çá:;2', ?�,10S,1* Bd<>/AÌ

æ�/.-&Ã�5áC8Ý1<>/.-�-'570�2&9PB7-',.-�4m5768*&<oB�48<;684PBd*�2�-�68*�<TÈÉ,��36PBd2�:>570FC�È Ó=484�/108ÜS/1:;Ã�/1*��Tä+57<P%�5�	 �368:�/\ÊÖ48*�:;Ã�/(<oB�<>57:
C8/�<TÈÉ,��368:;<;:;98*'/(Ü�ØáCÖ*'5A-'2 Bd2�:��36S/�-'576S-�<oB)�b57*�Ã�/"BTÓ=484�/108ÜS/1:;Ã�/1*�/12�ä+57<P%�5�	 G�J O J E@p

dP (r)

dr
=
Gρ(r)m(r)

r2
1 + P (r)/(ρ(r)c2)

1 − 2GM(r)/(rc2)
(1 +

4πr3P (r)

m(r)c2
)

B�GAÌ R9E

5>L
P (r)

*'/148*',.- /1032'/�<oB�48*'/.-'-�:>570N2'572 Bd<>/�
ρ(r)

<oBqC8/10S-�:;2',�C8/(ÃqB7- -'/(2'572 Bd<>/�/12
m(r)

<oB�ÃqB7-'-'/
2'572 Bd<>/�n.57Ã�48*�:>-'/�CSBd0S-�<oB�-�48ÜSÝ1*'/(C8/(* B.Ø�570

r
Ì

�`/.-�Bd682'/168*'-�57032�,12',@<>/.-�48*'/1Ã�:>/1*'-���nuBd<>n168<>/1*&<oB�-�2�*�6Sn12�68*'/(:;0�2'/1*�0S/�C�È 680S/(,12'57:;<>/<��0S/1682�*'570S-uÌ
ÑÙ<>-�57032�682�:;<;:>- ,�4m5768*=n./1<oB�<TÈÉ,��36PBd2�:>570%C�ÈÉ,12 Bd2�C�È 680_?3B�#�:>C8,uBd<{C8/�0S/1682�*'570S-uÌ�æ�B$n.5702�S?A68* Bd2�:>570çC8/�ÃqB7-'-'/
ÃqBxÊÖ:;ÃqBd<>/çC857080S/

Mmax = 0.7M�, R = 9.6km, ρc = 5.108kg/m3 Ì`æh/.- *',.-�68<;2 Bd2'- 57982'/1036S-W/10
682�:;<;:>-±Bd032+680S/ ,���6PBd2�:>570�C�ÈÉ,12 Bd2�48<;6S-�*',uBd<;:>-�2'/�C�È 680�?3B�#�:>C8,uBd<2�ê57*�Ã�, C�È 680�Ã�,1<oBd08?�/�C8/`48*'572'570S-�70S/1682�*'570S-
/12(C�ÈÉ,1<>/.n12�*'570S-�/10ç,���68:;<;:;98*'/�/12�0S570%:;0�2'/1* Bd?A:>-'- Bd032'-�0S/�CÖ:
	�Ý1*'/1032(?A6SÝ1*'/�C8/.-@*',.-�68<;2 Bd2'-(C�È Ó=484m/108ÜS/1:;Ã�/1*
/12�ä+57<P%�5�	�Ì

Ó=*=680S/�ÃqB7-'-'/�ÃqBxÊá:;ÃqBd<>/�C8/(<TÈÉ57*'CÖ*'/�C8/
0.7M�

0hÈÉ/.-�2�4PB7-�B7n.n./1482 Bd98<>/�4868:>-4�36S/�<TÈÉ570NÃ�/.-�68*'/
C8/.-�,12'57:;<>/.-�C8/qÃqB7-'-'/ ∼ 1.4M�

ÌhÑÙ<X/.-�2�C8570Sn�:;0SCÖ:>-�4m/10S- Bd98<>/qC8/�2�*'5768Ç�/1*�C8/.-�,���6PBd2�:>570S-�C�ÈÉ,12 Bd2�C8/�<oB
ÃqBd2�:>Ý1*'/�C8/10S-'/(/12��ê*'57:>C8/(9m/uBd6Sn.57684W48<;6S-�*',uBd<;:>-�2'/.-uÌ

� �3s$�3�h�6JÖt~}�w?H�sq� .;��tXJÖt
æ�BqCÖ:
?qn168<;2',�2�ÜS,.57*�:��36S/�48*�:;0Sn1:;4PBd<>/�CSBd0S-�<oB�C8,12'/1*�Ã�:;0PBd2�:>570çC8/�n./.-�,���6PBd2�:>570S-�SÇá:>/1032@C8/.-&:;02�

2'/1* B7n12�:>570S-�/1032�*'/�<>/.-(4PBd*�2�:>n168<>/.-)��68:+n.570S-�2�:;2�6S/10�2�<TÈÉ,12'57:;<>/AÌ�Î+0k/�	m/12�n./.-�C8/1*�08:>Ý1*'/.-�-'570�2�C857Ã�:;0S,./.-�4PBd*
<TÈ :;0�2'/1* B7n12�:>570 036Sn1<>,uBd:;*'/ �b57*�2'/N/12 C857:;Ç�/1032ßC8570Sn �12�*'/_C8,.n1*�:;2'/.- 4PBd* <oB f]a � e � e@d�� �Mc �N^
	 �b[�	 � c �:/Z^�	 �b[ 
2�ÜS,.57*�:>/�98:>/10F48<;6S-=n.57Ã�48<>/\Ê8/<��6S/�<TÈÉ,1<>/.n12�*'5áCÖØ�0PBdÃ�:���6S/@�36PBd0�2�:��36S/�682�:;<;:>-',./�CSBd0S-�<TÈÉ,12�6SC8/�C8/.-�-�ØÖ-�2'Ý1Ã�/.-
C�È Bd2'57Ã�/.-~Ì8Î�0ß4PBd*�2�:>n168<;:>/1*�Ö<TÈ :;032'/1* B7n12�:>570Q�ê57*�2'/�4m5A-'-'Ý.C8/�C8/.- 4PBd*�2�:>/.- 2'/10S-'57*�:>/1<;<>/.-&/12�-�48:;0ß57*�98:;2'/�:;Ã�4�57*��
2 Bd0�2'/.-�Pn.570�2�* Bd:;*'/1Ã�/1032�Bd6ÖÊ :;032'/1* B7n12�:>570S-(Bd2'57Ã�:���6S/.-���68:h-'57032=98:>/10W*'/148*',.-'/10�2',./.-=4PBd*�680W4�572'/10�2�:>/1<c0S/
C8,14m/10SCSBd032'�36S/�C8/�<oBW-',14PBd* Bd2�:>570

r
/10�2�*'/�<>/.-�Bd2'57Ã�/.-uÌ�Â�/�48<;6S- m<TÈ :;032'/1* B7n12�:>570 �ê57*�2'/�n.57Ã�4m57*�2'/�C�È :;Ã@�

4m57*�2 Bd032'-�2'/1*�Ã�/.-�� O n.57*�4S-(/12@48<;6S-@*'/10SCSBd032(:;Ã�4m5A-'-�:;98<>/�<oB C8/.-'n1*�:;482�:>570kC8/�<TÈÉ,10S/1*�?A:>/�n.57Ã�Ã�/�-'57Ã�Ã�/
C8/W2'/1*�Ã�/.-qC�È :;032'/1* B7n12�:>570S-+�çÄ%n.57*�4S-uÌ+Î+0 57682�*'/ß4m5768*

ρ ≥ ρnuc
�<>/.-�/�	�/12'-�*'/1<oBd2�:;Çá:>-�2'/.-�C8/1Çá:>/1080S/1032

:;Ã�4m57*�2 Bd032'- /12 -'/ß2�* B7CÖ68:>-'/10�2 4PBd*$<TÈ Bd484PBd*�:;2�:>570 CSBd0S-$<>/ßÃ�:;<;:>/16¬C8/W0S5768Ç�/1<;<>/.-$4PBd*�2�:>n168<>/.-�L2'/1<;<>/.-$C8/.-
Ã�,.- 570S-�/12�C8/.-(9PBd*�Ø�570S-�<>5768*'C8-MB^Ü�Ø�4m,1*'570S-.E\Ì�){5768*

ρ ≥ 2 − 3ρnuc
h<oB n.57Ã�4�5A-�:;2�:>570Í/1<;<>/��TÃT�1Ã�/qC8/�<oB

ÃqBd2�:>Ý1*'/�/.-�2�ÃqBd<�n.57080�6S/qp8:;<�4m5768*�* Bd:;2=-'57:;2&-~È Bd?A:;*�C�È 680S/(ÃqBd2�:>Ý1*'/�9PBd*�Ø�5708:���6S/(*�:>n ÜS/�/10WÜ�Ø�4m,1*'570S-�S-'57:;2
C�ÈÉ,12 Bd2'-�48<;6S-�/\ÊÖ572�:���6S/.-�n.57Ã�Ã�/�680_n.570SC8/10S-�d2�C8/�9�5A-'/�C8/�Ã�,.-'570S-

π
B^48:>570S-.E&576 à B %AB7570S-.E��576N98:>/10

680q48<oB7-�ÃqB(C8/3��6PBd* %á-XC8,.n.5702�S0S,.-uÌ3){5768*Ln./1*�2 Bd:;0S-`Bd682'/168*'-XÃT�1Ã�/<B �@B7/10S-'/1<P/12`Bd<TÌ G�J�J�I���)�* B�%AB7-�ÜQG�J�JAÁ E
<TÈÉ,12 Bd2 �b570SCSBdÃ�/1032 Bd<�C8/=<oB�ÃqBd2�:>Ý1*'/(-'/1* Bd:;2��b57*�Ã�,�6808:��36S/1Ã�/10�2&C8/���6PBd* %Ö-`-*B ��6PBd* %á- ,12�* Bd08?�/.-.E\ÌÖæh57*'-�C8/
<oB<�b57*�ÃqBd2�:>570ßC�È 680S/�,12'57:;<>/*��0S/1682�*'570S-�á<oB�ÃqBd2�:>Ý1*'/@4�5768*�* Bd:;2&Bd<>57*'- -�6898:;* 680S/�2�* Bd0S-':;2�:>570WC8/�48ÜPB7-'/�Ç�/1*'-
n./12=,12 Bd2�C8/@Ã�57:;0SCÖ*'/�,10S/1*�?A:>/��C857080PBd032�0PBd:>- - Bd0Sn./���n./1<;<>/���6hÈÉ570NBd484�/1<;<>/�C8/.- � / e ^ - []_ � /�� c �90#[ _ Ì

Â�È 680N4m57:;032@C8/�Çá6S/�/\ÊÖ4m,1*�:;Ã�/1032 Bd<;�<oB�ÃqBd2�:>Ý1*'/�Bd6_-'/1:;0FC8/.-=,12'57:;<>/.-H��0S/1682�*'570S-@/.-�2�2�*'Ý.-�ÃqBd<
n.57080�6S/�nuBd*&- B�n.57Ã�4m5A-�:;2�:>570W/.-�2�CÖ:
	�,1*'/1032'/�C8/(n./*��6S/�<TÈÉ570ß4�/1682&57982'/108:;*&/10ß<oBd9m57* Bd2'57:;*'/"BbB7n.n.,1<>,1* Bd2'/168*
C8/W4PBd*�2�:>n168<>/.-.E\ÌXæh/W* Bd484�57*�2�0S/1682�*'570S- �x48*'572'570S-

N/Z
/.-�2�/10 /�	�/12�98:>/10 48<;6S-q,1<>/1Ç�,WCSBd0S-�680S/W,12'57:;<>/

�ç0S/1682�*'570S-uÌ+){5768*q<>/.-�0S5~Ø3Bd6ÖÊ¾*�:>n ÜS/.-q/10 0S/1682�*'570S-q48*'5�CÖ68:;2'-$CSBd0S-�<>/.-qB7n.n.,1<>,1* Bd2'/168*'- C8/ß4PBd*�2�:>n168<>/.-�
N/Z ∼ 1.5

Bd<>57*'-&��6S/kCSBd0S-ß<>/.-W,12'57:;<>/.- �Í0S/1682�*'570S-Nn./%* Bd484m57*�2_B.Ç�57:>-':;0S/ GuÅÖÌ&Â@/%48<;6S-��<>/.-ß* Bd*'/.-
,.n ÜPBd032�:;<;<>570S-�C8/�ÃqBd2�:>Ý1*'/�68<;2�* B C8/10S- /�48*'5�CÖ68:;2'-�-�68*�Ô�/1*�*'/�cn.57Ã�Ã�/�CSBd0S-(<>/.-�n.57<;<;:>-�:>570S-�C�È :>570S-(<>5768*'C8-
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/�	m/.n12�6S,./.-�Bd6ÍÚ@Ï�Û=Ñíæ �N� B7/10�h-'57032�4�57*�2',.-'�ßC8/.-�2'/1Ã�4m,1* Bd2�68*'/.-�98:>/10k48<;6S-�,1<>/1Ç�,./.-+BêCÖ:>-'-�:;4PBd2�:>570ÍC8/
<TÈÉ,10S/1*�?A:>/�n1:;0S,12�:��36S/�C8/.-�48*'5d×�/.n12�:;<>/.-.E���6S/�<oBqÃqBd2�:>Ý1*'/,��<TÈ :;0�2',1*�:>/168*�C8/.-=,12'57:;<>/.-TB

1012K
n.570�2�*'/

107K
E\Ì

Ï�:;0S-':`<>/.-�Ã�5áC8Ý1<>/.-�-'/1Ã�:
�i/1Ã�48:;*�:���6S/.-qC�ÈÉ,���6PBd2�:>570 C�ÈÉ,12 Bd2�5>L C8/ 0S57Ã�98*'/16ÖÊZ4PBd* BdÃ�Ý12�*'/.-q-'570�2�Bx×í6S-�2',.-
�$<>/168*'-(Ç7Bd<>/168*'-�/\Êá4m,1*�:;Ã�/1032 Bd<>/.-�?3Bd*'C8/1032�680S/�?A* Bd0SC8/�:;0Sn./1*�2�:;2�6SC8/qCÖ6 �bBd:;2(C8/�<TÈÉ/\ÊÖ2�* Bd4�57<oBd2�:>570 C8/�n./.-
4PBd* BdÃ�Ý12�*'/.-���C8/.-&Ç7Bd<>/168*'-&CÖ:
	�,1*'/1032'/.-�C8/

N/Z
/12
T

Ì

S tuv7�c�At~��vd�W� .>�6Hc�W��tuw�}ED�� FIHc����tuvxw?H�s
Â@/14868:>-c<>/+C8,198682cC8/.-{Bd080S,./.- S7Å2xC8/�0S57Ã�98*'/16ÖÊ�2�* BuÇ7Bd6ÖÊ�570�2c,12',+n.570S-±B7n1*',.- � <TÈÉ,���6PBd2�:>570�C�ÈÉ,12 Bd2

C8/�<oB ÃqBd2�:>Ý1*'/�C8/10S-'/�/10%2'/1032 Bd0�2�C8/�*',14m570SCÖ*'/T� <oBM��6S/.-�2�:>570k-�68:;ÇABd032'/ßp 	 � [�-�[ _�/�-�� � / c�/���e �&dPc � [ �:/ c>-
d#['- c � c�/Z^����.[ � � �M[Ud#[ �b_ ^ / � dPe � � � [�� ){5768*(<>/.-@C8/10S-�:;2',.-@CSBd0S-=<oB n1*'5��82'/�mn./12@,12 Bd2��b570SCSBdÃ�/1032 Bd<+/.-'2
B7-'-'/ #�98:>/10Fn.5708036hÌ�Î�0N*'/1ÇABd0Sn'ÜS/�P:;<�0hÈÉ/10F/.-�2&*�:>/10N4m5768*�<TÈ :;0�2',1*�:>/168*=ÃT�1Ã�/�C8/�<TÈÉ,12'57:;<>/�4�5768*=<>/��36S/1<c680S/
Ã�68<;2�:;2�6SC8/�C�ÈÉ,���6PBd2�:>570S-�C�ÈÉ,12 Bd2+-'57032�/10Sn.57*'/�Bd67×�5768*'C�È Ü368:S48*'574m5A-',./.-{*'/�	P,12 Bd032�48<;6S-�0S572�*'/`:;?A0S57* Bd0Sn./���6S/
C8/.-�-':;2�6PBd2�:>570S-�B7-'2�*'5748Ü3ØÖ-�:��36S/.-�CÖ:
	�,1*'/1032'/.-uÌ+Ó=0 4m/1682�0S,uBd08Ã�57:;0S-�B7CÖÃ�/12�2�*'/+��6S/�<TÈÉ,12'57:;<>/+�ß0S/1682�*'570S-
/.-�2Xn.570S-�2�:;2�6S,./=C�È 680S/�-�2�*�6Sn12�68*'/=/10qn.576Sn'ÜS/.- �*'/�	P,12 Bd032`<>/�n ÜPBd08?�/1Ã�/1032 C8/&*',1?A:;Ã�/�B.Ç�/.n&<TÈ B7n.n1*'57:>- -'/1Ã�/1032
C8/(C8/10S-�:;2',AÌ�Ó=0W4m5768*�* Bd:;2�CÖ:>-�2�:;08?A6S/1*'B^ä+57:;*�â{:;?A68*'/TGAÌ O E@p

� � Jks~�cv��,J8��� � n./�-'/1* Bd:;2&680S/�*',1?A:>570_5>LW<TÈÉ,���6PBd2�:>570_C�ÈÉ,12 Bd2�/.-�2��b57*�2'/1Ã�/1032�2�*�:;98682 Bd:;*'/�C8/�<oB
2'/1Ã�4�,1* Bd2�68*'/�/12&CÖ6Wn'ÜPBdÃ�4NÃqBd?A0S,12�:���6S/AÌ l 570W,14PBd:>- -'/168*�-'/1* Bd:;2�:;02�b,1*�:>/168*'/)�

0.1 km
/12&- B

C8/10S-�:;2',(:;02�b,1*�:>/168*'/<�
109 kg/m3 Ì

� � J%��vdw���tu�ß�7L�tu�3v-Hc� � n./@-'/1* Bd:;2�680S/�*',1?A:>570W-'57<;:>C8/@CSBd0S- <oB>��6S/1<;<>/@680 *',.-'/uBd6Wn.5768<>57Ã�98:>/10
C8/ 0S5uØ3Bd6ÖÊZ<>5768*'C8-�/12�680Z?3B�#WC�ÈÉ,1<>/.n12�*'570S-�*'/1<oBd2�:;Çá:>-�2'/.-$n.5�/\ÊÖ:>-�2'/1032uÌ�Â(Bd0S-�n./12�2'/+#u570S/N570
Bd68* Bd:;2

109 kg/m3 ≤ ρ ≤ 4 1014 kg/m3 /12�680S/�,14PBd:>-'-'/168*�Ç�57:>-�:;0S/(C8/�ÅÖÌ5I@%áÃWÌ
� � J ��vdw���tu�¾}VH�tu��v.Hc� � /1<;<>/q-'/1* Bd:;2�n.570S-�2�:;2�6S,./�C8/�0S5uØ3Bd6ÖÊç*�:>n'ÜS/.-�/10ç0S/1682�*'570S-��C�È 680 ?3B�#

C8/%0S/1682�*'570S-N-�684m/1* 	S68:>C8/k/12WC�È 680�?3B�#kC�ÈÉ,1<>/.n12�*'570S-uÌ�æ�BZC8/10S-�:;2',k- /1* Bd:;2Wn.57Ã�48*�:>-'/k/1032�*'/
4 1014 kg/m3 /12

2 1017 kg/m3 /12�-'570W,14PBd:>-'- /168*�-'/1* Bd:;2�C�ÈPGH%áÃWÌ
� � � Dê}^�h�{}��{�(s~�cy+�3v	���c}^�{� � :;<�-'/1* Bd:;2��b57*�Ã�,+/.-'-'/10�2�:>/1<;<>/1Ã�/1032�C8/+0S/1682�*'570S-{-�684m/1* 	S68:>C8/.-cB.Ç�/.n

680S/3�TBd:;98<>/�n.570Sn./10�2�* Bd2�:>570WC8/�48*'572'570S-`-�684m/1* 	S68:>C8/.-`/12 -�6848* B7n.570SCÖ6Sn12'/168*'-�/12`C8/.-L,1<>/.n12�*'570S-
0S57*�ÃqBd6ÖÊmÌSÓ=0WBd68* Bd:;2�:>n1:

2 1017 kg/m3 ≤ ρ ≤ ρcoeur
/12L680S/@,14PBd:>-'-'/168*�C�ÈÉ/10�Ç�:;*'570�GuÅ)%áÃWÌ

� � �ç��w��á��v � -'570F/\Êá:>-'2'/10Sn./�/.-�2=4�5768*=<>/�Ã�57Ã�/10�2�ÜPBd682'/1Ã�/10�2(-�4�,.n168<oBd2�:;Ç�/�m-�68:;ÇABd032�-uÈ :;<c- /
48*'5�CÖ68:;2&680_n.570SC8/10S- d2=C8/(48:>570S-=576W98:>/10W680S/(2�* Bd0S-':;2�:>570NÜPB7CÖ*'5702� ��6PBd* %NBd6NC8/.-'-�6S-&C�È 680S/
n./1*�2 Bd:;0S/(Ç7Bd<>/168*=n1*�:;2�:��36S/

ρcoeurÔc576S-�<>/.-(Ã�5áC8Ý1<>/.-�B7n12�6S/1<>-�48*',.CÖ:>-'/1032�680S/�ÃqB7-'-'/�ÃqBxÊá:;ÃqBd<>/q4�5768*�n./.-�579Ö×�/12'-(C8/�<TÈÉ57*'CÖ*'/qC8/
3M�

Ì{æ+ÈÉ/�	�/12�C8/$<oBß*'572 Bd2�:>570ZC8/$<TÈ B7-�2�*'/����68:X0hÈ BN4PB7-�,12',$/10�Ç�:>- Bd?�,$:>n1:;{-'/1* BNC�È Bd68?AÃ�/10�2'/1*�<oBßÃqB7-'- /
ÃqBxÊá:;ÃqBd<>/@B7CÖÃ�:>-'-�:;98<>/�Bd:;0S-�: ��6S/&<oB�C8/10S-�:;2',�n./10�2�* Bd<>/AÌ �`/.n1:�-'/�n.57Ã�48*'/10SC Bd:>- ,1Ã�/1032`4868:>-4�36S/�<TÈÉ/�	m570SCÖ*'/��
Ã�/1032L?A* B.Çá:;2 Bd2�:>57080S/1<m/.-'2��^*'/1:;0S,�4PBd*X<oB*�ê57*'n./&n./10�2�*�:
�^68?�/=4m/1*�Ã�/12�2 Bd032 C8/&ÃqBd:;032'/108:;*`680$,12 Bd2`-�2 Bd98<>/&48<;6S-
<>5708?A2'/1Ã�4S-uÌ

����
 � ��¨�¥�§��'¨P�&��¨

�����0� � �I&�= �8� � � �(*, ;5 $'*307� �
Î+0(×í68:;<;<>/123G�JAÆ SH��<TÈ 6808:;Ç�/1*'-':;2',&C8/$� BdÃ�98*�:>CÖ?�/��Ï�Ì ��/ 7�:>-�Ü�/12�-'570�,12�6SCÖ:oBd032'/=ëSÌAå /1<;<SC8,198682'/1032

680�48*'57?A* BdÃ�Ã�/�C�ÈÉ579S- /1*�Ç7Bd2�:>570�-�68*{<oB�-'n1:;032�:;<;<oBd2�:>570�C8/.-{* B7CÖ:>5A-'5768*'n./.-X/\Êá2�* Bd?3Bd<oB7n12�:���6S/.-uÌ �`/12�2'/�-'n1:;032�:;<;<oB �
2�:>570_/.-�2�nuBd6S-',./�4PBd*�<oB�*',�	P/\ÊÖ:>570%C8/�-�:;?A0PBd6ÖÊWÇ�/10PBd0�2@C8/�<oB�-'5768*'n./�4PBd*�<>/.-�,1<>/.n12�*'570S-@CÖ6NÇ�/10�2�-'57<oBd:;*'/AÌ
ËFBd:>-�Bd6ÍÃ�57:>-�C�È B75��82 G�JAÆ S8�n./.-�C8/1*�08:>/1*'-�C8,12'/.n12'/1032�C8/.- 	S6Sn12�6PBd2�:>570S-�-�:;?A08:
�PnuBd2�:;Ç�/.-�/12�4�,1*�:>5áCÖ:��36S/.-
CSBd0S-@<>/.-�C857080S,./.-�CÖ6ç* B7CÖ:>572',1<>/.-'n.574m/QB^Ç�57:;*�â{:;?A68*'/&GAÌ R9E\Ì �`/.- 	S6Sn12�6PBd2�:>570S-�0hÈÉ,12 Bd032�4PB7-�CÖ6S/.-�� C8/�<oB
-'n1:;032�:;<;<oBd2�:>570k/12@<>/�-�:;?A0PBd<�-'/�*',14�,12 Bd0�2�n'ÜPB>��6S/�0368:;2�BuÇ�/.n,�36PBd2�*'/�Ã�:;03682'/.-�C�È B.ÇABd0Sn./�4PBd*�* Bd484m57*�2��$<oB
Ç�/1:;<;<>/&0S5A-`C8/16ÖÊ$B7-�2�*'570S57Ã�/.-`57032`Ç�:;2'/&n.570Sn1<;6 �(680S/=57*�:;?A:;0S/=n.,1<>/.-'2'/AÌ3æ+ÈÉ,12�* Bd08?�/@-�2 Bd98:;<;:;2',=C8/&<oB(4m,1*�:>5áCÖ:
�
n1:;2',(Ã�/.-�68*',./��S2&2'57682=C�È Bd9m57*'CW4m/10S-'/1*���680S/�57*�:;?A:;0S/�/\ÊÖ2�* Bd2'/1*�*'/.-�2�*'/�SÃqBd:>-=/10&�b,1Ç�*�:>/1*)G�JAÆAÁ�<>57*'-=C8/�<oB
486898<;:>nuBd2�:>570_C8/�<>/168*=Bd*�2�:>n1<>/� ��/ 7�:>-�Ü_,1Ã�/12�<TÈ Ü3Øá4�572�ÜSÝ.-'/�C�È 680S/�,1Ã�:>-'-':>570NCÖ6S/)��680S/�,12'57:;<>/)��0S/1682�*'570S-
576M�@680S/�0PBd:;0S/�98<oBd0Sn'ÜS/@B �=/ 7�:>-'Üq/12LBd<TÌ:G�JAÆAÁ E\Ì2�`/12�2'/&C8,.n.5768Ç�/1*�2'/=<;68:SÇ7Bd<;682L<>/�48*�: Ê�Û=579m/1<P-�: Ê�Bd0S-+48<;6S-
2 Bd*'C�Ì
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neutrons et protons
superfluides

noyaux, électrons,
neutrons superfluides

condensat de pions?
quarks ?

4.10  kg.m

2.10  kg.m

−3

−3

−3

10  kg.m9

14

17

croute externe

croute interne

liquide neutronique

coeur

0.3 km

0.9 km

10.6 km

surface

MAGNETOSPHERE

��� 	�� GAÌ O p l 2�*�6Sn12�68*'/�/10Nn.576Sn ÜS/�C�È 680S/�,12'57:;<>/'��0S/1682�*'570S-uÌ

���
	���GAÌ RSpS){,1*�:>5áC8/�Ã�/.-�68*',./(4PBd*=Ï�Ì ��/ 7�:>-�ÜW/12&-'570N,12�6SCÖ:oBd0�2'/�ëSÌPå`/1<;<TÌ

Â�68* Bd032�<>/.-�Bd080S,./.-�-�68:;ÇABd032�n./12�2'/�C8,.n.5768Ç�/1*�2'/$C8/�0S57Ã�98*'/16ÖÊ Bd682�*'/.-�-�:;?A0PBd6ÖÊ �ê68*'/1032�C8,12'/.n��
2',.-�/12�<>/.-�n.5768*�2'/.-�4m,1*�:>5áC8/.-�C8/ßn./1*�2 Bd:;0S-&B O�O Ã�-�4m5768*�<>/ � � c 	 [ /12�Á�J_Ã�-�4�5768*�� [�- c E�,1<;:;Ã�:;0SÝ1*'/1032
C8,��S08:;2�:;Ç�/1Ã�/10�2�<TÈ Ü3Øá4m572�ÜSÝ.-'/ C�È 680S/ ,1Ã�:>- -�:>570ÍCÖ6S/ �N680S/q0PBd:;0S/ 98<oBd0Sn ÜS/AÌ��`/.-�579Ö×�/12'-�0S/q4m/168Ç�/1032�/10
/�	�/12�-'68484�57*�2'/1*�C8/�2'/1<;<>/.-�*'572 Bd2�:>570S-�nuBd*�<>/168*�Çá:;2'/.-'-'/$Bd08?A68<oBd:;*'/$-'/1* Bd:;2�Bd<>57*'-�-'684�,1*�:>/168*'/+� <oBßÇá:;2'/.-'-'/
%�,148<>/1*�:>/1080S/

Ωk = 2
√

Π
3Gρ

B
ρ

/.-�2=<oBqC8/10S-':;2',�Ã�5~Ø�/1080S/�C8/�<TÈÉ579Ö×�/12.E\Ì�Â(Bd0S-�n./�nuB7-=<>/.-3�b57*'n./.-�?A* B.Çá:;2 B �
2�:>57080S/1<;<>/.-�C8/1Ç�:>/1080S/10�2�2�*'574+�bBd:;98<>/.-`4m5768* n.57Ã�4m/10S-'/1* <oB<�ê57*'n./@n./10�2�*�:
�^68?�/(CÖ6S/*��<oB�*'572 Bd2�:>570W/12&Bd6Sn1680S/
n.5702�S?A68* Bd2�:>570ßC�ÈÉ,���68:;<;:;98*'/&0hÈÉ/.-�2L4�5A- -�:;98<>/AÌ�Â(Bd0S-+<>/&nuB7-LC8/.-+0PBd:;0S/.-L98<oBd0Sn'ÜS/.-L<oB�C8/10S-�:;2',�Ã�5uØ�/1080S/�,12 Bd032
Bd6_ÃqBxÊá:;Ã�68Ã C8/

ρ ' 1011 kg m−3 <oB�4�,1*�:>5áC8/�C�ÈÉ,1Ã�:>-'-':>570N0S/�4m5768*�* Bd:;2=/\Ê8n.,.C8/1*�680S/�-'/.n.570SC8/�n./)�368:
/.-'2&98:>/10NBd6NC8/1< ��C8/.-&CÖ:
	�,1*'/1032'/.-=4m,1*�:>5�C8/.-�Ã�/.-'68*',./.-&-�68*&n./1*�2 Bd:;0S-�579Ö×�/12'-uÌ

è=0S/)�ê57:>-@n./12�2'/�BdÃ�98:;?A6 �b2',�<>/1Ç�,./�- /�-'6Sn.n.,.C8Ý1*'/1032�C8/�0S57Ã�98*'/16S- /.-�Bd682�*'/.-(C8,.n.5768Ç�/1*�2'/.-�2'/1<;<>/.-
��6S/@<oB�Ã�/.-�68*'/(C8/�<oB�C8,1*�:;Ç�,./�C8/@<oB�4�,1*�:>5áC8/�CÖ6N�L* Bd9m/(/10 G�JAÆ�J Bêå 5uØá032'570F/12�Bd<TÌ�G�JAÆ�J E�S576W/10Sn.57*'/(<>/.-
48*'/1Ã�:>Ý1*'/.-X579S-'/1*�Ç7Bd2�:>570S-�C8/.-�4868<>- Bd*'- A /10+G�J S8G*Bêå`*�:;08:Ö/12�Bd<TÌ2G�J S8G E\Ì7Î�0 G�J S R��ê682�,1?3Bd<>/1Ã�/1032+C8,.n.5768Ç�/1*�2
<>/&48*'/1Ã�:>/1*L-�ØÖ-�2'Ý1Ã�/ 98:;0PBd:;*'/&n.57Ã�4m5A-',&C8/&C8/16ÖÊ�,12'57:;<>/.- �(0S/1682�*'570S-X/10�*'572 Bd2�:>570$<TÈ 680S/�Bd682'5768*XC8/�<TÈ Bd682�*'/
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B ��68<>- /ß/12qÔcBuØ�<>57* G�J S>I E\ÌXæ+ÈÉ579S-'/1*�ÇABd2�:>570 -'68*�680S/ß?A* Bd0SC8/N,.n ÜS/1<;<>/NC8/ß2'/1Ã�4S-$C8/ßn./W-�ØÖ-�2'Ý1Ã�/ß4m/1*�Ã�:;2
� �=68<>-'/�/12�ÔcB.Øá<>57*�C8/qC8,1Ã�570�2�*'/1*�<TÈÉ/\ÊÖ:>-�2'/10Sn./ C�ÈÉ570SC8/.-�?A* BuÇ�:;2 Bd2�:>57080S/1<;<>/.-�/12�C�ÈÉ57982'/108:;*�4PBd*�<oBßÃT�1Ã�/
5�n.nuB7-':>570_680%48*�: ÊFÛ�579m/1<{/10 G�J�J O ÌmÎ�02�S0ç/10 G�J�JAÄ2�<TÈÉ579S- /1*�Ç7Bd2�:>570kCÖ6F4868<>- Bd*() l Ð åHGuÄ�I S � GuÄ 4m/1*�Ã�:;2
C8/�C8,.n./1<>/1*�<oB 48*',.-'/10Sn./�C8/�2�*'57:>-(48<oBd0SÝ12'/.-�/10k57*�98:;2'/qBd682'5768*�CÖ6ç4868<>- Bd* Bêå`:>-�0S5~Ç7Bd2ÙØ�:
� à 57?3Bd0 G�J�J O E��n./
�368:hn.570S-'2�:;2�6S/�Bd67×�5768*'C�È Ü�68:�<oB�48*'/1Ã�:>Ý1*'/�C8,12'/.n12�:>570_C8/(48<oBd0SÝ12'/.-=/\Êá2�* B7-'57<oBd:;*'/.-~Ì

Î+02�S0�/10�ÄAÅAÅ�R!�ê682�C8,12'/.n12',L4m5768*�<oB=48*'/1Ã�:>Ý1*'/ �ê57:>-{680�-�ØÖ-�2'Ý1Ã�/LC8576898<>/�C8/`4868<>- Bd*'-{4m/1*�Ã�/12�2 Bd032
C8/@2'/.-�2'/1*�2�*'57:>-�48*',.CÖ:>n12�:>570S-�ÃqBx×�/168*'/.-&C8/@<oB�*'/1<oBd2�:;Çá:;2',@?�,10S,1* Bd<>/"Bêæ�Øá0S/�/12�Bd<TÌSÄAÅAÅ�R9E�pÖ<>/(C8,.nuBd<oBd?�/(Ç�/1*'-
<>/@*'5768?�/�CÖ6N��<oB�?A* BuÇ�:;2 Bd2�:>570�P<TÈÉ/�	m/12 l ÜPBd48:;*'5 Bd:;0S-�:���6S/(<oB�n1*',uBd2�:>570_C�ÈÉ570SC8/.-�?A* B.Çá:;2 Bd2�:>57080S/1<;<>/.-uÌ

Ï�n12�6S/1<;<>/1Ã�/10�2�48<;6S-�C8/QGuÄAÅAÅW4868<>- Bd*'-�- 57032�n.57080�6S-�CSBd0S-�0S572�*'/ Ú�Bd<oBxÊá:>/QB IN-'/168<>/1Ã�/1032�-'57032
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P 3

B�GAÌ S�E

Ó�L
I
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5>L C8,1Ã�57032�*'/1* <TÈÉ,���6PBd2�:>570 GAÌ5IkCSBd0S-q<TÈ Ü3Øá4�572�ÜSÝ.- /N5>L <oBç4�,1*�:>5áC8/W:;08:;2�:oBd<>/_CÖ6 4868<>- Bd* /.-�2�0S,1?A<;:;?�/uBd98<>/
C8/1ÇABd032 - BkÇ7Bd<>/168* B7n12�6S/1<;<>/AÌLæ+ÈÉ579S- /1*�Ç7Bd2�:>570 C8/W4868<>-±Bd*'-$CSBd0S- C8/.-�*'/.-�2'/.- C8/N-'684�/1*�0S5~Ç7BkÃ�57032�*'/ �36S/
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<TÈÉ,10S/1*�?A:>/�/\ÊSB7n12'/�C8/&n./.-LC8/1*�08:>Ý1*'/.-L:;<�/.-�2+4m5A-'-�:;98<>/&C8/�*'/1Ã�57032'/1*��@<TÈ :;032'/10S-�:;2',�nuBd* B7n12',1*�:>-�2�:���6S/=CÖ6$n'ÜPBdÃ�4
ÃqBd?A0S,12�:���6S/'�368:�/.-'2�C8/(<TÈÉ57*'CÖ*'/�C8/

108T
ÌS)�Bd*=/\Ê8/1Ã�48<>/�S4m5768* �=/1*'n168<;:>-$A$� G�570FB�/108*'/1?A:>-�2�*',�680S/(* Bd:>/

� IAÅ"%�/Tä®n.57*�*'/.-�4m570SCSBd032���680Fn ÜPBdÃ�4FÃqBd?A0S,12�:���6S/�C8/
5 108T

ÌF�`/1*�2 Bd:;0S-@579Ö×�/12'-(Bd484�/1<>,.-�� c�0 � � / c�� _
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Pulsar

Choc
Terminal

Vent choqué

de contact
Discontinuité 

Milieu ambiant (MIS ou éjectas)

Vent relativiste
Milieu ambiant choqué

Choc sphérique

!#"%$'& � ���P��(c{�v�onxz{�o�v7j�jzlGx�ehonx7�nj&y�j�p�lnwz��o�q~jzonp7j�p&�

eh�©q r x�ehgit(ePp r lV{7j&t r v r q�q � q~j¥yXoGx7� r gitGwzq~j�xz{�v |~� onj&j�p7{�lnehl©lVo�q�q~jP��dfj�p�Ï�ehlnj�p�p È wz{7jzlny�jzlV{my�j�p�x r q~eh{�{7j�p
t"ehq rT| v7j�p%� onp � o Èsr o�xz¤�q | lnyXv7j�y�j=q�o�g |~� v7j�jz{�p7ehlc{ r p7p7jzÏ�t�v7ecx��nj�p¡y�j=q r y�jzv�l |~� v7j�q |�� lnj�y�j�x�� r git¢eho Ç jzv�{7jP�
dfji{?¤�t(jky Èsr x�x�wzq~wzv r { | ehl t"jzv�gkjz{&y Èsr x�x�wzq~wzv7jzv<y�j�p�t r v�{ | xzo�q~j�p�� onp � o È � � onjzq � onj�p*) j,+ jz{¥x�jkt"eho�v�q È jzlX�
p7jzg&��q~j�y�j�p¦gkecy � q~j�p&y�w Ç jzq~eht�t"w�p$��x�jm� eho�v � µX³P��h±¢¯-� µ/.=´� ³P°'01� µ/.�³�
�°?®�±�01� µ����32�v r oÎp�j | lÎy�j�p Ç jzlV{7p
y�j�p�t r v�{ | xzo�q~j�pmy�j�t�q�onp | jzo�v7pmx�jzlV{ rT| lnj�p}y�j4) j,+;ehlc{�wz{7w¥eh�np7jzv Ç w�j�p�� Í lnj¦v7w r x�x�wzq~wzv r { | ehl y�e | { r q~ehv7pmp È ¤eht"wzv7jzv��52�l©t"eho�v�v rT| { r q~ehv7p�x�ehgit r v7jzv�x�j Ç jzlc{ Ç jzl r lc{�yXo©t�o�q~p r v��io�lnj}�[onp�w�j r.Ç j�x&y�jzo Ê wz{ rT� j�p�y Èsr x��
x�wzq~wzv r { | ehl%�%ª%j<t�v7jzg | jzv&�¢q È | lc{7wzv | jzo�v¥yXo xz¤cq | lnyXv7jiy�j<q�o�g |~� v7j�jz{mt�v7e�x7�nj�y�j�p¦x r q~eh{�{7j�p¦t"ehq rT| v7j�pO��jz{¦q~j
y�jzo Ê�|~� gkj&jzlV{�v7j�x�j¦xz¤�q | lnyXv7j�jz{=q~j�x��necx}{7jzv�g | l r q��(dfj�p�y�jzo Ê wz{ rT� j�p�p7ehlV{ r onp�p | g r q~p�x�ehl�lVonp�q È o�l � onj
q Èsr o�{�v7jP��d È j�p�{�t(eho�v�x�jz{�{7j¦v rT| p7ehl � onj}lnehonp ruÇ ehlnp�j�p�p r ¤�w¦y�j¦q~j�p�x�ehlV{�v rT| lnyXv7jP�

6 RTZ/7.U988UXWOY[Z�\^]._«`�bc\"Wk].Un\3:<;[U>=ÎU98�\ S�W�Z�:�7@?	AcR¼bB;¾Z"Y²\"W�UnY[\ b
ª r t�o | p7p r lnx�j�{7eh{ r q~jut"jzv7yXonj r o p7j | l§y È o�lnj¢wz{7e | q~j���lnjzo�{�v7ehlnp | p7ehq~w�j¢jzl§v7eh{ r { | ehl j�p�{$q r v �

� jzgkjzlV{¢y�ehg | lnw�j�t r vkq r¨� wzlnwzv r { | ehl£yXo£x7� r git«g rT� lnwz{ |~� onj�jz{kt(jzo�{k�z{�v7j©j�p�{ | gkw�j�jzlao�{ | q | p r lV{uq r
�²ehv�g¥o�q~j&xzq r p7p |~� onj¥y È o�lGy | tDChq~j&jzl�v7eh{ r { | ehl¨v r t | y�j&y r lnp�q~j Ç�| y�j � � | x7�njzqf�����X�O���(dfjzt(jzlny r lV{mq~j�p�t�o�q �p r v7pCwzgkjz{�{7jzlc{5o�l&t�q r p�g r y È wzq~j�xz{�v7ehlnp ��t(ePp | {7ehlnp5jz{ y È | ehlnpC�²ehv�g r lc{ o�l Ç jzlV{.o�q�{�v r v7jzq r { |;Çc| p�{7jfg rT� lnwz{ | p7wP�
E eho�v}o�lnj$v7eh{ r { | ehl�lnehl r q |�� lnw�j<�uq ÈsrxÊ j&g rT� lnwz{ |~� onjP�(q~j*Fno Ê y�j E eO¤clc{ | l � yXoGt�o�q~p r v}p�jzv r x�ehlnp�{ | {�onw
y È o�lnj�t r v�{ | j¢p�{ r { | ehl�l rT| v7j¢jz{ rxÊX| p�¤�gkwz{�v |~� onj rT| lnp |�� onj�y È o�lnj r o�{�v7j¢jzl§ePp7x | q�q r { | ehl r.Ç j�x¢q r t(wzv | e�y�j
y�j¦q È wz{7e | q~jP�/GNqCj�p�{ | lnp�{�v�onxz{ | �Ly�j�x�ehgit r v7jzv�q~j&p�¤�p7{ � gkj¦t�o�q~p r v ��lnwz��o�q~jzonp7j$�<o�lGp�¤Xp�{ � gkj¦wzq~j�xz{�v |~� onjP��ªCj
t�o�q~p r vft"jzo�{f�z{�v7j�x�ehlnp | y�wzv7wmx�ehgigkjmo�l rT| g r lc{ � wzlnwzv r lV{�o�lut�o | p�p r lV{�x7� r git�wzq~j�xz{�v7ehg rT� lnwz{ |~� onjP�8dfj
x7� r git¨xzv7w�j�y�j�p�x�eho�v r lV{7pmy r lnp�q~j}t�q r p7g r yXo Ç jzlV{��8t r v�q~j�p � onjzq~p=q È wzlnjzv �P| j&j�p7{={�v r lnp �²wzv7w�j&jz{�y�wzt"ePp�w�j
y r lnp=q r lnwz��o�q~jzonp7jP�
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¸ ��� »VÁ7À�Á¦Ê¼Á7À�Á�ÂNÃ�Ä5Ä+À8ÂN¿�Ç�Å�É���ÇcÄ5Á�Ì��<»TÀ"º¼ºT»V½[»V¿�À�Á�ÂNÃ�Ä	��
� ºTÃ�Ä.Á�ÂNÄ5ÉCÇ�Å"ÇVÊ¥È�À8¿PÁ�Â ºVÉ%½[ÇVÊ��
) eho�{�y Èsr �(ehv7yBx�ehlnp | y�wzv7ehlnpiq È wz{ r {kp�{ r { | ehl�l rT| v7j�yXo Ç jzlV{k�����$�.ª%j�piq |�� lnj�piy�j�x�� r git«t�v7jzl�lnjzlV{�jzl
� wzlnwzv r q�yXoÆv7jz{ r v7y r.Ç j�x¨q r y | p�{ r lnx�j¨t r vuv r t�t(ehv�{©�Îq r v7eh{ r { | ehl9yXo£t�o�q~p r v��fªCe | lÆyXo2xz¤�q | lnyXv7j¨y�j
q�o�g |~� v7j&o�lnj¦p�t | v r q~j�y�j E5r v���jzv�p7j��Kehv�gkj � E5r v���jzv¥�����PÐ�� r.Ç j�x&o�lnj | l Ç jzv7p | ehlGy�j�p |�� lnj}t(eho�v=q~j¦x7� r gitg rT� lnwz{ |~� onjP�Xª r x�ehgit"ePp r lc{7j r Ï | g&o�{ r q~j}yXo¢x�� r git�g rT� lnwz{ |~� onj}y�j Ç�| jzlV{ft�v7wzt"ehlny�wzv r lc{7j r q~ehv7p � onj�q~j
Ç jzlc{�q�o | y�j Çc| jzlc{�t�v | lnx | t r q~jzgkjzlV{}t(ehq~e���y r q���dfjz{�{7j�{�v r lnp | { | ehl Ç jzv7p�o�lGx7� r git¨g rT� lnwz{ |~� onj r Ï | g&o�{�� r q
jz{�x7� r l � j r lV{}y�j}t(ehq r v | {7w&�<q È w � o r {7jzo�v�j�p�{=t�v7w�p7jzlc{7w&p�o�v=q r��.|�� o�v7j � � �©� (ct | {���e Ç p��c¤ � ÅAÅAÆ ���

!#"%$#& � � � �P�«yXv7e | {7j¦��dfehl�� � o�v r { | ehl�yXoix7� r gitig rT� lnwz{ |~� onj=t�v7e�x7�nj=y�jfq È wz{7e | q~jP�Pª%j�x7� r gitig rT� lnwz{ |~� onjx�� r l � j=y�j�p |�� lnj r o$t�q r l$w � o r {7ehv | r q��h� �Vr onx7�nj¦���+l�v7eho�q~jzgkjzlV{¡y�j�p.q |�� lnj�p5y�jfx7� r git r o�{7eho�v+y�j¡q È wz{7e | q~j
�ilnjzo�{�v7ehlnp��nª%j�x�� r gitGy | t(ehq rT| v7j�y�j Ç�| jzlV{ r q~ehv7p�{7ehv7e���y r q��

dfjz{�{7j � w�ehgkwz{�v | j r w �Vr q~jzgkjzlc{ix�ehgigkjkt r v�{ | xzo�q r v | {7w¢y Èsr.Ç e | v$o�lnjk{�v � p � v r lny�j r l | p7eh{�v7eht | j
tDChq~j��?w � o r {7jzo�v��Vq~j�x7� r git¢g rT� lnwz{ |~� onjmwz{ r lV{ft�v7eht"ehv�{ | ehl�lnjzq%�

sin θ �! e � e ÇPr q~e Ç ������������ª%j�p�t r v�{ | xzo�q~j�pp�ehlV{ r p�{�v7j | lV{7j�p¦�ip7j¥y�wzt�q r x�jzv�q~j&q~ehl � y�j¥x�j�p�q |�� lnj�pmjz{�t(jzo Ç jzlV{}jzl � wzlnwzv r q5�z{�v7j r x�x�wzq~wzv7w�j�p��"�+l�j$#(jz{
q~j�p�w � o r { | ehlnpm���%� v7jzq r { |;Ç�| p�{7j�p�t(jzv�gkjz{�{7jzlV{}jzl � wzlnwzv r q o�lnj r x�x�wzq~wzv r { | ehl y�j�p�t r v�{ | xzo�q~j�p¡� onp � o È �ix�j
� o È o�lnjkt r v�{ | j�p |�� l | �8x r { |;Ç j�yXo Fno Ê y�j E e�¤�lV{ | l � p7e | {�x�ehl Ç jzv�{ | jzl§wzlnjzv �P| j�x | lnwz{ |~� onj � dfehlV{7eht(eho�q~ePpjz{'& r Ï r l r p � ÅAÅ � ���¡dfjz{�{7j¢{�v r lnp �Kehv�g r { | ehl«lnj¢t(jzo�{<p Èsr t�t�q |~� onjzv � onj¢p | q~j Ç jzlV{il È j�p7{$t r p<v r y | r q�jz{
r xz{�onjzq�q~jzgkjzlc{=q r p7jzo�q~j�p7ehq�o�{ | ehl¢j Ênr xz{7j�y�j�pfw � o r { | ehlnp����%� v7jzq r { |;Ç�| p�{7j�pfy�w�xzv |;Çhr lc{�q r g rT� lnwz{7ePp�t�� � v7j
y È o�lnjmwz{7e | q~j}�¦lnjzo�{�v7ehlnpfjzl�v7eh{ r { | ehl � � | x��njzq.���)(�*��+{�v7eho Ç j�o�lnj Çc| {7j�p�p7j�v r y | r q~jmy�j�q È ehv |��P| lnj}�¦q È | l��nl | �
 | jzl � onj�x�j�gke�y � q~j�y�wzt"jzlny�j©y�j�q r p7{�v�onxz{�o�v7j©yXo^x7� r gitÆ�¨q È ehv |��P| lnjP�Ly�j�pkwz{�ony�j�pko�q�{7wzv | jzo�v7j�puehlV{gkehlc{�v7w � onjP� � onjzq � onjLp�e | {%q r �Kehv�gkjLyXo&x7� r git¥t�v7ecx��njLy�j+q È wz{7e | q~jP�Oq~j+t�q r p�g r y�j Ç jzl rT| { v r y | r q r o&y�jzq ��yXo
xz¤�q | lnyXv7j}y�j�q�o�g |~� v7jP�Xª È w�x r v�{��&x�jz{�{7jmy | v7j�xz{ | ehl�wz{ r lc{ft�v7eht(ehv�{ | ehl�lnjzq%��q~e � � v �¡eh�¢vfj�p�{�q r y | p7{ r lnx�jP� r ot�o�q~p r v��ho�li{�v r lnp �²jzv�{LyXo�Fno Ê y�j E eO¤clc{ | l � ��q È wzlnjzv �P| j�x | lnwz{ |~� onj=y�j�p5t r v�{ | xzo�q~j�pLlnjft"eho�v�v rT| {Lp È j$#(j�xz{�onjzv
� o È �}o�lnj�y | p7{ r lnx�j={�v � p � v r lny�j �! j�p�� | lkjz{ r q��8�����PÐ�+cd�� | onjz�ujz{ r q��n�����PÐ�+  e � e ÇPr q~e Ç ��������+�ª�¤�o�� r v7p���¤jz{%& | v�� � ÅAÅ ��+,�mjz¤ Çhr jzv�{7p�jz{%-�ehv�g r l � ÅAÅ *����2�l©t(eho�v�v rT| { r q~ehv7p�y�w$�nl | v�o�l�t r v r g � {�v7j

σ
y�w$�nl | x�ehgigkj¥wz{ r lV{&�

σ =
B2

µ0nγmec2
�K� �.*��

eh�
γ
v7jzt�v7w�p7jzlV{7j<q~j&� r xz{7jzo�v}y�j$ª%ehv7jzlc{�ÏkyXo Ç jzlc{¦jz{�l�q r y�jzlnp | {7w Ç ehq�o�g |~� onj<y�j$t r v�{ | xzo�q~j�p��

E �V¤Xp |~� onjzgkjzlc{�x�j$t r v r g � {�v7j$p È | lV{7jzv�t�v � {7jix�ehgigkj$q~j�� r xz{7jzo�v¦y�j¥ªCehv7jzlV{�Ïig rxÊX| g r q � onj&t(jzo Ç jzlV{ r { �
{7j | lnyXv7j�q~j�p+t r v�{ | xzo�q~j�pfp | {7eho�{�q~j#Fno Ê y�j E eO¤clc{ | l � j�p�{¡x�ehl Ç jzv�{ | jzluwzlnjzv �P| j�x | lnwz{ |~� onj�yXo Ç jzlV{��c� r {��nw��
g r { |~� onjzgkjzlV{ | q�j�p�{Cq~j�v r t�t(ehv�{.jzlc{�v7j¡q~j Fno Ê y�j E e�¤�lV{ | l � jz{.q~j Fno Ê y È wzlnjzv �P| jfx | lnwz{ |~� onj�y�j�p.t r v�{ | xzo�q~j�p��
ªCehv7p+y�j¡q Èsr x�x�wzq~wzv r { | ehl������ Ç onj�t�v7w�x�w�y�jzgigkjzlV{���q~j Fno Ê y�j E e�¤�lV{ | l � wz{ r lc{5{�v r lnp�g | p r o Ê t r v�{ | xzo�q~j�p��
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q~j$t r v r g � {�v7j

σ
y�e | { r q~ehv7p�y | g | lVonjzv�� � rT| p¦x�jz{�{7j r x�x�wzq~wzv r { | ehlBj�p�{}o�l |~� onjzgkjzlc{¥j���x r x�jkp�o�v¦y�j<{�v � p

� v r lny�j�p¡y | p�{ r lnx�j�p�jz{+q~j�pLeh�np7jzv ÇPr { | ehlnp¡y�j�x�j�p¡eh�X� jz{7p�x�ehlV{�v rT|�� lnjzlV{ � wzlnwzv r q~jzgkjzlV{
σ
�}y�j�p ÇPr q~jzo�v7p+{�v � p

t"jz{ | {7j�pO�Pp�o�vLy�j=�(j r onx�eho�tkt�q�onpLt(jz{ | {7j�pLy | p�{ r lnx�j�p�� � Èsr o�{�v7j�p¡gkw�x r l | p�gkj�p¡y Èsr x�x�wzq~wzv r { | ehl¢t�q�onpLj���x r x�j�p
p7ehlV{�lnw�x�j�p7p rT| v7j�p=t(eho�v�j Ê t�q |~� onjzv�x�j�p�eh�np�jzv Çhr { | ehlnp��

¸ ��� »VÁ7À�ÁGÃ�ÊhºVÂN½?½¾À�Ä5Á¨Å�É ��ÇcÄ5Á¨Ì �i»¼À"ºTº¼»c½¾»c¿�À8Á�Â Ã8Ä È�À8¿Æ¿�ÇTº¼Ã�Ä5Ä5Ç��8ÂNÃ�Ä5Ê��ÎÀ��8Ä+»VÁ�Â	�VÉ ÇVÊ
Å�À�Ä5Ê©½¾Ç¢È5½¾À�Ä »
�cÉCÀ8Á7Ã�¿PÂNÀ�½ � dfj�p r o�{�v7j�p�gkw�x r l | p�gkj�p�t(jzo Ç jzlV{ Ç jzl | v�y�j¦q È wz{ r {�ePp�x | q�q r lV{�yXo Ç jzlV{��,�+l
j$#(jz{my�j&lnehg¥��v7jzonp7j�p¦ehlny�j�p}wzq~j�xz{�v7ehg rT� lnwz{ |~� onj�p¦p�j��Kehv�gkjzlV{ r o¨xz¤�q | lnyXv7j$y�j&q�o�g |~� v7j<jz{�p�j¥y | p7p | t"jzlc{
r oGp7j | l¨y�j�q r lnwz��o�q~jzonp7j � Í p7e Ç ���)(���+8� | x7�njzq����PÐ � +(dfehv7ehl | { | ����� Å +��¨jzq r {7ePpmjz{��¨jzq�v7ePp7j������ Æ +"ª�¤�oX�� r v7p���¤Bjz{ & | v�� � ÅAÅ ��+ & | v�� jz{ ( �O���fv rPr p7jzl � ÅAÅ *����LªCj�pkt�v7e�x�j�p7p�onp�y�j�y | p7p | t r { | ehl^p7ehlc{ujzl � wzlnwzv r qy È | git"ehv�{ r lc{7p¢gkw�x r l | p�gkj�puy�j©{�v r lnp �²jzv�{¢y È wzlnjzv �P| jGy r lnp�q~j Ç jzlc{�v7jzq r { |;Ç�| p�{7j�yXo£t�o�q~p r v�jz{�t(jzo Ç jzlV{
r q~ehv7p�t(jzv�gkjz{�{�v7j�q Èsr x�x�wzq~wzv r { | ehlay�j�t r v�{ | xzo�q~j�p��5dfehv7ehl | { | �[o�{¥q~jkt�v7jzg | jzv<��v7j�x�ehl�l r� {�v7j¢q È | git"ehv�{ r lnx�j
y�j}x�j�p�t��nwzlnehg � lnj�p�y | p7p | t r { | �Kp�� G?q(v7jzg r v � o r jzl�j$#(jz{ � onj�t(eho�v�o�l�v7eh{ r {7jzo�v�eh��q |~� onjP��q r x�ehgit(ePp r lV{7j
r Ï | g&o�{ r q~j�yXo�x�� r git�y r lnp�q~j Ç jzlV{�x�� r l � j r q�{7jzv�l r { |;Ç jzgkjzlV{}y�j�t(ehq r v | {7w r o Ç e | p | l rT� j�yXo�t�q r l©w � o r �
{7ehv | r q���ª%j Ç jzlV{�p�j$y�w Ç jzq~eht�t(jkjzl o�lnj<p�{�v�onxz{�o�v7jky�j$� r lny�j�p�x�� r v � w�j�p r q�{7jzv�l r { |;Ç jzgkjzlc{&t(ePp | { |;Ç jzgkjzlV{
jz{�lnw �Vr { |;Ç jzgkjzlc{&jz{}p7wzt r v7w�j�p}t r v¦y�j�pmp7o�v � r x�j�pmlnjzo�{�v7j�p��DGNq gkehlc{�v ru� onj$q Èsr l�l | � | q r { | ehlÎy�j�pmq |�� lnj�p¦y�j
x7� r git r yT� r x�jzlc{7j�p�y�j&t"ehq r v | {7w�eht�t(ePp7w�j¦t(eho ÇPrT| {�x�ehlnyXo | v7j&y È o�lnj¥x�ehl�� � o�v r { | ehl | l | { | r q~j$� � v r lny

σ
�

o�l Ç jzlV{&� rT| ��q~jzgkjzlc{&g rT� lnwz{ | p7wuy�ehg | lnwkt r v¥q È wzlnjzv �P| j�x | lnwz{ |~� onj�y�j�p¦t r v�{ | xzo�q~j�p��5dfjz{�{7j r x�x�wzq~wzv r { | ehl
t r v5v7j�x�ehl�lnj Ê�| ehlnp¡g rT� lnwz{ |~� onj�pLy�ehlnxP�T�Kehv�gkj�o�lip�t(j�xz{�v7j=jzl$q~e | y�jft�o | p7p r lnx�j=y È | lny | x�j�p�t(j�xz{�v r q�t�v7e�x7�nj
y�j}� ��� ehg r lne ÇPr jz{Lª%e Ç jzq r x�j������ � +��"jzl | { r l | jz{ �mePp�� | lne � ÅAÅ ��+Pª r v�v r �"j�j�jz{ r q�� � ÅAÅ *��.jz{Lx�j�y r lnp+{7ehonpq~j�p¡y�ehg rT| lnj�pfy�j=q~ehl � onjzo�v7pfy È ehlny�jP�cª r y | p�{ r lnx�j�eh�ux�j={�v r lnp �Kjzv�{�p È eht � v7j=v7j�p�{7j�jzlnx�ehv7j��¦y�w$�nl | v�� G?q8j�p7{
p�o�t�t(ePp7w}p7j}y�wzv7eho�q~jzv�jzlV{�v7j}q~j¦xz¤�q | lnyXv7j¦y�j}q�o�g |~� v7j�jz{�q~j¦x7�ne�x}{7jzv�g | l r q���dfj}{�v r lnp �Kjzv�{�v7w�p�o�q�{ r lV{ � wzlnw��
v r q~jzgkjzlV{my È o�lnj r x�x�wzq~wzv r { | ehlGy�j�p=t r v�{ | xzo�q~j�pO��q~j�p=q | jzo Ê y�j¦y | p7p | t r { | ehl©{�v r x�jzlc{�y | v7j�xz{7jzgkjzlc{�q~j�p=Ï�ehlnj�p
y Èsr x�x�wzq~wzv r { | ehl%��� rT| p�y�j�v7w�x�jzlV{7j�p�wz{�ony�j�p�ehlc{=gkehlV{�v7w � ª�¤�o�� r v7p��c¤ � ÅAÅ * r � � onjmx�jz{�{7j}y�jzo Ê�|~� gkj}wz{ r t(jy r lnp}q Èsr x�x�wzq~wzv r { | ehl y�j�p}t r v�{ | xzo�q~j�p¦t(eho�v�v rT| {�p È j$#�j�xz{�onjzv�y�j¥g r l |~� v7j<t�q�onp&j���x r x�j r o�x��necx<{7jzv�g | l r q
gk�zgkj�eh�©q~j¦t�q r p7g r j�p�{ r q~ehv7p�x�ehgit�v | gkwP�5(�ehl�j���x r x | {7w$y r lnp�x�jz{�{7j�v7w �P| ehl�t(eho�v�v rT| { r q~ehv7p�j Ê t�q |~� onjzv
q r�Çhr q~jzo�v�y�j

σ
eh�np7jzv Ç w�j r o©x7�ne�xP�

��� > ��� � @�������� EP@nF��ÆJNDLI�H
ªCj Ç jzlV{Lv7jzq r { |;Ç�| p�{7j�p�j�{7jzv�g | lnj � wzlnwzv r q~jzgkjzlV{ft r v+o�l�x��necx={7jzv�g | l r q8t"eho�vLq~j � onjzq�q r t�v7j�p7p | ehl

y�jix�ehl��nlnjzgkjzlV{$j�p�{¦w �Vr q~jk�¢q r t�v7j�p7p | ehlÎyX¤�l r g |~� onjiyXo Ç jzlc{ � p7ehonp}q È �V¤�t(eh{�� � p7jky È o�l�� rT| ��q~j σ � | jzlp! �v ���Xª r �²ehv�gkj}y�j}x�j}x7�ne�x¦j�p�{f� | jzl©x�ehgit�q~j Ê j¦jz{ r l | p7eh{�v7eht(j}yXou� rT| {=y�jmq r y�wzt(jzlny r lnx�j � q~eh� r q~j¦y�j  p7jzq~ehl
θ
� �+l � wzlnwzv r q.x�j¦x7�ne�x�p7jzv r t�q�onp�t�v7e�x7�nj&yXo�t5Chq~j � onj¦y�j}q È w � o r {7jzo�v��8� x�j¦x7�ne�xP��q~j�p=t r v�{ | xzo�q~j�p

r x � o |~� v7jzlc{¦y�j�p r l � q~j�p}y Èsr {�{ rh� onj | git(ehv�{ r lV{7pmt r vmv r t�t"ehv�{¦�  jz{mp�ehlV{ | lh� j�xz{7w�j�p}y r lnp�q r lnwz��o�q~jzonp7j
eh��jzq�q~j�p�v r ¤�ehl�lnjzlV{}t�o | p7p r gigkjzlc{mjzlGp�¤clnx���v7eh{�v7ehl¨jz{}dfehgit�{7ehl | l Ç jzv7p7j � &¦jzl�lnjzq.jz{}dfehv7ehl | { | ���PÐ
"P� +��g r {7e¨jz{ r q�� � ÅAÅAÅ ���.ªCj�p Ç jzlc{7pky�jut�o�q~p r viwzgkjz{�{7jzlV{kjzl � wzlnwzv r q=yXoBv r ¤�ehl�lnjzgkjzlV{�p7¤clnx���v7eh{�v7ehl«yXo
y�ehg rT| lnj<v r y | e r oÎy�ehg rT| lnjiy�j�p¦v r ¤�ehlnp$#$�"t r v �Ke | p

γ
��ª%j<p�t(j�xz{�v7j<v r y | e�eh�np7jzv Ç wij�p�{}t�q r { r q~ehv7p � onj

y r lnp�q~jky�ehg rT| lnjuy�j�p�v r ¤�ehlnp%# o�l r y�ehonx | p7p�jzgkjzlV{<yXo p�t(j�xz{�v7j | lV{7jzv Ç�| jzlV{ r.Ç j�xuo�l x7� r l � jzgkjzlc{iy�j
t"jzlc{7j�y�j'&$��t(eho�vLq~j�p¡t r v�{ | xzo�q~j�pO�Xdfjz{�{7j Çhr v | r { | ehl¢p�t"j�xz{�v r q~j�j�p�{�yXonj r o�v7j��²v7e | y | p7p7jzgkjzlc{fp�¤�lnx7��v7eh{�v7ehl
jz{�y�ehlnx r o©� rT| { � onj�q~j�p�t r v�{ | xzo�q~j�pmq~j�p�t�q�onp�wzlnjzv � wz{ |~� onj�p�t"jzv7y�jzlc{�� | jzl¨t�q�onp�y È wzlnjzv �P| j � onj&x�jzq�q~j�pmy�j
gke | lnyXv7j�wzlnjzv �P| jP�/GNq%jzl�v7w�p�o�q�{7j�y�ehlnx�o�l r y�ehonx | p7p7jzgkjzlV{}yXo©p�t(j�xz{�v7jP�

��t r v�{ | v�yXo£v r ¤�ehl�lnjzgkjzlV{���wzg | p | qmj�p�{¢t"ePp7p | ��q~j�y�jGv7jzgkehlV{7jzv r oÆp7t"j�xz{�v7jGy�j�t r v�{ | xzo�q~j�p
jz{my�ehlnx r o Ê gkw�x r l | p�gkj�p}y Èsr x�x�wzq~wzv r { | ehl%� dfjz{�{7j r x�x�wzq~wzv r { | ehl t(jzo�{ ruÇ e | vmt�q�onp | jzo�v7pmehv |��P| lnj�p}p�o |;ÇPr lV{
q È wzlnjzv �P| j�y�j�p�wzq~j�xz{�v7ehlnp$�

¸)(¦½¾ÇTºVÁ�¿�Ã�Ä5Ê¨Å"Ç�*OÀ�ÊTÊTÇcÊ »cÄ5Çc¿+�8ÂNÇcÊ�Ì �<»TÀ�ºTºT»V½[»V¿�À�Á�ÂNÃ�Ä^È�À�¿ À,*VÊhÃ8¿zÈ5Á�ÂNÃ�Ä;Å � Ã�Ä5Å"ÇcÊ�º�-n¸
ºV½[Ã8Á�¿�Ã�Ä � ��o§x��necxu{7jzv�g | l r q�� o�lnji�²v r xz{ | ehlBp |�� l | �8x r { |;Ç j¢yXo Fno Ê y�j E e�¤�lV{ | l �Îr wz{7wu{�v r lnp �Kwzv7w�j r o Ê
t r v�{ | xzo�q~j�p�� �+q�q~j�p r x � o |~� v7jzlV{�jzl � wzlnwzv r q"o�lk� r xz{7jzo�v�y�j�ª%ehv7jzlV{�Ï

Γw
x�ehgit�v | p�jzlV{�v7j

104 jz{ 106 jz{�y�ehlnxo�lnjuwzlnjzv �P| jugke�¤�jzl�lnj�y�juq È ehv7yXv7j¢y�j
E ∼ Γwmec

2 ∼ 1TeV
t"eho�v$o�l Ç jzlV{iy�jkt rT| v7j�p�� Í l§p�t(j�xz{�v7jjzl q~e | y�j�t�o | p7p r lnx�jup7ji�Kehv�gkj�w �Vr q~jzgkjzlc{¥t(eho�v¥y�j�p¥wzlnjzv �P| j�p$p7o�t"wzv | jzo�v7j�p<�

Γwmec
2 �Cª r �²ehv�g r { | ehly È o�lnji{7jzq�q~jiq~e | y�jit�o | p�p r lnx�j r wz{7wkx�ehlnp | y�wzv7w�jkt r v ��ePp r l�l r jz{ r q��%jzl«����� �Î� �mePp�� | lne©jz{ r q��L����� � ���� r lnp�q~jzo�v&p | g¥o�q r { | ehl | q~p&ehlV{¥p7o�t�t"ePp7w � onj<q~j Ç jzlc{¥yXo§t�o�q~p r v&wz{ rT| {¥y�ehg | lnw�t r v&y�j�p | ehlnp¥jz{ � o Èsr o



�P� � ¶�� µ��²°²±7®����	�"°²±�
�¯�°�
�±�®i®z°=¬�¼³P�
X°��²³�� �c®4h®��8°[´�±7®����°�����¾´�°?®�´��V®�µ�
c ´��P±
x��necx}y�j�p�ehlny�j�p�xz¤�xzq~eh{�v7ehl�wz{ rT| jzlc{�wzg | p7j�pft r vfx�j�p | ehlnp���ª%j�pft rT| v7j�p�y È wzq~j�xz{�v7ehlnp ��t"ePp | {7ehlnp�p7ehlV{�jzlnp�o | {7j
r x�x�wzq~wzv7w�j�pmt r v r �np�ehv�t�{ | ehl¨y�j�x�j�p�ehlny�j�p��"dfj�gkecy � q~j&v7jzt�v7ecyXo | {�lnehlGp7jzo�q~jzgkjzlc{�q r �Kehv�gkj�yXo¨p�t"j�xz{�v7j
y r lnpCq~j+y�ehg rT| lnj¡y�j�p�v r ¤�ehlnp #Bg rT| p�t(jzv�gkjz{Cw �Vr q~jzgkjzlV{5y È j Ê t�q |~� onjzv%q~j�p r v7x�p���v | q�q r lV{7p.y�j+v r ¤�ehl�lnjzgkjzlc{
p7¤clnx���v7eh{�v7ehl§t�v7e�x7�njkyXo§x7�ne�xk{7jzv�g | l r q�y�wzlnehgigkw�p � � ´?µ8´ � (�x r v � q~j���� Æ ��+ ��j�p�{7jzv�jz{ r q�� � ÅAÅ � �¦eh�Îq~jt�q r p7g r y È wzq~j�xz{�v7ehlnp ��t(ePp | {7ehlnp�j�p7{�x�ehgit�v | gkw � � r q�q r lc{�jz{���v7ehlnp������
",+�(ct | {���e Ç p���¤�jz{���v7ehlnp � ÅAÅ "c���(�jzq~ehl x�j<gke�y � q~jiq r y | p�{�v | ��o�{ | ehlBy�j<t r v�{ | xzo�q~j�p&j�p�{¦g rxÊ�� jzq�q | jzl�lnj¢jzlÎy�j�p7p7ehonp&y�j

Γwmec
2jz{�jzl�q~e | y�j}t�o | p�p r lnx�j r o©y�jzq �X��ª È wzlnjzv �P| j&y�j�p�t r v�{ | xzo�q~j�p�wzgkjz{�{ r lV{�y r lnp�q~j¦y�ehg rT| lnj¦v r y | eT� G � wz{ r lV{

y�j�q È ehv7yXv7jmy�j
103 − 105 �¨j,+<��q~j�p�t"j�xz{�v7j�v7w�p�o�q�{ r lV{�y�j Ç v rT| {f�z{�v7j�g rxÊ�� jzq�q | jzl%�Xx�j � o | j�p�{fjzluy�w�p r x�x�ehv7yruÇ j�x}q~j�pfq~e | pfy�jmt�o | p7p r lnx�jmeh�np�jzv Ç w�j�p����+l ���PÐPÐX����v7ehlnp�x�ehlV{7eho�v�l r q~j�t�v7eh��q � gkj¦jzl�p�o�t�t(ePp r lV{ � onj�q~j�p

t r v�{ | xzo�q~j�p�wzgkjz{�{ r lV{�jzl�v r y | e��Xwz{ rT| jzlV{ r x�x�wzq~wzv7w�j�p�y r lnp�q~j�p�Ï�ehlnj�p�t(ehq rT| v7j�p=y�jmq r g rT� lnwz{7ePp�t�� � v7jP�nª%j�p
t r v�{ | xzo�q~j�p=y�j�t�q�onpf� r o�{7j�wzlnjzv �P| j Ç jzl rT| jzlc{ � o r lV{��&jzq�q~j�pfy�j�q r Ï�ehlnj�w � o r {7ehv | r q~j � ��v7ehlnp}���PÐPÐ������ rT| pq Èsr t�t r v7jzlc{7j©x�ehlV{ | lco | {7w�y�j�q È jzlnp�jzg&��q~j�yXoap�t"j�xz{�v7juyXoay�ehg rT| lnjuv r y | e r o y�ehg rT| lnj

γ
| l��nv�g r x�jz{�{7j

�c¤ct(eh{�� � p7jP�.ª È jzlnp7jzg¥��q~j¢y�j�q È wzg | p7p | ehl p7jzg&��q~j Ç jzl | v¥y È o�lnj¢p7jzo�q~jujz{¥gk�zgkj�t"eht�o�q r { | ehl y È wzq~j�xz{�v7ehlnp��
dfj�� rT| { r wz{7w r t�t�o�¤�w�t r v�y�j�v7w�x�jzlV{7j�p�eh�np7jzv ÇPr { | ehlnpfjzl | lX�[v r v7eho � j � � r q�q r lc{�jz{')%o�#�p � ÅAÅ � �LgkehlV{�v r lc{� onj�q È | lny | x�j©p7t"j�xz{�v r q�t�v7e�x7�nj�yXo«t�o�q~p r v�wz{ rT| {kq~j�gk�zgkj � onj�x�jzq�o | eh��{7jzlVo£jzlav r y | e§jz{ky�w�xzv7e | p7p rT| {
jzlnp7o | {7j r.Ç j�x�q r y | p�{ r lnx�jP�%ª Èsr l r q�¤Xp7jkyXo p7t"j�xz{�v7j<v r y | e©y�ehl�lnj�y�ehlnxky�j�p�x�ehlV{�v rT| lc{7j�p<p7w Ç�� v7j�p�p�o�v¦q~j�p
t r v r g � {�v7j�p¦yXo Ç jzlV{}yXo¨t�o�q~p r v rT| lnp | � onj¥p�o�v�q~j�p�gkw�x r l | p7gkj�pmy Èsr x�x�wzq~wzv r { | ehl r o�x7�ne�x¥{7jzv�g | l r q���dfj
gke�y � q~j�p7eho�#(v7j}y�ehlnx¦y�j}lnehg&��v7jzonp7j�p�y | ��xzo�q�{7w�p���d È j�p�{=t(eho�v � one | ehl�q�o | t�v7w�� � v7j¦jzl � wzlnwzv r q�o�l r o�{�v7j
gke�y � q~j=y�w Ç jzq~eht�t(w�v7w�x�jzgigkjzlc{Llnj�x�ehgit"ehv�{ r lc{ � o È o�lnj=wz{ r t(jP�heh�¥q~j Fno Ê y�j E e�¤�lV{ | l � j�p�{.y | v7j�xz{7jzgkjzlc{
{�v r lnp��²wzv7w r o Ê t rT| v7j�p=t"eho�v�q~j�p r x�x�wzq~wzv7jzv � ª%¤co�� r v7p���¤ � ÅAÅ *T�����"dfj�{N¤ct(j¦y�jm{�v r lnp �Kjzv�{=t�v7w�p7jzlV{7w¦y r lnp=q rt�v7w�x�w�y�jzlc{7j¥p�j�xz{ | ehl%�np7jm� rT| {=t r v�v7j�x�ehl�lnj Ê�| ehlnp�g rT� lnwz{ |~� onjP�

¸�(}½[Ç¼ºcÁ�¿�Ã8Ä5Ê¨Å�ÇÎË(À�É%Á7ÇcÊ¨»cÄ+ÇV¿+�8ÂNÇcÊGÌ��i»¼À"ºTº¼»c½¾»c¿�À8Á�Â Ã8Ä«È(À�¿¢È.¿�Ã�º¼ÇcÊTÊ¼É%Ê�Å"Ç��+ÇV¿ � Â�¿�Çc½¾À�¸
Á�Â �cÂNÊ¼Á7Ç�� E eho�v$q~j�p�t�q�onp¥� r o�{7j�p$wzlnjzv �P| j�p��Cq~j�p&t r v�{ | xzo�q~j�p$t"jzo Ç jzlc{$�z{�v7j r x�x�wzq~wzv7w�j�p¥t r v$y�j�p�t�v7e�x�j�p7p�onpy�j � jzv�g | v7jzq r { |;Çc| p�{7j�p r t�v � p ruÇ e | v�wz{7w}t�v7w�� r x�x�wzq~wzv7w�j�p���dfjz{�{7jmt�v7w�� r x�x�wzq~wzv r { | ehl�t(jzo�{ r.Ç e | v=q | jzo�t�v7e�x7�nj
y�j�p�x r q~eh{�{7j�p�t(ehq rT| v7j�p�jzlGy�j	���iyXo�xz¤�q | lnyXv7j&y�j¦q�o�g |~� v7jP��eho©� | jzl r o�x��necx�{7jzv�g | l r q r.Ç j�x&q Èsr �np7ehv�t�{ | ehl
y È ehlny�j�p}xz¤Xxzq~eh{�v7ehlnp}eho¨y�j�p�v7j�x�ehl�lnj Ê�| ehlnpmg rT� lnwz{ |~� onj�p�� �+l¨{��nw�ehv | j&q~j�p�t�v7ecx�j�p�p�onp�y�j � jzv�g |Lr o�t�v7j��
g | jzv�ehv7yXv7j�lnj�t"jzo Ç jzlc{ r.Ç e | vLq | jzoit(eho�v+o�lkx7� r gitkg rT� lnwz{ |~� onj=t(jzv�t"jzlny | xzo�q rT| v7j���q r�Ç�| {7j�p7p7j�yXo Fno | y�j
x r v�q~j�p+t r v�{ | xzo�q~j�pfp7ehlV{ r q~ehv7p | lnx r t r ��q~j�pfy�j�y | #"onp�jzv¡jzl r v�v |~� v7jP��dfjzt(jzlny r lV{��Vq Èsr l�l | � | q r { | ehl¢yXoux7� r git
r o x��necx¥{7jzv�g | l r qLxzv7w�j&o�lnj$v7w �P| ehl�{�o�v���o�q~jzlV{7jm� onp�{7j r t�v � pmq~j¥x��necx<eh�¨q~j�p�t�v7e�x�j�p7p�onp}y�j$y | #"onp | ehl�jz{
rT| lnp | q Èsr x�x�wzq~wzv r { | ehl^y�j � jzv�g | t"jzo Ç jzlc{keht"wzv7jzv�� E eho�vko�lax7�ne�x�v7jzq r { |;Ç�| p�{7j¢q~j¢p7t"j�xz{�v7j�y�j�t r v�{ | xzo�q~j�p
v7w�p7o�q�{ r lV{�p�o | {Lo�lnj=q~e | y�j=t�o | p7p r lnx�j=t�v7e�x7�nj�y�j

N(E) ∝ E−2.2 �! j�yXl r v�Ï�jz{'2mp7{�v7e � p�� | �����PÐ�+�� r q�q r lV{jz{��=x7�V{7jzv��(jzv � ��������+ & | v���jz{ r q�� � ÅAÅAÅ +n�=x7�c{7jzv��"jzv � jz{ r q�� � ÅAÅ �O���
��� > ��
 � @BAC@�DCE ���������� I�� MT@8J?D��¡@ H?I^D������¡H?@��¡MT@

ª%j�d�v r �(j rT| lnp |n� onjfy Èsr o�{�v7j�pLlnwz��o�q~jzonp7j�pLehlV{+q~ehl � {7jzgitnp¡wz{7w=x�ehlnp | y�wzv7w�j�pLx�ehgigkj=y�j=p | git�q~j�p
��o�q�q~j�p¦jzl | l F r { | ehl y r lnp}q~j&g | q | jzo r g¥� | r lV{�eh�¨q~j&t�q r p�g r v7jzq r { |;Ç�| p�{7j<j�p�{mv7j�p�t"ehlnp r ��q~j¥y�j¥q È wzg | p7p | ehl
eh�np�jzv Ç w�j$yXo�y�ehg rT| lnj$v r y | e r o Ê��Vr gig r p��"ª%j�pmt�v7jzg | jzv7p}gkecy � q~j�p}���%��y�j$x�j�pmlnwz��o�q~jzonp7j�p¦p7j¥p7ehlV{
y�ehlnxk{7eho�{�l r {�o�v7jzq�q~jzgkjzlV{¥t�q r x�w�p&jzlÎx�e�ehv7y�ehl�lnw�j�p&p�t��nwzv |~� onj�p ��� j�j�p&jz{��mo�l�l«���)(�",+ &¦jzl�lnjzq¡jz{¥dfeT�v7ehl | { | ���PÐ
" r ���(dfj�p�y�jzv�l | jzv7p�p�ehlV{�jzlnx�ehv7j r oh� eho�v7y È �co | p�eho Ç jzlV{�o�{ | q | p�w�p�t(eho�v�y�w�yXo | v7j¥q~j�p�t r v r g � {�v7j�p
t�v | lnx | t r o Ê y�j�p�lnwz��o�q~jzonp7j�p�y�j¦t�o�q~p r v��

� rT| p � o r lny¦t(eho�v%q r t�v7jzg |~� v7j¡�²e | p�q~j�p eh�np7jzv ÇPr { | ehlnp #ay�j�d�� r lnyXv r jz{.y�j ��o�����q~jLehlV{ gkehlV{�v7w
q~j�p&p�{�v�onxz{�o�v7j�p �nlnj�p�y�j<q r lnwz��o�q~jzonp7jkyXo§d�v r �(jijz{�y�ehlnxiyXo t�q r p�g r q r Ç�| p | ehl y�jip | git�q~j<��o�q�q~jip È j�p�{
w ÇPr lneho | j ��� j | p7p���ehtX��jz{ r q�� � ÅAÅAÅ + ��j�p�{7jzvmjz{ r q�� � ÅAÅ � ��� Í lnj¥p�{�v�onxz{�o�v7j<y�j�� jz{}jz{}y�j&{7ehv7j&�[o�{mv7w�p7ehq�onjr q~ehv7p�p�o�vkx�j�p | g rT� j�p � Ç e | v �.|�� o�v7j � �.*����+p�{�v�onxz{�o�v7j�y�w ���Gv7w Ç wzq~w�j�t r vky�j�pkeh�np�jzv Çhr { | ehlnp r lc{7wzv | jzo�v7j�p
�! v | l ��g r l�l£jz{ r q������PÐ���+ ��j�p7{7jzv�jz{ r q���������������dfjz{�{7j�gkehv�t��nehq~e �P| j��²o�{kt r vkq r p7o | {7j�eh�np7jzv Ç w�j�p�o�vy Èsr o�{�v7j�p<eh�X��jz{7p<x�ehgigkj<+Ljzq r eho E ( �  � � Å � � � r jzlnp�q~jzv<jz{ r q�� � ÅAÅ ��+ �mjzq � r lny§jz{ r q�� � ÅAÅ ��+ E5r.Ç q~e Çjz{ r q�� � ÅAÅ ��+�� r jzlnp�q~jzv=jz{ r q�� � ÅAÅ � +�ª�o�jz{ r q�� � ÅAÅ � �fjz{=j�p�{ r oh��eho�v7y È �Vo | x�ehlnp | y�wzv7w�j¦x�ehgigkj��Np7{ r lny r v7y��t(eho�vkq~j�pilnwz��o�q~jzonp�j�pky�j�t�o�q~p r v�� �+q�q~j | git�q |~� o r o�lnj©v7jzg | p7j©�¨l |;Ç j r o^y�j�pigke�y � q~j�pi{��nw�ehv |~� onj�p��Lª r
t�q�onp$v r y | x r q~j¢y�j�p&t�v7eht(ePp | { | ehlnp$j�p�{&o�l r v�v7�z{$y�w$�nl | { | �my�jkq Èsr t�t�v7e�x7�nj�� ��� r oBt�v7e �n{$y È o�l§gkecy � q~j
t�o�v7jzgkjzlc{�wzq~j�xz{�v7ehg rT� lnwz{ |~� onj �! q r lny��Kehv7y � ÅAÅ � +"� | x��njzq � ÅAÅ � ����dfj¥{7eho�v�l r lV{¦y�w�x | p | �¡j�p�{mjzlnx�ehv7j&{�v � py�wz� r {�{�o%� �+l¨j$#(jz{�� | q p7jzg¥��q~j�� onp�{7j � onj�q r x�ehlny | { | ehl¨y�j¥p�¤�gkwz{�v | j&p�t��nwzv |~� onj¥p�jzg&��q~j�{�v7eht¨v7j�p�{�v | xz{ |;Ç j
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!#"%$#& � �.*X� GNg rT� j'# jz{�eht�{ |~� onj&y�j}q r lnwz��o�q~jzonp7j�yXoGd�v r �(jP�

t"eho�v¦j Ê t�q |~� onjzv}q~j�p}eh�np7jzv ÇPr { | ehlnp�� �}j&t�q�onp¦y�j$v7w�x�jzlc{7p¦gkecy � q~j�p¦�����;ehlV{¦gkehlc{�v7w�p � o È jzl¨v7jzq��hx�� r lV{
x�jz{�{7j�x�ehlny | { | ehl jz{�jzl£p7o�t�t"ePp r lc{�o�lÆx7� r git^g rT� lnwz{ |~� onj r l | p7eh{�v7eht"jGjzl£y�j	��� yXo£x7�ne�x©{7jzv�g | l r q��
q È jzlnp7jzg&��q~jiy�j<q ru� w�ehgkwz{�v | jit(eho ÇPrT| {}�z{�v7j<v7jzt�v7e�yXo | {7j � &�ehg | p�p r v7e Ç jz{¦ª�¤�o�� r v7p��c¤ � ÅAÅ ",+ �}jzq�� r l�l rjz{ r q�� � ÅAÅ "c���ª r gkehv�t��nehq~e �P| j¢eh�np7jzv Ç w�j | lny |~� onjko�lnjk�²ehv�{7j r l | p�eh{�v7eht | juyXo Ç jzlc{��Co�lnj � v r lny�j�t r v�{ | juy�j
q È wzlnjzv �P| j¥wz{ r lc{}{�v r lnp�t"ehv�{7w�j$y r lnp�q~j&t�q r l�w � o r {7ehv | r q5yXo¨t�o�q~p r v��(dfj�� rT| {}x�ehl��nv�gkj¥q~j&gke�y � q~j¥p | git�q~j
y�w Ç jzq~eht�t"w¥jzl ���)(�*it r v�� | x��njzqCt(eho�v�o�l©v7eh{ r {7jzo�v r q |�� lnw¥�<q ÈsrxÊ j¦g rT� lnwz{ |~� onj¥y r lnp�q~j � onjzq q~j Fno Ê y�j
E eO¤clc{ | l � wz{ rT| {Ct�v7eht"ehv�{ | ehl�lnjzq��

sin2(θ)
eh�
θ
j�p�{Cq Èsr l � q~jLt(ehq rT| v7jP��� rT| pCx�jz{�{7jLt�v7eht�v | wz{7w¡j�p7{�gke | lnpCxzq rT| v7j

y r lnp%q~jLx r p y È o�l&v7eh{ r {7jzo�v.lnehl r q |�� lnwP� Í lnjLwz{�ony�j¡v7w�x�jzlV{7j �! e � e Çhr q~e Ç ����������y�wzgkehlc{�v r x�jzt(jzlny r lV{ � onjq r y | p�{�v | ��o�{ | ehl r l � o�q rT| v7j¥yXo Fno Ê y�j E eO¤clc{ | l � j�p7{�q r gk�zgkj � onj}q~j¦v7eh{ r {7jzo�v�p�e | { r q |�� lnw&eho�lnehl%�8ª r
y | p�{�v | ��o�{ | ehl�jzl©wzlnjzv �P| j�j�p7{�y r lnp={7ehonp=q~j�p=x r p=g rxÊX| g r q~j�y r lnp=q~j}t�q r l©w � o r {7ehv | r q�� Í lnj¦x�ehlnp7w � onjzlnx�jy | v7j�xz{7j<y�j¥x�jz{�{7j r l | p7eh{�v7eht | jij�p�{mq r lnehl�p7t��nwzv | x | {7w$yXo x��necx¥{7jzv�g | l r q�� �+l j$#(jz{��"x�j<y�jzv�l | jzv¦j�p�{�t�q�onp
t�v7ecx��nj�yXo©t�o�q~p r v r o Ê tDChq~j�p � o È �$q È w � o r {7jzo�v � ª%¤co�� r v7p���¤ � ÅAÅ � +  e � e ÇPr q~e Ç jz{ &}� r l � eho�q | r l � ÅAÅ � ���ªCj���jz{ r o p7j | l yXo Ç jzlc{$p�jzg&��q~j � o r lc{<��q�o |`Ç jzl | v<y | v7j�xz{7jzgkjzlc{kyXo§t�o�q~p r v$jz{$p7j�t�v7eht rT� j
q~j$q~ehl � y�j¥q ÈsrxÊ jiy�j$v7eh{ r { | ehl t r v¦t�v7j�p7p | ehl yXoÎx7� r git g rT� lnwz{ |~� onj<{7ehv�v7e���y r q�� dfjzt(jzlny r lV{��%o�lnj¥{7jzq�q~j
x�ehq�q | g r { | ehl�j�p�{fjzl � wzlnwzv r q({�v � p | lnj���x r x�j}t(eho�v�y�j�p Fno | y�j�p�o�q�{�v r v7jzq r { |;Ç�| p�{7j�p����}j�t�q�onp�p | q~jL��jz{ Ç jzl rT| {
y | v7j�xz{7jzgkjzlV{©yXoÆt�o�q~p r v | q r o�v rT| {�y r lnp�x�j�x r p¢o�lnj Ç�| {7j�p7p7j�o�q�{�v r v7jzq r { |;Çc| p7{7j¨x�j � o | j�p�{uq~e | lÆy È �z{�v7j
eh�np7jzv Ç w�t(eho�vkq~j�d�v r �(j©eho +Ljzq r t r v�j Ê jzgit�q~jP�¡eh�£y�j�p Çc| {7j�p�p7j�pkx�ehgit�v | p7j�pujzlV{�v7j Å �.*hx�jz{ Å � (Tx©ehlV{
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wz{7w$gkj�p�o�v7w�j�p � ��j�p7{7jzv}jz{ r q�� � ÅAÅ � + E.ruÇ q~e Ç � ÅAÅ � ����ª�¤co�� r v7p��c¤©gkehlc{�v r jzl � ÅAÅ � � onj$q~j$t�v7ecx�j�p�p�onp}y�jx�ehq�q | g r { | ehlGg rT� lnwz{ |~� onjP�"� | jzl � o È | lnj���x r x�j$t"eho�v�o�l Ç jzlV{mo�q�{�v r v7jzq r { |;Ç�| p�{7j<y�j Ç jzl rT| {��(j r onx�eho�tGt�q�onp
j���x r x�j r t�v � p q~j�x��necxf{7jzv�g | l r q�eh�<q~j Fno | y�jfl È j�p�{5t�q�onp.v7jzq r { |;Çc| p7{7jP�TªCjC��jz{5p7jzg&��q~j r q~ehv7p Ç jzl | v+yXo$t�o�q~p r v
p | git�q~jzgkjzlV{��$x r onp7jmyXo�g r l � onj}y�jmv7w�p7ehq�o�{ | ehl r l � o�q rT| v7j¦y�jmlnePp | lnp�{�v�o�gkjzlV{7pO��ª%j}x7�ne�x�{7jzv�g | l r q%j�p7{
jzl©j$#(jz{�p�o�t�t"ePp�w}� | jzl�t�q�onp�t�v � p�yXo©t�o�q~p r v r o Ê tDChq~j�p � o È �$q È w � o r {7jzo�v��

� rT| p%q r xzv7w r { | ehl¥y È o�lnj¡{7jzq�q~j¡p�{�v�onxz{�o�v7j¡lnw�x�j�p7p | {7j¡y Èsr o�{�v7j�p r l | p7eh{�v7eht | j�p����+l¥j$#�jz{Cq~j�pCv7w�x�jzlV{7j�p
p | g&o�q r { | ehlnp�� ���£v7jzq r { |;Çc| p�{7j�p+j$#�j�xz{�onw�j�pLt(eho�v5gkecy�wzq | p�jzvLx�jz{�{7j � w�ehgkwz{�v | j=t�v | v7jzlV{�x�ehgigkj��V¤�t"eh{�� � p7j
y�jf� r p7jfo�lnjfy�wzg rT� lnwz{ | p r { | ehl�jz{+y�ehlnx�o�l${�v r lnp��²jzv�{+y È wzlnjzv �P| j��(j r onx�eho�tit�q�onp | git"ehv�{ r lc{Ly r lnp5q~j�t�q r l
w � o r {7ehv | r q � &�ehg | p7p r v7e Ç jz{¥ª%¤co�� r v7p���¤ � ÅAÅ ",+ �}jzq � r l�l r � ��g r {7e��%jz{  onx�x | r lV{ | l | � ÅAÅ "c���Cª%jit�v7e �nqy�j Çc| {7j�p7p�jmy�j}x�j�p=p | g¥o�q r { | ehlnp�j�p�{�t�v7w�p7jzlc{7w�p�o�v�q r � |�� o�v7j � � "n�/2�l Ç e | {=lnjz{�{7jzgkjzlc{ � onjmq~j�p�t r v�{ | xzo�q~j�p
p È w�x7� r t�t(jzlV{$t�v | lnx | t r q~jzgkjzlV{kyXo t�q r l§w � o r {7ehv | r qfy�j�q r lnwz��o�q~jzonp7jG�Ceh�Îq~j

σ
p7jzg&��q~j�t�q�onp�� rT| ��q~j�yXo

� rT| {�y�j�p¡t�v7e�x�j�p7p�onp�y | p7p | t r { | �Kp | git(ehv�{ r lV{7p�y r lnp�x�jz{�{7j�v7w �P| ehl%�Vª r v7w�p | p7{ r lnx�j�yXoux�� r gitug rT� lnwz{ |~� onj}�
q È w�x7� r t�t(jzgkjzlV{�yXo Ç jzlV{=j�p�{�y�ehlnx�t(jz{ | {7jP�cª%j�p�t r v�{ | xzo�q~j�p=x�ehl��nlnw�j�p=�¦q È | lc{7wzv | jzo�v�yXo�v7j�p�{7j��²ehlc{�jzlnp�o | {7j
y�jzg | {7eho�v}jz{ Ç�| jzl�lnjzlV{¦x�ehgit�v | gkjzvmq~j¥x�� r gitGg rT� lnwz{ |~� onj rT| lnp |.� onj�q~j�p�t r v�{ | xzo�q~j�pmq~j�q~ehl � y�j¥q ÈsrxÊ jP�
Í lm��jz{+x�ehq�q | g r {7w=g rT� lnwz{ |~� onjzgkjzlc{�p7j��Kehv�gkj r q~ehv7p��Pª%j�p+x r v�{7j�pLy È wzg | p�p | ehlkp�¤�lnx7��v7eh{�v7ehl�eh��{7jzlconj�pLp7ehlV{t�v7w�p7jzlV{7w�j�p�p�o�v�q r �.|�� o�v7j � �.�X� �+q�q~j�p�v7jzt�v7e�yXo | p7jzlV{�y�j}g r l |~� v7j}{�v � p�t�v7w�x | p�j�q È jzlnp�jzg&��q~j�y�j�p�p�{�v�onxz{�o�v7j�peh�np7jzv Ç w�j�p�jz{}lneh{ r gigkjzlV{��Cq~j�� jz{��(q~j${7ehv7j rT| lnp |L� onj$q~j�p}t"e | lc{7p¦��v | q�q r lV{7p¥y�j<q È jzl Ç�| v7ehl�lnjzgkjzlV{&t�v7e�x7�nj
yXo�t�o�q~p r v��

����� ����-�67!&���7-�* 0$'+�2*¥354<!$67'+!¥��'+�
-mehonp r q�q~ehlnp¥g rT| lV{7jzl r lc{ix�ehlnp | y�wzv7jzv&q~j�p&t�� r p7j�p&y È w Ç ehq�o�{ | ehlnp<y È o�lnjklnwz��o�q~jzonp�j�y�jit�o�q~p r v��

t�� r p7j�p � o |�� eho Ç jzv�lnjzlc{Lq È | lV{7w � v r q | {7w�y�j�p5t�v7eht�v | wz{7w�pLeh�np7jzv ÇPr ��q~j�p+y�j�x�j�p+eh�X� jz{7p��PªCj�p+y�wz{ rT| q~p5{��nw�ehv |~� onj�p
y�j¦x�jz{�{7j�w Ç ehq�o�{ | ehl�p7ehlc{�y�ehl�lnw�p�y r lnp ��� jz¤clnehq~y�p�jz{�d��nj Çhr q | jzv&���PÐ
",+"d��nj Çhr q | jzv&�����PÐ�+  q~ehlny | lGjz{ r q��
� ÅAÅ ��+  onx�x | r lV{ | l | jz{ r q�� � ÅAÅ *�+ ÇPr l©y�jzv ( �fr q�o � jz{ r q�� � ÅAÅ "c���
��� ��� > 	�
�¡I�D¡MhJ �CD I�� �ÆJNH?J?@�� �L@�M ���T@ ��EPI ��� F�@8M¼EP@ �¡@aM ���=@nFVD �8A(I

ª È wz{7e | q~j¢jz{<p7ehl Ç jzlV{ip7ehlc{ r o y�wz��o�{ijzlV{7eho�v7w�p<t r v$o�l§v7j�p�{7j¢y�j¢p�o�t"jzv�lne Çhr jzl j Ê t r lnp | ehl%�
ª È ehlny�j¢y�j�x7�ne�x�y�j�q r p�o�t(jzv�lne ÇPr j ruÇhr lnx�juq | ��v7jzgkjzlV{ ruÇ j�x�o�lnj Çc| {7j�p7p�jkp�o�t(wzv | jzo�v7ju� � ÅAÅAÅ

km s−1r q~ehv7p � onj¦q Èsr p�¤�gkwz{�v | j&yXonj&�iq È j Ê t�q~ePp | ehlGt�v7eht�o�q~p7j�q~j�t�o�q~p r v��<o�lnj Çc| {7j�p7p�j¦y�j � onjzq � onj�p�x�jzlc{ rT| lnj�p}y�j
km s−1 � (co�v � onjzq � onj�pip |~� xzq~j�p��5q~j¢gkeho Ç jzgkjzlc{uy�j�q È wz{7e | q~j�j�p�{<lnw � q |�� j r ��q~j�jz{<q È j Ê t r lnp | ehl«yXo Ç jzlV{
q�o�{�{7j�x�ehlV{�v7j¥q r t�v7j�p7p | ehl | p7eh{�v7eht(j&y�j�p�w ��j�xz{ r �5( r�Ç�| {7j�p7p7j&y È j Ê t r lnp | ehl¨j�p�{�v r t | y�j¥jz{�p�o�t(jzv7p7ehl |~� onj&jz{
o�lGx��necx¥p7j¦�Kehv�gkj r q~ehv7pmjzlV{�v7j¥q~j Ç jzlV{}jz{�q~j�pmw ��j�xz{ r � � r lnp�q~j¥p | git�q~j&x r pmy È o�lnj&j Ê t r lnp | ehl�p�t��nwzv |~� onj
y�ehg | lnw�j¦t r v�q~j�p=t(jzv�{7j�p r y | r � r { |~� onj�p��nq~j}v r ¤�ehlGyXo Ç jzlc{�w Ç ehq�onj�p7jzq~ehlÎ�

RPWN = 1.1 pc (
Ė0

1038ergs s−1
)1/5 (

˙ESN

1051ergs
)3/10 (

Ṁej

10M�
)−1/2 (

t

103ans
)6/5 �K� � "c�

� r lnp.x�jz{�{7j�w � o r { | ehl
ESN

jz{
Mej

x�ehv�v7j�p�t"ehlny�jzlc{5��q È wzlnjzv �P| jfx | lnwz{ |~� onjfjz{.��q r g r p7p�j¡w ��j�xz{7w�j
y r lnp=q r p�o�t(jzv�lne ÇPr �

Ė0
v7jzl Ç e | j¥�$q r t(jzv�{7j¦y È wzlnjzv �P| j | l | { | r q~j¥yXo�t�o�q~p r v��

�mo�v r lc{�x�jz{�{7j�t�� r p7jP�cehl¢eh�np7jzv Ç jzv r o�l Ç jzlc{=p�t��nwzv |~� onjP�cx�jzlV{�v7w r oup�j | l¢y È o�luv7j�p�{7j�y�j�p�o�t(jzv �
lne ÇPr �hjz{5jzl<j Ê t r lnp | ehliv r t | y�jP��d È j�p�{5q~jfx r p5yXo<t�o�q~p r v�n��Ð�*�*¼��� Å *
" � o | t�v7ecyXo | {5o�lnjflnwz��o�q~jzonp7jf��v | q�q r lV{
yXoÎy�ehg rT| lnjkv r y | e r o Ê v r ¤�ehlnp$# jz{ � o | j�p7{�t r v � rT| {7jzgkjzlc{¥x�jzlc{�v7w�p�o�v�q~jm��jzo�lnjiv7j�p�{7j�y�jip�o�t"jzv�lne Çhr
� � �P�.�¼� Å � �$x�ehgigkj}lnehonp�q~j�gkehlc{�v7j}q r � |�� o�v7j � � Æ � d r g | q~eijz{ r q�� � ÅAÅAÆ +��}o�t�{ r jz{ r q�� � ÅAÅ ��+�� r {��nj�p�ehljz{ ( r ��� � r v�� � ÅAÅ �����8ª È � � j�y�j¦x�j&p�¤�p7{ � gkj¦j�p�{�j�p�{ | gkw&��� ÅAÅAÅkr lnpO�
��� ����� � DCEP@nFVI ��E�J �CD1InAC@ �BH�@ �������Î@�D F�@�E � �LF

��o r lny&q~j+v7j�p�{7j+y�jLp7o�t"jzv�lne�� r�r � r q r ¤�w¡p7o ��p r gigkjzlV{.y�j+g r p7p7jLyXo&g | q | jzo | lV{7jzv7p�{7jzq�q rT| v7j�t(eho�v
� onjmq È wzlnjzv �P| j&{7eh{ r q~j¦yXo�v7j�p�{7j¦p7e | {�x�ehlnp7jzv���w�j�jz{=t r v�{ rT� w�j¥�$t r v�{7p�w �Vr q~j�p�jzlV{�v7j�q È wzlnjzv �P| j�x | lnwz{ |~� onj&jz{
q È wzlnjzv �P| jL{��njzv�g |~� onjP��q~j+v7j�p7{7j+v7jzlV{�v7jfy r lnpCx�j � onj+q È ehl r t�t(jzq�q~jLq r t�� r p7jLy�j (�j�y�e��V� ) r ¤�q~ehv��Tª È | lV{7jzv r xz{ | ehl
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c ´��P±

!#"%$#& � � � �DG?g rT� j # yXo ��jzlc{¦v7jzq r { | � | p7{7j r o�{7eho�v�y�j �n��Ð�*�*¼������*
"¨�kq È | lc{7wzv | jzo�v&yXo�v7j�p�{7j<y�j$p7o�t"jzv�lne�� r
� � �P�.�¼���X� �X�

jzlc{�v7j�q~j¡v7j�p7{7j�jz{.q~j¡g | q | jzo r g¥� | r lV{Ly�j � | jzlV{ r q~ehv7p.�"j r onx�eho�t<t�q�onp5x�ehgit�q~j Ê jP� r ��j�x�o�lix��necx ��jzv7p.q Èsr � r lV{
eh�Bq~j �Vr Ï r g&� | r lc{ij�p�{¥x�ehgit�v | gkw�jz{¥x�� r o�#(w rT| lnp |�� o È o�lBx7�ne�xujzl§v7jz{7eho�v � o | � r q r ¤�juq~j�p¥w ��j�xz{ r jz{
q~j�p¥x7� r o�#�jzlV{��+dfj�p&y�jzo Ê x7�ne�x�p&p�ehlV{&p7wzt r v7w�p&t r v�o�lnjky | p7x�ehlc{ | lVo | {7w¢y�jkx�ehlV{ r xz{$q~jiq~ehl � y�jkq rh� onjzq�q~j
y�j�p | lnp�{ r � | q | {7w�p}t�v7jzl�lnjzlc{¦l rT| p7p r lnx�jP� �+l�q Èsr �np7jzlnx�j<y�j¥t�o�q~p r v r o¨x�jzlc{�v7jiyXoGv7j�p�{7j¥q~j<x7�ne�x<jzlGv7jz{7eho�v
w ��ehq�onj}y r lnpfo�l�g | q | jzo�y�j�y�jzlnp | {7wmt�v7eht"ehv�{ | ehl�lnjzq�q~j¦�

1/rn jz{ r {�{7j | lnyXv r q~j�x�jzlc{�v7jmy�j�q r lnwz��o�q~jzonp�j r o�(eho�{�y È o�l©{7jzgitnp
tSedov

w �Vr q.���

tSedov ∼ 7OOO ans (
Ṁej

10M�
)5/6 (

˙ESN

1051ergs
)−1/2 (

n0

1cm−3
)−1/3 �K� �.���

r ��j�x
n0

q r y�jzlnp | {7wkyXo g | q | jzoBj Ê {7jzv�lnjP�C� x�jkp7{ r y�j<q È | lV{7wzv | jzo�v<yXoÎv7j�p�{7jiy�jkp�o�t(jzv�lne � r j�p�{
jzlc{ |~� v7jzgkjzlV{�v7jzgit�q | y È w � j�xz{ r x��ne � onw�p=jz{=x7� r o�#�w�p�jz{�q~j�v7j�p7{7j�q�o | gk�zgkj}t(jzo�{=�z{�v7jmp | git�q~jzgkjzlV{�y�w�xzv | {
t r v�o�l���jzo�y È w � o r { | ehl � dfe Ê ���)( � ���Vª%j�v r ¤�ehl�yXo�v7j�p�{7j�w ��ehq�onj r q~ehv7pfp7jzq~ehl RRSN α t2/5 �)�Ll�t�v7w�p7jzlnx�jy È o�l�� jzo�lnj�t�o�q~p r v r okx�jzlV{�v7j�yXokv7j�p7{7jP�hq~j=x7�ne�x�jzliv7jz{7eho�vLv7jzlV{�v7jzv r jzlkx�ehq�q | p | ehl r ��j�x=q~j ��jzlV{Lv7jzq r { | � | p�{7j
yXo§t�o�q~p r v r t�v � p¥o�lÎ{7jzgitnp

t ≤ tSedov
y�j�q È ehv7yXv7j�y�j � onjzq � onj�p&g | q�q | jzv7p¥y Èsr l�lnw�j�p � � r l y�jzv ( ��r q�o �jz{ r q�� � ���X��+  q~ehlny | l¨jz{ r q�� � ���X�O���"�G�zgkj¥y r lnp�q~j¥x r p�y È o�l¨t�o�q~p r v�p�{ r { | ehl�l rT| v7jP�"y È o�l ��jzlV{ | p7eh{�v7eht"jjz{�y È o�l�v7j�p7{7j�t r v � rT| {7jzgkjzlV{�p�t��nwzv |~� onj}q È w ��ehq�o�{ | ehlGy�jmx�j¦p7¤�p�{ � gkj}j�p�{=x�ehgit�q~j Ê jP� �+l©j$#�jz{��cq~j¦x��necx¦jzl

v7jz{7eho�v�x�ehgit�v | gkj�q~j���jzlV{�t r v=o�l©{�v � p � v r lny¢� r xz{7jzo�v�jz{�x�j¦y�jzv�l | jzv�¤¢v7wzt"ehlny�t r v�o�lnj r o � gkjzlc{ r { | ehl
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c ´��P± � (
y�j�t�v7j�p7p | ehl¨jz{�o�lnj¥j Ê t r lnp | ehl�v7jzlX�Kehv7x�w�jP�(ª%j&p7¤�p�{ � gkj¥ePp7x | q�q~j$y�ehlnx¥jzlc{�v7j¥x�ehgit�v7j�p7p | ehl¨jz{mj Ê t r lnp | ehl
p�o�v�y�j�p�yXo�v7w�j�p�y�jGq È ehv7yXv7j y�j � onjzq � onj�p�g | q�q | jzv7p�y Èsr l�lnw�j�pO�=ª%j�x7� r git2g rT� lnwz{ |~� onj p�o�� | {�q�o | o�lnj
r o � gkjzlV{ r { | ehl�p7ehony rT| lnjmjz{�Nwzt�o | p7jzv r �my�ehlnx�q~j�p�t r v�{ | xzo�q~j�pfy�j�{�v � p¡� r o�{7j�pfwzlnjzv �P| j�pft r v¡v r ¤�ehl�lnjzgkjzlV{
p�¤�lnx7��v7eh{�v7ehl �! onx�x | r lV{ | l | jz{ r q�� � ����*�+ � jz¤�lnehq~y�p}jz{�d��nj � r q | jzvk���PÐ
",+ � r l y�jzv*( �fr q�o � jz{ r q�� � ���X�O���� r lnp+o�lnj=p | {�o r { | ehlkt�q�onp+v7w r q | p7{7j=q~j�t�o�q~p r v r jzokp�o ��p r gigkjzlV{�y�j�{7jzgitnp¡t"eho�vLp�j=y�w�x r q~jzvLt r v+v r t�t"ehv�{
r oÎx�jzlV{�v7jkyXo�v7j�p�{7jP� �}j<t�q�onp���p | q~j<v7j�p7{7jip È wz{7jzlny ��jzv7p}q È j Ê {7wzv | jzo�v¥y�j$� r ��ehl r p�¤�gkwz{�v |~� onj<q~jix7�ne�xijzl
v7jz{7eho�v r � r lnx�j ��jzv7p&q È | lV{7wzv | jzo�v$t�q�onp�v r t | y�jzgkjzlc{$y r lnp¥x�jzv�{ rT| lnj�p¥y | v7j�xz{ | ehlnp�� ª È | lV{7jzv r xz{ | ehlaj�p�{�y�ehlnx
x�jz{�{7j<�Ke | p¦�"j r onx�eho�t§t�q�onp�x�ehgit�q |~� onw�j�jz{&y�ehl�lnj�o�lnjigkehv�t��nehq~e �P| jk{�v � p¥x�ehgit�q~j Ê j � d��nj � r q | jzv������PÐ�+� r l©y�jzv ( �fr q�o � jz{ r q�� � ���
"c�=jz{=�²ehv�{7jzgkjzlc{ r p�¤�gkwz{�v |~� onjP� Í lGj Ê jzgit�q~j�y È o�l�{7jzqCp�¤Xp�{ � gkj�j�p�{=q~j¦v7j�p7{7jy�j¦p�o�t(jzv�lne � r y�j�+Ljzq r x�ehgigkj�q~j}gkehlc{�v7j�q r'�.|�� o�v7j � � (��

!#"%$#& � � (�� GNg rT� j�yXo ��jzlc{�v7jzq r { | � | p�{7j�y�j +Ljzq r jzl #<�

��� ����
 � ������H�@���MT@ ���LF�I�D E¨H?I � �¡I(MT@ �¡@��5@�����A
��t�v � p r ��e | v | lc{7jzv rT�P|Xr ��j�x¡q~j�x7�ne�x¡jzl¥v7jz{7eho�vCq~jLt�o�q~p r v%t"jzo�{5�=lneho ��j r o¥t�v7ecyXo | v7j�o�lnjL��o�q�q~j�jzl

j Ê t r lnp | ehl%�hdfjz{�{7j��Ke | pCq~j ��jzlV{+w ��ehq�onj r o¥g | q | jzoiy È w ��j�xz{ r x��ne � onw�p5jz{.x�� r ony�pL��o�lnj � | {7j�p7p7jfp�o��np7ehl |~� onjP�
�)x�jup7{ r y�j�q r y | p�{ r lnx�jut r v7x�eho�v�onjut r v$q~jut�o�q~p r v$y�jzt�o | p$q È j Ê t�q~ePp | ehl t"jzo�{<y�j ��jzl | v<x�ehgit r v r ��q~j�eho
p�o�t(wzv | jzo�v7j r oav r ¤�ehl«y�j¢q r ��o�q�q~j | l | { | r q~jP�¡ª%j¢t�o�q~p r vkp È w�x7� r t�t(j�y�ehlnx�y�j�p r ��o�q�q~j | l | { | r q~j�q rT| p7p r lV{
y�jzv�v |~� v7jkq�o | q r v7jzq |~� onj�y�jiq r lnwz��o�q~jzonp7j | l | { | r q�jz{&xzv7w r lV{ r o�{7eho�v<y�jkp r lneho ��jzq�q~j�t"ePp | { | ehl o�lnjkt�q�onp
t"jz{ | {7j�lnwz��o�q~jzonp�jP�cdfjzq r p7j�{�v r yXo | {¡eh�np�jzv�� r { | ehl�lnjzq�q~jzgkjzlc{�t r v+o�lnj=lnwz��o�q~jzonp�j�wz{7jzlnyXonj�jz{ r p�¤�gkwz{�v |~� onj
jzl¦v r y | e r ��j�x+o�lnjLx�ehlV{�v7jzt r v�{ | j #B�"j r onx�eho�t�t�q�onpCt"jz{ | {7j¡jz{%x�jzlV{�v7w�j¡p7o�v%q r lneho ��jzq�q~jLt(ePp | { | ehl&yXo¦t�o�q~p r v��
Í lnj}{7jzq�q~j�gkehv�t��nehq~e �P| j&j�p�{ � | p | ��q~j�p�o�v=q~j���jzlc{�yXo�v7j�p�{7j � * � (��������P���P�ª r � | {7j�p7p7j¥yXo p7ehlGwz{ r lc{¦t�q�onp�� rT| ��q~j r oG�(ehv7yGyXo�v7j�p�{7j � o Èsr o¨x�jzlc{�v7jP�(q r � | {7j�p7p7j¥yXo¨t�o�q~p r v
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c ´��P±
t(jzo�{�y�j ��jzl | v�p�o�t(jzv7p7ehl |~� onj r o��(eho�{=y È o�l©x�jzv�{ rT| l�{7jzgitnp�jz{�o�l©x7�ne�x¦jzl�wz{�v r ��j¦t(jzo�{ r q~ehv7p=p7j��²ehv�gkjzv
�iq È | lV{7wzv | jzo�v}yXo�v7j�p�{7j � d��nj � r q | jzv¥�����PÐ�+ + r l �}jzv ( �fr q�o � jz{ r q��%�����PÐ����8ª r t�v7j�p7p | ehl�y�j�x�ehl��nlnjzgkjzlc{
yXonj r oBgkeho ��jzgkjzlV{kyXo t�o�q~p r v<wz{ r lV{ � v r lny�jP�5q r { rT| q�q~j¢yXo ��jzlV{ij�p�{<jzl � wzlnwzv r q r p�p7jzÏut(jz{ | {7j¢jz{<y�j
q È ehv7yXv7j<y�ju�zt"xP�"�}j�t�q�onp�q~j ��jzlc{�v7jzq r { | � | p�{7j$wz{ r lV{¦jzlGw � o | q | ��v7j¥y�j¥t�v7j�p7p | ehl r ��j�x$q~j�g | q | jzo r g&� | r lc{��
q r p�{�v�onxz{�o�v7juy�j�q r lnwz��o�q~jzonp7juy�j � | jzlV{<p�{ r { | ehl�l rT| v7jP� E eho�v¥o�l§v7j�p�{7j�jzlBt�� r p7j�y�j (�j�y�e �Îq~jux7�ne�xujzl
wz{�v r ��j�p7jf�Kehv�gkj�jzl � wzlnwzv r q � o r lnyiq~j�t�o�q~p r v¡p È j�p�{Ly�wzt�q r x�w�y È o�lnj�y | p�{ r lnx�j�w �Vr q~j�� �

Ð
%
y�j�q r y | p�{ r lnx�j

p�wzt r v r lV{&q~jix�jzlc{�v7jkyXo v7j�p�{7jiyXoÎx��necx ��jzv7p�q Èsr � r lV{ � + r l �}jzv ( ��r q�o � jz{ r q��+�����PÐ�+ � r l y�jzv�( ��r q�o �
� ����*�������o©y�jzq �ky�j�x�jz{�{7j�y | p�{ r lnx�j¦o�lGx Chlnj�y�j¦g r x7�¨p7jm�Kehv�gkjzv r jz{�q r lnwz��o�q~jzonp7j r o�v r o�lnj r q�q�o�v7j&y�jx�ehg � {7jmjzl�v r y | e$jz{�jzl #$� Í luj Ê jzgit�q~jmy�j�x�j�{?¤�t"j�y�j�{?¤�t(j�y�j�p7¤�p�{ � gkj�j�p�{Lq~j�t�o�q~p r v E ( �  ��Ð���*�& �X�
y r lnp�q~j}v7j�p�{7j � " "n�

( | q~j�v7j�p7{7jGj�p�{�jzlnx�ehv7j�y r lnp¢q r t�� r p7j¨y�j (�j�y�e �(��q r {�v r ��jzv7p�w�j¨yXoÆt�o�q~p r v�v7w | lh��j�xz{7jzv r y�j
q È wzlnjzv �P| j�y r lnp<q r x�e � o | q�q~j�yXo�v r lV{�p7ehl t r p7p rT� j � (c�Vo�q�q�jz{ r q������PÐ���+� r l y�jzv<( ��r q�o � jz{ r q�� � ��� � ���dfjz{�{7j&{�v r ��jzv7p7w�j&j�p�{ | q�q�onp�{�v7w�j�p�o�v�q r�� |�� o�v7j � �sÐ<t"eho�v=q~j�t�o�q~p r v��<q È | lV{7wzv | jzo�vmy�j4G�d " " *X�

!#"�$#& � �sÐX� G?g rT� j$# jz{�eht�{ |~� onj�yXo©t�o�q~p r v={�v r ��jzv7p r lV{mq~j}v7j�p�{7j4G�d " " *X�

��� ����� � A �CH �+E�J �CD �L@aH�I£D���� �¡H�@ �¡MT@ �LI�D¡MGH�@��ÆJNH?J?@��9J?D EP@nFVM¼EP@8HNH�I�J�F�@
Í lnjm�²e | p=p�ehv�{ | j�yXo�v7j�p�{7jP�Xq~j}t�o�q~p r v r o�lnj�� | {7j�p7p7j}� | jzl©p7o�t"wzv | jzo�v7j&�<x�jzq�q~j¦yXo©p�ehl%� Í l©x��necxjzl¢wz{�v r ��jmp7j��Kehv�gkj r ��j�x�o�l�lnehg¥��v7j�y�j�� r x7�uq r v � jzgkjzlV{=p�o�t(wzv | jzo�v��k�P��( | q r t�v7eht rT�Vr { | ehl�y�j�q È wz{7e | q~j

p È j$#(j�xz{�onj r oup7j | l�y È o�lklco rT� j�y�j �Vr Ï�lnjzo�{�v7jP��q~j�x7�ne�x�jzl�wz{�v r ��j�p7jzv r � | p | ��q~j=jzl�wzg | p�p | ehl �
α
��ª%j ��jzlV{

x��ne � onw�yXo�t�o�q~p r v=t(jzv7yXv r w �Vr q~jzgkjzlV{�y�j}q È wzlnjzv �P| j¦t r v�wzg | p7p | ehl©p�¤�lnx7��v7eh{�v7ehl%�(dfjz{�{7j¦wzg | p7p | ehl©xzv7w�jzv r
o�lnj}p�{�v�onxz{�o�v7jmx�ehgkwz{ rT| v7j � | p | ��q~j�yXo�y�ehg rT| lnjmv r y | e r o Ê v r ¤�ehlnp #$� Í l�j Ê jzgit�q~j�y�jmx�jz{�{7j | lV{7jzv r xz{ | ehlj�p7{�q~j¦x7�ne�x�jzl©wz{�v r ��j��²ehv�gkw r o�{7eho�v�yXo©t�o�q~p r v E ( �  �����)( & � � � ��e | v �.|�� o�v7j � � �������o<�[o�vLjz{f�mgkj�p�o�v7j � onj�q~j=t�o�q~p r vLp7j=y�wzt�q r x�jm�m{�v r ��jzv7p�q rm�Vr q rxÊ�| jP�

Ė
y | g | lVonj�jz{+q~j�p+v7w �P| ehlnp

{�v r ��jzv7p7w�j�pip7ehlc{¥y�jkgke | lnp<jzl§gke | lnp¥y�jzlnp7j�pO� ( r � | {7j�p7p�jil È j�p�{ r q~ehv7p$t�q�onp$p�o�t(jzv7p7ehl |~� onjujz{¥p r t"jzv�{7j
y È wzlnjzv �P| j�l È j�p7{ t�q�onp+p�o ��p r lV{7jft"eho�v.t�v7e�yXo | v7j�o�lnjflnwz��o�q~jzonp7j�p�¤�lnx7��v7eh{�v7ehl%���mo�v r lc{Lx�jz{�{7j¡t�� r p7j �nl r q~j
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c ´��P± � �

!#"�$#& � � �X� GNg rT� j # yXo©x��necx&jzl�wz{�v r ��j}�Kehv�gkw�y�jzv�v |~� v7j E ( �� �����)( & � �X�

y�j � | j<yXoGt�o�q~p r v��"x�j<y�jzv�l | jzv�j�p�{}jzlV{7eho�v7w<t r v}o�lnj$��o�q�q~j<jzl j Ê t r lnp | ehl y�j¥v r ¤�ehlÎp7eho ��jzlc{�p�o�t(wzv | jzo�v
�«�zt(x©jz{ux�ehl��nlnwGt r v�q r t�v7j�p7p | ehl£{��njzv�g |~� onj¨yXo^g | q | jzo | lV{7jzv7p�{7jzq�q rT| v7jP� 2�l r t�t"jzq�q~j¨x�j�p ��jzlc{7puy�j�p
lnwz��o�q~jzonp7j�p=� r lV{-Chgkj�pO�

Í lnj r q�{7jzv�l r { | ��j¦�&x�j�p7x��nwzg r y È w ��ehq�o�{ | ehl�j ÊX| p�{7j�t(eho�v�y�j � | jzo Ê t�o�q~p r v7p�y r lnp�y�j�pfp�¤�p7{ � gkj�p� | l rT| v7j�p���dfjzo Ê x | t(jzo ��jzlV{��z{�v7j©v7w r x�x�wzq~wzv7w�p�t r v r x�xzv7wz{ | ehlÆjz{�w � r t"ehv r { | ehl^yXo£x�ehgit rT� lnehl%�¡ª%jzo�v7p
t"wzv | e�y�j�p�p7ehlV{ r q~ehv7pf{�v � p�t"jz{ | {7j�pO�cjz{fq~j�pft"jzv�{7j�p�jzl¢q�o�g | lnePp | {7w}p7ehlV{=p�o ��p r gigkjzlc{ � v r lny�j�p � y�j�q È ehv7yXv7jy�j

Ė ∼ 1034 − 1035ergs−1 �¥t"eho�vit�v7e�yXo | v7j�o�lnj�lnwz��o�q~jzonp7j�p�¤clnx���v7eh{�v7ehl^jzl^wz{�v r ��j�t"eho � r lV{u�z{�v7jeh�np7jzv���w�j r ��j�x¦q~j�p={7wzq~j�p7x�eht(j�p r xz{�onjzq~p��
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ÓIÔ{án:ä�à�ÑcÖ :�ÑcÔQÏcä�ÖåØLÖ)á :LÜ$6�áNÒYÑIá
ª%jft�v7jzg | jzvLp | {7j�y Èsr x�x�wzq~wzv r { | ehl�y�jft r v�{ | xzo�q~j�pLy r lnp5q~j ��e | p | l rT� j=y�j�p5t�o�q~p r v7p+p7j�p | {�onjfjzliy�j	���

yXoGxz¤cq | lnyXv7j¥y�j¦q�o�g |~� v7j&y r lnp�q r g rT� lnwz{7ePp�t�� � v7j&jzlGx�ehv7eh{ r { | ehl%����oh� eho�v7y È �co | {�v7e | p�{?¤�t"j�y�j�gkecy � q~j�p
y | #�wzv7jzlV{7p r ¤ r lc{$x�� r xzo�l q~jzo�v�t�v7eht�v7jup | {7jky Èsr x�x�wzq~wzv r { | ehlB{7jzlV{7jzlc{¥y È j Ê t�q |~� onjzv¥q~j�p&y | ��jzv7p7j�p¥eh�np7jzv�� r �
{ | ehlnpO�8ª r t�v | lnx | t r q~j$p |�� l r {�o�v7j�eh�np�jzv�� r { | ehl�lnjzq�q~j$j�p�{�q È j ÊX| p�{7jzlnx�j�y È o�l¨p |�� l r q%t�o�q~p7wP�n� rT| p | q x�ehl � | jzlV{
{7eho�{$y Èsr �"ehv7y y È wz{�ony | jzv � q~eh� r q~jzgkjzlV{<q r g rT� lnwz{7ePp�t�� � v7j¢y�j�p�t�o�q~p r v7p&y�w�xzv | {7jit(eho�v�q r t�v7jzg |~� v7jk�²e | p
t r v �}ehq~yXv7j | x7�¨jz{ �Po�q | r l�jzl ��� � � � �¦ehq~yXv7j | x7��jz{ �Po�q | r l§��� � �����

�� > � > æ ��©ç�H�@ MTJ � ��H?Jéè�� �¡@��£IcêCD ��E �CM � ��çnF�@ �L@ìë �CH �¡F�@8J ����íUî ��H?J�I�D
ï \ b�= U98�\ S�W�Z�:�7 ?3AVRTb°ð ? U�R 8�SVb

ª%j�p+y | #�wzv7jzlV{7p5gkw�x r l | p7gkj�pLy È wzg | p7p | ehliy�j�p.t�o�q~p r v7p5lnw�x�j�p7p | {7jzlc{5q r t�v7w�p�jzlnx�jfy�jft r v�{ | xzo�q~j�pLy�j
� r o�{7j�p=wzlnjzv �P| j�p=y r lnpfq r g rT� lnwz{7ePp�t�� � v7jP��ª r p�{�v�onxz{�o�v7j}y�jmx�jz{�{7jmy�jzv�l |~� v7j��²o�{fwz{ r ��q | j}y r lnpfq~j�gkecy � q~j

*��



� ¶�� µ��²°²±7®�� ����¯7¯�¬�~¬�± �P°��K³ � �V®=µ �P±�°��K¯�
��® ´ � 
�´�®��%� �V® ´4�"¬���
c~®�
c´�® ´ �V®=µ�
c ´��P± *X�
rxÊ�| p7¤cgkwz{�v |~� onjuy�j �}ehq~yXv7j | x��X� �Po�q | r l^eh�Bq~jux�� r gitag rT� lnwz{ |~� onj�y�juq È wz{7e | q~j���lnjzo�{�v7ehlnpij�p�{$p�o�t�t"ePp�w
jzlV{ |~� v7jzgkjzlc{fy | t(ehq rT| v7j�jz{+q~j�gkehgkjzlV{�g rT� lnwz{ |~� onj r q |�� lnw r ��j�x=q ÈsrxÊ j=y�j=v7eh{ r { | ehl%��� r q � v7w=q r p | git�q | x | {7w
y�j&x�j�p��V¤�t"eh{�� � p�j�p��8q~j&gkecy � q~j¥v7jzlnyG� | jzl¨x�ehgit�{7j$y�j�q r p�{�v�onxz{�o�v7j � q~eh� r q~j¥y�j¥q r g rT� lnwz{7ePp�t�� � v7jP��ªCj
x7� r git©g rT� lnwz{ |~� onj&j�p7{�y�ehl�lnw¦t r v

B = rotA
r ��j�x

A =
a(r, θ)

r sin θ
eφ. � *X���O�

t"eho�v=o�lGy | t5Chq~j}g rT� lnwz{ |~� onj M = Meφ
jz{
a(r, θ) = µ0M sin2 θ

4πr

�
�£x r onp7j=y�jfq r {�v � p � v r lny�j=x�ehlnyXonxz{ | � | {7w�y�j�q È wz{7e | q~j��mlnjzo�{�v7ehlnp��hq~j�x7� r git�wzq~j�xz{�v |~� onj | lV{7jzv�lnj

j�p�{5lVo�q8y r lnpLq~j�v7w��²wzv7jzlc{ | jzq�y�j�q È wz{7e | q~j�jz{��Py r lnp+q~j�v7w��Kwzv7jzlV{ | jzq �Vr q | q~w�jzlkq | w r okx�jzlV{�v7j�y�j�q È wz{7e | q~jP� | q � r o�{��
E = −v ∧B = −(Ω ∧ r) ∧B. � *X� � �

E
t(jzo�{��z{�v7j¦v7w�w�xzv | {�y�j�q r � r ��ehl�p7o | � r lc{7jk�

E = −Ωgrad(a). � *X�.*��
�1q È | lc{7wzv | jzo�v�y�j}q È wz{7e | q~j&q~j}t"eh{7jzlc{ | jzq wzq~j�xz{�v |~� onj � r o�{�y�ehlnxk�

V (r, θ) =
BpΩR

3 sin2 θ

2r
+ Constante

t(eho�v
r ≤ R � *X� "c�

�+l9p�o�t�t(ePp r lV{�q È j Ê {7wzv | jzo�v�y�j�q È wz{7e | q~j o�l |~� onjzgkjzlV{¨x�ehlnp�{ | {�onw y�j�t r v�{ | xzo�q~j�p�x�� r v � w�j�p��=q r p7ehq�o�{ | ehl
� wzlnwzv r q~j�y�j¦q È w � o r { | ehl�y�j�ª r t�q r x�j&y r lnp�q~j¦x r p rxÊX| p�¤�gkwz{�v |~� onj�j�p7{�y�j¦q r �²ehv�gkj��

V (r, θ) =
∞∑

l=0

αl
Pl(cos θ)

rl+1

t"eho�v
r ≥ R � *X�.���

Pl
y�w�p |�� lnj | x | q~j�t"ehq�¤�l Chgkj¢y�j�ª%j � jzlnyXv7j�y È ehv7yXv7j

l
� ª%jut"eh{7jzlc{ | jzqfwz{ r lc{<x�ehlc{ | lVo«��q r {�v r ��jzv7p�w�j¢y�j

q r p7o�v � r x�j�y�juq È wz{7e | q~j�ehl§t(jzo�{<v r x�x�ehv7y�jzv$q~j�piy�jzo Ê w � o r { | ehlnp<t�v7w�x�w�y�jzlc{7j�pkjzl o�{ | q | p r lV{<q~ju� rT| { � onj
sin2 θ = 2[1−P2(cos θ]

3

�52�l�{�v7eho ��j rT| lnp |C� onj�t"eho�v
l = 0

jz{
l ≥ 3 αl = 0

jz{
α2 = −BpΩR5

3

�nª r � r q~jzo�v
y�j

α0
j�p�{&y�wz{7jzv�g | lnw�jut r v&q r x7� r v � ju{7eh{ r q~j

Q
y�j�q È wz{7e | q~j�jz{ � r o�{

α0 = 0
p | q È wz{7e | q~j�j�p7{&lnjzo�{�v7j�jz{

α0 = − Q
4πε0

p | lnehl%� �}j¦g r l |~� v7j � wzlnwzv r q~j¥ehl©eh��{ | jzlV{�t(eho�v�q~j}t(eh{7jzlV{ | jzq5�$q È j Ê {7wzv | jzo�v�y�j�q È wz{7e | q~jk�

V (r, θ) = −1

6
BpΩ

R5

r3
(3 cos2 θ − 1)

t(eho�v
r ≥ R � *X� � �

E eho�v=eh��{7jzl | v�q~j�x�� r git�wzq~j�xz{�v |~� onj | q(p�o �k{fy�j�t�v7jzlnyXv7jmq~j � v r y | jzlc{=y�j�x�j�t"eh{7jzlc{ | jzq��ndfjzq r y�ehl�lnjmt(eho�v
q~j�p={�v7e | p�x�ehgit(ePp r lV{7j�p$�





Er = −1
2BpΩ

R5

r4 (3 cos2 θ − 1)

Eθ = −BpΩ
R5

r4 sin θ cos θ
Eφ = 0

� *X� (P�

��o r lV{ r o�x7� r git wzq~j�xz{�v |~� onji��q È | lV{7wzv | jzo�v�y�j¥q È wz{7e | q~j | q j�p�{}y�ehl�lnw<y�j&q r gk�zgkj&g r l |~� v7j<jzl¨t�v7jzl r lV{
q~j � v r y | jzlV{myXo©t"eh{7jzlc{ | jzq | lV{7wzv | jzo�v¦�$q È wz{7e | q~jP�





Er = 1
2BpΩ

R3

r2 sin2 θ

Eθ = −BpΩ
R3

r2 sin θ cos θ
Eφ = 0

� *X�sÐ��

� Ênr g | lnehlnpCg rT| lc{7jzl r lV{+q Èsr v � o�gkjzlV{+y�j �}ehq~yXv7j | x7�X� �Po�q | r lip�o�v q È j Ê�| p7{7jzlnx�j¡y È o�lnj�g rT� lnwz{7ePp�t�� � v7jP� (co�tX�
t"ePp�ehlnp&{7eho�{iy Èsr �(ehv7y � onj�q~j � | y�jujzlc{7eho�v7j�q È wz{7e | q~jP�.ªCj¢x�� r gitawzq~j�xz{�v |~� onj r¨r q~ehv7p¥o�lnj�x�ehgit(ePp r lV{7j
t r v r q�q � q~j r o�x7� r git�g rT� lnwz{ |~� onj � onj�q È ehl¢lneh{7jzv r

E‖
��dfjz{�{7jmx�ehgit(ePp r lV{7jmt�v � pfyXoutDChq~j�y�j�q È wz{7e | q~j�j�p7{

y�ehl�lnw¦t r v&�
E‖ =

|E.B|
B

= BpΩR � *X� ���



* � � ¶�� µ��²°²±7® ������¯7¯�¬z�¬�± �P°��K³ � �c®�µ9�h±�°��K¯�
��®�´ � 
�´�®���� �V® ´4�"¬ ��
c~®�
c´�® ´ �V®�µ�
c ´��P±

Í lnj�t r v�{ | xzo�q~j}y�j�g r p7p7j m x�� r v � w�j r out5Chq~j�p�o�� | {�y�ehlnx�o�lnj=�Kehv7x�j � v r � | { r { | ehl�lnjzq�q~j¦jz{fwzq~j�xz{�v7ehg rT� lnw��
{ |~� onjP�nª%j�v r t�t"ehv�{�y�j¦x�j�p�y�jzo Ê �Kehv7x�j�p�j�p�{=q~j&p�o | � r lc{&�

F‖
Fg

=
eE‖
GMm

r2

=
eBpΩR

3

GMm
� *X�������

�Ll�� rT| p r lV{%o�lnj r t�t�q | x r { | ehl&lVo�gkwzv |~� onj r ��j�xLq~j�p � r q~jzo�v7pCx r v r xz{7wzv | p7{ |~� onj�p.y È o�l�t�o�q~p r v���x È j�p7{ ��y | v7j
Ω =

10rads−1, R = 10km,M = 1.4M�
jz{
Bp ≥ 108T

�Vehl¢{�v7eho ��j � onjmx�j�v r t�t(ehv�{fj�p7{fx�ehgit�v | p�jzlV{�v7j
108jz{

1012 p7o | � r lc{�q r t r v�{ | xzo�q~jmx�ehlnp | y�wzv7w�jP�cª r �Kehv7x�j�wzq~j�xz{�v7ehg rT� lnwz{ |~� onj¦j�p�{¡�(j r onx�eho�tut�q�onp | git(ehv�{ r lV{7j� onjmq Èsr {�{�v r xz{ | ehl � v r � | { r { | ehl�lnjzq�q~j�jz{=y�j�pft r v�{ | xzo�q~j�p ��ehlV{=t(eho ��e | v=p È w�x7� r t�t(jzv���ª r g rT� lnwz{7ePp�t�� � v7j�y�j
q È wz{7e | q~j¦�&lnjzo�{�v7ehlnpfl È j�p�{fy�ehlnx�t r p � | y�jmjz{fx�ehlc{ | jzlV{=y�j�pft r v�{ | xzo�q~j�p�x7� r v � w�j�p r v�v r x7�nw�j�p=y�j�q r p�o�v � r x�jP�
6 ;¾U9: =ÎU ]�� S�;[bhðPW�RTZ�\3:�� 7LZ�:OY¾W�Z�\3:ib�Wk].bc\3:OY¾W�SG].b��¢Z5;[] RTbcY£ð ?��	�%_ ;[Y[Un\

ª r v7w�p7ehq�o�{ | ehl�y�j�p�w � o r { | ehlnp}y�j&� rxÊ�� jzq�q r ��j�x&q~j�p�v7jzq r { | ehlnp}y�j¥x�ehlc{ | lVo | {7w<y�j �£jz{  �kq r
p7o�v � r x�j¢y�j�q È wz{7e | q~jP�.x�eho�t�q~w�j�pi�©q È w � o r { | ehlay�j E e | p7p7ehl

∆V = ρ/ε0
y�ehl�lnjuo�lnjuy�jzlnp | {7w¢y�j¢x7� r v � j�p

ρGJ
�

ρGJ = ε0div(E) = −ε0Ω.B � *X���P�O�ª r y�jzlnp | {7wmy�j�t r v�{ | xzo�q~j�pfx�ehv�v7j�p�t"ehlny r lc{7j�p��
nGJ = |ρGJ |

|e|
�Vj�p�{fx�ehgit�v | p7j � wzlnwzv r q~jzgkjzlc{�jzlV{�v7j

1017 jz{
1018 particules.m−3 ��x È j�p7{��§y | v7j�y�j�p � r q~jzo�v7p�y�j�x7� r v � j�p�{�v � p�y | #�wzv7jzlV{7j�p©y�j�p¢t�q r p�g r plnjzo�{�v7j�p�� r � | {�onjzq�q~jzgkjzlV{}v7jzlnx�ehlV{�v7w�pmjzl r p�{�v7eht��c¤�p |~� onjP�
� r lnp�q~j�p�Ï�ehlnj�p�y�j&q r g rT� lnwz{7ePp�t�� � v7j$eh�

ρ
� r o�{

ρGJ
�nq~j�x7� r git �^j�p�{�t"jzv�t(jzlny | xzo�q rT| v7j r o

x�� r git  jz{mq~j�t�q r p�g r j�p�{�q | ��v7jP�D(�j�pmgkeho ��jzgkjzlV{7p}t(ePp7p | ��q~j�pmp7ehlc{�q r x�ehv7eh{ r { | ehl jz{�q~j � q | p7p7jzgkjzlc{mq~j
q~ehl � y�j�p.q |�� lnj�p5y�j�x�� r git<g rT� lnwz{ |~� onjP��� r lnp q~j�p Ï�ehlnj�p5eh�

ρ
y | # � v7jfy�j

ρGJ
r t�t r v r� {5o�lnjfx�ehgit"ePp r lV{7j

E//
� o | t(jzo�{ r x�x�wzq~wzv7jzv.q~j�p.x7� r v � j�p+��� r o�{7j�wzlnjzv �P| jP���+q�q~j�pCv r ¤�ehl�lnjzlV{Ly�j�p t��neh{7ehlnp

γ
t r v.v r ¤�ehl�lnjzgkjzlc{

y�jix�eho�v���o�v7jP��p7¤clnx���v7eh{�v7ehl eho dfehgit�{7ehl | l ��jzv7p7jip7o�vmq~j�p¦x�� r gitnp�y�j<t��neh{7ehlnp¦gkehonp¦y�j<q È wz{7e | q~jP�Cdfj�p
t��neh{7ehlnp�t(jzo ��jzlV{��z{�v7j r �np�ehv��"w�p�t r v=q~j�x7� r gitGg rT� lnwz{ |~� onj¥eho©p Èsr �np7ehv��(jzv�jzlV{�v7j¥jzo Ê t(eho�v�xzv7w�jzv�y�j�p
t rT| v7j�p

e+, e−
�cdfj�t�q r p7g r p7jzv r �¦q È ehv |��P| lnj�y�j�q È w�xzv r lV{ rT� j}y�j�q r x�ehgit"ePp r lV{7j

E‖
yXo¢x7� r git�wzq~j�xz{�v |~� onj

jzl�v r gkjzl r lV{
ρ
�<q r � r q~jzo�v

ρGJ
�

Q�
	;²Y²\ ] RTb©].b�;²_3=§Y%AVRTb©b�Wað�U ;[Z8W�W�b : 7LZ�;[UnY[R¼b :
ª È jzlnyXv7e | {�eh�Æq~j�p¢t r v�{ | xzo�q~j�p�jzl£x�ehv7eh{ r { | ehl9ehlV{¢o�lnj � | {7j�p7p�j�q | lnw rT| v7j¨w �Vr q~j �Îx�jzq�q~j�y�j�q r

q�o�g |~� v7j¥y�w$�nl | {�q~j�xz¤�q | lnyXv7j�y�j}q�o�g |~� v7jP�8ªCj¦v r ¤�ehl�y�j&x�j¦xz¤cq | lnyXv7j�j�p7{�w �Vr q ���
RL =

c

Ω
. � *X��� � �

ª È jzlnp�jzg&��q~j$y�j�p=q |�� lnj�p�y�j�x�� r git�{ r l � jzlc{7j�p r o©xz¤�q | lnyXv7j&y�j}q�o�g |~� v7j¥y�wzq | g | {7j�q r g rT� lnwz{7eT�
p7t�� � v7j�eho ��jzv�{7j=y È eh�kq~j�p5t r v�{ | xzo�q~j�p¡x�� r v � w�j�pLt(jzo ��jzlV{¡p È w�x7� r t�t(jzv���ª%jzo�v7p+t | j�y�p¡�mq r p7o�v � r x�j=y�j�q È wz{7e | q~j
y�w$�nl | p�p7jzlV{�C® ´m¯ �h ³�°K°?® ´LµX³P�� �[±7® ´�� G?qnj�p�{¡t"ePp7p | ��q~j=y�j�x r q~xzo�q~jzv¡q Èsr l � q~j�y�j=q r x r q~eh{�{7j�t(ehq rT| v7j�jzluo�{ | q | p r lV{
q~jk� rT| { � onj

a(r, θ)
j�p�{$x�ehlnp�{ r lV{$q~jkq~ehl � y�j�p&q |�� lnj�p$y�j¢x7� r git%� �+l§t�v7jzl r lc{¥q r q |�� lnj¢�©q r q | g | {7j¢y�j

x�jz{�{7j&x r q~eh{�{7j&ehl r y�ehlnx¦q È w �Vr q | {7w&p�o | � r lc{7jk�
µ0M sin2 θp

4πR
=
µ0M
4πRL

� *X��� *��
jz{ rT| lnp |

sin θp = (
ΩR

c
)

1

2 � *X��� "c�
�mo$� rT| {+y�jfq r v7eh{ r { | ehlky�j�p+x7� r v � j�pLwzq~j�xz{�v |~� onj�p��ho�lix�eho�v r lV{Lwzq~j�xz{�v |~� onj r t�t r v r� {��Tq~j�x�eho�v r lV{

y�j&x�ehv7eh{ r { | ehlGy�ehl�lnw¦t r v&�
jc = cρc ' cε0Ω.B � *X��� ���dfj�p�x�eho�v r lV{7p�ehlV{�o�lnj}{�v � p � v r lny�j | l Fnonjzlnx�j&p7o�v=q Èsr q�q�o�v7j�yXo�x7� r git�g rT� lnwz{ |~� onjP�

GNq%j Ê�| p7{7j¦y�jzo Ê p�ehv�{7j�p�y�j}q |�� lnj�p�y�j¦x�� r git�g rT� lnwz{ |~� onj��



� ¶�� µ��²°²±7®�� ����¯7¯�¬�~¬�± �P°��K³ � �V®=µ �P±�°��K¯�
��® ´ � 
�´�®��%� �V® ´4�"¬���
c~®�
c´�® ´ �V®=µ�
c ´��P± *�*

� ª%j�p=q |�� lnj�p=�Kjzv�gkw�j�p=v7j ��jzl r lc{mp�o�v=q È wz{7e | q~j&eh�©q~j}t�q r p�g r {7eho�v�lnj�jzlGx�ehv7eh{ r { | ehl%�
� ª%j�p=q |�� lnj�p�eho ��jzv�{7j�p�t r v�{ r lV{}�$q È | l��nl | q~j}q~ehl � y�j�p � onjzq�q~j�p �nq~jzlc{�q~j�p�x�� r v � j�p��
E v � p¦y�j�p¦x r q~eh{�{7j�p}t"ehq rT| v7j�p��"q r y�jzlnp | {7w$l Èsr {�{7j | lV{&t r p

ρGJ
�ux r onp7j<y�j$q r x7� r v � jixzv7w�w�ji�uq r

p�o�v � r x�jky�jkq È wz{7e | q~jP�.ª È w�xzv r lV{ rT� j�y�j�q r x�ehgit(ePp r lV{7jut r v r q�q � q~j
E//

yXo§x�� r gitBwzq~j�xz{�v |~� onjklnjup È eht � v7j
t�q�onp�jz{ r t�t r v r� {�o�l��²ehv�{mx7� r git wzq~j�xz{�v |~� onjP�

E = −∇V ��ª r y | #�wzv7jzlnx�j$y�j�t(eh{7jzlV{ | jzq5t"jzo�{ r {�{7j | lnyXv7jy�j�p � r q~jzo�v7p�y�j¦q È ehv7yXv7j�y�jk�

|Vmax| ' (
ΩR

c
)

3

2RB0 ' 1013 − 1015V, � *X��� � �
ª È jzlV{�v r� lnjzgkjzlc{©v7jzq r { | � | p�{7j�yXoÆv7w��Kwzv7jzlV{ | jzq}q~e�x r q~jzgkjzlV{ | lnjzv�{ | jzq¦y È o�l2eh�np7jzv�� r {7jzo�v�y r lnp¢o�l2x7� r git
� v r � | { r { | ehl�lnjzq%{7eho�v�l r lV{�t r vfv r t�t(ehv�{ r o�v7w��²wzv7jzlc{ | jzq | lnjzv�{ | jzq � q~eh� r q�y È o�l©eh�np7jzv�� r {7jzo�v�p | {�onw¦�&q È | l��nl |
| git�q |~� onjko�lnjkx�ehgit"ePp r lV{7j�y�jix�� r git§wzq~j�xz{�v |~� onj

E = −∂B/∂t �(j r onx�eho�t t�q�onp | git"ehv�{ r lc{7j � onjiq rx�ehgit"ePp r lV{7j$wzq~j�xz{�v7ecyX¤�l r g |~� onj<xzq r p7p |~� onj ��� ��onp7q | gke ��jz{ � r v7y | l � �����)(P����jz{ � o | p Èsr � � v7j<j�p7p7jzlV{ | jzq�q~jy r lnp=q~j�x r yXv7j�yXo�gke�y � q~j�yXo�µ�³h��P±¥¯-� µ jz{�yXo ´ �³P° 01��µ"�
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!#"%$'& *X���P� � jzt�v7w�p7jzlV{ r { | ehl¨y�j¦q r g rT� lnwz{7ePp�t�� � v7j$y È o�l©t�o�q~p r v��
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-mehonp r ��ehlnp �co r o^t r v rT� v r t��njGt�v7w�x�w�y�jzlc{uq~j�gkecy � q~jGy�j �}ehq~yXv7j | x�� �Po�q | r l y�w�xzv | � r lV{¢q r

g rT� lnwz{7ePp�t�� � v7j�y�j�p&t�o�q~p r v7p r q |�� lnw�p��.ª Èsr x�x�wzq~wzv r { | ehlay�j�p¥t r v�{ | xzo�q~j�p$jz{$y�ehlnx�q~j�p$wzg | p7p | ehlnp<��� r o�{7j



*
" � ¶�� µ��²°²±7® ������¯7¯�¬z�¬�± �P°��K³ � �c®�µ9�h±�°��K¯�
��®�´ � 
�´�®���� �V® ´4�"¬ ��
c~®�
c´�® ´ �V®�µ�
c ´��P±
wzlnjzv �P| j}lnjmt(jzo ��jzlV{ r ��e | v=q | jzo � onj�y r lnp=y�j�pfv7w �P| ehlnp�eh�¢q r x�ehgit"ePp r lV{7j}t r v r q�q � q~j¦y�j

E
j�p�{�lnehl�lVo�q�q~j

jz{�eh��t r v�x�ehlnp7w � onjzlV{�q r y�jzlnp | {7w�jzl©t r v�{ | xzo�q~j�p�y | # � v7j�y�j¦x�jzq�q~j�y�j �}ehq~yXv7j | x7�X� �Po�q | r l%�
GNq�j Ê�| p�{7j r xz{�onjzq�q~jzgkjzlc{�{�v7e | p=gke�y � q~j�p=t�v | lnx | t r o Ê t(eho�v�j Ê t�q |~� onjzv�q~j�p r x�x�wzq~wzv r { | ehlnp�y�j}t r v �

{ | xzo�q~j�p rT| lnp |�� onj¢q~j�pkwzg | p�p | ehlnp<lnehla{��njzv�g |~� onj�p�y�j�pit�o�q~p r v7p�� � r lnpiq~j¢gkecy � q~j�y�j�p<µX³h �h±©¯-� µ8´©q~j�p
t�v7jzg |~� v7j�put r v�{ | xzo�q~j�p�p�ehlV{ r x�x�wzq~wzv7w�j�pkt�v � puy�j�q r p�o�v � r x�j�y�j�q È wz{7e | q~j�q~j�q~ehl � y�j�piq |�� lnj�p�y�j�x7� r git
eho ��jzv�{7j�pO��ª%j�p�t��neh{7ehlnp

γ
wzg | p�t r v�v r ¤�ehl�lnjzgkjzlc{�y�j�x�eho�v���o�v7jP��ehoGt r v�j$#�jz{}dfehgit�{7ehlX� | l ��jzv7p�jP�"p�ehlV{

t r v�q~jzo�v | lV{7jzv r xz{ | ehl r ��j�x�q~j�x�� r gitGg rT� lnwz{ |~� onj � γ +B → e+ + e−
�=�<q È ehv |��P| lnj&y È o�lnj&{�v � p � v r lny�j

t�v7e�yXonxz{ | ehl y�j&t rT| v7j�p¦wzq~j�xz{�v7ehlnp���t"ePp | {7ehlnpO� � r lnpmq~j&gke�y � q~j$y�j&q È ³ 
X°?®�±401� µ(�8q~j�pmt�v7jzg |~� v7j�p}t r v�{ | xzo�q~j�p
p�ehlV{ r x�x�wzq~wzv7w�j�p�t�v � p�yXo¨xz¤cq | lnyXv7j¥y�j¦q�o�g |~� v7jP� � r lnp�x�jz{�{7j�Ï�ehlnj�q~j�p�t r v�{ | xzo�q~j�p�p�ehv�{ r lV{�y�j&q r Ï�ehlnj�lnj
t(jzo ��jzlV{$�z{�v7j<v7jzgit�q r x�w�j�p�t r v&y�j�p�t r v�{ | xzo�q~j�p&y�j<gk�zgkjkp |�� lnjijz{¦o�lnj�y�jzlnp | {7wiy | #(wzv7jzlc{7j�y�jix�jzq�q~jky�j
�¦ehq~yXv7j | x7�X� �Po�q | r l r t�t r v r� { r q~ehv7p���ªCj�p¦x r p7x r y�j�p}wzq~j�xz{�v7ehg rT� lnwz{ |~� onj�p¥p7ehlV{ | x |Lr gkehv7x�w�j�p}t r v}q r xzv7w r �
{ | ehlBy�jit rT| v7j�p ��jzl r lc{¥y�jiq r x�ehl ��jzv7p | ehl y È o�lÎt��neh{7ehl§y�j�x�eho�v���o�v7j r ��j�x�o�lÎt��neh{7ehl # gkeho%� � r lnp
q~jkgkecy � q~jky�j�pk´ �³P° 0 � µBq Èsr x�x�wzq~wzv r { | ehl jz{�q~j�p�wzg | p7p | ehlnp&��� r o�{7j�p&wzlnjzv �P| j�p¥p È wz{7jzlny�jzlV{¥q~jiq~ehl � y�jiq r
y�jzv�l |~� v7juq |�� lnj�y�jux7� r git �²jzv�gkw�juy È jzl � | v7ehl �X���¢� �X�sÐ

RLC
�.dfjkgke�y � q~j<� rT| {¥q~jiq | jzl§jzlc{�v7j�q~j�p¥y�jzo Ê

t�v7w�x�w�y�jzlc{7p��
ª%j�p.x r v r xz{7wzv | p�{ |~� onj�p y�j�p.wzg | p7p | ehlnp5��� r o�{7jfwzlnjzv �P| j¡y�j�x�j�p%{�v7e | p gkecy � q~j�p.y | # � v7jzlc{.j�p�p7jzlV{ | jzq �

q~jzgkjzlc{=yXok� rT| { � onj=q Èsr x�x�wzq~wzv r { | ehl�jz{¡q~j�pfwzg | p7p | ehlnpfy�j�pLt r v�{ | xzo�q~j�p�p7j=�KehlV{fy r lnp�y�j�p�Ï�ehlnj�p�{7eh{ r q~jzgkjzlV{
y | #�wzv7jzlV{7j�p�{ r lV{�y r lnpLq~jzo�v+q~e�x r q | p r { | ehl � onj=y r lnp+q~jzo�v¡jzl � | v7ehl�lnjzgkjzlc{�� �}j=t�q�onp r q~ehv7p � onj=q~j�pLgkecy � q~j�p
y�j�p¦µX³h �h±�¯-� µ�´ujz{�yXoa´ �³P° 0 � µ { | v7jzlc{�t�q�onp&y | v7j�xz{7jzgkjzlc{&q~jzo�v�t(eh{7jzlV{ | jzqfy Èsr x�x�wzq~wzv r { | ehl§yXo x�� r git �
| lnyXo | {�t r v=q r v7eh{ r { | ehlGy�j  �nx�jzq�o | y�jk³ 
�°?®z± 01� µÎj�p�{�yXo�p | git�q~jzgkjzlc{m�$o�l©g rT| lc{ | jzlGyXo�y�w�p�w � o | q | ��v7jjzlc{�v7j

ρ
jz{
ρGJ

t�v7e�x7�njiyXo xz¤cq | lnyXv7jiy�j$q�o�g |~� v7jP�Cdfjiy�jzv�l | jzv�j�p�{¦y�ehlnx$�(j r onx�eho�t gke | lnp¦� | jzl x�ehl�lVo
yXo©� rT| {=y�j}q r$� v r lny�j | lnx�jzv�{ | {�ony�j¥p�o�v=q r x | v7xzo�q r { | ehl � q~eh� r q~j�y�j�p�x�eho�v r lc{7p rT| lnp |%� onj}q~jzo�v=v7wz{�v7e r xz{ | ehl
p7o�v  jz{ �«q~e�x r o Ê �

�� > ��
 æ ��©ç�H�@§E � � �%FVJ ���L@ � ���������	��
���
6 R¼S :�bc\"W�UXWOY[Z�\Æ]5_ = Z�]3A�;¾b

E v � p¢y�j�p¢x r q~eh{�{7j�p�t(ehq rT| v7j�p�q~j�p¢x7� r v � j�put(jzo ��jzlV{¢t r v�{ | vuq | ��v7jzgkjzlc{¢q~j�q~ehl � y�j�puq |�� lnj�puy�j
x�� r git¨eho ��jzv�{7j�p � +Le | v � ��� r l � jz{ � r v7y | l � � ��������jz{ � � r o � �njzv�{?¤�jz{%� r v7y | l � ����� � ������ª r y�jzlnp | {7w&y�jx�� r v � j�p È ¤�v7jz{�v7eho ��j | lX�Kwzv | jzo�v7j¢�©q r y�jzlnp | {7wuy�j �}ehq~yXv7j | x��X� �Po�q | r l«jz{&o�lnjux�ehgit"ePp r lV{7jut r v r q�q � q~j¢yXo
x�� r gitBwzq~j�xz{�v |~� onj r t�t r v r� {�� ª Èsr x�x�wzq~wzv r { | ehlBt�v � p&y�j�p&x r q~eh{�{7j�p¥t(ehq rT| v7j�p&j�p�{ r q~ehv7p&t"ePp�p | ��q~jP� G?q�j Ê�| p�{7j
r xz{�onjzq�q~jzgkjzlc{�y�jzo Ê p7ehonp�xzq r p7p�j�pf�¥x�jmgkecy � q~j$�cx�jzq�q~j�p=y�j�p  �V¯�
 
�� 01� µ rT| lnp |"� onjmx�jzq�q~jmx�jzq�q~jmy�j�p�´�µ �V¯�®
¯z¶��h± 0V®¦ �����²°?® ���=³ ��� � � ���	�T��� r lnp¡q r t�v7jzg |~� v7j�q~j�p�t r v�{ | xzo�q~j�p r v�v r x7�nw�j�pft�v7e�x7�njmy�j�q r p7o�v � r x�j�xzv7w�jzlV{o�lnj&Ï�ehlnj�y�j � | y�j¦eh�©q r y�jzlnp | {7w&y | # � v7j�y�j&x�jzq�q~j�y�j��}ehq~yXv7j | x�� �Po�q | r l%� � r lnp�q~j�y�jzo ÊX|~� gkjP��q r y�jzlnp | {7w
t�v7e�x7�nj=y�j�q r p�o�v � r x�j�j�p�{5x�jzq�q~j�y�j �¦ehq~yXv7j | x7� �Po�q | r lig rT| p.o�lnj�y | #(wzv7jzlnx�j r t�t r v r� {+q~j�q~ehl � y�j�p q |�� lnj�p+y�j
x�� r gitueho ��jzv�{7j�p����Ll�j$#(jz{+t(eho�vLp r { | p � rT| v7j�q~j�p+w � o r { | ehlnp¡y�j=x�ehlV{ | lco | {7w�y�j=x�� r v � j=q~j�q~ehl � y�j=x�j�p5q |�� lnj�p
ρ
y�w�xzv7e  {�p7jzq~ehl

r−3 r q~ehv7p � onj ρGJ
y | g | lVonj�t�q�onp=y�ehonx�jzgkjzlV{��5( | q~j�p�t�v7jzg |~� v7j�p�t r v�{ | xzo�q~j�p r x�x�wzq~wzv7w�j�p

r {�{7j |�� lnjzlc{fy�j�pL� r xz{7jzo�v7p�y�j�ª%ehv7jzlc{�Ï
γ ≥ 106 x�j�pLy�jzv�l |~� v7j�p�t(jzv7yXv7ehlV{¡t�v | lnx | t r q~jzgkjzlc{=y�j=q È wzlnjzv �P| j�t r vv r ¤�ehl�lnjzgkjzlV{�y�j�x�eho�v���o�v7jP� ( |

γ ≤ 106 o�lnj=y | #(onp | ehl�dfehgit�{7ehl | l ��jzv7p7j�p È eht � v7j�jzlV{�v7j=q~j�p5t rT| v7j�p+jz{+q~j�pt��neh{7ehlnp # {��njzv�g |~� onj�p�eho©lnehl%�,�}j}g r l |~� v7j � wzlnwzv r q~j&q È wzlnjzv �P| j�t(jzv7yXonj¦t r v=o�l�wzq~j�xz{�v7ehlGy�j
γ ≥ 104jz{�p�j�y�wzt�q r � r lc{�t r v r q�q � q~jzgkjzlV{ r o�x�� r git�g rT� lnwz{ |~� onj

B ' 108T
r ��j�x}o�l�v r ¤�ehl©y�j}x�eho�v���o�v7j

ρc
j�p�{

p7o�t"wzv | jzo�v7j<�ix�jzq�q~j�t(jzv7yXonj$y r lnp�o�lnj&y | #(onp | ehl dfehgit�{7ehlX� G?l ��jzv7p7j � eh��q~j�t��neh{7ehl¨x | ��q~j¥j�p7{�x�jzq�o | y È o�lx�ehv�tnp�lne | v�y�j}{7jzgit(wzv r {�o�v7j
T
� � o r lnyÎ�

γ ≥ 2 × 106 ρc

105m

T

106K
. � *X��� (P�

dfjz{�{7j}x�ehlny | { | ehl©j�p�{ r t�t(jzq~w�j$¯7³���� �²°��²³ � ��� �h¾ 
�� � 0V®}jz{�p7jzv r wz{�ony | w�j}t�q�onp�jzl�y�wz{ rT| q�y r lnp�o�l¢t�v7e�x7� rT| l
t r v rT� v r t��njP��ª%j�p�t r v�{ | xzo�q~j�p r x�x�wzq~wzv7w�j�p ��ehlV{Gy�ehlnxÎwzgkjz{�{�v7jÎy�j�p�t��neh{7ehlnp

γ
t r v©v r ¤�ehl�lnjzgkjzlc{¨y�j

x�eho�v���o�v7j¦jz{�y | #(onp | ehl�dfehgit�{7ehl | l ��jzv7p7jP��� r lnp�q~j��Kehv�{fx�� r git�g rT� lnwz{ |~� onj}x�j�pft��neh{7ehlnp ��ehlV{=jzlnp�o | {7j
xzv7w�jzv�y�j�p�t rT| v7j�p�p�o | � r lV{�q~j¦t�v7ecx�j�p�p�onp¦�

γ + B → e+ + e− � *X����Ð��



� ¶�� µ��²°²±7®�� ����¯7¯�¬�~¬�± �P°��K³ � �V®=µ �P±�°��K¯�
��® ´ � 
�´�®��%� �V® ´4�"¬���
c~®�
c´�® ´ �V®=µ�
c ´��P± *��

ª%jzo�v7p}x7� r v � j�p¦wz{ r lc{meht�t(ePp7w�j�p���q È o�lnj¥y�j$x�j�pmt r v�{ | xzo�q~j�p � r �z{�v7j&t�v7eht�o�q~p�w�j¥q~e | l�y�j¥q È wz{7e | q~j r q~ehv7p � onj
q Èsr o�{�v7j � r � rT| v7j&y�jzg | {7eho�v�t"eho�vm�z{�v7j r x�x�wzq~wzv7w�j$y r lnp�q r y | v7j�xz{ | ehl¨eht�t(ePp7w�jP� ��jzv7p�q È wz{7e | q~jP��jz{ � r y�ehlnx
x7� r o�#�jzv¡p r p�o�v � r x�jP�Vd È j�p�{Lx�j=v7jz{7eho�v�y�j�t r v�{ | xzo�q~j�p¡x7� r v � w�j�p¡q~j=q~ehl � y�j�p+q |�� lnj�p�y�j=x7� r git�jzl�y | v7j�xz{ | ehl
y�j�p�x r q~eh{�{7j�p�t"ehq rT| v7j�p � o | p7jzv r �<q È ehv |��P| lnj$yXo�x�� r o�# rT� j$y�j�x�j�pmy�jzv�l |~� v7j�p�jz{�y�ehlnx¥y È o�lnj | git(ehv�{ r lV{7j
t r v�{ | j�y�j�q È wzg | p7p | ehl #«{��njzv�g |~� onj=yXoit�o�q~p r v��h��o<gkehgkjzlV{Ly�jfq~jzo�vLxzv7w r { | ehlkx�j�p5t rT| v7j�p+ehlc{Ljzlnx�ehv7j�o�lnj
x�ehgit"ePp r lV{7j

p⊥
jz{}o�lÎx�jzv�{ rT| l r l � q~jiy È | lnxzq | l rT| p7ehlÎt r v¦v r t�t(ehv�{ r oÎx�� r gitÎg rT� lnwz{ |~� onjP� �+q�q~j�p ��ehlV{

y�ehlnx�t(eho ��e | v�wzgkjz{�{�v7jmy�j�p�t��neh{7ehlnp�p�¤�lnx7��v7eh{�v7ehl�p�o�v�y�j�pf{7jzgitnpf{�v � pfx�eho�v�{���dfj�p�t��neh{7ehlnpft"eho�v�v7ehlc{��
q~jzo�v�{7eho�v�xzv7w�jzv�y�j�p�t rT| v7j�pO�����8d È j�p�{�t"eho�v=x�jz{�{7jmv rT| p7ehl � onj�q È ehl�t r v�q~j}y�j}x r p7x r y�j}v r y | r { | ��jP��ª È wzlnjzv �P| j
y�j�p=t��neh{7ehlnp�wzg | p�p7jzv r y�j}t�q�onp�jzl©t�q�onp�� rT| ��q~jP��ª È j���x r x | {7w&g rxÊ�| g r q~j � +Le | v � � r o � �njzv�{N¤©jz{ � r v7y | l ����PÐ � ����y�j}q È wzg | p7p | ehl γ y r lnp�x�j}gke�y � q~j�j�p�{�y�ehl�lnw�j&t r v&�

ηγ =
Lγ

Ė
≤ 6 × 10−12τ

3

2
Ṗ

10−15s
� *X�������

eh�
τ = P

2Ṗ

j�p�{�q È � � j r t�t r v7jzlc{¥yXoÎt�o�q~p r v�� �+l p�o�t�t(ePp r lV{&o�lnj � w�ehgkwz{�v | j�y | t(ehq rT| v7jit(eho�v�q~jkx7� r git
g rT� lnwz{ |~� onjP�8q~j�p�wzg | p7p | ehlnp

γ
t�v7w�y | {7j�pmp7ehlV{�x�ehq�q | g r {7w�j�pmy r lnp�o�l©x Chlnj¥y Èsr l � q~j r o�p7ehgigkjz{

θγ ' 3θp

2r ��j�x
θp = (R0Ω

c )
1

2

q r gke | { | w¥y�j�q Èsr l � q~j¥y�j�q r x r q~eh{�{7j&t"ehq rT| v7jP�
R0

q~j�v r ¤�ehl¨y�j�q È wz{7e | q~j$�ilnjzo�{�v7ehlnpmjz{
Ω
q r �[v7w � onjzlnx�j�y�j}v7eh{ r { | ehl¨yXo�t�o�q~p r v��nª Èsr l � q~j¥p7ehq | y�j¦j�p�{�y�ehlnxk�

Ωγ ' 2π[1 − cos(
3θp

2
)] = 1.5srP−1

ms � *X� � ���
�2x r onp7jmy�j�q È | lnj���x r x | {7w¦yXo¢v r ¤�ehl�lnjzgkjzlc{�y�j�x�eho�v���o�v7j}t�v � p�yXo¢t5Chq~j�g rT� lnwz{ |~� onjP�cq È | lc{7jzlnp | {7w}v r ¤�ehlX�
lnw�j¦t r v�q r x r p�x r y�j�j�p�{=g rxÊX| g r q~j&p�o�v=q~j�p��"ehv7y�p�y�j�q r x r q~eh{�{7j¦t(ehq rT| v7jP�8ª%j}� rT| p7x�j r o�x�ehv�v7j�p7t"ehlny��io�l
x Chlnj�xzv7jzo Ê �
� WO_ ].b�].b : :�7Lb]ðPW�RTb :�bVWk] b :að�Z"_CR��Lb :i].b�;²_ = Y%AVRTb

ªCj�p�t(j�xz{�v7j¦jz{�q Èsr q�q�o�v7j�y�j�p�t�o�q~p�j�p � r v | jzlc{�wzlnehv�gkwzgkjzlV{}p�o | � r lV{�q r � r q~jzo�v�y�j¦y�jzo Ê�r l � q~j�p&�
� q Èsr l � q~j α �njzlc{�v7j�q~j¦x�� r git�g rT� lnwz{ |~� onj�jz{�q ÈsrxÊ j¦y�j¦v7eh{ r { | ehl%�
� q Èsr l � q~j ζ ��jzlV{�v7j&q r q |�� lnj�y�j���onj�y�j}q È eh�np7jzv�� r {7jzo�v�jz{�x�j¦gk�zgkj rxÊ j¦y�j¦v7eh{ r { | ehl%��}j+t�q�onp��Op7o | � r lc{Cq È wzlnjzv �P| jfy�j�p%t r v�{ | xzo�q~j�p.t�v | g rT| v7j�pCq~j�p y | #(wzv7jzlc{7p.gkw�x r l | p�gkj�p y È wzg | p�p | ehl¥y | # � v7jzv7ehlV{��
� t"eho�v γ p�o�t(wzv | jzo�vm�io�lnj¥x�jzv�{ rT| lnj � r q~jzo�v�q | g | {7j γlim

�8q È wzlnjzv �P| j¥y�j�p�t r v�{ | xzo�q~j�p}j Ê t�o�q~p7w�j�p
jzlBp�o�v � r x�j¢j�p�{$x�ehl ��jzv�{ | j�jzl§v r ¤�ehl�lnjzgkjzlV{�y r lnp$q r x r p7x r y�j¢x�eho�v���o�v7j��?p�¤�lnx7��v7eh{�v7ehl%�¡ª r
y | #"onp | ehl�dfehgit�{7ehlX� | l ��jzv7p7j¦t�v7e ��e � onj}o�lnj�t(jzv�{7j}y È wzlnjzv �P| j¦y r lnp�q r y | v7j�xz{ | ehl©yXo¢gkeho ��j��
gkjzlV{<y�j�p�t rT| v7j�p$y È wzq~j�xz{�v7ehlnp ��t"ePp | {7ehlnp��Cg rT| p$jzq�q~j�p È j$#(j�xz{�onjzv r p7jzo�q~jzgkjzlV{ r t�v � p � onjkx�j�p
y�jzv�l |~� v7j�p rT| jzlc{�t(jzv7yXo«q~jzo�vuwzlnjzv �P| j�t"jzv�t(jzlny | xzo�q rT| v7jzgkjzlV{��  t r vkv r ¤�ehl�lnjzgkjzlV{�p�¤�lX�
x7��v7eh{�v7ehl%�CªCjk{ r o Ê y�jit"jzv�{7j�y È wzlnjzv �P| jkt r v�v r ¤�ehl�lnjzgkjzlV{<p�¤clnx���v7eh{�v7ehl§j�p�{¥jzlÎj$#(jz{�{�v � p
p�o�t"wzv | jzo�vi�©x�jzq�o | t r v<j$#(jz{idfehgit�{7ehl | l ��jzv7p7jP�5�G�zgkjup | q~j�p$t r v�{ | xzo�q~j�p<p7ehlc{ r x�x�wzq~wzv7w�j�p
y�j�g r l |~� v7jmo�l | �²ehv�gkjP�cq~j�pfx r v r xz{7wzv | p�{ |~� onj�p�y�j�q È wzg | p7p | ehl

γ
� r v | jzlV{��(j r onx�eho�t¢p�o�v�q r p�o�v �

� r x�j=y�j�p�x r q~eh{�{7j�pLt(ehq rT| v7j�p�� (co�v+q~j�pL�(ehv7y�p��hq~j�p+q |�� lnj�p�y�j�x7� r gituehlV{¡o�liv r ¤�ehluy�j�x�eho�v���o�v7j
t�q�onp5t"jz{ | {��hq~j�v r ¤�ehl�lnjzgkjzlV{�y�j=x�eho�v���o�v7j�j�p�{+j���x r x�j=jz{+q~j�p5t��neh{7ehlnpLwzg | pLehlV{+o�lnj=wzlnjzv �P| j
{�v � p�wzq~j ��w�jP����o�x�jzlc{�v7j¥y�j&q r x r q~eh{�{7jP��q~j�p�q |�� lnj�pmy�j&x�� r git r ¤ r lV{mo�l�v r ¤�ehl�y�j&x�eho�v���o�v7j
{�v � p � v r lny��nq~j�p=t r v�{ | xzo�q~j�p�t"jzv7yXv7ehlc{�gke | lnp�y È wzlnjzv �P| j&jz{=q È wzlnjzv �P| j&y�j�p�t��neh{7ehlnp�p7jzv r t�q�onp
� rT| ��q~jP�Xd È j�p�{¡t(eho�v¡x�jz{�{7j�v rT| p�ehl � onj�q Èsr q�q�o�v7j�yXout�v7e �nq�y�j�p�t�o�q~p7j�p¡y�wzt(jzlnyi�Kehv�{7jzgkjzlV{�y�j

ζ
�

��o r lnykq r q |�� lnj�y�j �conj=y�j�q È eh�np7jzv�� r {7jzo�v�t r p7p7j�y r lnp¡q r y | v7j�xz{ | ehluyXout5Chq~j�g rT� lnwz{ |~� onj�ehl
��e | {¡q~j�pfwzg | p7p | ehlnp��¦� r o�{7j�wzlnjzv �P| jmy È o�l�y�j�p¡�(ehv7y�y�j�q r x r q~eh{�{7jP�ct�o | p¡o�lnj�� rT| p7p7j�lneh{ r ��q~j
y�j�x�j�p�wzg | p7p | ehlnp r o�t r p�p rT� j�y�j¦q ÈsrxÊ j�g rT� lnwz{ |~� onj�t�o | p�o�lnj�lneho ��jzq�q~j�� r onp�p7j�y�j�q È wzg | p��
p | ehl¢y�jmq Èsr o�{�v7jm�(ehv7y¢y�jmq r x r q~eh{�{7jP��� | lnp | t(eho�v�q~j�p�t�v7e �nq~p=jzl�y�eho���q~j}t | x�pflnehonp�t"eho�v�v7ehlnp
r yXgkjz{�{�v7j � onj<q r q |�� lnjiy�j � | p7w�jij�p�{¦{�v � p}t�v7e�x7�nj�yXo t5Chq~jiyXoÎx�� r gitÎg rT� lnwz{ |~� onjP� E eho�v
y�j�p r l � q~j�p}t�q�onp | git(ehv�{ r lV{7p¦o�l�p7jzo�q5t | x$j�p�{ � | p | ��q~j$g rT| p | q+j�p�{�t(ePp7p | ��q~j$y�j¥v r {7jzvm{7eho�{7j
q È wzg | p7p | ehl�x r v=q~j�x Chlnj&j�p�{�wz{�v7e | {�jz{�v7wz{�v7w�x | { r ��j�x¦q È � � jP�
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   Calotte polaire

!'"%$#& *X� � ���Gw�x r l | p�gkj&y È wzg | p7p | ehl r o Ê x r q~eh{�{7j�p�t(ehq rT| v7j�p��

ªCj�p�t(j�xz{�v7j�y�j�p�t�o�q~p r v7p�y�wzt"jzlny � wzlnwzv r q~jzgkjzlV{¦y�j¦q Èsr l � q~j
α
jz{�j�p�{�o�l©gkwzq r l � j&jzlc{�v7j&o�l

p7t"j�xz{�v7j¦p�¤�lnx7��v7eh{�v7ehl¨y È | lny | x�j&p�t(j�xz{�v r q −2
jz{�o�lGp�t"j�xz{�v7j&y�j�x�eho�v���o�v7j�y È | lny | x�j −5

3

�nª%j�p
x r p�x r y�j�p�p Èsr v�v7�z{ r lV{m� � onjzq � onj�p=v r ¤�ehlnp�p7{7jzq�q rT| v7j�p�y�j}q r p�o�v � r x�j¦y�j}q È wz{7e | q~jP�Xq~j�p�wzg | p7p | ehlnp
p7¤clnx���v7eh{�v7ehlGp7ehlc{ r q~ehv7p�x�ehl��nlnw�j�p}�iy�j�p�{�v � p�t(jz{ | {7p r l � q~j�pmy�j�p�tDChq~j�p�g rT� lnwz{ |~� onj�p r q~ehv7p
� onj$q~j$v r ¤�ehl�lnjzgkjzlV{$y�j<x�eho�v���o�v7jit"jzo�{}q�o | p È wz{7jzlnyXv7jip�o�v¦y�j�p¦y | p�{ r lnx�j�p��"j r onx�eho�t t�q�onp
� v r lny�j�pO��� | lnp | q~e | l�y�j�pft5Chq~j�p=ehl�lnj ��jzv�v r t�v7j�p � onjmt�q�onp�q~j�p�wzg | p7p | ehlnp=p7¤clnx���v7eh{�v7ehl©jz{fq~j
p7t"j�xz{�v7j�p7jzv r t�o�v7jzgkjzlc{=x�jzq�o | y È o�l¢v r ¤�ehl�lnjzgkjzlc{�y�j�x�eho�v���o�v7jP�Xª%jmp�t(j�xz{�v7j�y È o�lnjmx r p7x r y�j
v r y | r { | ��j©t�v � pky�j�pkx r q~eh{�{7j�pkt(ehq rT| v7j�pit�v7w�p7jzlc{7j©o�lnj�x r p7p7o�v7j�� � onjzq � onj�p �}j +$� �Ll^j$#(jz{
r o¨y�jzq �ky�j�x�j�pmwzlnjzv �P| j�p�q~j�t�v7e�x�j�p7p�onp�y�j¥xzv7w r { | ehlGy�j&t rT| v7j�p r ��j�x&q~j�x�� r gitGg rT� lnwz{ |~� onj
y�ehg | lnjzv r �.ª r � r q~jzo�v¥y�j�x�jz{�{7j�wzlnjzv �P| jkq | g | {7juy�j�x r p7p7o�v7jkjzl �Kehlnxz{ | ehl§y�j  �Keho�v�l | {&o�l
{7j�p7{�xzv | { |~� onj�yXo�gkecy � q~jP�

� ( |
γ ≤ γlim

��q~j�p�wzg | p�p | ehlnp�dfehgit�{7ehl | l ��jzv7p7j<p7jzv7ehlV{���q È ehv |��P| lnj<yXo¨p�t(j�xz{�v7j¥t�v | g rT| v7j$jz{
q~j�pft��neh{7ehlnp�wzg | p � wzl � v7jzv7ehlV{=q r x r p7x r y�jmv r y | r { | ��j � o | t�v7e�x�w�y�jzv r y�j�q r gk�zgkj�� r ��ehl � onj
t�v7w�x�w�y�jzgigkjzlc{���x È j�p�{f�¥y | v7j�t r vft�v7e�yXonxz{ | ehl�y�j�t rT| v7j�p�jz{�wzg | p7p | ehl�p�¤�lnx7��v7eh{�v7ehl%��ª È wzlnjzv �
�P| j}v7j � o | p7j}t(eho�v � onj}q~j�p�t r v�{ | xzo�q~j�p�t�v | g rT| v7j�p r x�x�wzq~wzv7w�j�p�t�o | p7p7jzlc{�wzgkjz{�{�v7j�y�j�p=t��neh{7ehlnp
��y�j�p�wzlnjzv �P| j�pfp�o�t(wzv | jzo�v7j�p r o �}j,+2t r vfy | #"onp | ehl�dfehgit�{7ehl | l ��jzv7p7j�j�p7{¡�(j r onx�eho�t�gke | lnp
| git(ehv�{ r lV{7j � onj<x�jzq�q~j<v7j � o | p�j¥t r v}v r ¤�ehl�lnjzgkjzlV{¥y�jix�eho�v���o�v7jP��ªCjip�t"j�xz{�v7j

γ
t(jzo�{ r ��e | v

r q~ehv7p¡o�l | lny | x�jmp�t(j�xz{�v r q�x�ehgit�v | pfjzlV{�v7j
s = 0

p |"r onxzo�lnj�x r p7x r y�j�v r y | r { | ��j�lnj�p7j=t�v7e�yXo | {
jz{
s = −2

t(eho�v�o�lnj�x�ehlV{�v | ��o�{ | ehl¨p�¤�lnx7��v7eh{�v7ehl¨�$q r x r p7x r y�jP�
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E v7ecx��nj¢y�juq r p7o�v � r x�jP� lnehonp r ��ehlnp��co � onj�q r y | #�wzv7jzlnx�j�y�jkt(eh{7jzlV{ | jzq=j�p�{¥{�v � p � v r lny�jP� GNq

x�ehl � | jzlV{$y�ehlnx�y�jky�w$�nl | v¥o�lnj�x�ehonx7�nj�t�v � p&y�j�q È wz{7e | q~j�y r lnp�q rh� onjzq�q~j | q�j Ê�| p�{7jko�l �²ehv�{¥x7� r git§wzq~j�x��
{�v |~� onj¥jz{�eh�Gq~j¦t�q r p�g r l Èsr {�{7j | lV{mt r p�q r y�jzlnp | {7w&y�j �}ehq~yXv7j | x7�X� �Po�q | r l%�Cd È j�p7{�y r lnpmx�jz{�{7j&x�ehonx7�nj � onj
q È ehl r t�t(jzq�q~j r x�x�wzq~wzv r {7jzo�v � onj¦q~j�p=t r v�{ | xzo�q~j�p r x � o |~� v7jzlc{�p�o ��p r gigkjzlV{�y È wzlnjzv �P| j&t"eho�v�v r ¤�ehl�lnjzv�y�j�p
t��neh{7ehlnp�y�j¦x�eho�v���o�v7j¥x r t r ��q~j�p�y�j � wzlnwzv7jzv�q~j�p�t�v7jzg |~� v7j�p�t rT| v7j�p�y È wzq~j�xz{�v7ehlnp���t"ePp | {7ehlnpO�

ªCj�p}t��neh{7ehlnpmy�j<x�eho�v���o�v7j<y | # � v7jzlV{�y�j�pmt��neh{7ehlnp¦p�¤�lnx7��v7eh{�v7ehl�t r v}q~j�� rT| { � onj¥q~j&v r ¤�ehlÎy�j
ª r v�gkehv<j�p�{ | x | v7jzgit�q r x�wut r v&q~jkv r ¤�ehl y�j�x�eho�v���o�v7j¢yXo§x7� r gitBg rT� lnwz{ |~� onjP� ª È wzlnjzv �P| j¢yXo t��neh{7ehl
wzg | p r o � gkjzlV{7j r ��j�x¥x�jzq�q~j�y�j}q r t r v�{ | xzo�q~j�jz{�j�p7{�y�ehl�lnw�j¦t r v�q r �Kehv�g&o�q~j&p7o | � r lc{7jk�
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3

2
mec

2 ~

mecρl
γ3 � *X� � �O�

GNx |
γ
j�p7{fq~jm� r xz{7jzo�v�y�j¦ª%ehv7jzlc{�Ï&y�j}q r t r v�{ | xzo�q~j�wzgkjz{�{�v | x�j�jz{

ρl
j�p�{�q~j}v r ¤�ehl�y�j¦x�eho�v���o�v7j&y�j}q r q |�� lnj

y�j�x7� r gitGg rT� lnwz{ |~� onjP�
ρl
wz{ r lV{�y�j�q È ehv7yXv7j&y�j � v r lny�jzo�vmy�j

8 × 1012 g©� Ecur
y�j � | jzlV{mp�o�t"wzv | jzo�v7j¥�

mec
2 jz{=q r t�v7e�yXonxz{ | ehlGy�j¦t rT| v7j�p�t"jzo�{�p7jm� rT| v7j&p | γ ≥ 106 − 107 ��ª%j&t"eh{7jzlc{ | jzqCt�v7e�x7�nj�y�j�q r p�o�v � r x�jy�j}q È ehv7yXv7j�y�j

1012 − 1013V
j�p�{�y�ehlnx�{�v � p | git"ehv�{ r lc{��

G?q.j Ê�| p7{7j¥jzlG� rT| {mo�lnj�� r q~jzo�vmq | g | {7j<yXoGt(eh{7jzlV{ | jzq+t(eho�vmq rh� onjzq�q~j$x�j$t�v7ecx�j�p7p7onp�y Èsr x�x�wzq~wzv r { | ehl t(jzo�{mp�j
� rT| v7j � +Le | v �! j�p�� | l©jz{ r q���������*�������G?q(� r o�{�jzl©j$#�jz{ � onj

V ≥ V0
r ��j�x

V0 = c1(
mec

2

|e| )
8

7 (
ρlmec

~
)
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7 (
P cosα

B0c
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7 � *X� �P� �
eh�

c1
j�p�{=o�lnj¦x�ehlnp7{ r lV{7j&p r lnp=y | gkjzlnp | ehl�y�j}q È ehv7yXv7j�y�j � v r lny�jzo�v�y�j}q È o�l | {7wP��2�l�t"jzo�{ ��e | v

� r x | q~jzgkjzlc{ � onj<t�v � p&y�j�p rxÊ j�p¦g rT� lnwz{ |~� onj�p r oÎx�jzlc{�v7j�y�j�p¦µX³h �h±u¯-� µ�´��
ρl → ∞ jz{&y�ehlnx

V0 → ∞ �
ª r�� wzlnwzv r { | ehl«y�j�t�q r p�g r y r lnp<x�jz{�{7j¢Ï�ehlnjuj�p7{$y�ehlnx | git(ePp7p | ��q~jP� � r lnp$q r t�q�o�t r v�{iy�j�p<x r p

V0
j�p7{

x�ehgit�v | p�jzlV{�v7j
1013 jz{ 1014V

��� rT| p�x�jz{�{7j � r q~jzo�v�y�j
V0

j�p�{}v7jzq | w�j��¢q È wzt rT| p7p7jzo�v¥y�j<q r x�ehonx7�nj�y r lnp
q rh� onjzq�q~j&p7j¦t�v7e�yXo | {�q Èsr x�x�wzq~wzv r { | ehl�y�j�p�t r v�{ | xzo�q~j�p��D2�l©t"jzo�{mw�xzv | v7j¦q È wzt rT| p7p7jzo�vmy�j�x�jz{�{7j&x�ehonx��nj¥y�j�q r
� r ��ehl©p7o | � r lc{7jk�
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ª r x�ehlny | { | ehl

H ≤ R0
r ��j�x

R0
q~j=v r ¤�ehluy�j�p5µ�³h��P±m¯-� µ�´�y�ehl�lnj=q r q | g | {7j�p�o�v

H
t(eho�vLt(eho ��e | v � wzlnwzv7jzv

o�lGt�q r p7g r y È wzq~j�xz{�v7ehlnp ��t(ePp | {7ehlnp���t r v�{ | vmy È o�l¨v r ¤�ehl�lnjzgkjzlc{&y�j$x�eho�v���o�v7jP�"��o�y�jzq ��y�j$x�jz{�{7j&q | g | {7j
q~j�t"eh{7jzlc{ | jzq�lnj�p7jzv r t�q�onpio�lnj¢�Kehlnxz{ | ehl^xzv7e | p7p r lc{7j©y�j�q r y | p�{ r lnx�j©�¨q È wz{7e | q~j©jz{

V
lnj�t"eho�v�v r �z{�v7j

p�o�t(wzv | jzo�v7j&�
V0
��dfjz{�{7j&x�ehlny | { | ehlGj�p�{ r t�t(jzq~w�j�¯7³ �5� �[°��K³ � ��� �h¾ 
�� � 0V®z�
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�}j�p¦v7w �P| ehlnp&eh� q r y�jzlnp | {7wiy�j<t�q r p�g r y | # � v7jiy�j<q r y�jzlnp | {7wiy�j �}ehq~yXv7j | x��X� �Po�q | r l§t(jzo ��jzlV{

� v r lny | vCt�v � p y�j�p%p�o�v � r x�j�pCeh�
Ω.B = 0

�Tdfj�p p�o�v � r x�j�pCp7wzt r v7jzlV{.y�jzo Ê Ï�ehlnj�p.eh��q r y�jzlnp | {7wLy�j��}ehq~yXv7j | x��X�
�Po�q | r l©x7� r l � j¦y�j¦p |�� lnjmjz{=p7ehlc{=v7jzt�v7w�p7jzlV{7w�j�p�t r v=q~j�p�{�v rT| {7p=jzl¢t(e | lV{ | q�q~w�p�p�o�v�q r �.|�� o�v7j *X���P�/2�l�t(jzo�{
y�w$�nl | vi � ³ 
X°?®�±401� µ§t r v¦q r v7w �P| ehlÎy�wzq | g | {7w�j<t r v�x�j�p}p�o�v � r x�j�p��"q~j<xz¤cq | lnyXv7jiy�j$q�o�g |~� v7j rT| lnp |+� onj$t r v
q r y�jzv�l |~� v7j©q |�� lnjGy�j�x�� r git«�Kjzv�gkw�j � +Le | v � d�� | r l � jz{ � ehg r l | �����
"c�����fdfjz{�{7j�Ï�ehlnj�j�p�{k� r x��Vo�v7w�jp�o�v}q r �.|�� o�v7j�*X���P� � r lnp&x�j�p}v7w �P| ehlnp¦q~j�p�x7� r v � j�p�t"eho � r lV{&p È w�x7� r t�t(jzv¦q~j<q~ehl � y�j�p¦q |�� lnj�p�y�jix7� r git
eho ��jzv�{7j�p�lnj�t(eho�v�v7ehlV{=�z{�v7jmv7jzgit�q r x�w�j�p � onj�t r v=y�j�p�x7� r v � j�p=y�j�gk�zgkj}p |�� lnj ��jzl r lV{=y È o�lnjmÏ�ehlnj�t�q�onp
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x r q~eh{�{7j�p¡t(ehq rT| v7j�p¡eh�uq r y�jzlnp | {7w�y�j�x7� r v � j�p r o�lup |�� lnj�eht�t(ePp7w��&x�jzq�q~j�y r lnpLq È ³�
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E‖
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ª r xzv7w r { | ehliy�j�t rT| v7jfp�j+� rT| { | x | jzlV{�v7jfq~j¡v r ¤�ehl�lnjzgkjzlV{¡y�jfx�eho�v���o�v7j�jz{ y�j�p.t��neh{7ehlnp # ��jzl r lV{
y�j�p�x r q~eh{�{7j�p�t(ehq rT| v7j�p�jz{�y�j¦q È wz{7e | q~jP� � r lnp�q~j¦t�o�q~p r v�yXo¨d�v r �(jP�Xq~j�p�wzg | p7p | ehlnp
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��®�´ � 
�´�®���� �V® ´4�"¬ ��
c~®�
c´�® ´ �V®�µ�
c ´��P±

!#"%$#& *X�.*X� �"ehlnj�p}wzg | p7p | ��j�p¦yXo�gkecy � q~j$y�j�p�µX³h �h±k¯-� µ(�"ªCj¥v7j�xz{ r l � q~j$� rT| {mo�l¨Ï�e�ehg p�o�vmq r v7w �P| ehl y�j�p
x r q~eh{�{7j�p�t"ehq rT| v7j�pO�

yXonj�p r o��f±�³�¯�® ´ ´�
c´ ��� ��¯z¶V± ³�°²± ³ � �+³���µ"°�³ � �¾´�¬$y�j�p�t rT| v7j�p��"y r lnp�q~j � onjzqCq~j¥v r ¤�ehl�lnjzgkjzlc{�p�¤�lnx7��v7eh{�v7ehl
wzg | p<t r v<q~j�p<t rT| v7j�p | lc{7jzv rT�P| { r ��j�x�x�j�p$gk�zgkj�pit rT| v7j�pijzlBq~jzo�vit�v7jzl r lV{ky�j¢q È wzlnjzv �P| j�x | lnwz{ |~� onj¢t r v
j$#�jz{mdfehgit�{7ehl%�nªCj�p�t(j�xz{�v7j¦j�p�{=y�ehlnx�x�ehgit"ePp�w��$� r p7p7j¦wzlnjzv �P| j�y È o�lnj�x�ehgit(ePp r lc{7j�p�¤�lnx7��v7eh{�v7ehlGjz{��
t�q�onp5� r o�{7j=wzlnjzv �P| j=y È o�lnj=x�ehgit(ePp r lc{7j�dfehgit�{7ehlX� | l ��jzv7p7jP�Xdfj�t�v7e�x�j�p7p�onp+j�p7{.t r v�{ | xzo�q |~� v7jzgkjzlc{�j���x r x�j
y r lnp�q~jigkecy � q~jiy�j� � ³ 
�°?®z±*01� µ x r v&q r xzv7w r { | ehl y�j<t rT| v7j�p&jz{¦q~jzo�v r x�x�wzq~wzv r { | ehlBy r lnp�y�j�p�y | v7j�xz{ | ehlnp
eht�t(ePp7w�j�p=t�v7e�yXo | {�y�j�pf� rT| p7x�j r o Ê xzv7e | p7w�p�jz{�y�j�p | lV{7jzv r xz{ | ehlnp | l ��jzv7p7j�� dfehgit�{7ehl�{7�z{7j����(��x7�njP� r q~ehv7p � onj
y r lnp�q~j�gkecy � q~j�yXo µX³h �h±�¯-� µ(�+q~j�pkt rT| v7j�pkjz{�q~j�pit��neh{7ehlnp�y�j�q r x r p�x r y�j r � r lnx�jzlV{¢y�j©x�ehlnx�jzv�{��Lª%j
x�� r gitÎg rT� lnwz{ |~� onj � r v | j r ��j�x<q r y | p7{ r lnx�j<�uq rh� onjzq�q~jip7j<p | {�onj$q È eho�{7jzv �Vr t%��� � v r lny�jiy | p�{ r lnx�jP�(q~j�p
t rT| v7j�p�v r ¤�ehl�lnjzlc{�t"jzo�y�j�t��neh{7ehlnp�p7¤clnx���v7eh{�v7ehl%�Vª%j�p�t"j�xz{�v7j�j�p�{ r q~ehv7pfy�ehg | lnw�t r v¡q~j�v r ¤�ehl�lnjzgkjzlV{�y�j
x�eho�v���o�v7jP� � r lnpLx�j�gkecy � q~j�q r y | #�wzv7jzlnx�j�y�j�t(eh{7jzlV{ | jzqng rxÊX| g&o�g y�wzt"jzlnyiy�j�t�q�onp | jzo�v7p+t r v r g � {�v7j�p�� q r
{ rT| q�q~jfy�j� � ³ 
�°?®z±@01��µ"�

a
�Ojz{Cq~j¡v r ¤�ehl<y�j¡x�eho�v���o�v7jfy�j�pCq |�� lnj�p.y�j¡x�� r git%�

L
��� ��j�x

a = 0.5ρc
�
ρc = L = c

Ωehl r t"eho�v�q~j}g rxÊX| g&o�g y�j�y | #�wzv7jzlnx�j�y�j}t"eh{7jzlc{ | jzq��
Ψmax ' 8 × 1013V BP−2

ms � *X� � "c�
jz{�t"eho�v=q È wzlnjzv �P| j&q | g | {7j�y�j�p=t��neh{7ehlnp�y�j&x�eho�v���o�v7j��

γ ' 3 × 107B
1

4P
− 1

′

ms � *X� � ���
� | lnp | q~j¥gkecy � q~j<y�j$q È ³ 
X°?®�±*01� µ t(jzo�{ r x�x�wzq~wzv7jzv�y�j�p�t r v�{ | xzo�q~j�p¥�ko�l�t(jzo¨t�q�onpm� r o�{7jiwzlnjzv �P| j � onj¥q~j
gke�y � q~j<yXoGµX³h �h±k¯-� µ"��ª%j$t�v7e �nq+y�j�pmt�o�q~p7j�p¦eh�np7jzv���w�p}j�p�{¦y�w�xzv | {}t r v}o�lnj¥gke�y�wzq | p r { | ehl r p7p7jzÏ<p | git�q~j
p7o�t�t"ePp r lc{ � onj�q~j�p+t��neh{7ehlnpfwzg | pLp�o | ��jzlV{�q~j�pLq |�� lnj�pLy�j�x7� r git�g rT� lnwz{ |~� onj | lny�wzt(jzlny r gigkjzlV{�y�j=q~jzo�v
wzlnjzv �P| jP��GNq�j�p�{¡y�ehlnx�t(ePp7p | ��q~j�y�j�v7jzt�v7ecyXo | v7j � v �hx�jm��x�j�gke�y � q~j�q~j�p�y�jzo Ê t | x�p�jz{�q È | lV{7jzv�t�o�q~p7j}eh�np7jzv���w�p
t(eho�v}q~j$t�o�q~p r v¦yXoÎd�v r �(j<jz{¦x�jzq�o | y�j�+Ljzq r y r lnp}q~j�p¦x�eho�v��(j�p¦y�j&q�o�g |~� v7j � +Le | v � d�� | r l � jz{ � ehg r l |����� � �����



� ¶�� µ��²°²±7®�� ����¯7¯�¬�~¬�± �P°��K³ � �V®=µ �P±�°��K¯�
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!'"%$#& *X� "n� �"ehlnj�p�wzg | p7p | ��j�p�yXo©gkecy � q~j&y�j}q È ³ 
�°?®z± 01� µ(�

ª r gke�y�wzq | p r { | ehl�y�j�q È wzg | p7p | ehl ��d � x�ehlV{ | lVonjO�fj�p7{�jzl¢v7j � r lnx��nj�� | jzl¢t�q�onpfyXo�v7j}�&j$#(j�xz{�onjzv��E eho�v¦x�jzq rk| qC� r onyXv rT| {mwz{7jzlnyXv7j$q r Ï�ehlnj$y È wzg | p�p | ehl r o¨y�jzq ��y�j¥q r p�o�v � r x�j&lVo�q�q~jP�%dfjz{�{7j � w�ehgkwz{�v | j$j�p7{
r oh� eho�v7y È �co | ��q È wz{�ony�jP�)� r lnp+p7j�p5{�v r � r o Ê � | v7eh{ r l | � ����� r p�o�t�t(ePp7wfo�lnj�q r v � jzo�v rT| lnp |n� o È o�lnj�t"ePp | { | ehly�j�x�jz{�{7j�Ï�ehlnj r x�x�wzq~wzv r {�v | x�jP�5y�wzt"jzlny r lc{$yXoBx�eho�v r lV{ � q~eh� r q � o | {�v r ��jzv7p7juq r v7w �P| ehl%� Í lnji�Ke | p&x�jz{�{7jv7w �P| ehl«wz{7jzlnyXonj | q=j�p�{ r q~ehv7p<t"ePp7p | ��q~j¢y�j¢v7jzt�v7e�yXo | v7j�q È jzlnp7jzg&��q~j�y�j�p$x�eho�v��(j�pky�j¢q�o�g |~� v7j rT| lnp |=� onj
q~j�p�t�v7e �nq~p}y�j¥t"ehq r v | p r { | ehl�eh�np�jzv���w�p���� rT| p�q~j¥x�eho�v r lc{ � q~eh� r q+y�w$�nl | p7p r lV{mq rk� w�ehgkwz{�v | j<y�j$x�j�p�Ï�ehlnj�p
j�p�{�jzlnx�ehv7jG{�v � pkg r qmx�ehl�lVo%� Í lnj©gkecy�wzq | p r { | ehl *�� y�j�q È wzq~j�xz{�v7e�yX¤�l r g |~� onj � q~eh� r q~j�j�p7{uy�ehlnx©{�v � p
| git"ehv�{ r lc{7j&jz{=lnw�x�j�p7p rT| v7j¦t"eho�v�g | jzo Ê x�ehlc{�v rT| lnyXv7j¥x�j}gke�y � q~jP�


�� > ��� æ ���ç8H�@§E���� �%FcJ ���L@ �L@8M�� � � � � � �

ªCjfy�jzv�l | jzv5gke�y � q~j�p Èsr t�t�o | j�p�o�v q~jfx�ehlnx�jzt�{+y�j�´ �³P° 01� µ¢y�w ��jzq~eht�t(w � onjzq � onj�p r l�lnw�j�p.t�q�onp5{-Ch{
� ��v7ehlnp=jz{ (�x�� r v�q~jzg r l�l§���)( ��+n��v7ehlnp¦���PÐ�*�+n�Gonp�q | gke ��jz{ � r v7y | l � � ����*����,� r lnp�x�j}gkecy � q~j}�c¤c��v | y�jP�q~j�p=t r v�{ | xzo�q~j�pmp7ehlV{ r x�x�wzq~wzv7w�j�pm�<o�lnj¦t�q�onp � v r lny�j¥y | p�{ r lnx�j�y�j¦q È wz{7e | q~jP� �+l�j$#�jz{=q~j�x7� r git¨wzq~j�xz{�v |~� onj
l È j�p�{�t r p$w�xzv r lV{7wuq~jiq~ehl � y�j�q r y�jzv�l |~� v7juq |�� lnj�y�j�x�� r git§eho ��jzv�{7jP� t r v � rT| {7jzgkjzlc{$x�ehlnyXonxz{�v | x�jP�5ª%j�p
x r p7x r y�j�p.v r y | r { | ��j�p+p È wz{7jzlny�jzlV{Ly�ehlnxfp�o�v5y�j¡t�q�onp � v r lny�j�p+y | p�{ r lnx�j�p.q~j�q~ehl � y�j�x�jz{�{7j�y�jzv�l |~� v7jfq |�� lnj�y�j
x7� r git�eho ��jzv�{7j=� onp � o È �<x�j � onj}q~j�x7� r git©g rT� lnwz{ |~� onj�y�j � | jzl�lnj¦{�v7eht�� rT| ��q~jP�nª%jm� rT| p7x�j r o©y È wzg | p7p | ehl
p7jiv7wzt r v�{ | {$y�ehlnx�p�o�v�o�l§x Chlnj�xzv7jzo Ê �Cy È eho ��jzv�{�o�v7ju� | jzl t�q�onp � v r lny�j � onj�y r lnp&q~jigke�y � q~j�yXo µX³h �h±
¯-� µ"�5x�j � o | t(jzv�gkjz{iy�jux�ehlnp7jzv���jzv<o�lnj | lV{7jzlnp | {7w¢�²ehv�{7ju{7eho�{ijzlB� r q r ¤ r lV{io�lnj � v r lny�j�p�o�v � r x�juy r lnp
q~j�x | jzq��Ldfjugkecy � q~j¢j�p�{ r oh��eho�v7y È �Vo | o�lBy�j�p$t�q�onp¥t�v7ehgkjz{�{7jzo�v7pijz{$y�j�p$t�q�onp$wz{�ony | w�p$t(eho�v$j Ê t�q |~� onjzv
q Èsr x�x�wzq~wzv r { | ehlGy�j¦t r v�{ | xzo�q~j�p�jz{�q È wzg | p7p | ehl�t�o�q~p�w�j�y�j�p=t�o�q~p r v7p��

� Y%:�ðc_	:�:¼Y¾Z"\ :O_ R<;[b : =ÎZ�] A ;[b :
ªCjigkecy � q~j�yXo�µX³h �h±�¯-� µat(ePp7p � y�j<o�lnjiÏ�ehlnjkwzg | p�p | ��jiwz{�v7e | {7j r q�q r lc{&yXoÎv r y | e r o Ê v r ¤�ehlnp

γ
��( r&� w�ehgkwz{�v | j}j�p�{fv7jzq r { | ��jzgkjzlV{=� | jzl�x�ehl�lVonjmg rT| pft"ePp7j�t�v7eh��q � gkj�p�t"eho�v�j Ê t�q |~� onjzvfq È jzlnp7jzg&��q~j}y�j�p
t�o�q~p r v7p$eh�np7jzv���w�p��CªCj�gke�y � q~j�y�j¨³ 
�°?®z± 01��µ"�%q�o | ��o�lnj�Ï�ehlnjuwzg | p7p | ��jk� | jzlBg r q�x�ehl�lVonj�yXo � rT| {$y�j
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RL

de lumiere
Fin du cylindre

EFFET COMPTON

RAYONNEMENT

SYNCHROTRON

INVERSE

CREATION DE
PAIRES

Photon synchrotron

Photons Compton inverse

Surface de charge nulle

Photons X thermiques champ fermee
Derniere ligne de

!'"%$#& *X�.�X�8�Gw�x r l | p�gkj&y È wzg | p7p | ehl�yXo©gke�y � q~j¦y�j¦q È ³ 
X°?®�± 01� µ"�

q ri� v r lny�j | lnx�jzv�{ | {�ony�j&p7o�v=q~j�p�x�eho�v r lV{7p � q~eh� r o Ê q r x�ehlV{�v-Chq r lc{���ªCj¦� r q r ¤ rT� j¥yXo�x | jzqCy�j�p7ehl©� rT| p7x�j r o
y È wzg | p�p | ehl©j�p�{�y�ehlnx | lnx�jzv�{ rT| l%� �}jmt�q�onpfq~j�p=x r p7x r y�j�pfv r y | r { | ��j�p�eht(wzv r lV{�y r lnp�x�jmgkecy � q~j}y�wzt(jzlny�jzlV{
�Kehv�{7jzgkjzlV{�yXo�x�� r o�# rT� jmy�j=q È wz{7e | q~jP��x�j � o |"r o � gkjzlV{7jmjzlnx�ehv7j�p7ehl | lnx�jzv�{ | {�ony�jP��ª%j�gkecy � q~j�yXo�´ �³P°D01� µ
p�jzg&��q~juq�o | � | jzl v7jzt�v7e�yXo | v7jkq È jzlnp�jzg&��q~j¢y�j�p&t�v7eht�v | wz{7w�p$eh�np7jzv�� r { | ehl�lnjzq�q~j�p$y�j�p¥wzg | p7p | ehlnp$y�jit�o�q~p r v��
�}j¨t r v�q È wz{7jzlnyXonj jz{�q È wzt rT| p7p7jzo�v�y�j�p7ehlÆ� rT| p7x�j r o2y È wzg | p7p | ehl | q¦j�p�{�jzl r x�x�ehv7y { r lV{�y r lnp�q~j�Fno Ê
t�v7w�y | { � onjmy r lnp�q~j�lnehg¥��v7j¦y�jmt�o�q~p r v7p�eh�np7jzv���w�p��X� rT| p�q È jzlnp�jzg&��q~j¦y�j�pfgkecy � q~j�p�t�v7w�p�jzlV{7w�j�p�x | y�j�p7p�onp
lnjkt"jzo ��jzlc{ r x�x�wzq~wzv7jzv�q~j�p&t r v�{ | xzo�q~j�p � onjm� onp � o È ��y�j�p&wzlnjzv �P| j�p¥y�j<q È ehv7yXv7j�y�j�������� ) j,+<� �}j � r lV{�q~j�p
wzlnjzv �P| j�p�g rxÊ�| g¥o�g,eh�np7jzv���w�j�p r o«p7j | l«y�j�p<lnwz��o�q~jzonp�j�pky�j�q È ehv7yXv7j�y�j � onjzq � onj�pix�jzlV{ rT| lnj�puy�j )Cj +$�
y Èsr o�{�v7j�pmgkw�x r l | p�gkj�p}y Èsr x�x�wzq~wzv r { | ehl p7ehlc{ r q~ehv7p�lnw�x�j�p7p rT| v7j�p��(dfj�p�t��nwzlnehg � lnj�pmt(jzo ��jzlV{ ��jzl | vmy È o�lnj
r x�x�wzq~wzv r { | ehl x�ehlV{ | lconj�� ��� � dfehlV{7eht(eho�q~ePp¢jz{ & r Ï r l r p � ��� � ����� rT| pux�ehgigkj©lnehonpuq Èsr ��ehlnp �co^x�j{N¤ct(j$y Èsr x�x�wzq~wzv r { | ehl p7jzg&��q~j<x�ehlny r gilnw�j<yXoG� rT| {}yXo�� rT| ��q~j<w�x r v�{myXo¨gkeho ��jzgkjzlV{¥y�j�p�t r v�{ | xzo�q~j�p}t r v
v r t�t(ehv�{��<q r y | v7j�xz{ | ehlGv r y | r q~j¦t�v7e�x7�nj&yXo�t�o�q~p r v��

Ì ��� Î�ÏºÏºÐ+6�Ð�ÑIÒYÓ���Ô{Õ$ØLÖ;:ÒYÑNÓ���ÏºÜ¥6�Ö)á :ÒYÑ ÑcÖ)Ï´ÔÈÕ�ÕLÖ�� ��Ô{ÕLá ß!Ò{â{ÕLÐºÓ����bÜLÖ)á

�+l v7j � r lnx��nj�y r lnp�q~jkt�q r l w � o r {7ehv | r qfyXoÎt�o�q~p r v&jzlc{�v7jkq~jkxz¤�q | lnyXv7j�y�jkq�o�g |~� v7jkjz{�q~jkx��necx
{7jzv�g | l r q.y�j�p=v7j�x�ehl�lnj ÊX| ehlnp�g rT� lnwz{ |~� onj�p�t(jzo ��jzlV{�eht(wzv7jzv�t(eho�v r x�x�wzq~wzv7jzv�y�j�p=t r v�{ | xzo�q~j�pO�
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!#"%$#& *X� � � �"ehlnj�p�wzg | p7p | ��j�p�yXo�gkecy � q~j�yXo�´� ³�° 01��µ"�


�� ��� > � � ���8H �nFVI�E�J �CD �L@ �¡I(FPE�J � �¡H�@�M£@nE � � J?MhMhJ �CD�M �¡I��+EP@8M �8D¡@nFWêCJ?@8M �LI�D�M1H�@ ��H�I�D
�����¡I�E �%FcJ�I�H��¡@aH�I^D ������H�@���M¼@
ªCe | l�yXo�xz¤�q | lnyXv7j�y�j}q�o�g |~� v7jP�nq~j¦x�� r git�g rT� lnwz{ |~� onj r y ��j�xz{7w¦t r v�q~j}t�q r p�g r jzl©j Ê t r lnp | ehl

v r y | r q~j��²ehv�gkjmo�lnjmp�t | v r q~j}y�j E5r v���jzv��/( | x�jmx�� r git � | jzlc{=y È o�l�y | tDChq~jmjzl¢v7eh{ r { | ehl©eh��q |~� onj�t�v7ecx��nj¦y�j
q È wz{7e | q~j¥�$lnjzo�{�v7ehlnp | qCj ÊX| p�{7j r q~ehv7p�o�lnj�v7w �P| ehl�q~j}q~ehl � yXo�t�q r l�w � o r {7ehv | r q.eh�©q r y | v7j�xz{ | ehl�yXo�x7� r git
p È | l ��jzv7p�j��mq r t"wzv | e�y�j=y�j�v7eh{ r { | ehl�y�j=q È wz{7e | q~jP� �mj�q È wzlnjzv �P| j�g rT� lnwz{ |~� onj�j�p�{5{�v r lnp �²wzv7w�j r o Ê t r v�{ | xzo�q~j�p
p | y�j�pfv7j�x�ehl�lnj ÊX| ehlnpfg rT� lnwz{ |~� onj�p=p7j�t�v7ecyXo | p�jzlV{��ndfehv7ehl | { | jzl¨�������¥t�v7eht(ePp r&� onj�q r �²v7w � onjzlnx�jmy�j�x�j�p
v7j�x�ehl�lnj Ê�| ehlnp�wz{ rT| {�p�o ��p r gigkjzlc{ � v r lny�j&t"eho�v=g rT| lc{7jzl | vmx�ehlnp�{ r lc{7j�q È wzt rT| p7p�jzo�v�y�j}q r Ï�ehlnj�y | p7p | t r �
{ | ��jP�nx�jz{�{7j&wzt rT| p�p7jzo�v�wz{ r lV{mw �Vr q~j r o©v r ¤�ehlGy�j �P| v r { | ehl¨y�j�p�t r v�{ | xzo�q~j�pmx7� r o�#�w�j�p � dfehv7ehl | { | ����������� GNqx�ehlnxzq�o�{$w �Vr q~jzgkjzlc{ � onjuq~ju{�v r lnp �²jzv�{<y È wzlnjzv �P| j�yXo�Fno Ê y�j E e | lV{ | l � r o Fno Ê y�j�t r v�{ | xzo�q~j�p<eh�np7jzv���w
� | jzl r o�y�jzq �¢yXo¨xz¤�q | lnyXv7j<y�j&q�o�g |~� v7j � t(eho�v�q~jkd�v r �(j&t r v}j Ê jzgit�q~jO��t(eho�v�v rT| {¦�z{�v7j¥y  Î�ux�j&{N¤ct(j$y�jt��nwzlnehg � lnj�y | p7p | t r { | � �%� rT| p r oÎ�[o�v&jz{$��gkj�p�o�v7j � onjiq Èsr x�x�wzq~wzv r { | ehl p È eht � v7jP�%q È | lV{7jzlnp | {7wuyXo§x7� r git
g rT� lnwz{ |~� onj�y | g | lVonj©jz{iq È j���x r x | {7wGy�j�y | p7p | t r { | ehl^j�p�{ r q~ehv7pigke | lnp � v r lny�jP��d È j�p�{it(eho�v � one | y r lnp
x�jzv�{ rT| lnp�eh�X��jz{7p�x�ehgigkj&q~j¥d�v r �(j�t r v�j Ê jzgit�q~jP�nq~j&{ r o Ê y�j&y | p7p | t r { | ehlGy�j � | jzlV{ | lnp�o ��p r lc{�t(eho�v�j Ê �
t�q |~� onjzv�q~j�p�eh�np7jzv�� r { | ehlnp���� rT| pfy�jmv7w�x�jzlc{7j�p�wz{�ony�j�p=ehlV{=gkehlc{�v7w�j�p � onj}x�jmt�v7e�x�j�p7p�onpft"eho � rT| {=p È eht(wzv7jzv
p�o�vLy�j�pL{7jzgitnp¡�"j r onx�eho�tut�q�onpLx�eho�v�{7p r o�x7�ne�x={7jzv�g | l r q8t r v�j Ê jzgit�q~jP� �+l�j$#�jz{Lq~j�x7� r gitug rT� lnwz{ |~� onj
wz{ r lV{kx�ehgit�v7j�p7p�wP�+x�jut�v7e�x�j�p7p�onpiy | p�p | t r { | ��t(jzo�{ r q~ehv7piy�j ��jzl | vk�"j r onx�eho�tat�q�onpij���x r x�j � ª%¤co�� r v7p���¤
� ��� � ����dfjz{�{7j¦y | p7p | t r { | ehl�q~ecx r q | p7w�j&p�t r { | r q~jzgkjzlV{ rT�P| {�y�j¦t�q�onp�y�j}q r gk�zgkj}� r ��ehl©p�o�v=q r y | p�{�v | ��o�{ | ehly�j}t r v�{ | xzo�q~j�p � o È o�l�t�v7e�x�j�p7p�onp�x�ehlc{ | lVo%�

� rT| p¦y�j�pmv7j�x�ehl�lnj Ê�| ehlnp&p È eht"wzv r lc{�p�o�v¦y�j�pm{7jzgitnp¦{�v � p}x�eho�v�{7p�p Èsr x�x�ehgit rT� lnjzlV{¥jzl � wzlnwzv r q
y�jit(jzv�{7j�p&v r y | r { | ��j�p � �Gjzq r {7ePp¢�����PÐ��¦y�ehl�l r lc{¥l rT| p�p r lnx�j r q~ehv7p$��o�l§p |�� l r qLt"eho � r lV{$�z{�v7j�eh�np7jzv���wP�ª%j�p�wzg | p7p | ehlnp=t�o�q~p7w�j�p=t(jzo ��jzlV{ r q~ehv7p�p È j Ê t�q |~� onjzv r onp7p | t r v�x�j�t�v7ecx�j�p7p7onp��Xª È wz{�ony�j�y�j�x�j}gkw�x r l | p�gkj
x�ehgigkj�ehv |��P| lnj¢y�j�p&wzg | p7p | ehlnp�t�o�q~p7w�j�p¥l È jzl§j�p�{¥jzlnx�ehv7j � o Èsr x�j�p$y�wz��o�{7p¥jz{�q r t��V¤Xp |~� onjkgk�zgkj�y�j�p
v7j�x�ehl�lnj Ê�| ehlnpfg rT� lnwz{ |~� onj�p�p7eho�#"v7jmjzlnx�ehv7jmy�j�lnehg&��v7jzo Ê t�v7eh��q � gkj�p�� Í l¢j Ê t(ePp7w�p | git�q~j�y�j�p7ehl�t�v | lX�



" � � ¶�� µ��²°²±7® ������¯7¯�¬z�¬�± �P°��K³ � �c®�µ9�h±�°��K¯�
��®�´ � 
�´�®���� �V® ´4�"¬ ��
c~®�
c´�® ´ �V®�µ�
c ´��P±

Axe de rotationAxe magnétique

Etoile à neutrons

!#"%$#& *X� (�� �"ehlnj�p�y Èsr x�x�wzq~wzv r { | ehl�yXo�gke�y�jzq�y�j$´�°²±��sµn® � � �%���my r lnp=q~j � onjzq(q Èsr x�x�wzq~wzv r { | ehl�p7j�� rT| {=y r lnp=q~jt�q r lGw � o r {7ehv | r q t r v=v7j�x�ehl�lnj Ê�| ehlnp�g rT� lnwz{ |~� onj�pO�

x | t(jmp7jzv r lnw r l�gke | lnp�t�v7w�p7jzlV{7w}y r lnpfq~j�t r v rT� v r t��nj¦p7o | � r lc{��9( |�� l r q~ehlnp�o�l r � r lV{ rT� j}lnehl¢lnw � q |�� j r ��q~j
y�j&x�j}gkecy � q~j � o | j�p�{�y È �z{�v7j | lny�wzt"jzlny r lc{�yXo�x�� r git©g rT� lnwz{ |~� onj&t�v7ecx��nj�y�j¦q È wz{7e | q~jP�

�� ��� � � FcJ?D ��J �=@ �L@�M©F�@ � � D¡DL@ 
+J �CD¡M �ÆIIê D���E�J ���¡@8M

ª%jGx�ehlnx�jzt�{¢y�j�v7j�x�ehl�lnj Ê�| ehl2�Îwz{7w | lV{�v7e�yXo | {ut(eho�vkq r t�v7jzg |~� v7j©�Ke | pkt r v �+o ��� lnj E5r v���jzv
jzl �����)( ��q ÈsrT| y�jGy È o�lnj � w�ehgkwz{�v | j�p | git�q~j � o |�r t(jzv�g | p�y È wzq�onx | y�jzv�q~j�p�t�v | lnx | t r q~j�p | y�w�j�puy�j©� r p7j
x�ehlnyXo | p r lV{m�$q r v7j�x�ehl�lnj ÊX| ehl%��dfj¦p7x�wzl r v | e��8y�j ��jzlVo�p�{ r lny r v7y��nv7w � � q~j r onp7p | q~j�p=y | ��xzo�q�{7w�p | l��nwzv7jzlc{7j�p
�mq r {��nw�ehv | jP�PªCj�pLwzq~wzgkjzlV{7p�y�j�� r p�j=y�j�q r v7j�x�ehl�lnj ÊX| ehl�p7ehlc{+v7w�p�o�gkw�pLy r lnp+q r��.|�� o�v7j *X�sÐX�Pª%j�t�v7e�x�j�p7p�onp
y�j�v7j�x�ehl�lnj Ê�| ehlnp�v7j � o | jzv�{=o�lnj¦{7eht(ehq~e �P| j¦y�j�p=q |�� lnj�p�y�j¦x7� r gitnp�g rT� lnwz{ |~� onj�p�eh�©y�jzo Ê {�o��(j�p�y�j Fno Ê
g rT� lnwz{ |~� onj�p r ¤ r lV{�y�j�pkt"ehq r v | {7w�pkeht�t(ePp7w�j�pip7j�v7jzlnx�ehlc{�v7jzlV{���dfj�x | t"jzo�{i�z{�v7j�gke�y�wzq | p7w�x�ehgigkj©p�o�v
q r �.|�� o�v7j *X�sÐ jzl t�v7jzl r lV{�y�j�p¢q |�� lnj�p©y�j�x�� r gitnp�g rT� lnwz{ |~� onj�p©t r v r q�q � q~j�p©jz{ r lV{ | ��t r v r q�q � q~j�p�� q r
y | v7j�xz{ | ehl 2 Ê jz{�y�ehlc{�q~j�p7jzlnp=p È | l ��jzv7p7j¦q~ehv7p � onj}q È ehl�t r p7p7j¦y�j�p�¤¢t(ePp | { | �²p r o Ê ¤�lnw �Vr { | �Kp�� � r lnp�x�jz{�{7j
x�ehl�� � o�v r { | ehl%�nq r q~e | y È ��git � v7jmlnehonp�y | { � o Èc| q"j ÊX| p�{7j�o�lnjmq |�� lnj�lnjzo�{�v7j}jzlc{�v7j}q~j�pfy�jzo Ê {�o��"j�p�y�j Fno Ê
eh��o�l�x�eho�v r lV{ � t r v r q�q � q~j&�<q r y | v7j�xz{ | ehl 2�Ï¼�=j Ê�| p�{7j¦jz{ r t"eho�v�j Ê t�v7j�p7p | ehl

j =
∇×B

µ0
� *X� ��� �

( | q È ehl�p�o�t�t(ePp7j�y r lnp�o�l�t�v7jzg | jzv={7jzgitnp � onjmq È ehl�p�j�{�v7eho ��j¦jzl����%� | y�w r q~j � x�ehlnyXonxz{ | � | {7w| l��nl | jO��� r q~ehv7p<q~j�p${�o��(j�piy�j Fno Ê p7ehlV{ � jzq~w�piy r lnp<q~jut�q r p�g r �¡dfehgigkj¢q~j¢t�q r p�g r t"ehonp7p�j�q~j�p$q |�� lnj�p
y�jux7� r gitnp$g rT� lnwz{ |~� onj�p<��o�lnj � | {7j�p7p7jio ��jzv7p&q r q |�� lnjulnjzo�{�v7jP�%o�lnjux�ehl�� � o�v r { | ehl {7eht"ehq~e �P|~� onjueh�
q~j�p¥q |�� lnj�p$y�j�x7� r gitnp r lV{ | ��t r v r q�q � q~j�pip�jiv7jzlnx�ehlV{�v7jzlc{ r t�t r v r� {�� r t�t(jzq~w�j�x�ehl�� � o�v r { | ehlay�jkt(e | lV{ #$�
��o«�²o�vujz{�� gkj�p7o�v7j � onj©q r y | p�{ r lnx�j�jzlc{�v7jGq~j�p¢y�jzo Ê {�o��(j�puy�jGx7� r gitnp¢g rT� lnwz{ |~� onj�y | g | lconjP��q r
y�jzlnp | {7w¥y�j$x�eho�v r lV{�� r o � gkjzlV{7j�� onp � o È ��y�wzt r p7p7jzv�q r q | g | {7j$y�j&x�eho�v r lc{ � onj�t(jzo�{�t(ehv�{7jzvmq~j�t�q r p�g r �
�}wzt r p7p r lV{.o�l&x�jzv�{ rT| l¥p7jzo | q��Oq~jLx�eho�v r lV{5y�j � | jzlV{ r q~ehv7p | lnp�{ r ��q~j�y�w�xzq~jzlnx7� r lV{5o�lnj | lnp�{ r � | q | {7w�y�j¡x�eho�v r lV{
y�j�x�� r git^xzv7e | p7w � o | � r x�ehl ��jzv�{ | v�q È wzlnjzv �P| j©y | v |�� w�j�yXo«x�eho�v r lV{�jzlawzlnjzv �P| j�{��njzv�g |~� onjP� r q~w r {7e | v7jP�
dfjz{�{7j | lnp�{ r � | q | {7w¢jzlV{�v r� lnj¢y�ehlnxko�lnjuy | p7p | t r { | ehl eh��g |~� onj�t�v7ecyXo | p r lc{¥q Èsr l�l | � | q r { | ehlayXoBx7� r git  r o ��e | p | l rT� j©y�j�q r q |�� lnj�lnjzo�{�v7jP�fdfjz{�{7j©x�ehlnyXonxz{ | � | {7w�nl | jP�+jz{kq r y | #(onp | ehl^y�j�piq |�� lnj�pky�j�x7� r gitnp
� o | q�o | j�p�{ r p7p�ecx | w�jP��p7ehv�{�yXo©x r yXv7j¦y�j}q r ����� | y�w r q~j}v7jzlny r lc{�q~j�p�x r q~xzo�q~p�{�v � p�x�ehgit�q~j Ê j�pO�/2�l©t"jzo�{
lnw r l�gke | lnp�p7j�� rT| v7jfo�lnj | y�w�j�y�j�p5t�v7e�x�j�p7p�onp5g | p+jzlkx r onp7jft r v+o�l<v rT| p7ehl�lnjzgkjzlV{�y | gkjzlnp | ehl�lnjzq8p | git�q~jP�



� ¶�� µ��²°²±7®�� ����¯7¯�¬�~¬�± �P°��K³ � �V®=µ �P±�°��K¯�
��® ´ � 
�´�®��%� �V® ´4�"¬���
c~®�
c´�® ´ �V®=µ�
c ´��P± " *

( | q È ehlÎp�o�t�t"ePp�j � onj<q r g r { |~� v7jkjz{}q~j�p}q |�� lnj�p�y�jix7� r gitnp�g rT� lnwz{ |~� onj�p¥p7j<y�wzt�q r x�jzlV{�q~j<q~ehl � y�j 2�¤
�uq r � | {7j�p7p7j

uy
r �nlÎy�j<x�ehg¥��q~jzv�q r y | p�t r v | { | ehlÎy�j�p}q |�� lnj�p¦y�j<x7� r gitnp&�uq r q |�� lnj<lnjzo�{�v7jP�(q È w � o r { | ehl

y�j}x�ehlV{ | lVo | {7w � x�ehlnp7jzv�� r { | ehl�y�jmq r g r p7p7jO��jzlV{�v r� lnj � onj}q r g r { |~� v7j�y�e | {=p È w � r xzonjzv=t r v=o�l�t�v7ecx�j�p7p7onp� onjzq~x�ehl � onj¦y r lnp�q r y | v7j�xz{ | ehl©t(jzv�t"jzlny | xzo�q rT| v7j¥� 2�¤���p7o | � r lc{ 2 Ê � r ��j�x�o�lnj¦x�jzv�{ rT| lnj�� | {7j�p7p�j
ux
�/2�l

p�o�t�t(ePp7j � onj<q r y | gkjzlnp | ehl§x r v r xz{7wzv | p�{ |~� onj�y�jix�j<t�v7ecx�j�p7p7onp¦p�o | � r lc{ 2 Ê j�p7{
Lx
��� �nlÎy�jip | git�q | �8jzv

q~j&t�v7eh��q � gkjP�(ehlG� rT| {mq È �V¤�t(eh{�� � p7j<p�o�t�t�q~wzgkjzlV{ rT| v7j � � onj&q È ehl¨t(eho�v�v r y ÈsrT| q�q~jzo�v7p ��wzv | �8jzv���t"ePp�{7jzv | ehv | �� onj�q~j�gkeho ��jzgkjzlc{=p7j=� rT| {fp7o ��p r gigkjzlV{�q~jzlV{7jzgkjzlc{=t"eho�v � onj�q~j Fno | y�j�t�o | p7p7jm�z{�v7jmx�ehlnp | y�wzv7w�x�ehgigkj
| lnx�ehgit�v7j�p7p | ��q~j�jz{ � onj�p�o | � r lc{¡q r y | v7j�xz{ | ehl 2�¤iehl r q È w � o | q | ��v7j�y�j�pL�²ehv7x�j�p��Vx È j�p�{���y | v7j=o�lnj�t�v7j�p7p | ehl
{7eh{ r q~j�x�ehlnp�{ r lc{7j r o©x�eho�v7p�yXo�t�v7e�x�j�p7p�onp�y�j¦v7j�x�ehl�lnj Ê�| ehl%�

P +
B2

2µ0
= cst � *X� � (P�

−uy

uy

2Ly

2Lx

Va Va

!#"%$'& *X�sÐX�n�¨w�x r l | p�gkj�y�j}v7j�x�ehl�lnj ÊX| ehl�g rT� lnwz{ |~� onjP�
�mo�� rT| {¡y�j�x�jz{�{7j�w � o r { | ehl%��q r t�v7j�p�p | ehl�y�e | {��z{�v7j�q r t�q�onpfwzq~j ��w�j�q �¦eh�uq~j�x7� r git¢g rT� lnwz{ |~� onj

j�p�{=q~j}t�q�onp�� rT| ��q~j �! ∼ 0
��x È j�p�{��<y | v7j�y r lnp=q~j}t�q r lGx�jzlV{�v r q��,�+lGp�o�t�t"ePp r lV{ � o È�r t�v � p�o�lnj¦y | p�{ r lnx�j

x r v r xz{7wzv | p�{ |~� onj
Lx

q r t�v7j�p7p | ehl�v7jz{7ehg¥�"j r o©l | ��j r o � o È jzq�q~j r jzl�y�jz�nehv7pmy�j¦q r Ï�ehlnj�y�j&v7j�x�ehl�lnj Ê�| ehl
� q~j}t�q r p�g r v7jz{�v7eho ��j�q È w � o | q | ��v7j r ��j�x¦q~j}g | q | jzo r g&� | r lc{ � o ÈX| q r � rT| { r � r lV{�y�j�t"wzlnwz{�v7jzv�y r lnp=q~j}t�q r lx�jzlV{�v r q¾��� r q~ehv7p<x�jz{�{7jup7o�v�t�v7j�p7p | ehlBt"ehonp7p�jkq r g r { |~� v7j � q~jut�q r p�g r ��q~j�q~ehl � y�juq ÈsrxÊ j 2 Ê jz{¥q È ehl r q r
v7jzq r { | ehl

∆P =
B2

2µ0
� *X� � Ð��

2��  j�p7{¥q~j¢x7� r gitag rT� lnwz{ |~� onj�jzlBy�jz�nehv7piy�juq r Ï�ehlnj¢y�j¢v7j�x�ehl�lnj Ê�| ehl%� �+l o�{ | q | p r lc{<q r
v7jzq r { | ehl¨y�j  jzv�lneho�q�q | ��� r q r ��q~j&y r lnp�q~j$x r p�y È o�l Fno | y�j&lnehl � | p � onjzo Ê �nehl¨{�v7eho ��j � onj�q~j4F8eh{�q~j�q~ehl �y�j�p=q |�� lnj�p�y�j�x�� r gitnp�g rT� lnwz{ |~� onj�p�p7o | � r lc{�q r y | v7j�xz{ | ehl 2 Ê j�p�{�y�j¦q r �Kehv�gkj

1

2
ρv2 + P = cst � *X� � ���

x�j � o | | git�q |~� onj<y r lnpmq~j¥x r p}eh��q r � | {7j�p7p7j$jzl Ê�� �uj�p�{mt�v | p7j$w �Vr q~j<��Ï�wzv7e � onj¥q r � | {7j�p�p7j
�nl r q~j&�$q Èsr �np7x | p7p�j

x = ±Lx
j�p�{�y�j¦q r �Kehv�gkj
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j�p7{ q r � | {7j�p�p7j¡y È ��q � � � l%� �+l¥� rT| {��Tx�jz{�{7j � | {7j�p7p�jLt(jzo�{ gk�zgkjfj Ê x�w�y�jzv5q r � | {7j�p7p�j�y È ��q � � � l
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�Vx�j � onj�q È ehl¢t(jzo�{�w�xzv | v7j
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ρuxLy∆z = ρvALy∆z = ρuyLx∆z � *X�.*X�O�
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y È ��q � � � l¨y�ehl�lnw�j$t r vmq~j&v r t�t(ehv�{

Ly/Lx
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� o | j Ê t�v | gkj=q~j�� rT| { � o È o�lnj � v r lny�j=t r v�{ | j�y�j=q È wzlnjzv �P| j�g rT� lnwz{ |~� onj r t�t"ehv�{7w�j�t r vLq~j=t�q r p�g r
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� Lx � Ly
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y r lc{¡o�l�x�� r git�g rT� lnwz{ |~� onj�� � v r lny�j�w�x7�njzq�q~j�y�w�F8w�x7� | {¡o�lnj�t r v�{ | xzo�q~j�x�� r v � w�j�jzlkq�o | x�ehgig¥o�l |~� o r lc{
y�j&q È wzlnjzv �P| j&x | lnwz{ |~� onjP��GNg rT�P| lnehlnp�o�lnj&{7jzq�q~j�t r v�{ | xzo�q~j r v�v | � r lc{mp�o�v�x�j¦lVo rT� j � eho�t(jzv�{�o�v�� r { | ehl�g r �� lnwz{ |~� onjO� r ��j�x�o�l r l � q~j�y È | lnx | y�jzlnx�j

θ
t r v�v r t�t(ehv�{f��q r � | {7j�p7p7j�yXoulVo rT� j −→u0

� � r lnp¡q~j�v7w��²wzv7jzlc{ | jzq(y�j
q r t(jzv�{�o�v�� r { | ehl%�(q r t r v�{ | xzo�q~j<j�p�{my�w�F8w�x7� | jijzl�x�ehlnp7jzv�� r lc{}q r lnehv�gkj$y�j¥p r�� o r lV{ | {7w<y�j¥gkeho ��jzgkjzlV{
| l | { | r q~jP� � r lnpLq~j�v7w��Kwzv7jzlV{ | jzq�y È o�lkeh�np7jzv�� r {7jzo�v | gigkeh� | q~jP�Pq r {�v r lnp �Kehv�g r { | ehlky�j=ª%ehv7jzlV{�Ï�lnehonp | lny |~� onj
� onj¦q È wzlnjzv �P| j�x | lnwz{ |~� onj&y�j}q r t r v�{ | xzo�q~j | lnx | y�jzlV{7j r � r lV{�jz{ r t�v � p�y�w�F8j Ê�| ehlGj�p�{��

εi = ε′i + −→u0.
−→pi et εj = ε′j −−→u0.

−→pi � *X�.*
"c�
x�j � o | y�ehl�lnj�o�l �VrT| l«y È wzlnjzv �P| j

∆ε = −2−→u0.
−→pi
�.� | lnp | �5p | q r t r v�{ | xzo�q~j r v�v | ��j r ��j�x�o�lnj

� | {7j�p7p7j�� rT| p r lV{<o�l r l � q~j | lX�²wzv | jzo�v7j��
90◦

� jzq�q~j�p7jzv r¨r x�x�wzq~wzv7w�jP� �}jzo Ê x r {7w � ehv | j�piy Èsr x�x�wzq~wzv r { | ehl^y�j
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ehv7yXv7jP� � r lnpLq~j�x r p�eh�kq~j�pLt r v�{ | xzo�q~j�pfp7j=t�v7eht rT� jzlc{fy r lnp¡o�l�g | q | jzo | p7eh{�v7eht"jP��q~j �VrT| luy È wzlnjzv �P| j�gke�¤�jzl
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AVAL AMONT

n1,u1,B1n2,u2,B2

REFERENTIEL DU CHOC

PROCESSUS DE FERMI
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ρ1u1 = ρ2u2 b *��.*��Uc354R!$�1/'% #+� � 476�-8�1/	(*#X3TÈ -G,.D*&*38%�-8�1/ �

ρ1u
2
1 + P1 = ρ2u

2
2 + P2 b *��.* � c#+6d#+/ � /238# F &ÖÊ2(�Èe;+/'#+��T�-8# �
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ρ1u1(
1

2
u2

1 + h1) = ρ2u2(
1

2
u2

2 + h2) b *��.*)(�c4 � #$!
ρ

354K(*#+/'%�-G6 ; (�& D*3541%�,a4 � E 354 D*� #$%V%�-8�1/ #+6.A 3TÈe#+/N6�A�473GD*-8#`(�È &*/ (*#$%C,.-G3G-8#+&ÖÊ � ( - 3TÈe�1/(*; � /*-G6X�X!$�1,.,R#.;+6V47/?6X38#P�V47D*DE�1��69(*#C!$�1,.D*� #$% %�-8�1/L#+/N6�� #C38#$%X(*#+/'%�-G6 ;$% b (*�1/'! � -G6 #$% % #$% c #+/L47,R�1/N6P#+6#+/ 4 � 473E(�& !VA'�?! b r = ρ1/ρ2
c #+6 #+/J(*;$!+��- � 47/N6 3TÈe#+/N6�A�473GD*-8#X(�& TN4 Ï D�47�W<�47-G6 #+/a< �1/'!+6�-8�1/ (�& �V47D*DE�1��6\(*#$%!VA�4738#+&*� %d% D�;$!+- � M?&'#$%

γ = Cp/Cv
�1/`�1S*6�-8#+/N6:4738�1� %_354C� #+35476�-8�1/`% &*- � 47/?6 #XD��1&*��� �

r =
γ + 1

γ − 1 + 2/M 2 b *��.*PÐUc
4 � #$!"! 38#9/'�1,PS*� #P(*##!K41! A � � 47/'%)38#9!^41%)��$ 38#9!VA'�?!9#$% 6_/'�1/ � #+35476�- � -8%�6 # b γ = 5/3

c #+6�M?&'#38#C!VA'�?!.#$%�6d< �1��6 b M � 1
c 38#H�V47D*DE�1��6:(*#C!$�1,.D*� #$% % -8�1/Q(*# � -8#+/?69;+TN473�I " 4738�1� %XM?&'#O%�- 38#H,.-G3G-8#+&Q4 � 473#$% 6)� #+35476�- � -8% 6 # b γ = 4/3

c -G3 � 47&*6 ("�
� &'#+3\MN&'#R%V�1-G6938#a!�%�!+38#R%�&*- � -�D�47�P&*/'#aD�47��6�-8!+&*38#��
38#RTN47-G/ #+/ ;+/'#+��T�-8# #$%�6938#.,'&+,R#��@!AÈe#$%�6HI(�-G� # �

∆ε = 2(u1 − u2).pi ≥ 0 b *��.*��UcDE�1&*�)38#:D*� #+,.-8#+��!�%�!+38#9#+6

∆ε = 2(u2 − u1).pi ≥ 0 b *�� " �UcDE�1&*�
38#[(*#+&ÖÊ"-8F+,R# � � /C!$�1/'%�-8(*;+�V47/N6�4738�1� %
&*/'#[DE�1D*&*35476�-8�1/O-8% �16�� �1DE#�-G3"#$%�6
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∆p

p
=

4(u1 − u2)

3c
b *�� "*) c
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!K47� � � � -8#+/*/'#�� 38#a!$�"# � !+-8#+/N6.(*# (�- # &'% -8�1/ %�D�476�-54738#

D = ∆x2/2∆t
#$%�6O-G/'(*;+D�#+/'('47/?6R(�& 6 #+,.D'% ��B #!$�"# � !+-8#+/N6.(*#J(�- # &'%�-8�1/ %�D�476�-54738#R� #+D*� ;$%V#+/N6 # 3542(�- # &'%�-8�1/ % &*S*-8#RD�47�P38#$%PD�47��6�-8!+&*38#$%CMN&�47/'( #+3G38#$%P� #+/ ,!$�1/?6�� #+/N6H(*#$%X,R�?(�- � !^476�-8�1/'%P38�?!^4738#$%X(*#.!VA�47,.DQ,a47T�/';+6�-8M?&'# b �1/'(*#$%9(�È.-d3 < � F+/ c=� Z 4 D�47��6�-8!+&*38#RD��1&*���V4(*�1/'!:I:6 �1&*6[-G/'%�6V47/N6\6(�/&+6�� #�('47/'%[&*/'#�!$�"M?&*-G3G38#�(�Èe;+D�47-8% % #+&*� √

< ∆x2 > =
√

2Dt
�UZ #d! A'�"!�% #�D*� �1D�47TU#47& !$�1&*� %a(�& 6 #+,.D'%J#+6JI &*/'#`;+D�47-8% %V#+&*� # 6 #+3G38#`MN&'#

X = u2t
I 3TÈ -G/'%�6V47/N6J6 � � &�473G-G6V476�- � #+,R#+/N6 354D�47��6�-8!+&*38#`%uÈe;$! A�47D*DE#+�V4KMN&�47/'( 3TÈe;+D�47-8% %V#+&*�C(*# %V4	!$�"MN&*-G3G38# (�&'# I	354	(�- # &'%�-8�1/ % #+�V4`D*3G&'%CT��V47/'(*# MN&'#3TÈe;+D�47-8%V% #+&*��(�&`!VA'�?!X,'&+,R#���!AÈe#$%�6dIC(�-G� #P47& SE�1&*6�(�È &*/26 #+,.D'%)(*#9� ;$%�-8(*#+/'!$#

tr
6 #+3
M?&'#

tr =
2D

u2 b *�� "�0Uc
E�3G&'%[38#�!$�"# � !+-8#+/N6 (*#�(�- # &'%�-8�1/ %�D�476�-54738#�#$% 6�< �1��6 #+6 D*3G&'%[354XD�47��6�-8!+&*38#]#$%�6 D*-8;+TU;$#d38�1/*T�6 #+,.D'% �B # !$�"# � !+-8#+/N6C(*#a(�- # &'%�-8�1/ D*� � � -8#+/?6H(*#$%O,P&*3G6�-GD*38#$%.(*; F #\Ê�-8�1/'%H#+/*TU#+/'(�� ;$#$%OD�47�O38#$% F &'!+6�&�476�-8�1/'%.(�&!VA�47,.D	,a47T�/';+6�-8M?&'# �5( &*- � 47/N6d354C6 �1DE�138�1T�-8#P(�&`!VA�47,.D`,a47T�/';+6�-8M?&'#PD�47�)�V47D*DE�1��6d47& ! A'�"! b 6��V47/'% � #+� % #�1&LD�47�V473G38F+38# c �
!$#H!$�"# � !+-8#+/N6P/hÈY47&*�V4 D�41%:354a,'&+,R# � 4738#+&*�(� !$#.M?&*- -G/ F &'#+/'!$#+�V42(�-G� #$!+6 #+,R#+/N6938#H6 #+,.D'%(*#]� ;$%�-8(*#+/'!$#],R�1%U#+/2(�È &*/'#dD�47��6�-8!+&*38# �/( -�3TÈe�1/ � #+&*6_#$%�6�-G,R#+� 3549D*� �1S�47S*-G3G-G6 ;X(�Èe;$!VA�47D*D�#+,R#+/?6

ε = 4u2/v(�È &*/'#aD�47��6�-8!+&*38#J% &*�9&*/ !�%�!+38#�� -G3�<�47&*6P#$%�6�-G,R#+�938#a�V47D*D��1��6O#+/N6�� #J38# F &ÖÊQ(*#.D�47��6�-8!+&*38#$%O#+/ 4 � 473 #+6P38#
F &ÖÊ (*#aD�47��6�-8!+&*38#$%P6��V4 � #+� %V47/N6C(�& ,.-G3G-8#+& 47,R�1/N6 � #+� %P38#R,.-G3G-8#+& 4 � 473 �@2 /Q,R�1/N6�� # MN&'#aD��1&*�OMN&hÈ &*/'#D�47��6�-8#O%�-GT�/*- � !^476�- � #P(*#$%�D�47��6�-8!+&*38#$%d% &*D*�V4C6�A'#+��,.-8MN&'#$%�D*&*-8% % #9%~Èe;$! A�47D*DE#+��-G3E<�47&'(��V4RM?&'#X!$#$%�(*#+��/*-8F+� #$%# # #$!+6�&'#+/N6H&*/QT��V47/'(L/'�1,OS*� #a(*#R!�%�!+38#$% � -2%N47/?6O!$#+6�6 #.D*� �1S�47S*-G3G-G6 ;J-G3 #$%�6P4738�1� %PD���%V%�-GS*38#R(�Èe�1S*6 #+/*-G�P354< �1��,R#9(�&`% D�#$!+6�� #X#+/`;+/'#+��T�-8#P(*#$%_D�47��6�-8!+&*38#$% �

S(E) ∝ E−(r+2)/(r−1) b *�� " *UcZ #$%\%�DE#$!+6�� #�(�Èe;+/'#+��T�-8#](*#$%�D�47��6�-8!+&*38#$%_41!$!$;+38;+� ;$#$%\D�47� &*/ ! A'�"!)/'�1/a� #+35476�- � -8%�6 #d(*�1/*/'#+�V4P(*�1/'!&*/	#\Ê"DE��%V47/N6d;+TN473@I −2
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� 47/'%_38#X!^41%�(*# � #+/N6 %)� #+35476�- � -8%�6 #$%)(*#:D*&*38% 47�)38#$% D�47��6�-8!+&*38#$%d47����- � 47/N6:47&2! A'�"!:6 #+��,.-G/�473
% �1/N6� #+35476�- � -8% 6 #$% �@Z #$%H# # #+6 %H� #+35476�- � -8% 6 #$%R47D*D�47�V47-8% % #+/N6.('47/'%H3TÈY47/*-8% �16�� �1D*-8# (*#$%O< �1/'!+6�-8�1/'%H(*# (�-8%�6���-GS*&*6�-8�1/(�&'#PIC354.<>�"!^473G-8%V476�-8�1/2� #+35476�- � -8%�6 #938#938�1/*TJ(*#X3TÈe;$!$�1&*38#+,R#+/?6 �"� #XD*3G&'%1�*38#$%�!VA�47/*TU#+,R#+/N6 %:(*#9� ;=< ;+� #+/N6�-8#+38%(*�1- � #+/N6dD*� #+/'(�� #9#+/`!$�1,.D*6 #X38#$%)# # #+6 %)(*#X354H6��V47/'%�<>�1��,a476�-8�1/ %�D�;$!+-54738#X(*# Z �1� #+/N6 ÏU�B �1/'% -8(*;+� �1/'%J&*/'#`D�#+��6�&*��S�476�-8�1/ ,a47T�/';+6�-8M?&'#	% #`(*;+D*354 � 47/N6 IL354 � -G6 #$% % #
VA

38# 38�1/*T (�È &*/4xÊ�# Ï b (�-G� #$!+6�-8�1/L(*#P!VA�47,.D	,a47T�/';+6�-8M?&'#H,R�(%U#+/ c=�"� 47/'%d38#9� ;=< ;+� #+/N6�-8#+3 D*� �1D*� #H(*#P!$#+6�6 #PD�#+��6�&*��S�476�-8�1/
b � ;=<>;+� #+/?6�-8#+3 R′ c ��(*; � /*-8% %V�1/'%.3TÈe;+/'#+��T�-8# � ;$(�&*-G6 #

p′0 = E
′

/c
#+6.354KM?&�47/N6�-G6 ;2(*# ,R�1& � #+,R#+/?6

p
(�È &*/'#D�47��6�-8!+&*38#	(*#	A�47&*6 # ;+/'#+��T�-8# �\Z #2D�41% %V47TU# ('47/'%J38#`� ;=< ;+� #+/N6�-8#+3 � (�È &*/ �1S'% #+� � 476 #+&*� -G,.,R�1S*-G38#	/'�1&'%(*�1/*/'#X38#$%_� #+35476�-8�1/'%d%�&*- � 47/?6 #$% �

{
p0 = γ∗(p′0 + β∗p′z)
pz = γ∗(p′z + β∗p′0)

b *�� " "?c
��$

γ∗
#$% 6P38#.<�41!+6 #+&*�O(*# Z �1� #+/N6 Ï (*#.3542D�#+��6�&*��S�476�-8�1/ #+6

β∗ = VA∗/c
� � 47/'%O38#.� ;=< ;+� #+/N6�-8#+3

R′ (*#:354CDE#+��6�&*��S�476�-8�1/ �*354HD�47��6�-8!+&*38#X/hÈe#$% 6)% �1&*,.-8% #XM?&hÈYIH354O<>�1� !$#9#\Ê*#+� !$;$#:D�47�_38#X! A�47,.D	,a47T�/';+6�-8MN&'# �Z Èe;+/'#+��T�-8#_(*#_!$#+6�6 #\D�47��6�-8!+&*38#)% #+�V4](*�1/'! !$�1/'% #+� � ;$#_('47/'%�!$#\� ;=<>;+� #+/?6�-8#+3 �N47&.!$�1/N6��V47-G� #)(*# 354]!$�1,.DE��%V47/N6 #(*#]354PM?&�47/N6�-G6 ;X(*#],R�1& � #+,R#+/N6d%�&*- � 47/?6 ÏU� � / 6 #+��,R#$%_(*# � 47��-5476�-8�1/ (*#$% T��V47/'(*#+&*� %(�*!$#+354O/'�1&'%_(*�1/*/'# �
{

∆p0 = γ∗(∆p′0 + β∗∆p′z) = γ∗β∗∆p′z
∆pz = γ∗(∆p′z + β∗∆p′0) = γ∗∆p′z

b *�� " �Uc
Z #$%�D�47��6�-8!+&*38#$%d� #+35476�- � -8% 6 #$%d!$�1/'% #+� � 47/N6]38#+&*�d;+/'#+��T�-8#P6 �16V4738#O('47/'%�38#9� ;=< ;+� #+/N6�-8#+3

R′ ���1/`DE#+&*6;$!+��-G� #H354J!$�1,.DE��%V47/?6 #.(*#O354 M?&�47/N6�-G6 ;.(*#H,R�1& � #+,R#+/N6O% #+38�1/ Ï !$�1,.,R#
p′z = p′µ′

��$
µ′ = cos(α) b α;+6V47/N6]3TÈY47/*T�38#C#+/N6�� #H38#P!VA�47,.D ,a47T�/';+6�-8M?&'#H,R�(%U#+/L#+6]354aM?&�47/N6�-G6 ;C(*#9,R�1& � #+,R#+/?6 −→p c=� Z #P3G-8#+/K#+/N6�� #38#]TN47-G/ #+/ ;+/'#+��T�-8#X#+6 354HMN&�47/?6�-G6 ;9(*#],R�1& � #+,R#+/N6d4 � 47/?6_-G/N6 #+�V41!+6�-8�1/`#$% 6 b p #+6

µ
;+6V47/N6)(*#$% T��V47/'(*#+&*� %-G/*-G6�-54738#$%d4 � 47/?6)354CDE#+��6�&*��S�476�-8�1/ c

∆p

p
= γ2

∗β∗(1 − β∗µ)∆µ b *�� " � c
��$

∆µ
(*;$%�-GT�/'#`354 � 47��-5476�-8�1/ (*#

µ
47D*� F$%J354LDE#+��6�&*��S�476�-8�1/ �#( -]354Q(�- # &'%�-8�1/ 47/*T�&*3547-G� # #$%�6%�&*DE;+��-8#+&*� #	I

1/γ∗
#+6J% -)3TÈY47/*T�38#	(�ÈY47����- � ;$#	%�&*�a354QD�#+��6�&*��S�476�-8�1/ #$%�6RD*3G&'%JT��V47/'(�M?&'#

1/γ∗
4738�1� %J38#TN47-G/ #+/ ;+/'#+��T�-8# % #+�V4 (�È &*/ < 41!+6 #+&*�

γ2
∗
� B #RTN47-G/ #$%�69SE#^47&'!$�1&*D D*3G&'%9-G,.DE�1��6V47/N6CMN&'#R('47/'%O38#$%P!VA'�?!$%/'�1/`� #+35476�- � -8%�6 #$% � ! 47-8%�38#9/'�1,PS*� #H(*#P!�%�!+38#9/'#O%�&*-G6),a473GA'#+&*� #+&'% #+,R#+/?6XD�41%�!$#+6�6 #H; � �13G&*6�-8�1/ � � /	# # #+6

b � 473G3547/N6C#+6 -_!VAN6 #+��SE#+��T )�������+ -_! A?6 #+��S�#+��TL#+6O473 � 0���� ) c �1/?6P,R�1/N6�� ; M?&'#.38#R/'�1,OS*� #J(*#J!�%"!+38#R;+6V47-G63G-G,.-G6 ;JI !^47&'%V#a(*#R3TÈe# # #+6P(*#a354 < �?!^473G-8%V476�-8�1/ � #+35476�- � -8%�6 # � � / # # #+69DE�1&*�OM?&hÈ &*/'#RD�47��6�-8!+&*38#aD�41% % ;$#J(�&,.-G3G-8#+& 47,R�1/N6 47& ,.-G3G-8#+& 4 � 473d� #+6 �1&*��/'# � #+� %a38# ,.-G3G-8#+& 47,R�1/N6(�[-G3 <�47&*6aMN&'#`% �1/ 47/*T�38#2(�È -G/'!+-8(*#+/'!$#D�47�)�V47D*DE�1��6]47&`!VA�47,.D`,a47T�/';+6�-8M?&'#O% �1-G6�-G/�<>;+��-8#+&*� #HI
1/γ∗

� -d-G/'%�-038�1� %d(�&`! A'�"!P% &*- � 47/?6)38#XTN47-G/	%V#+�V4% #+&*38#+,R#+/N69(�È &*/K<�41!+6 #+&*� 0�� Z #HTN47-G/Q#+/Q;+/'#+��T�-8#.(*#$%:D�47��6�-8!+&*38#$%P%V#+�V4J(*�1/'!C6�� F$%:-G,.DE�1��6V47/N6P38�1� %X(*#C354D*� #+,.-8F+� #],R�1-G6�-8;](�& !�%�!+38#�D*&*-8% D*3G&'%[<�47-GS*38#�38�1� %_(*#$% %�&*- � 47/N6 % �?Z #:% #+&*3�,R�(%U#+/ DE�1&*�_476�6 #+-G/'(�� #:38#$%[D*3G&'%A�47&*6 #$%_;+/'#+��T�-8#$%)#$%�6 (�ÈY4 � �1-G�)DE�1&*�\354PD�47��6�-8!+&*38#9&*/ T��V47/'( /'�1,OS*� #9(*#:!�%"!+38#$% ��Z #:%�DE#$!+6�� #]� ;$%�&*3G6V47/N6)#$% 6#+/ TU;+/';+�V473
&*/'#:38�1-
(*#:D*&*-8%V%V47/'!$#9(�È -G/'(�-8!$#P% D�#$!+6��V4730!$�1,.D*��-8%d#+/N6�� # −2.2
#+6 −2.3
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4738�1� %dMN&'#X!$#9�V47D*D��1��6d4 � �1-8%�-G/'#XD*3G&'%_38#$% 0��������

� #$%�%�-G,O&*35476�-8�1/R&*3G6 ;+��-8#+&*� #$%�DE�1& � 47/?6 473G38#+� � &'% M?&hÈY47&ÖÊOA�47��,R�1/*-8M?&'#$%�(*# �V47/*T )���� ,R�1/N6�� F+� #+/?6M?&'#P!$#+6�6 #H41!$!$;+38;+�V476�-8�1/ ;+6V47-G6d6 �1& � �1&*� %dDE��% %�-GS*38#XS*-8#+/ MN&hÈ &*/	D�#+&2,R�1-G/'%]# � !^41!$# � � Ê"6��V47DE�138;O47&ÖÊ2D*3G&'%A�47&*6 #$% A�47��,R�1/*-8MN&'#$%1�N% #+&*38#+,R#+/?6 &*/'# DE#+6�-G6 # < �V41!+6�-8�1/J(*#$%�D*� �16 �1/'% #$%�6\4738�1� %�/';$!$#$% %V47-G� #_DE�1&*� 41!$!$;+38;+� #+�38#$%:D�47-G� #$% � B #C,R�"(*F+38#HD�#+��,R#+6X(*�1/'!C&*/'#.41!$!$;+38;+�V476�-8�1/ (*#$%:D�47��6�-8!+&*38#$%:/'�1/L/';+T�3G-GTU#^47S*38#$%P47&L% #+-G/L(*#$%
� #+/?6 %)� #+35476�- � -8%�6 #$%�(*#9D*&*38%V47� �

�������� � � ê
� ��� ��� � � �\� � � �E� �U� �
� � ����� � �K � � � ���  ��� ����� �
� � � � � �\�
�0� � �U� �
� ��� �@� � � � ���ºí

�  � � ���
� �
�������	� � � ; ��
������� : ;�� ��� = ����� �

γZ ÈY41!$!$;+38;+�V476�-8�1/ (*#`D�47��6�-8!+&*38#$% D�47� 47S'% �1��D*6�-8�1/ (�Èe�1/'(*#$% !�%"!+38�16�� �1/'% 4QM?&'#+38MN&'#$%JD*� �1D*��-8;+6 ;$%�1S'%V#+� � 476�-8�1/*/'#+3G38#$%d� #+,a47� MN&�47S*38#$% �B # 6 %"DE#J(*# ,R;$!^47/*-8%�,R# ,RF+/'# TU;+/';+�V4738#+,R#+/N6 I2354`< �1��,a476�-8�1/ (*# � � � � � �
�1S'% #+� � ;$%.('47/'%C38#D*3547/L;$M?&�476 �1��-5473 (�& D*&*38%V47�:(�& B �V47SE#OD�47�d#\Ê*#+,.D*38# b � �1-G� � -GT�&*� # *���)��Uc=� -d&	!$�1&*� %:(*#P!$#OD*A';+/'�1,RF+/'#38#:!VA�47,.D2,a47T�/';+6�-8MN&'#X#$% 6 !$�1,.D*��-G,R;947&ÖÊ �V4�%U�1/'%)(*#]T�-G�V476�-8�1/2(*#$% D*� �16 �1/'% �*Z 4O(�-8% 6V47/'!$#X% ;+D�47�V47/N6_38#$%
� � � � � 47-G/'% -@M?&'#938#+&*� � 47��-547S*-G3G-G6 ;H%�&*�d(*#$%dDE;+��-8�?(*#$%](*#P3TÈe�1� (�� #H(*#9T��V47/'(*#+&*�X(�&	,R�1-8%d% �1/?6d-G/?6 #+��D*� ;+6 ;$%!$�1,.,R#C;+6V47/?6](�&'#$%XI.354RT�-G�V476�-8�1/L(*#$%�D*� �16 �1/'% b � 473G3547/?6]#+6 -�� �1/'% )����
",+ ( D*-G6 � � � % � %2#+6 -d� �1/'% )������Uc#+/ %�&*D*DE��%V47/N6O&*/Q<�41!+6 #+&*�O(*# Z �1� #+/N6 Ï (�& � #+/?6OD*� �"! A'# (*#

4 × 106 � � #RD*3G&'%(�
D��1&*�H!$#+6�6 # � 4738#+&*�H(*#
Γ
�[3TÈe;+/'#+��T�-8# ,a4xÊ�-G,P&*, (*#$% D�47-G� #$%241!$!$;+38;+� ;$#$% #$%�6 #+/ 41!$!$�1� ( 4 � #$!K!$#+3G38# �1S'%V#+� � ;$#	DE�1&*� 38#	!VA�47,.D,a47T�/';+6�-8M?&'#.38�"!^473�('47/'%X38#.%�DE#$!+6�� #.%+%"/'! A*� �16�� �1/ b (*# � 47TU#+�O#+6P473 � )���� � c=� � /Q# # #+6XD��1&*�X&*/'#.;+/'#+��T�-8#,a4xÊ�-G,P&*, (*#$% D�47-G� #$%);+TN4738#$%�IO3TÈe;+/'#+��T�-8#9!+-G/';+6�-8M?&'#:-G/*-G6�-54738#X(*#$%_D*� �16 �1/'%

E ∼ 4 × 1015eV
�"354HT�-G�V476�-8�1/('47/'%d38#9!VA�47,.D`,a47T�/';+6�-8M?&'#H47D*� F$%�38#9! A'�"!

B2 ∼ 10−4G
(*�1/*/'#9&*/'#O;+/'#+��T�-8#P%+%"/'! A*� �16�� �1/	,a4xÊ"-G,O&*,(*# 0�� !	# + 6 �16V4738#+,R#+/?6d#+/	41!$!$�1� (	4 � #$!9354 � 4738#+&*���1S'% #+� � ;$# �

G 3�% #+�V47-G6P4738�1� %X6�� F$%X-G/?6 ;+� #$% %V47/N6H(�Èe;+6�&'(�-8#+�P('47/'%X&*/ 4 � #+/*-G�9D*� �?!VA'#.354 � 47��-547S*-G3G-G6 ;.(�& B �V47S�##+/?6�� # ��� #+6 )���� !	# +H� � /.# # #+6@38#$% D*� �"!$#$% %�&'% (�ÈY41!$!$;+38;+�V476�-8�1/a(*;+D�#+/'(*#+/?6�(*#[3TÈe;+/'#+��T�-8# #+6 &*/'# � 47��-547S*-G3G-G6 ;(*#
10%

#$% 6 476�6 #+/'(�&'#[D��1&*� 38# B �V47SE#[('47/'% !$#\(*�1,a47-G/'#[(�Èe;+/'#+��T�-8# %�&*� (*#$%
6 #+,.D'% (*#�3TÈe�1� (�� #\(*#\MN&'#+38M?&'#$%,R�1-8% �'Z #$%_/'�1& � #^47&ÖÊ26 ;+38#$% !$�1DE#$%)!$�1,.,R# �XZ - (�) D�#+��,R#+6�6�� �1/?6�&*/'#X6 #+3G38#X,R#$% &*� # �
� � 8 ����
���� � � � :<7 ����
��� :

Í /'#C(*#$%dD�47��6�-8!+&*3547��-G6 ;$%P(*#H!$#H,R�"(*F+38#C#$%�6d354JD*� ;$% #+/'!$#C(*#HD*� �16 �1/'%:DE�1&*�]TU;+/';+� #+�:38#$%X�1/'(*#$%!�%�!+38�16�� �1/'% �32 /LDE�1&*���V47-G6O4738�1� %9%V#.(*#+,a47/'(*#+�P!$�1,.,R#+/N6H(*;+6 #$!+6 #+�P!$#$%XD�47��6�-8!+&*38#$%P(�-G� #$!+6 #+,R#+/?6PD*3G&*6 C 6M?&hÈYIH6��V4 � #+� %�38#+&*�_-G/ F &'#+/'!$#P%�&*� 38#$%);+38#$!+6�� �1/'% �*Z #XD*� #+,.-8#+�),R;$!^47/*-8%�,R#9D���% % -GS*38#]#$% 6_354HD*� �?(�&'!+6�-8�1/`(*#D*-8�1/'% � � / # # #+6(�@3TÈ -G/N6 #+�V41!+6�-8�1/ (*#aD*� �16 �1/'%OD*� �"(�&*-G6 # (*#$%9D*-8�1/'%C! A�47��TU;$%C�1& /'#+&*6�� #$%CM?&*- #+&ÖÊQ,'&+,R#$%;+,R#+6�6 #+/?6](*#$%�;+38#$!+6�� �1/'%(�'(*#$%_/'#+&*6���-G/'��%]#+6)(*#$%_D*A'�16 �1/'%)TN47,.,a4a(*#:6�� F$%_A�47&*6 #$%�;+/'#+��T�-8#$% b 47& ) # +Xc=�
� 47/'%.38#$%./';+S*&*38#+&'%V#$%J(*# D*&*38%V47�(��-G3 % 4L(*#+&ÖÊ !+-GS*38#$%RDE��% %�-GS*38#$%.% &*�R38#$% M?&'#+3G38#$%.38#$%.D*� �16 �1/'%DE#+& � #+/N6 -G/?6 #+�V47T�-G� D��1&*�J<>�1��,R#+� (*#$% D*-8�1/'%(�[38#`�V4(%U�1/*/'#+,R#+/N6`(*#	354 /';+S*&*38#+&'% # ,'&+,R#K47-G/'% -]M?&'#`354
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!#"�$#& *���)���� � ;$% &*3G6V476
(*# %�-G,O&*35476�-8�1/O(*# � -8%�D'% b /'#�S�41% c #+/O!$�1,.D�47�V47-8% �1/H4 � #$!�38#$%
�1S'%V#+� � 476�-8�1/'% �1D*6�-8MN&'#$%(�& B �V47S�#P(*�1/*/';$#$%)D�47� ��(�) b #+/2A�47&*6 c=�

,a476�-8F+� #�6�A'#+��,.-8M?&'#](*#$%[; � #$!+6V4P(*#�354P% &*D�#+��/'� � 4 �?Z 4P(*#+��/*-8F+� #d-G/N6 #+�V41!+6�-8�1/ /'�1%N47& ,�/'�(%N47&2#$%�6[S�#^47&'!$�1&*DD*3G&'%C# � !^41!$# #+6C#$%�6H(*#a3TÈe�1� (�� # (*#JT��V47/'(*#+&*�R(*#$%C47&*6�� #$%HD*� �"!$#$% %�&'%H(*#aDE#+��6 #$%C(�Èe;+/'#+��T�-8# !$�1,.,R#J38#$%D�#+��6 #$%O41(�-547S�476�-8MN&'#$% � Z 4 D*� �"(�&'!+6�-8�1/ (*#RD*-8�1/ (*;+DE#+/'(Q(*#R(*#+&ÖÊQMN&�47/?6�-G6 ;$%PD*��-G/'!+-GD�4738#$%1�
3TÈe;+/'#+��T�-8#J(�&D*� �16 �1/ M?&*- #$%�693G-8;J47&Q<�41!+6 #+&*�P(*# Z �1� #+/?6 Ï (�& � #+/N6H47-G/'% - MN&'#a354 (*#+/'%�-G6 ;J(*#.,a476�-8F+� #a!+-GS*38#aD��1&*�938#$%!$�13G3G-8%�-8�1/'% ('47/'% 354P/';+S*&*38#+&'% # �'B #+6�6 #](*#+��/*-8F+� #]M?&�47/N6�-G6 ;:#$%�6[D�47��6�-8!+&*3G-8F+� #+,R#+/N6�(�- � !+-G38#XIOMN&�47/?6�- � #+�_!^47�354H,a476�-8F+� #96�A'#+��,.-8M?&'#PIH3TÈ -G/N6 ;+��-8#+&*�:(*#:354C/';+S*&*38#+&'% #9/hÈe#$%�6_D�41%)6�� F$%_&*/*- < �1��,R# �
 -8#+/L; � -8(*#+,.,R#+/N69354 (*;+6 #$!+6�-8�1/L354JD*3G&'%:(�-G� #$!+6 #.(*#OD*� �16 �1/'%947&L% #+-G/L(*#$%]/';+S*&*38#+&'% #$%9%V#+�V47-G63TÈe�1S'% #+� � 476�-8�1/H(*# /'#+&*6���-G/'��%�(*#�A�47&*6 #$% ;+/'#+��T�-8#$% � � /H# # #+6 4738�1� % M?&'#�38# �V4�%U�1/*/'#+,R#+/N6

γ
47& ) # + D��1&*���V47-G6

&+6�� #R(�& I2(*#R3TÈe;+,.-8% %�-8�1/ B �1,.D*6 �1/ -G/ � #+� % #��03542D*� ;$% #+/'!$#a(*#./'#+&*6���-G/'��%O/hÈe#$%�6H#+/Q� # � 47/'!VA'#J#\Ê�D*3G-8M?&';$#MN&'#:D�47��&*/'#X!$�1,.D���%V47/?6 #9A�41(�� �1/*-8M?&'# �
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Ähgsi9gsi 
�r\t)¶h|9pjpsl9~ht�|9����t�|@��r_pjpsuj��r_t�gYg�gYgYg�gYg�gYg�gYg�gYgYg�gYg�gYg�gYgYg�gYg�gYg�g!ÄT»
Ähgsi9g � �Pr\t{xW��lB��r_t�t��htÈnBr�nBz���r_� ��ujl>~°nB�Z��|UÊ9l>~W~Wr_wVr_~T�{x]l>�W�Èp£� |>té����l>~Wl9wbusrQ}>|9wVwQ|

tvx]|@��u�|�psr�r��©psr_t�wbz����WlBnBr_t�n�� uswQ|�}>rq��ujr�|9t�tvlB�qujz_r_tºg�gYgYg�gYg�gYg�gYgYg�gYg�gYg�g!ÄT»
Ähgsi9g Á ¸¹��uj~h�qujx	r{n�� �W~wQ|9t��>�hr��qlBnBz g�gYgYg�gYg�gYg�gYg�gYgYg�gYg�gYg�gYgYg�gYg�gYg�g�ªWi

¿N3�e �´EaX_?WA_E;:6:<½ A_E������������7�� 3V3V3d3V3d3V3V3d3V3d3V3V3d3b3V3d3V3d3V3V3d3V3d3V3V3 �W¿
Ähg �Bgsi ¸¹��z_t�rq~T��|���usl9~nBr�ps|bwbu�t�t�ujl>~(gYg�gYgYg�gYg�gYg�gYg�gYgYg�gYg�gYg�gYgYg�gYg�gYg�g�ª�Ä
Ähg �Bg � �Pr\t�uj~htv�����Wwbrq~T��t��b¶]l>��nLn�� ���! #"´��$©³ �²gYg�gYg�gYgYg�gYg�gYg�gYgYg�gYg�gYg�g�ª>ª

%'& ����
 7 � � 7 � : � � �)(�� �� +*�� �!,.-0/2143!5 � � 6(�7 	�� �87:9	;<;=9 ���?>A@B* � ��
	)*���C@D(�7 � ��E@/� ��(�*F7���@����
�G( ����7 �

γ
@�� �.(��������'�87 ����0�*����IH!J ��� 	�(��K(/	)* � ��� ��(�7 �E(B>L7C*NM �.(B> � � �+	����.(��.POQ>�� �87R* �S(�0����T* �'�B> �8* �87 � �B>��

6( � ���8>����U@�� 6( � ��V(��T* �Q(/�?*��B7 �87XW���7 �Y>Z7[*N7 �����T>�� �87 �Y*?@��.(��� �B>��#	��B7 ���.(B*F7\@��+�#����PM �87 � � ����6(/�?*FMI* ��� ���X@��
�]>� �)(����IH

� �qÍ ^ 
vÒ{á�ÓNÑIÔ{ÕLÔÈß ��Ö â{ÒÈß²ß!Ò-á �Ò�Ó��qÒ ��Ö
����� ��� _L� � � � � �
�[� � � 
 � ��������� ��� �

� &'% MN&'#`('47/'%.38#$%a47/*/';$#$% �
� ��3TÈe�1S'% #+� � 476�-8�1/ (�&�!+-8#+3);+6V47-G6R3G-G,.-G6 ;$#`47&ÖÊ (*�1,a47-G/'#$%R�V41(�-8� #+6�1D*6�-8MN&'# � � / # # #+6[3TÈY476�,R��%�D*A'F+� #]6 #+��� #$%�6�� # � �1&'#�38#d� C 38#](�È &*/ � ;+��-G6V47S*38#:;$!+�V47/ #+/N6�� #]38#$%\% �1&*� !$#:#+6[/'�1&'%1�#+6
(*#�!$# <�47-G6(� 4_#+,.D &$! A'; 6 �1&*6 #��1S'% #+� � 476�-8�1/O('47/'%
38#�(*�1,a47-G/'#

γ
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 / 6�� �1& ('47/'% &*/�,a41%VMN&'#	D�#+��,R#+6 I &*/'#`-G,a47TU# (�� &*/'#K% �1&*� !$#	M?&'#+38!$�1/'M?&'#	(*# % # < �1��,R#+� %�&*�J&*/;$!+�V47/ ��Q &'% MN&L�YIP354O3G-G,.-G6 #:(*#](�-SRE�V41!+6�-8�1/ �"354O3G&*,.-G/'��%�-G6 ;:#$%�6_(��Y47&*6V47/N6_D*3G&'%[< 47-GS*38#:M?&'#�354O� ;$% �13G&*6�-8�1/ #$%�6,R#+-G3G38#+&*� # �OT �1&*� � ;$% �1&'(�� #_!$#+6�6 # !$�1/N6��V41(�-8!+6�-8�1/ �U-G3�% &5UR6 (*#[DE#+� !$#+� 354dD�47� �1-"< �1��,a47/N6�354dD*&*D*-G3G38# (��e#+/N6�� ;$#(�� &*/LT��V47/'(Q/'�1,PS*� #R(*#H6�� �1&'% � Z � -G,a47TU#R� ;$%�&*3G6V47/N6 #R%V#+�V4 4738�1� %9354J% &*D�#+��DE��%�-G6�-8�1/L3G-G/';^47-G� #.(*#$%:-G,a47TU#$%-G/'(�-C�"-8(�&'#+3G38#$%C(*�1/*/';$#$%9D�47�H! A�41M?&'#R6�� �1& � Hd#$%�6 #aI 6�� �1&��U#+�O354 (�-8%�DE��%�-G6�-8�1/ 41(*;$M?&�476 #a(*#a!$#$%P(*#+��/*-8#+� %DE�1&*� � #$!$�1/'% 6���&*-G� #�%V47/'%\47,PS*-GT�&�V 6 ;d354X(�-G� #$!+6�-8�1/ (*#)3549% �1&*� !$#)�1S'%V#+�<�U;$# �"B �e#$%�6[47-G/'% - M?&'# < &*6[(*;;�U#+38�1D*D�;
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38# !$�1/'!$#+D*6a(*# ,a41% M?&'# !$�?(*; (*�1/?6R38#$%.D*� ;+,.-8!$#$%a%V#J6�� �1&��U#+/?6J('47/'%.38#$%C6��V4��147&	� (�& ,a476�A';+,a476�-8!+-8#+/< �V47/�
^47-8% Q 41!$MN&'#$% �:41('47,a47� (�47& (*;+S*&*6R(�& �"-G/*T�6�-8F+,R# %�-8F$!+38# � T �1&*�R6��V47/'%�DE��% #+�.38# D*��-G/'!+-GD�#2#���DE��% ;!+- ,�(*#$% %�&'%9('47/'%938#.(*�1,a47-G/'#a(*#$%XA�47&*6 #$%O;+/'#+��T�-8#$%9-G3�%�&5UR69(�� &*6�-G3G-8% #+�P&*/Q,a476 ;+��-547& 47D*6 #aI S*38�"MN&'#+�O!$#�V4�%U�1/*/'#+,R#+/?6)#+6\(*�1/'!:I9/?&*,R;+� �.476 �1,.-8MN&'#:;+38#;�U;]!$�1,.,R#d38#�D*38�1,PS �1& 38#�6�&*/*TU%�6 F+/'#���#+6 (*#)� #+,.D*3541!$#+�37�e;+,P&*38%�-8�1/ D*A'�16 �1T��V47D*A*-8M?&'# D�47�P&*/'# !^47,R;+�V4
γ
�
&*/ (*;+6 #$!+6 #+&*�HDE#+��,R#+6�6V47/N6.(*#a,R#$% &*� #+�P354`D���%�-G6�-8�1/(�& D��1-G/?6R(�� -G,.D�41!+6a(*# ! A�41M?&'# D*A'�16 �1/ � -d-G/'%�- � &*/ ,a41% M?&'# !$�"(*;�! �@<�47-G6R(��e;+38;+,R#+/N6 %J6��V47/'%�D�47� #+/N6 %

b !� ) c #+6:�1D�41MN&'#$% b !� 9Uc ��,R�"(�&*38#P38#��'&	�	(�� &*/'#H% �1&*� !$# � ('47/'%]38#P!VA�47,.DQ(*# �"&'#���38#H(*;+6 #$!+6 #+&*� J#+/*� #+T�-8%�6��V47/N6H4738�1� %:37�e�1,PS*� #.(�&L,a41% M?&'#HD*� � � #+6 ;$#.%�&*�X!$#+3G&*- ,�!+- �EDE�16 #+/N6�-8#+3G38#+,R#+/?6O(*;$!^4738;$#CD�47�:�V47D*D��1��6IH354HD���% -G6�-8�1/`!$#+/N6��V4738#O(�� &*/'#9(�-8%�6V47/'!$#9!$�1��� #$%�DE�1/'('47/N6 #P&*/*-8MN&'#+,R#+/?6:IH354C(�-G� #$!+6�-8�1/ (*#X354C% �1&*� !$# �
B �1,.,R#O/'�1&'%d38#9,R�1/N6�� #H354 $@-GT�&*� # � � � �'38#P,a41% MN&'#O!$�?(*;O#$%�6d(*�1/'!H!$�1/'%�6�-G6�&';O(�� &*/'#O%�&'!$!$#$%+,%�-8�1/2(��e;+38;+,R#+/N6 %d6��V47/'%�D�47� #+/?6 %�#+6)�1D�41M?&'#$%�M?&*- ,R�?(�&*38#+/?6)38#:�V4�%U�1/*/'#+,R#+/?6d-G/'!+-8(*#+/?6d%�&*�_&*/`(*;+6 #$!+6 #+&*�% #+/'%�-GS*38#]I:354XDE��%�-G6�-8�1/ �OT �1&*� �1S*6 #+/*-G�[&*/'#�-G,a47TU#�(*#)3549� ;+T�-8�1/ �1S'%V#+�<�U;$#)-G3 #$% 6�/';$!$#$% %V47-G� #](�� &*6�-G3G-8% #+�[(*#$%473GTU�1��-G6�A*,R#$%)(*#:(*;$!$�1/O�U�13G&*6�-8�1/ � B #],a41% M?&'#:#$%�6 TU;+/';+�V4738#+,R#+/N6�(*#]6 %?DE#  H - b�� 7C* W���� M ��U5 �.@B>	7]@D(B7 �� ���.(��*c #+6 6�-G� #]D�47��6�-0(*#$%\D*� �1D*��-8;+6 ;$%)(*#$% 6V47S*38#^47&	� IO� ;$%�-8(�&'%_M?&�41(��V476�-8MN&'#$%_(*�1/?6_38#$% (*#+&	� (�-G,R#+/'%�-8�1/'%% �1/N6d(*#+&	� /'�1,OS*� #$%�D*� #+,.-8#+� %d#+6)(*�1/N6�354C(�-SR ;+� #+/'!$#9#$%�6);+TN4738#HIC(*#+&	� �

� � D >���� >������ 
�OD � � ��� ��� � ��� �
J 47/'%:&*/K6 ;+38#$% !$�1DE#RIR,a41%VMN&'#C!$�"(*;O37�e#+/'%V#+,PS*38#R(*#$%:D�47�V47,RF+6�� #$%9(�� -G,a47TU#+��-8#C/'#C(*;+DE#+/'(*#+/N6MN&'#X(*#:354.TU;$�1,R;+6���-8#P(�&2%+%�%�6 F+,R# �*Z 4C� ;$%V�13G&*6�-8�1/ 47/*T�&*3547-G� #XD�47��#��*#+,.D*38#9#$%�6)(*�1/*/';$#PD�47� �

dθ = arctan(
C

H
), b � ��) c

��$ B #$% 6]354J6V47-G3G38#.(�� &*/Q;+38;+,R#+/?6P(�&K,a41% MN&'#C#+6 � 354 (�-8% 6V47/'!$#H#+/?6�� #.38#H,a41% M?&'#H#+6X38#C(*;+6 #$!+6 #+&*� �0Z #D��1&��U�1-G� % ;+D�47�V476 #+&*�_#$%�6\(*�1/'!�6 �16V4738#+,R#+/?6)(*;+6 #+��,.-G/';dD�47�\354O(*�1/*/';$#d(*#d3549A�47&*6 #+&*� (�& 6 ;+38#$% !$�1D�#]#+6\354
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6V47-G3G38#H(*#$%];+38;+,R#+/N6 %X(�&`,a41%VMN&'#O!$�?(*; ��Z #P!VA�47,.DL(*# �"&'#P% #O!$�1,.D���% #P3G&*- (*#O(*#+&	�[`^�1/'#$%]6 �16V4738#+,R#+/N6(�-8% 6�-G/'!+6 #$% b $ -GT�&*� # � � � c:�

� Z #	!VA�47,.D 6 �16V4738#+,R#+/?62!$�?(*;	(*�1/N6 38#$% % �1&*� !$#$% D*� � � #+6�6 #+/?6 37�e#+/'%V#+,PS*38#L(�&�,R�16�- <H%�&*�J38#(*;+6 #$!+6 #+&*� �
� Z #)! A�47,.D D�47��6�-8#+3G38#+,R#+/N6_!$�"(*;)(*�1/N6\38#$% % �1&*� !$#$%[!$#+6�6 #_< �1-8% !+-'/'#)D*� � � #+6�6 #+/?6\M?&L� &*/'#)D�47��6�-8#(�& ,R�16�- < �

� �	� � � & ��
���
������ � � 
 @ ��� ��� �
� �1-G6

Sγ
354H,a476���-8!$#9(*#:(�-8%�6���-GS*&*6�-8�1/`#+/ -G/?6 #+/'%�-G6 ;X(*#$%)(�-SR ;+� #+/N6 #$%)%V�1&*� !$#$%)('47/'% 38#X! A�47,.D`(*#

�"&'#��
B

!$#+3G38#X(�& S*��&*-G6)(*#d< �1/'( /'�1/ ,R�?(�&*38;$#:D�47�_38#:,a41%VMN&'#:#+6
M

354H,a476���-8!$#X(*#$%�;+38;+,R#+/N6 %��1D�41M?&'#$%(�&`,a41% MN&'# � � &*�_38#9(*;+6 #$!+6 #+&*�)38#9%�-GT�/�473
� # 
+&2%��e;$!+��-G6 �
D = M ∗ Sγ +B. b � � 0Uc

-d38�1� %_37� -G,a47TU#P� #$!$�1/'%�6�-G6�&';$#��� �'IH37�Y47-8(*#9(*#$%_38�1T�-8!+-8#+38%](*#X(*;$!$�1/O�U�13G&*6�-8�1/K% #:,R#+6�6��V4.% �1&'%)354H<>�1��,R# �
W = G ∗D = G ∗M ∗ Sγ +G ∗ B = Sγ +B ∗G, b � ��Uc��$ � #$%�6\3549,a476���-8!$#]6 #+3G38#:M?&'#

G ∗M = δ
�  / (*#$%[-G/'!$�1/ �U;+/*-8#+/N6 %�,a4 � #+&*� % (*#:!$#�6 %?DE#](�� -G,a47TU#+��-8#X#$%�638#H<�47-G6XMN&'#C% #+&*38#+,R#+/?6

50%
(�& �'&	�L(*#H354 % �1&*� !$#.#$%�6:6��V47/'%�,.-8% � J #HD*3G&'%(� (�& < 47-G6X(*#H354 D*� ;$% #+/'!$#.(*#%V�1&*� !$#$%
('47/'%038# ! A�47,.DPD�47��6�-8#+3G38#+,R#+/?6 !$�"(*;��^(*#$%0< 47/?6��1,R#$%@47D*D�47�V47-8% % #+/?6@('47/'%
38#$%0-G,a47TU#$%
(*;$!$�1/ �U�13G&';$#$%#+6�D�#+&��U#+/?6)D��1��6 #+�]IC!$�1/�< &'%�-8�1/	('47/'%)354H� #$! A'#+� !VA'#O(*#:/'�1&��U#+3G38#$%]% �1&*� !$#$% �
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Masque code

Detecteur

                code
Champ partiellement

              Champ totalement code
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���	��
 � � � �*Z #$%�(�-SR ;+� #+/N6 %d! A�47,.D'%](*# �?&'#X(�� � � � ���
�
�
� ^����
	��
�������
��������������� ^

% &�� &! "$# 6&%('&)+*-,
*/. 4 ) ,0'�12, / .3%4%4. 4 )

B �e#$% 6d('47/'%d38#P!^41(�� #P(*#O% �1/`D*� �1T��V47,.,R# �]�1��-V`^�1/ 0�9�9�9 ��MN&'#X37�Y47TU#+/'!$#H%�D�476�-54738#H#+&*� �1D�;$#+/*/'#
b !A� - c % ;+38#$!+6�-8�1/*/�4R#+/ � &*-G/ )�� �� 354H,.-8% %�-8�1/ � ��� !�� H - Z�� B #+6�6 #X,.-8%V%�-8�1/`(*#X6V47-G3G38#X,R�1%U#+/*/'#P� ;$% &*3G6 #(�� &*/'#:!$�13G3547S��1�V476�-8�1/2#+/?6�� #d37� ! &*� �1D�#���354 H)&'% % -8#d#+6\38#$% ! 6V476 %  /*-8% #+6)4PD��1&*�_�1S � #$!+6�- <@(��e;+6�&'(�-8#+�_38#:!+-8#+3('47/'% 38#\(*�1,a47-G/'#

γ
#+/?6�� # 0�9�: # � #+6 )�9 !	# � #+6�47-G/'%�-�(*#\!$�1/?6�-G/N&'#+� ('47/'% 354�3G-GT�/';$#_(*#\% #$% D*� ;$(*;$!$#$% % #+&*� %

� � � ! -�(*#+D*&*-8% )�� � � #+6 B � H � (*#+D*&*-8% )�� � )�� � 47/'%dD*3G&'%)6V47� (	38# ) � �"!+6 �1S*� # 0�9�9�0 � ��� ! � H - Z <>&*63547/'!$;P(*#+D*&*-8%d354CS�41% #O(*# � 4 V : �1/'�1&*�]47&6594=` 4 : A'%�6V47/KI.SE�1� (2(�� &*/'#P< &'% ;$# T H � � � � � � �1/	�1��S*-G6 #C41!�,6�&'#+3G38#d49&*/ 47DE�1TU;$#�(*# ) � 9�9�9 : , �U&*/'#)-G/'!+3G-G/�47-8%V�1/ (*# � 0�� 0 ◦ #+6 &*/J6 #+,.D'%[(*#�� ;;�U�13G&*6�-8�1/ (*# � 0 A'#+&*� #$% �Z �e�1S � #$!+6�- <@(*#�!$#+6�6 #d,.-8% %�-8�1/ #$%�6[!$�1,.,R#]/'�1&'%[37�Y4��U�1/'% �"&J37�e;+6�&'(*#](*#$% D*A';+/'�1,RF+/'#$%_!$��% ,.-8MN&'#$%\('47/'%\38#(*�1,a47-G/'#
γ

(*#HS�41% % #C;+/'#+��T�-8# � - !$#$%:;+/'#+��T�-8#$%X38#$%:D*��-G/'!+-GD�47&	�KD*� �?!$#$%V%�&'%X;+6�&'(�-8;$%X% �1/N69(*#$%:D*� �"!$#$% %�&'%(��e;+,.-8% %�-8�1/ /'�1/ 6�A'#+��,.-8MN&'# !$�1,.,R# D�47�R#��*#+,.D*38# 37�Y41!$!$;+38;+�V476�-8�1/�(*# D�47��6�-8!+&*38#$%(� 354	�V41(�-8�U41!+6�-C�?-G6 ;`��$#+/'!$�1� #P38#$%](*;$%�-G/?6 ;+T��V476�-8�1/'%:/N&'!+38;^47-G� #$% �EZ #$%]% �1&*� !$#$%:;+6�&'(�-8;$#$%:% �1/N6](*�1/'!P37�e#+/'% #+,OS*38#C(*#$%d�1S � #+6 %d!$�1, ,D�41!+6 % b 6�� �1&'%X/'�1-G� %(�
;+6 �1-G38#$%PI /'#+&*6�� �1/'% �G�G� c � 38#$%9% &*D�#+��/'� �141#�� 38#$%9/'����41#�� 38#$%:/'�(%N47&	� 41!+6�- < %X(*#CTN47354 �"-8#47-G/'%�-@M?&'#938#$%]%�&*� %V47&*6 %dTN47,.,a4 ��38#$% � � H �'�1&K#+/'!$�1� #P37�e;+,.-8%V%�-8�1/ (�-SRE&'% #O#��"6��V47TN473541!+6�-8M?&'# � J #PD�47�]%V#$%!^47D�41!+-G6 ;$%C#+/ %�DE#$!+6�� ��% !$�1D*-8#$7'/'# #+6O-G,a47TU#+��-8# � ��� ! � H - Z #$%�6C#+/'!$�1� # 47& � �1&*� (�� A?&*- -G/'!$�1/N6 �1&*��/�47S*38#D��1&*�_37�e;+6�&'(*#P(*#9!$#$%)% �1&*� !$#$%d('47/'%_38#X(*�1,a47-G/'#P(*#$%_�V4(%U�1/'%)TN47,.,a4a(*#:S�41% % #X;+/'#+��T�-8# �Z # % 476 #+3G3G-G6 # � ��� !�� H - Z #$%�6J&*/ �1S'% #+�<��476 �1-G� #K�1&��U#+��6 I 37�e#+/'% #+,OS*38# (*#	354 !$�1,.,P&*/�47&*6 ;,R�1/'(�-54738# �'Z #X6 #+,.D'%�(��e�1S'% #+�<�1476�-8�1/	#$%�6_3G&*-0(�-C�?-8%V;X#+/2(*#+&	� �*Z #96 #+,.D'%)�1&��U#+��6)DE#+��,R#+6�IH6 �1&*6�% !+-8#+/N6�- ,
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Z\l e?b _�]al w _ haV l 7 r qPVHb���`sV m z�V [ � [ V~ude?qPh ] VHwak&�yw Z qik+� l wa`=�Hk�b�V�b r h<wa`Rk.haV [�Z qa`s�Hb�V _ `R��qa`Et$f Z k�`R8pV Z 8 Z qyk
_�ZW_ e?w _ k�b Z fHk�`se?q ]$Z b l V [�Z?_ �ywPV�VHq¯wak�` l ` _�Z qik lxZ fH`Rq rH[�Z k�`s�iwPV+z�e [^] k�e?q m

¨ VHw<;�f Z?_³_ e?qik Z\l e?b _³] e _�_ `R� l V _CmNi` l 7¤e?q�8pVHwak r k�wPh<`sVHb�waqPV _ e?wab�f9V~hae?qaq r V Z 8pV9fWwaqPV.`RqPf l `Rq Z ` _ e?q θsou
]$Z b�b Z\]a] e?b�k&� l 7 Z ;aV+h<w�k rHl V _ f9e ] V��k�e?wak r 8p�HqPV [ VHqyk¯V _ k6b�V«¥�VHk r�_ ` lxZ h<`ED r b�VHqPf9V�VHqik�b�V l 7 Z qa� l V Z w _ e [^[ VHk�h<w f � qPV�b�V9f9e?q _ k�b�wa`Rk�� ]$Z b�k�`RbhaV _ h<`Rb�V9fHk�`se?q)haVLh<`ED�w _ `se?q θrec = arccos(

−−→
AB.

−→
AC)

VHk l 7 Z qa� l V�z�e [^] k�e?q θcom
V _ k _ w ]�r b�`sVHwab�V Z w<;`RqPf9VHb�k�`Rk�wPhaV _ haV [ V _ wab�V ] b�e ] b�V�� l 7 `Rq _ k�b�w [ VHqyk m F5e?wab�` [�Z �pVHb�haV ]al w _ 8 Z?_ k�V _ b r ��`se?q _ �5f9VHk�k�V�ude?` _ fH`k�e?wak r 8p�HqPV [ VHqik�V _ k�b�V«¥¦VHk r�_ ` l 7¤VHq _ V [ � l V�haV _ h<`Rb�V9fHk�`se?q _ b�V9f9e?q _ k�b�wa`Rk�V _ h<w ] �Pe?k�e?q�`RqPfH`shaVHqik l V l e?qa�h<w�f � qPV�z�e [^] k�e?q:�5V _ k�VHq�haVH�Pe?b _ h<w�f�� Z\[^] haV�8iwPV � θsca − θcom > 15◦

o m } Z\l ��b r f9V _ qPe [ �ab�VHw<;
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 � mRn ¡=F"b�`RqPfH` ] V^haV�b�V9f9e?q _ k�b�wPfHk�`se?q _ k Z qPh Z b�h�h=7 waq£k rHl V _ f9e ] V�z�e [^] k�e?q ] e?wab l 7 r k�wPhaV^h=7 waq���� ª
�Pe?b _~Z ;<V m

Z 8 Z qik Z �pV _¬l V _ k rHl V _ f9e ] V _ z�e [^] k�e?q�� [�Z?_ �iwPV&f9eih r�] b r9_ VHqik�VHqyk�h=7 Z wak�b�V _"] b�e?� l � [ V _ �iwPV�qPe?w _ 8pVHb�b�e?q _VHq�h r k Z ` l w l k r b�`sVHwab�V [ VHqyk¯¡
� c¸V.f�� Z\[^] haV&8gwPV.V _ k�f9e [^[ V.qPe?w _¬l 7 Z 8pe?q _ 8iw l ` [ `Rk r �6haVHw<; *Ce?qPV _�l V+f�� Z\[^] k�e?k Z\l V [ VHqykf9egh r VHk ]$Z b�k�`sV lRl V [ VHqik~f9egh r�m
� c¸V _�r 8 r qPV [ VHqik _ h<w _ ��waqPVWf9e���qPfH`shaVHqPf9VWu�e?b�k�wa`Rk�VWVHqik�b�V~waq r 8 r qPV [ VHqyk > Na��� > VHk�F > z&N > �hae?`R8pVHqik��Hk�b�V _ e?w _ k�b Z `Rk�haV [�Z qa`s�Hb�VLk�b�� _^] b r fH` _ V haV _ hae?qaq r V _ z�e [^] k�e?q)haV [�Z qa`s�Hb�Vv�
r 8g`Rk�VHb&waqPV�u Z w _�_ V6h r k�V9fHk�`se?q{haV _ e?wab�f9V m

�6��� ���������"� *2%6����')%+*,�-� %.�
c:V{u Z `RkL�yw:7 > Na��� > VHk F > z&N > � _ e?`sVHqik _ w ] VHb ] e _�r9_ VHk ] wa` _�_ VHqykLk�b Z 8 Z ` lRl VHb VHq f9e���qPfH`shaVHqPf9V

k�V [^] e?b�V lRl V���f�7¤V _ k��Lh<`Rb�V��iwPV�haV _�[ V _ wab�V _ k�b�� _�] b�egf��PV _ k�V [^] e?b�V lRl V [ VHqik�h Z q _�l V _ haVHw<;�h r k�V9fHk�VHwab _
] wa` _�_ VHqyk~�Hk�b�V�f9e?b�b rHlsr V _ �¯waq r 8 r qPV [ VHqikWwaqa`s�iwPV�h<`Rk �
�Þ �!��
P× � ] VHb [ VHk~� >«ª�> N�haV�k�b Z 8 Z ` lRl VHb~f9e [^[ Vwaq^k rHl V _ f9e ] V.z�e [^] k�e?q m �Wq ] �Pe?k�e?q γ Z � Z qyk�waqPV r qPVHb���`sV _ w<G _�Z qik�V&h rH] e _ V�waqPV ]$Z b�k�`sV&haV _ e?q r qPVHb���`sVh Z q _ > Na��� > � b�V _�]:m F > z&N > � o ] wa` _ V _ k�h<`ED�w _�r�]$Z b&V@D=VHkWz�e [^] k�e?qL8pVHb _&l V _ V9f9e?qPhLh r k�V9fHk�VHwabC�aF > z&N > �
� b�V _�]:m > Na��� >�o �pe?¢�` l h rH] e _ VHb Z6l V&b�V _ k�VWhaV _ e?q r qPVHb���`sV m c¸V _ haVHw<;�h rH]�� k _�_ V&udVHb�e?qik�h Z q _ waq�`Rqyk�VHb�8 Z\lRl VhaV�k�V [^]P_ k�b�� _�] VHk�`Rk�VHk�`Rq<u r b�`sVHwab-� lxZ u�VHqP�Hk�b�V�haV^f9e���qPfH`shaVHqPf9V m F5e?wab�f�� Z �iwPV r 8 r qPV [ VHqyk¯hae?wa� l V�e?q
] e?wab�b Z�Z\l e?b _&[ V _ wab�VHb l 7 r qPVHb���`sV6k�e?k Z\l V Z `Rq _ `5�ywPV l V _&] e _ `Rk�`se?q _ b�V _�] V9fHk�`R8pV _ haV _.] e?`Rqik _ h=7 ` [^]$Z fHk _Cm z�V
] b�`RqPfH` ] V¶V _ k�h r k Z ` lRlsr¶_ wab lxZv® `R��wab�V � m ² m c¸V ] e?`Rqyk ª _ VHb Z `Rk l V ] e?`Rqik-h=7 ` [^]$Z fHk¯h<w ] �Pe?k�e?q�`RqPfH`shaVHqyk
_Z q _ h<`EDw _ `se?q m � w Z qyk Z w ] e?`Rqik~z~�a` l f9e?b�b�V _�] e?qPhv� l 7 ` [^]$Z fHk+h<w ] �Pe?k�e?qvh<`EDw _�r h Z q _ F > z&N > � m

"�# Ó%$ ü'&)( Ò ( ��$�*+$ � 
¨Ô
|Wq�h r tPqa`Rk�haV _6r 8 r qPV [ VHqyk _ > Na��� > VHk6F > z&N > � f9e [^[ V¯haV _6r 8 r qPV [ VHqyk _ h r k�V9fHk r9_ waqa`s�ywPV ·

[ VHqik&h Z q _�l V _�]alxZ q _ h r k�V9fHk�VHwab _ > Na�6� > VHk�F > z&N > � VHk�haV _�r 8 r qPV [ VHqyk _ z�e [^] k�e?qLf9e [^[ V~waqPVWh r k�V9f ·k�`se?q _ ` [ w l k Z q r V~h=7 waq r 8 r qPV [ VHqyk > Na��� > VHk�F > z&N > �)h<wab Z qik�waqPV.u�VHqP�Hk�b�V+haV~f9e���qPfH`shaVHqPf9V~k�V [^] e?b�V lRl V mc¸V _+r 8 r qPV [ VHqyk _W[�Z b��iw r9_ f9e [^[ V-z�e [^] k�e?q ] VHwa8pVHqik+�Hk�b�V�haV6haVHw<; _ e?b�k�V _ ¡
� > ls_�] VHwa8pVHqyk�f9e?b�b�V _�] e?qPh<b�V��¶waqPV�h<`ED�w _ `se?q�z�e [^] k�e?q h=7 waq ] �Pe?k�e?q�`RqPfH`shaVHqyk�VHqyk�b�V l V _ ²
]alxZ q _ h r k�V9fHk�VHwab _Cm

¨
Z q _ f9VWf Z?_�l 7 Z qa� l V�VHqyk�b�V lxZ h<`Rb�V9fHk�`se?qLhaVWh<`ED�w _ `se?qLVHk lxZ�_ e?wab�f9V � f�7¤V _ k
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   B
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Photon venant de la 
             source

Photon diffuse dans ISGRI
    et arrivant sur PICSIT
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θ sca
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 � m ²<¡PF"b�`RqPfH` ] V�haV lxZ h<`ED�w _ `se?q{z�e [^] k�e?q{h Z q _&l V�f Z?_ h=7 waqPV�h<`ED�w _ `se?q 8pVHb _.l 7 Z 8 Z qyk m

�6h<`Rb�V l 7 Z qa� l V Z w _ e [^[ VHk¬b�V9f9e?q _ k�b�wa`Rk�h<w�f � qPVWhaV.h<`EDw _ `se?q θrec = arccos(
−−→
AB.

−→
AC)

o V _ k
l V [ � [ V��iwPV l 7 Z qa� l V-z�e [^] k�e?q θcom

f Z\l fHw lsr � ]$Z b�k�`Rb~haV _ h rH]� k _ h=7 r qPVHb���`sV m
�
¨ VHw<; r 8 r qPV [ VHqyk _ `RqPh rH] VHqPh Z qyk _&_ e?qik&h r k�V9fHk r9_�_ wab > Na��� > VHk�F > z&N > � h<wab Z qyk lxZ udVHqP�Hk�b�Vk�V [^] e?b�V lRl V�haV�f9e���qPfH`shaVHqPf9V m z�V _.r 8 r qPV [ VHqik _~_ VHb�e?qyk Z\]a] V lsr9_ u�e?b�k�wa`Rk _Cm�Ww<; ]al w _ � Z?_�_ V _Wr qPVHb���`sV _¯� E < 800keV

o l V _W] �Pe?k�e?q _�_ e?qik ] b�`RqPfH` ]$Z\l V [ VHqik�h<`EDw _�r9_ h=7 > N ·��� > 8pVHb _ F > z&N > � �dr 8 r qPV [ VHqik _ ë 
��Kþ�����Ø±o m F�e?wab l V _¬]al w _ � Z wak�V _�r qPVHb���`sV _ ` ls_�] VHwa8pVHqyk r � Z\l V [ VHqik&�Hk�b�Vh<`EDw _�r9_ haV&F > z&N > ��8pVHb _ > Na��� > m
¨
Z q _ f9V�f Z?_ ` ls_"_ e?qyk Z\]a] V lsr9_ ò��]ÙKÿSþ�����Ø m

¨
Z q _ f9VHb�k Z `Rq _ f Z?_"]al w _ `sVHwab _h<`EDw _ `se?q _~_ 7¤e ] �Hb�VHqik�VHqik�b�V l V _ haVHw<; ]alxZ q _ h r k�V9fHk�VHwab _Cm TWe?k�b�V r k�wPhaV ] e?b�k�VHb Z�] b�`RqPfH` ]$Z\l V [ VHqyk _ wab l V _

r 8 r qPV [ VHqyk _ ë 
 �Qþ�����Ø m c:V ]alxZ qvh r k�V9fHk�VHwabWe?¢ Z¯l `sVHw lxZ^] b�V [ `s�Hb�V�`Rqyk�VHb Z fHk�`se?q _ VHb Z hae?qPf > Na��� > m
5 (YÔ � ��� 
�� ���pÔ<Ó%$���
	��
 � $ $ 
�
 �� ��� 
���� $\ü � * �Íü $ 3 ��*rÓ 
 ��� ü &��������

z�e [^[ VWqPe?w _�l 7 Z 8pe?q _ 8iw:����b)(?f9V Z w [�Z?_ �iwPV+f9egh r&lxZ b r9_ e l wak�`se?q Z qa��w lxZ `Rb�V~V _ k¬f9e?q _ k Z qik�V _ wabk�e?wak�V lxZ � Z\[^[ V¯VHq r qPVHb���`sV�VHk~qPV-h rH] VHqPh£�ywPV-haV lxZ k Z ` lRl V¯haV _+] `E;aV ls_ haV [�Z?_ �iwPV�VHkWhaV lxZ h<` _ k Z qPf9VVHqyk�b�V l V ]alxZ q{h r k�V9fHk�VHwab~VHk~f9V [�Z?_ �iwPV m
¨
Z q _+l V�f Z?_ h=7 >�ª�> NLV lRl V�V _ k+haV n ²<7 m c:V _ f�� Z\[^]P_ k�e?k Z\l V [ VHqykf9eih r9_-� 5◦ o VHk ]$Z b�k�`sV lRl V [ VHqyk�f9eih r9_-� 15◦ o _ e?qyk l V _.[ � [ V _.] e?wab.k�e?w _&l V _&[ eghaV _ h=7 >«ª�> N m}{� [ V _ `"f9e?qik�b Z `Rb�V [ VHqyk Z w<;{k rHl V _ f9e ] V _ z�e [^] k�e?q�k�b Z h<`Rk�`se?qaqPV ls_-lxZ b r9_ e l wak�`se?q VHq r qPVHb���`sVq:7 Z D�V9fHk�V ]$Z?_ h<`Rb�V9fHk�V [ VHqik lxZ b r9_ e l wak�`se?q _�]$Z k�` Z\l V��=V lRl V ] VHwak6�Hk�b�V�f9e [^[ V¯qPe?w _�l V-8pVHb�b�e?q _�]al w _ k Z b�hh r k�VHb [ `Rq Z qyk�V ] e?wab Z\[�rHl `se?b�VHb lxZ-_�rHl V9fHk�`se?qLVHq Z qa� l V�VHk�hae?qPf~b�V«¥�VHk�VHb�waqPV ]$Z b�k�`sVWh<w�u�e?qPh m � lRl V Z hae?qPfwaqPV"`Rq��PwPVHqPf9V�h<`Rb�V9fHk�V _ wab l 7 Z\[�rHl `se?b Z k�`se?q¯h<w _ `R��q Z\lg_ wab:�ab�wa`Rk¸VHk�hae?qPf�haV lxZ._ VHq _ `R�a` l `Rk r haV l 7 `Rq _ k�b�w [ VHqyk m
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c Z b r9_ e l wak�`se?q�VHq r qPVHb���`sV^h<w [ eihaV�z�e [^] k�e?q r k�wPh<` r V�� ]$Z b�k�`Rb�haV lxZ¶_ e?wab�f9V¯haV^f Z\l `R�ab Z k�`se?q����e?b�h
V _ k ] b r9_ VHqyk r V�h Z q _.lxZ � Z � l V � mRn�m

�����3
 � mRn ¡a� r9_ e l wak�`se?q�VHq r qPVHb���`sV�h<w [ eghaV�z�e [^] k�e?q�h=7 >«ª�> N¶VHqL8pe l

Energie(keV) Resolution en energie (% FWHM)

511 20
1274 15

� � n�n MpVBA´F > z&N > � Z waqPV&b r9_ e l wak�`se?q _�] V9fHk�b Z\l V ] b�egf��PV+haV n � % Z\l e?b _ �iwPV.f9V lRl V.h=7 > Na��� > V _ kf9e [^] b�` _ V^VHqyk�b�V � % ] e?wab l V _ k�V [^]P_ haV [ e?qik r V � 8pe?`Rb6h Z q _ waqPV ] b�V [ `s�Hb�V o f9e?wab�k _ VHk�²�J % ] e?wab l V _
]al w _�l e?qa� _Cm

¨
Z q _�l V [ eghaV�z�e [^] k�e?qLh=7 >«ª�> N l 7 r qPVHb���`sV�h<w ] �Pe?k�e?q�`RqPfH`shaVHqyk.V _ k�hae?qaq r V ]$Z b lxZ-_ e [^[ VhaV _ haVHw<;�h rH]�� k _ h=7 r qPVHb���`sV _ wab > Na��� > VHk�F > z&N > � m � lRl VLhae?`Rk�hae?qPfv�Hk�b�V�k�� r e?b�`s�ywPV [ VHqik�f9e [^] b�` _ VVHqik�b�V n � % VHkW²�J

%
f9V��ywa`:V _ k.VHq Z f9f9e?b�h Z 8pV9f l V _&[ V _ wab�V _ u Z `Rk�V _+Z 8pV9f lxZ^_ e?wab�f9V6haV�f Z\l `R�ab Z k�`se?q m

�6��� 	 ����
-%6��������/+�-/.!��# ���"� ��*2/��+�³
��������� �"!��"#$��%&��� ')%+*,�-� %.��� *2/.#$3����
��%6��� ��� � �
¨
Z q _ f9VHk�k�V _ V9fHk�`se?q _ VHb Z6] b r9_ VHqyk r V lxZ6[�r k��PeghaV+h=7 ` [�Z �pVHb�`sV�h<w�fH`sV l VHqyk�b�V�²�J�J6MpVBA VHk n }�VBA

��b)(?f9V Z w [ eihaV�z�e [^] k�e?q m z�VHk�k�V [�r k��PeghaV¬qPV¬u wak Z\]a]al `s�yw r V��iw:7 waqa`s�ywPV [ VHqik Z w<; r 8 r qPV [ VHqyk _ ë 
��Qþ�� ��Ø
] e?wab l V _ �ywPV ls_Wl V ] b�V [ `sVHb ]alxZ q£h=7 `Rqyk�VHb Z fHk�`se?q�V _ k > Na��� > m �WqPV Z q Z\l � _ V _ V [ � lxZ � l V _ VHb Z V@D�V9fHk�w r V _ wabF > z&N > � ] e?wab r k�wPh<`sVHb+h Z q _&l 7 Z 8pVHqa`Rb l V _ ò��TÙKÿ<þ�����Ø m
��������� .������ �"!$#�%�&('�� )*�,+�� &-� ./� &�!$)

c Z�] b�V [ `s�Hb�V r k Z\] V ] e?wab Z q Z\l � _ VHb l V _ hae?qaq r V _ h<w [ eghaV�z�e [^] k�e?q£V _ k lxZ^_�rHl V9fHk�`se?q{h=7 r 8 r@·qPV [ VHqik _W_ V l e?q ¡
0 & (��	$ �� � $�VHqyk�b�V�²�J�JvVHk � J�J MpVBA m F5e?wab^f9V lxZ ��VHq � r q r b Z\l ��` l V _ k�q r f9V _�_�Z `Rb�V¶h=7 r 8 Z\l wPVHb l V _

r qPVHb���`sV _ haV _ `Rqyk�VHb Z fHk�`se?q _�_ wab > Na��� > VHk¬F > z&N > � m F�e?wab > Na��� > VHk ]al w _ � r q r b Z\l V [ VHqyk�h Z q _ k�e?wak _ V [ ` ·f9e?qPh<wPfHk�VHwabC� l V _�rHl V9fHk�b�e?q _ haV lxZ � Z qPhaV�haV�8 Z\l VHqPf9V�e?qik lxZ ] e _�_ `R�a` l `Rk r h=7¤�Hk�b�V�`Rq?¥¦V9fHk r9_�_ wab lxZ � Z qPhaVhaV�f9e?qPh<wPfHk�`se?q _ `.` ls_ b�V219e?`R8pVHqik ]$Z b Z ��`Rk Z k�`se?q)k��PVHb [ `s�iwPV�e?wU�a`sVHq ]$Z b�b Z �pe?qaqPV [ VHqykC��waqPV r qPVHb���`sV
_ w ]r b�`sVHwab�V�� lxZ¯lxZ b��pVHwab�haV lxZ � Z qPhaV�`Rqyk�VHb�h<`Rk�V m �+qPV6ude?` _ h Z q _+lxZ � Z qPhaV-haV�f9e?qPh<wPfHk�`se?q£f9VHk rHl V9fHk�b�e?q
] e?wab�b Z �Hk�b�V�f9e lRl V9fHk r�_ wab6waqPV rHl V9fHk�b�eghaV _ e?w _�l 7¤V@D=VHk�h=7 waq�f�� Z\[^]�rHl V9fHk�b�`s�ywPV�V@;<k r b�`sVHwab Z\]a]al `s�iw r�m c:Vk�b�e?w lxZ ` _�_�r.]$Z b l 7 rHl V9fHk�b�e?q l wa`�f9V+h rH]alxZ f9VHb Z h Z q _�l 7 Z wak�b�V _ VHq _�Z 8pV9fWwaqPV+8g`Rk�V _�_ VWh<`ED r b�VHqik�V m } Z ` _�r k Z qykhaV�f�� Z b��pV�e ]a] e _�r V l V�f9e?wab Z qik.`RqPh<wa`Rk ]$Z b _ e?qLh rH]alxZ f9V [ VHqik _ VHb Z¯_ e [^[�r �¯f9V l wa`:fHb r9r6]$Z b l 7 rHl V9fHk�b�e?q mNi` l 7¤e?q{h r tPqa`Rk ]$Z b.; lxZ�] b�e\ude?qPhaVHwab�h=7 `Rqyk�VHb Z fHk�`se?q:��` l V@;g` _ k�V Z\l e?b _ waqPV ] b�e\ude?qPhaVHwab�e ] k�` [�Z\l V x0

k�V lRl V�iwPV l V _ haVHw<; ] e?b�k�VHwab _�Z b�b�`R8pVHqyk�VHq [ � [ V�k�V [^]P_"_ wab l V _ haVHw<; rHl V9fHk�b�eihaV _±m |Wq ] VHwak"h Z q _ f9V�f Z?_ h r tPqa`Rbwaq£k�V [^]P_ haV [ e?qyk r V^f9e [^[ V r k Z qyk l V�k�V [^]P_ haV�k�b Z q _ `Rk l V ]al w _~l e?qa� ] e?wab l 7 waq�haV _ haVHw<;�kB� ] V _ haV
] e?b�k�VHwab _ haV�f�� Z b��pV�¡a` l:_ 7 Z ��`Rb Z haV _ k�b�e?w _ � x > x0

VHk.haV _+rHl V9fHk�b�e?q _ � x < x0
m�´²�J ◦ z~��` l V _ k�f9e [^] b�` _ VHqyk�b�V~J<� Q�² µ _+� x = x0

o VHk � � �
µ _+� k�V [^]P_ h=7 Z b�b�`R8 r VWhaV _ k�b�e?w _ o � ] e?wabwaqPV¶k�VHq _ `se?q Z\]a]al `s�iw r V¶haV n ²�J V m �"q�� r q r b Z\l hae?qPf [ V _ wab�VHb l 7 r qPVHb���`sVLV@; Z fHk�V¶h<w ] �Pe?k�e?q�`RqPfH`shaVHqik

qPV�b�V9�iwa`sVHb�k ]$Z?_~_ VHw l V [ VHqyk lxZ f9e?qaq Z ` _�_�Z qPf9V _ VHw l V�haV l 7 Z\[^]al `Rk�wPhaV [ V _ wab r V m �"q�V@D=VHk~f9VHk�k�V¯haVHb�qa`s�Hb�V
V _ k ] b�e ] e?b�k�`se?qaqPV lRl V�� l 7 r qPVHb���`sV _ ` Z wPfHwaqPV ] VHb�k�V _ haV�f�� Z b��pV�qPV _ 7¤V@D=V9fHk�wPVHqykC�5f9V��iwa`�V _ k l e?`Rq h=7¤�Hk�b�V
l V�f Z?_ ] e?wab > Na��� > m �+w<; ]al w _ � Z?_�_ V _Lr qPVHb���`sV _ � l V _�] �Pe?k�e?q _ `Rqyk�VHb Z ��` _�_ VHqyk ] b�egf��PV haV lxZ�_ wab¦u Z f9Vf9e lRl V9fHk�b�`sf9V�VHk�qPV _ VHb�e?qik.�ywPV~k�b�� _ u Z `R� l V [ VHqyk Z D=V9fHk r9_�]$Z b lxZ-] VHb�k�V�haV�f�� Z b��pV m �"q�b�VH8 Z qPf��PV ] e?wab&haV _
r qPVHb���`sV _�_ w ]r b�`sVHwab�V _�l V _~] �Pe?k�e?q _ h rH] e _ VHb�e?qyk l VHwab r qPVHb���`sV¯h Z q _�l V-ude?qPh{h<w�h r k�V9fHk�VHwab�VHk�`RqPh<wa`Rb�e?qykwaq _ `R��q Z\l ��V Z wPf9e?w ]¶]al w _�l e?qa� m c�7 r qPVHb���`sV6h<w ] �Pe?k�e?q [ V _ wab r~Z 8pV9f l 7 Z\[^]al `Rk�wPhaV _ VHb Z hae?qPf ]al w _ � Z?_�_ V�iw:7¤V lRl V�qPV l 7¤V _ k¯VHq b rCZ\l `Rk r f9e [^[ V�qPe?w _�l V [ e?qyk�b�V lxZv® `R��wab�V � m Q m F�e?wab > Na��� > �:VHq�f9e?qaq Z ` _�_�Z qik l Vk�V [^]P_ haV [ e?qyk r V Z `Rq _ `+�iwPV l 7 Z\[^]al `Rk�wPhaVvh<w _ `R��q Z\l ` l V _ k Z\l e?b _^] e _�_ `R� l VLhaVLb�V [ e?qik�VHb¶� l 7 r qPVHb���`sVh<w ] �Pe?k�e?qv`RqPfH`shaVHqik m z�VHk�k�V�f9e?b�b�V9fHk�`se?q£V _ k Z\]a]al `s�iw r V�VHqvwak�` l ` _�Z qyk l V _ k Z � l V _ haV-f9e?b�b�V9fHk�`se?q�c �~� n VHkc �W�.² ] b�e ] e _�r V _ h Z q _�l V&k�b Z `Rk�V [ VHqyk _ k Z qPh Z b�h ] e?wab > Na��� > m F5e?wab�F > z&N > � _ VHw l V lxZ f9e?qaq Z ` _�_�Z qPf9VWhaV
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 � m Q<¡N ] V9fHk�b�V��a` ]$Z b Z\[�r k�b�`s�iwPV-h<w�k�V [^]P_ haV [ e?qyk r V � ∝ ] b�e\u�e?qPhaVHwabWh=7 `Rqyk�VHb Z fHk�`se?q o VHq ude?qPfHk�`se?q
haV l 7 r qPVHb���`sV ] e?wab > Na�6� > m c Z¶l `R��qPV�qPe?`Rb�V¯f9e?b�b�V _�] e?qPh Z w<; ] �Pe?k�e?q _ � � n�n MpVBA m |Wq£8pe?`Rk6f lxZ `Rb�V [ VHqyk�ywPV l V _�] �Pe?k�e?q _ �L� Z wak�k�V [^]P_ haV [ e?qik r V�e?qik-waqPV Z\[^]al `Rk�wPhaV ]al w _ u Z `R� l V�h<w u Z `Rk�haV lxZv] VHb�k�V�haVf�� Z b��pV m

l 7 Z\[^]al `Rk�wPhaV¯V _ kWq r f9V _�_�Z `Rb�V m�� 7 Z `"hae?qPf ] e?wab~f�� Z �ywPV�� Ù�� �Ä×GÙ �Bþ��N×GØ�
Pþ k�b Z f r-l V _�] V9fHk�b�V�F > z&N > � ] e?wab
lxZv_ e?wab�f9V�haV�f Z\l `R�ab Z k�`se?q)�v�e?b�h�VHk Z w [ e±�pVHq�haV _ haVHw _�] `sf _ h=7 rH[ ` _�_ `se?qU� � n�n MpVBA(VHk n ²pI � MpVBA��
¥H7 Z `�h r k�VHb [ `Rq r�l V�� Z `Rq�VHk l 7¤e\D _ VHk�haV lxZ b�V lxZ k�`se?q�f Z q Z\lE·Br qPVHb���`sV m �+q�k�V l�_�] V9fHk�b�V�V _ k ] b r9_ VHqik r�_ wab lxZ
® `R��wab�V � m � m �WqPV.u�e?` _ f9V _ haVHw<;¶f9e?b�b�V9fHk�`se?q _ u Z `Rk�V _ ` l V _ k Z\l e?b _�] e _�_ `R� l V~haVWb�V [ e?qik�VHb+� l 7 r qPVHb���`sV�k�e?k Z\l Vh<w ] �Pe?k�e?q�`RqPfH`shaVHqik�VHq _ e [^[�Z qik l V _ haVHw<;�h rH]�� k _ VHq r qPVHb���`sV�VHk�h=7 Z\]a]al `s�ywPVHb�waqPV _�rHl V9fHk�`se?q _ wab�f9VHk�k�V
r qPVHb���`sV m

0'$ 
 $�*�Ó@Ô+ü $ * ��� 
 (�$ ] e?wab rHl ` [ `RqPVHb�waqPV ]$Z b�k�`sV¯haV ] �Pe?k�e?q _ haV�u�e?qPh Z � Z wak~k�V [^]P_ haV
[ e?qyk r V m

0'$ 
 $�*rÓ�ÔBü &�
 ��� � Ò (�$ ü � Ó�� � 
 ��� Z tPqvh=7¤V@D=V9fHk�wPVHbWhaV l 7 ` [�Z �pVHb�`sV-VHq ] � Z?_ V ]$Z b+V@;<V [^]al V mz�V9fH` _ VHb Z¯_ wab�k�e?wak Z\]a]al `sf Z � l V Z w<; ] w ls_�Z b _+Z `Rq _ `¸�iw:7 Z w<; _ wab _�Z wak _ γ m
�WqPV Z wak�b�V _�rHl V9fHk�`se?q ] e?wa8 Z qyk��Hk�b�V&e ]r b r V.V _ k lxZ�_�rHl V9fHk�`se?q�VHq Z qa� l V ] e?wab�h<` [ `RqywPVHb lxZ �iw Z q ·k�`Rk r haV ] �Pe?k�e?q _ haV~u�e?qPh m z�VHk�k�V _�rHl V9fHk�`se?q ] VHwabW�Hk�b�V�haV6haVHw<; _ e?b�k�V _ ¡

� õ � � Ü �)�iÙ � ��
�× �K× �NÞ��¨ß�� � ��� ¡�TWe?w _~] e?wa8pe?q _�[�Z ;g` [ ` _ VHb l V _ `R��q Z\l"_ wab��ab�wa`Rk6VHq rHl ` [ `Rq Z qykk�e?w _�] �Pe?k�e?q _�] e?wab l V _ �iwPV ls_�l 7¤VHq _ V [ � l V�haV _ h<`Rb�V9fHk�`se?q _¶] e _�_ `R� l V _ h<w ] �Pe?k�e?q `RqPfH`shaVHqyk
h<` _ k�b�`R�aw r V _+_ wab l V�f � qPV�haV�h<`Rb�V9fHk�`se?q θsca

VHk+h=7 Z qa� l V Z w _ e [^[ VHk θcom
�aV _ k _ w ]r b�`sVHwab Z wf�� Z\[^] haV�8iwPV�h=7 >«ª�> Nvf�7¤V _ k���h<`Rb�V n � ◦ m �"q ] b Z k�`s�ywPV¯f9V lxZ¶_ V-k�b Z h<wa`Rb Z¶]$Z b lxZ f9e?qPh<`Rk�`se?qhaV�b r ¥¦V9fHk�`se?q _ wa`R8 Z qik�V�¡ θsca − θcom > 15◦

� õ � � Ü � ��Ù � � 
P×pØTÜ�Ø �©Ü��[é\Ú	×�� � 
PÚ ��Ù � ¡:Ni` _ VHw l V¯waqPV _ e?wab�f9V¯qPe?w _ `Rqyk r b�V _�_ V�h Z q _6l V^f�� Z\[^]haV�8gwPV�waqPV _�rHl V9fHk�`se?q���V Z wPf9e?w ]�]al w _ f9e?qik�b Z `R��q Z qyk�V ] VHwak-�Hk�b�V Z\]a]al `s�yw r V m �"q�V@D�VHk�e?q
] VHwak Z\l e?b _ b�V«¥¦VHk�VHb�k�e?wak r 8p�HqPV [ VHqyk ] e?wab l V9�iwPV l"lxZ h<`ED r b�VHqPf9V�VHqik�b�V l 7 Z qa� l V�b�V9f9e?q _ k�b�wa`Rkh<w f � qPV�haV^h<`ED�w _ `se?q θrec = arccos(

−−→
AB.

−→
AC) ]$Z b�b Z\]a] e?b�k-� lxZ h<`Rb�V9fHk�`se?q�haV lxZL_ e?wab�f9VVHk l 7 Z qa� l V¯haV�h<`ED�w _ `se?q�z�e [^] k�e?q£V _ k _ w ]�r b�`sVHwab�V Z w<; `RqPf9VHb�k�`Rk�wPhaV _ h<wPV _ � l 7 `Rq _ k�b�w [ VHqyk mz�V _ `RqPf9VHb�k�`Rk�wPhaV _�_ e?qyk l ` r V _ � l 7¤VHb�b�VHwab¬u Z `Rk�V _ wab lxZ�[ V _ wab�V+haV _�] e _ `Rk�`se?q _ haV.h r k�V9fHk�`se?q¶haV _

] �Pe?k�e?q _�Z `Rq _ `"�ywPV _ wab l VHwab _ h rH]�� k _ h=7 r qPVHb���`sV m > l V _ k��a`sVHq _ wab ] e _�_ `R� l V�h=7 r 8 Z\l wPVHb�f9VHk�k�V
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 � m � ¡$N ] V9fHk�b�V�F > z&N > � haV lxZ^_ e?wab�f9V�haV6f Z\l `R�ab Z k�`se?q{�¯��e?b�h m

`RqPf9VHb�k�`Rk�wPhaV [�Z ` _�] e?wab [�Z ;g` [ ` _ VHb l V _ `R��q Z\l�_ wab-�ab�wa`Rk-` l V _ k�q r f9V _�_�Z `Rb�V�haV ] b�VHqPh<b�V�waq
Z qa� l V l ` [ `Rk�V��a`sVHq ]al w _ f9e?qik�b Z `R��q Z qyk θlim

m c Z 8 Z\l VHwab�haV�f9VHk Z qa� l V�haV _�rHl V9fHk�`se?q�h rH] VHqPhhaV l 7 r qPVHb���`sV m �"q�V@D=VHkWqPe?w _6Z 8pe?q _ 8gw£�ywPV lxZ b r9_ e l wak�`se?q�VHq r qPVHb���`sV^h<w [ eihaV^z�e [^] k�e?qh<` [ `Rqiw Z `Rk Z 8pV9f�� m c:V6f Z\l fHw l haV θcom
V _ k&hae?qPf�haV ]al w _ VHq ]al w _�] b r fH` _ VHk lxZ h<` _ k�b�`R�awak�`se?q� Z w _�_ `sVHqaqPV¯haV θcom − θrec

V _ k�haV ]al w _ VHq ]al w _�r k�b�e?`Rk�V m c�7 Z qa� l V l ` [ `Rk�V¯h<` [ `RqywPVHb Z hae?qPf
Z 8pV9f l 7 r qPVHb���`sV m F�e?wab¬` lRl w _ k�b�VHb¬f9VHk�k�V&8 Z b�` Z k�`se?q�V _ k"k�b Z f r V _ wab lxZ�® `R��wab�V � m � lxZ h<` _ k�b�`R�awak�`se?q
θcom − θrec

] e?wab l V _6r 8 r qPV [ VHqyk _ z�e [^] k�e?q�haV-k�b�e?` _�_ e?wab�f9V¯haV _ f Z\l `R�ab Z k�`se?q _6] b�` _ V _�Z w
_ e l¬� 133 Niq � 392keV o � 22 T ZL� 511keV o � 137 z _-� 662keV o�o m�WqPVLf9e?q _�r �iwPVHqPf9V h<`Rb�V9fHk�V haV f9V��pVHqab�VvhaV _�rHl V9fHk�`se?q V _ k l V�� Z `Rq VHq _ VHq _ `R�a` l `Rk r�m Niwab lxZ
® `R��wab�V � m � V _ k ] b r9_ VHqik r�l V^� Z `Rq VHq _ `R��q Z\l¬_ wab��ab�wa`Rk _ wa`R8 Z qik l 7 Z qa� l V�haV _�rHl V9fHk�`se?q�VHk�f9V
] e?wab�waqPV _ e?wab�f9V¯haV^f Z\l `R�ab Z k�`se?q haV 133 Niq m c Z 8 Z\l VHwab~`sh rCZ\l V ] e?wab l 7 Z qa� l V^h=7 Z f9f9V ] k Z qPf9V
l ` [ `Rk�V¯V _ k�haV 10◦

h Z q _~l V¯f Z?_ haV¯f9VHk�k�V _ e?wab�f9V m z�VHk�k�V�8 Z\l VHwab�V _ k~VHq Z f9f9e?b�h Z 8pV9f¯f9V¯�ywa`udwak&k�b�e?wa8 r6] e?wab l V ] w ls_�Z b+h<w�z�b Z ��V m
z�V _W_�rHl V9fHk�`se?q _ e?qik Z w _�_ `:f9e [^[ V Z 8 Z qyk Z �pV-haV6b r h<wa`Rb�V���b Z qPhaV [ VHqik l V6qPe [ �ab�V-haV6ude?b�k�wa`Rk _Cmz�V _~r 8 r qPV [ VHqyk _ e?qik~VHqvV@D=VHk+waqPV-h<` _ k�b�`R�awak�`se?q£haV

(θcom − θrec)
h r f Z\lsr V�8pVHb _ haV _ 8 Z\l VHwab _ q r � Z k�`R8pV _

� ∼ −50◦
o m �+`Rq _ `�waqPV _�rHl V9fHk�`se?q Z 8pV9f�waq Z qa� l V^h=7 Z f9f9V ] k Z qPf9V ] VHk�`Rk�b�V«¥�VHk�k�VHb Z waqPV¯��b Z qPhaV ]$Z b�k�`sV^haV _

r 8 r qPV [ VHqik _ ude?b�k�wa`Rk _Cm
��������� .�%���) !���� �"!�#�% & '-� ) �,+ � &�� ./� &�!�)	� %
��!���#�!�)

c ZW] b r9_ VHqPf9V&haV _"r 8 r qPV [ VHqik _ u�e?b�k�wa`Rk _ V _ k"VHq�� r q r b Z\l q r � l `R� r V&h Z q _³l V _ k rHl V _ f9e ] V _ z�e [^] k�e?qf lxZ?_�_ `s�ywPV _±m c:VHwab _ `R��q Z k�wab�V{h Z q _�lxZ b�V9f9e?q _ k�b�wPfHk�`se?q h<w fH`sV l ��b)(?f9V Z w<;)f9VHb�f l V _ z�e [^] k�e?q´q:7 `RqPh<wa`Rk
Z wPfHwaqPV.u Z w _�_ V&h r k�V9fHk�`se?q�haV _ e?wab�f9V m } Z ` _ h Z q _"l V _ k rHl V _ f9e ] V _ z�e [^] k�e?q¶� [�Z?_ �iwPV.f9egh r � lxZ6_ `Rk�w Z k�`se?qV _ k l e?`RqLh=7¤�Hk�b�V lxZ-[ � [ V�VHk�f9V _&r 8 r qPV [ VHqik _ hae?`R8pVHqyk.�Hk�b�V _ e?w _ k�b Z `Rk&haV [�Z qa`s�Hb�V~k�b�� _�] b r fH` _ V m �"qLV@D�VHk
h Z q _�l V ] b�eif9V _�_ w _ haV^h r f9e?qy8pe l wak�`se?q:�¸haV _6r 8 r qPV [ VHqik _�Z b�b�`R8 Z qyk _ wab > Na��� > VHk�h<`ED�w _�r9_6_ wab6F > z&N > �
� z�e [^] k�e?q o e?wLk�e?k Z\l V [ VHqyk Z � _ e?b�� r9_&]$Z b > Na��� > VHk Z?_�_ egfH` r9_ �¯waq r 8 r qPV [ VHqik~F > z&N > �µ`RqPh rH] VHqPh Z qyk
� u�e?b�k�wa`Rk _ o _ e?qik�8gw _ haV lxZ+[ � [ V [�Z qa`s�Hb�V m > ls_ fHb r VHb�e?qyk�h Z q _�l 7 ` [�Z �pV�b�V9f9e?q _ k�b�wa`Rk�V�waq _ `R��q Z\lg_ `R��qa`Et$f Z k�`Eu� lxZ.] e _ `Rk�`se?q�haV lxZ._ e?wab�f9V m F�e?wab _ e?w _ k�b Z `Rb�V¬f9VHk�k�V�f9e [^] e _Z qyk�V�waqPV�h<` _ fHb�` [ `Rq Z k�`se?q ] �Pe?k�e?q ]$Z b ] �Pe?k�e?q
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 � m � ¡
¨ ` _ k�b�`R�awak�`se?q£haV _~r 8p�HqPV [ VHqyk _6_ V l e?q θcom − θrec

] e?wab~haV _Wr 8 r qPV [ VHqyk _ z�e [^] k�e?q�haV�k�b�e?` _
_ e?wab�f9V _ haV�f Z\l `R�ab Z k�`se?q _~Z w _ e l¬� 133 Niq � 392keV o � 22 T ZL� 511keV o � 137 z _�� 662keV o�o _ wab l 7 Z ;aV m
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 � m � ¡��"8pe l wak�`se?q^h<w¯� Z `Rq�VHq _ `R��q Z\l<_ wab5�ab�wa`Rk _ wa`R8 Z qyk l 7 Z qa� l V�h=7 Z f9f9V ] k Z qPf9V l ` [ `Rk�V ] e?wab�waqPV _ e?wab�f9VhaV6f Z\l `R�ab Z k�`se?q�haV 133 Niq _ wab l 7 Z ;<V

q:7¤V _ k [�Z\l �PVHwab�VHw _ V [ VHqyk ]$Z?_&] e _�_ `R� l V m TWe?w _.Z 8pe?q _ hae?qPf�� Z\]a]al `s�ywPVHb&waqPV [�r k��PeghaV _ k Z k�` _ k�`s�iwPV ] e?wab
r 8 Z\l wPVHbWVHk _ e?w _ k�b Z `Rb�V l V _.r 8 r qPV [ VHqik _ u�e?b�k�wa`Rk _Cm

� c ZU] b�V [ `s�Hb�V r k Z\] V�f9e?q _ ` _ k�V�� r 8 Z\l wPVHb lxZ)] b�e ] e?b�k�`se?q�h=7 r 8 r qPV [ VHqik > Na��� > [�Z b��yw r9_z�e [^] k�e?q ]$Z b�VHb�b�VHwab m z�V _�r 8p�HqPV [ VHqik _ � ] e?wab^�Hk�b�VLf9e?q _ `sh r b r9_ f9e [^[ Vvz�e [^] k�e?q:� _ e?qyk
Z?_�_ egfH` r9_�Z waq r 8 r qPV [ VHqyk�F > z&N > �48pVHq Z qik¯h<wjfH`sV l �³h<w��ab�wa`Rk¯haV�u�e?qPh�e?wjhaV lxZ�_ e?wab�f9V`Rqyk�VHb�qPV�haV6f Z\l `R�ab Z k�`se?q m c:V6qPe [ �ab�V�k�e?k Z\l h=7 r 8 r qPV [ VHqik _ u�e?b�k�wa`Rk _ V _ k.hae?qaq r�]$Z b�¡
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NSp = (1 − e−(2∆Te−δT )(NCsI +NOBCU ))NCdTe
� � m ² o

Z 8pV9f ∆Te
lxZ haV [ `au�VHqP�Hk�b�V&haV�f9e���qPfH`shaVHqPf9V�z�e [^] k�e?q:� δT lxZ b r9_ e l wak�`se?q^k�V [^] e?b�V lRl VW�~�e?b�hVHk

NOBCU
�
NCdTe

VHk
NCsI

l V _ k Z w<;vhaV�f9e [^] k Z �pV ] e?wab l V _~r 8 r qPV [ VHqyk _ F > z&N > � haV lxZ
_ e?wab�f9V�haV�f Z\l `R�ab Z k�`se?q:� > Na��� > VHk-F > z&N > ��8pVHq Z qyk¯h<w�fH`sV l��d_ ` [^]al V � N simple

Csi

o�� [ w l k�` ]al V
� Nmultiple

Csi

o�o b�V _�] V9fHk�`R8pV [ VHqyk m } Z ` _&[�Z\l �PVHwab�VHw _ V [ VHqik l V�k Z w<;�haV�f9e [^] k Z �pV > Na��� > [ V ·
_ wab r q:7¤V _ k ]$Z?_�l V�8gb Z ` m ��q�V@D=VHkC�5h Z q _�l V�8ib Z `�k Z w<;�haV¶f9e [^] k Z �pV l V _-r 8 r qPV [ VHqik _ ude?b ·k�wa`Rk _�] b r9_ VHqyk _ h Z q _�l V _ hae?qaq r V _ z�e [^] k�e?q _ e?qyk ] b r9_ VHqyk _Cm TWe?w _-Z 8pe?q _ hae?qPf NCdTe =
Nmes

CdTe + NSp
f9V^�iwa`�hae?qaqPV

NCdTe = Nmes
CdTe/(e

−(2∆Te−δT )(NCsI +NOBCU ))
VHk�hae?qPf^waq

k Z w<;LhaV�f9e [^] k Z �pV�u�e?b�k�wa`Rk _ ¡

NSp = (e(2∆Te−δT )(NCsI +NOBCU ) − 1)Nmes
CdTe

� � m Q o
c¸V f Z?_ `sh rCZ\lW_ VHb Z `Rk�haV ] b�VHqPh<b�VvVHq)f9e [^] k�V r � Z\l V [ VHqyk lxZ h<`ED r b�VHqPf9VvVHqyk�b�V l V k Z w<;jhaV
f9e [^] k Z �pV�b r V l VHk [ V _ wab r�] e?wab l V _+r 8 r qPV [ VHqyk _ F > z > Ng� [�Z ` _ f9VHk�k�V�h<`ED r b�VHqPf9V-V _ k _ w<G ·
_Z\[^[ VHqyk�u Z `R� l V ] e?wab6�Hk�b�V�q r � l `R� r�m c:V ] b�e ] e?b�k�`se?q α h=7 r 8 r qPV [ VHqik _ > Na��� > VHk [�Z b��iw r9_z�e [^] k�e?q _ ` [^]al V�V _ k.hae?qPf�¡

α = β(e(2∆Te−δT )NCsI+NOBCU − 1) � � m � o
e?w

β
V _ k lxZ ] b�e ] e?b�k�`se?qUh=7 r 8 r qPV [ VHqyk�F > z > Ng� _ ` [^]al V _ wab l 7¤VHq _ V [ � l V haV _¯r 8 r qPV [ VHqik _F > z&N > � m

β =
N simple

CsI +NOBCU

N simple
CsI +Nmultiple

CsI +NOBCU

� � m � o

Z 8pV9f N simple
CsI

VHk
Nmultiple

CsI
l V _ k Z w<;�haV�f9e [^] k Z �pV ] e?wab l V _~r 8 r qPV [ VHqik _ F > z&N > � _ ` [^]al VVHk [ w l k�` ]al V~b�V _�] V9fHk�`R8pV [ VHqyk m c Z�] b�e ] e?b�k�`se?q α V _ k Z\]a] V lsr VWu Z fHk�VHwab�u�e?b�k�wa`Rk m > l 8 Z b�`sV~VHqyk�b�V

2.82 % Z w�h r �awak-haV lxZ�[ ` _�_ `se?q�e?¢ lxZ u�VHqP�Hk�b�V�haV�f9e���qPfH`shaVHqPf9V r k Z `Rk�haV 10 µs
�

1.1 %Z\] b�� _�lxZ b r 8pe l wak�`se?q n J�²�e?¢ lxZ u�VHqP�Hk�b�V Z 8 Z `Rk r k r b r h<wa`Rk�V�� 3.8 µs m c�7 r 8pe l wak�`se?qvhaV
α Z 8pV9f

l VWqyw [�r b�e¯haV _ fH`sVHqPf9V~°&`RqPhaeC°µV _ k ] b r9_ VHqyk r V _ wab lxZ-® `R��wab�V � m I m α V _ k�f9e?q _ k Z qyk ] e?wab�waqPVb r 8pe l wak�`se?q�hae?qaq r V [�Z ` _�Z wa� [ VHqik�V _ wab�haV _ k�V [^]P_ �V Z wPf9e?w ] ]al w _6l e?qa� m z�V9fH`�V _ k�h<§��
l 7 Z wa� [ VHqik Z k�`se?q{h<wv�ab�wa`Rk+haV~ude?qPh=�$h<w�u Z `Rk.h<wvfH�<f l V _ e lxZ `Rb�V m

� �WqPV¯u�e?` _ f9V¯u Z fHk�VHwab-h r k�VHb [ `Rq r �¸` l u Z wak-fHb r VHb�waq�t$f��a`sVHb Z b�k�`Et$fH`sV l haV¯ude?b�k�wa`Rk _�Z?_�_ egfH` Z qyk
Z w�� Z?_Z b�h l 7¤VHq _ V [ � l V�haV _6r 8 r qPV [ VHqyk _ > Na��� > ��haV _6r 8 r qPV [ VHqik _ F > z&N > � m c:V _6[ � [ V _
_�rHl V9fHk�`se?q _6_ e?qyk6VHq _ wa`Rk�V Z\]a]al `s�iw r V _ ��f9V _6r 8 r qPV [ VHqik _ �yw:7 Z w<; r 8 r qPV [ VHqyk _ z�e [^] k�e?q�VHk
waqPV�` [�Z �pV-h<w ]alxZ qvh r k�V9fHk�VHwabWV _ k.f9e?q _ k�b�wa`Rk�V�� ]$Z b�k�`Rb+haV _+r 8 r qPV [ VHqyk _~_�rHl V9fHk�`se?qaq r9_Cm

� z�VHk�k�V~` [�Z �pV6h r k�V9fHk�VHwab&waqPVWu�e?` _�[ w l k�` ]al ` r V ]$Z b l V.u Z fHk�VHwab�u�e?b�k�wa`Rk _ VHb Z�_ e?w _ k�b Z `Rk�V���f9V lRl Vz�e [^] k�e?q m
��������� � %
� �$� �"!$#�% & '-� ������&�# � %
� . # !��

F�e?wab l V [ eghaV-z�e [^] k�e?qvh=7 >«ª�> N l V _ ` [�Z �pV _ h r k�V9fHk�VHwab _~_ wab > Na��� > qPV _ e?qykWVHq � r q r b Z\l¸]$Z?_waqa`Eu�e?b [ V _ VHk ] b r9_ VHqik�VHqyk�waqPV [ egh<w lxZ k�`se?q _�] � r b�`s�ywPVWh<wPVW� l 7 Z � _ VHqPf9V~h=7 r 8 r qPV [ VHqyk _�_ wab l V _ ��e?b�h _ h<wh r k�V9fHk�VHwab m �"q�V@D�VHk6��V Z wPf9e?w ] haV ] �Pe?k�e?q _ h r k�V9fHk r9_�_ wab l V _ b r ��`se?q _ V@;gk�VHb�qPV _ h=7 > Na��� > VHk�h<`ED�w _�Z qyk8pVHb _³l V�� Z?_ qPV _ e?qik ]$Z?_ h r k�V9fHk r9_"]$Z b"F > z&N > � m
¨ e?qPf ]al w _ e?q _ 7 Z\]a] b�eif��PV&haV _ �e?b�h _ � [ e?`Rq _ e?q�h r k�V9fHk�Vh=7 r 8 r qPV [ VHqik _Cm z�VHk�k�V [ egh<w lxZ k�`se?qL`RqPh<wa`Rk.h Z q _&l V ] b�egf9V _�_ w _ haV6h r f9e?qy8pe l wak�`se?q{haVWk�b�� _ u�e?b�k�V _ VHb�b�VHwab _

_ � _ k rH[�Z k�`s�iwPV _ h Z q _³l 7 ` [�Z �pV�tPq Z\l V Z 8pV9f&haV _ u b r �iwPVHqPf9V _�_�]$Z k�` Z\l V _³] b�egf��PV _ haV&f9V lRl V _ haV lxZ~[ eih<w lxZ k�`se?q
_ wab l V ]alxZ q�h r k�V9fHk�VHwab m z~7¤V _ k ] e?wab¬f9VHk�k�V.b Z ` _ e?q��yw:7 waqPV.f9e?b�b�V9fHk�`se?q¶VHq�waqa`Eu�e?b [ `Rk r hae?`Rk¬�Hk�b�V Z\]a]al `s�yw r V m��q�� r q r b Z\l"_ ` l 7¤e?q{qPe?k�V ]$Z b

¨
l V ]alxZ q{h r k�V9fHk�VHwab6VHk ]$Z b6N VHk ª lxZ f9e?qyk�b�`R�awak�`se?q�haV lxZ�_ e?wab�f9V�VHk~h<wu�e?qPh e?q Z¯lxZ b�V lxZ k�`se?q _ wa`R8 Z qyk�V�¡

D = SUS +BUB
� � m � o
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s)µT = 3.0∆ Rev. 44 (beginning) (

s)µT = 5.0∆ Rev. 44(end)-45 (

s)µT = 1.9∆ Rev. 102-103-170-239 (

���	��
 � m Ig¡ �"8pe l wak�`se?q�h<wvu Z fHk�VHwab+u�e?b�k�wa`Rk _�Z 8pV9f l V�qiw [�r b�e¶haV _ fH`sVHqPf9V-°&`RqPhaeC° ] e?wab+waqPV�e?� _ VHb�8 Z k�`se?qh<w�z�b Z �V m

Z 8pV9f US
VHk
UB

l V _ waqa`Eude?b [ `Rk r9_ haV lxZL_ e?wab�f9V�VHk�h<w�ude?qPh m c Z�] b�V [ `s�Hb�V r k Z\] V^V _ k�haV�8pe?`Rb
_ ` US

VHk
UB

_ e?qykW`shaVHqyk�`s�iwPV _ e?wvqPe?q m F5e?wab6f9V lxZ�l V _ h<` _ k�b�`R�awak�`se?q _6_ wab l V ]alxZ q£h r k�V9fHk�VHwab�haV _ e?wab�f9V _haV�f Z\l `R�ab Z k�`se?q _�Z w _ e l.Z `Rq _ `.�iwPV�h<w�ude?qPhjVHq�8pe l e?qyk r k r f9e [^]$Z b r V _Cm �"qj� r q r b Z\l.lxZ h<` _ k�b�`R�awak�`se?qhaV _.r 8 r qPV [ VHqyk _ z�e [^] k�e?q _ wab l V ]alxZ q�h r k�V9fHk�VHwab ] VHwak.�Hk�b�V [ eih rHl ` _�r V ]$Z b+waqPV�� Z w _�_ `sVHqaqPV�²
¨
m �WqPVf9e?w ] V6haV�f9VHk�k�V6� Z w _�_ `sVHqaqPV�V _ k ] b r9_ VHqyk r V _ wab lxZ¯® `R��wab�V � m �

Distance au centre du detecteur (pixels ISGRI)
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 � m � ¡
¨ ` _ k�b�`R�awak�`se?q haV _&r 8 r qPV [ VHqik _ z�e [^] k�e?q ] e?wab&waqLf�� Z\[^] 8g`shaV _ V l e?q lxZ h<` _ k Z qPf9V Z w f9VHqyk�b�V

h<w h r k�V9fHk�VHwab m
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 � m ²<¡Pc Z b��pVHwab σ haV lxZ � Z w _�_ `sVHqaqPV

Source Energie(keV) σ
113Sn 392 73 ± 3
22Na 511 74 ± 3
137Cs 662 71 ± 4
54Mn 835 72 ± 2
54Zn 1120 73 ± 3

Background 200 − 5000 74 ± 3

c:V _ 8 Z\l VHwab _ k�b�e?wa8 r V _�] e?wab lxZ�lxZ b��pVHwab σ haV�f9VHk�k�V-� Z w _�_ `sVHqaqPV ] e?wab l V _ h<`ED r b�VHqik�V _�_ e?wab�f9V _haV{f Z\l `R�ab Z k�`se?q Z `Rq _ `��ywPV ] e?wab l V u�e?qPh VHq)8pe l�_ e?qyk¶b Z?_�_ V [ � lsr V _ h Z q _�lxZ � Z � l V � m ² m z�VHk�k�Vvk Z � l VqPe?w _ `Rq<ude?b [ VL�iwPV
US = UB

VHk�f9V¶�iwPV l �iwPV _ e?`Rk l V¶hae [�Z `RqPVLh=7 r qPVHb���`sVvf9e?q _ `sh r b r V m c Z f9e?b�b�V9fHk�`se?q
h=7 waqa`Eu�e?b [ `Rk r�_ V¯b r h<wa`Rk�hae?qPf��¶b r9_ e?wPh<b�V D = (S + B)U m � ] b�� _ hae?qPf lxZ�_ e?w _ k�b Z fHk�`se?q�haV¯ude?b�k�wa`Rk _ �
l 7 ` [�Z �pV�h r k�V9fHk�VHwab�b r9_ w l k Z qik�V _ VHb Z h<`R8g` _�r V ]$Z b^waqPVLwaqa`Eu�e?b [ `Rk rL[ e±�pVHqaqPV � ] e?wab�e?�ak�VHqa`Rb S + B mz�VHk�k�V�` [�Z �pV _ VHb Z b�VHqPe?b [�Z\l ` _�r V ] e?wab [�Z `Rqik�VHqa`Rb l V�qPe [ �ab�V�h=7 r 8 r qPV [ VHqik _ `RqPf�� Z qa� r�mc Z�] b�egf�� Z `RqPV r k Z\] V _ VHb Z `Rk [�Z `Rqyk�VHq Z qik.haV+8pe?`Rb _ ` Z\] b�� _ f9VHk�k�V~f9e?b�b�V9fHk�`se?q:�<haV _�[ egh<w lxZ k�`se?q _h<w ude?qPh ] VHb _ ` _ k�VHqyk _ wab-haV _�]al w _�] VHk�`Rk�V _�r f��PV lRl V _Cm Ni`�f�7¤V _ k l V�f Z?_ �¸haV _ f Z b�k�V _ haV^ude?qPh�hae?`R8pVHqik-�Hk�b�V
f9e?q _ k�b�wa`Rk�VvVHk _ e?w _ k�b Z `Rk�Vv� l 7 ` [�Z �pVvh r k�V9fHk�VHwab¶f9e [^[ V f9V lxZ�Z�r k r u Z `Rk ] e?wab > Na�6� > � �5VHb�b�`sVHb�VHk Z\l�m²�J�J�Q o m z�V�k�b Z 8 Z ` l V _ k.VHq f9e?wab _ h=7 r k�wPhaV m
��������� � � � %�& +�% � �-!�#�% & '-� ��� # . ��� � '-�,!�� �"!�� � �

�5e?wak¬h=7 Z �e?b�h¯b�V ] b r9_ VHqyk�e?q _�l V [�Z?_ �iwPV ]$Z b"waqPV [�Z k�b�`sf9V&},haV�8 Z\l VHwab n VHk�J~b�V _�] V9fHk�`R8pV [ VHqyk
] e?wab l V _6rHlsrH[ VHqik _ k�b Z q _�]$Z b�VHqik _ VHk�e ]$Z �iwPV _ �:VHk ]$Z b-� lxZ¶[�Z k�b�`sf9V�haV^f9e?b�b rHlxZ k�`se?q `Rqy8pVHb _ V m c�7 ` [�Z �pVh r f9e?qi8pe l w r V�h<w ]alxZ q�h r k�V9fHk�VHwab

¨ h Z q _6l V¯f�� Z\[^] k�e?k Z\l V [ VHqik�VHk ]$Z b�k�`sV lRl V [ VHqyk�f9eih r V _ k Z\l e?b _ e?� ·k�VHqiwPV ]$Z b~f9e?qi8pe l wak�`se?q�haV ¨ ]$Z b6� � ��e l h<°&wab [ VHk Z\l�m ²�J�J�Q��=�~b�e _ VHk Z\l�m ²�J�J�Q o m A"w£�iwPV l V-qPe [ �ab�Vh=7 rHlsrH[ VHqik _-� k�b Z q _�]$Z b�VHqik _ � e ]$Z �iwPV _ o h Z q _&l V�f�� Z\[^]L]$Z b�k�`sV lRl V [ VHqikWf9egh r q:7¤V _ k ]$Z?_ f9e?q _ k Z qyk.f9e [^[ Vh Z q _+l V6f�� Z\[^] k�e?k Z\l V [ VHqykWf9egh r � lxZ 8 Z b�` Z qPf9V�VHk l V �Pw<; ] e?wab.f�� Z �ywPV ] e _ `Rk�`se?q h Z q _.l V6fH`sV l hae?`Rk.�Hk�b�Vb�VHqPe?b [�Z\l ` _�r V m c:V �Pw<;LV _ k+hae?qaq r V ]$Z b�¡

F =
(WD ∗G+) − (WD ∗G−) (W∗G+)

(W∗G−)

(W ∗G+M) − (W ∗G−M) (W∗G+)
(W∗G−)

� � m I o

VHk lxZ 8 Z b�` Z qPf9V ]$Z b�¡

V =
(W 2D ∗G+2) + (W 2D ∗G−2)( (W∗G+)

(W∗G−)
)2

((W ∗G+M) − (W ∗G−M) (W∗G+)
(W∗G−)

)2
� � m � o

¨
Z q _.l V _ ude?b [ w l V _+] b r f r haVHqik�V _ � G+ = G ] e?wab G > 0

�
G+ = 0 ] e?wab G < 0

VHk
G− = −G] e?wab G < 0

�
G− = 0 ] e?wab G > 0 m c ZW[�Z k�b�`sf9V��©V _ k�`sfH` lxZ f Z b�k�V&haV _³] `E;aV ls_ 8 Z\l `shaV _±m � w Z qik�� lxZ f Z b�k�V¨ V lRl V^f9e?b�b�V _�] e?qPh�� l 7 ` [�Z �pV^h r k�V9fHk�VHwab-e?� _ VHb�8 r V¯VHk�h<`R8g` _�r V ]$Z b lxZ f Z b�k�V¯VHq£V@G�f Z fH`Rk r�m TWe?w _6Z\lRl e?q _h r k Z ` lRl VHbW`sfH` lxZ�[�r k��PeghaV�V@; Z fHk�V�haV6f Z\l fHw l haV6f9VHk�k�V�f Z b�k�V Z `Rq _ `¸�ywPV6haV _ V _ h<`ED r b�VHqik�V _ f9e [^] e _�Z qyk�V _±m

3 
 � � � � ü�$ � &)$
	 � 
 ��� 
 ( 
 $�*�Ó � � $ ��� $ > l � Z�]al w _ `sVHwab _ kB� ] V _ haV.f9e?w ] wab�V~�6k�VHqa`Rb¬VHq�f9e [^] k�Vh Z q _-l V�f Z\l fHw l haV l 7¤V@G�f Z fH`Rk r k�V [^] e?b�V lRl V�¡ l V _ f9e?w ] wab�V _�] `E;<V l��d_ w ]�r b�`sVHwab�V _ ��² � I _ o � l V _ f9e?w ] wab�V _
[ egh<w l V � VHqyk�b�V.J mRn VHk�² � I _ o VHk³f9V lRl V _³l ` r V _ � lxZ k rHlsrH[�r k�b�`sV � VHqyk�b�V.J m J�²�VHk"J mRn�_ o m F5e?wab�f�� Z fHwaqPV&h=7¤VHqyk�b�VV lRl V _ �=waq��a` _ k�e?��b Z\[^[ V¶haV _ k�V [^]P_ h=7 Z b�b�`R8 r V�haV _�r 8 r qPV [ VHqik _ V _ k�f Z\l fHw lsr�Z 8pV9f�k�b�e?` _�]$Z?_ k�V [^] e?b�V ls_b�V _�] V9fHk�`Eu _ h<`ED r b�VHqyk _Cm �+qPV�` [�Z �pV > Na��� > n ² � × n ² � haV-f�� Z �iwPV�V@G�f Z fH`Rk r V _ k Z `Rq _ `¸fHb r9r V�� l 7¤V@G�f Z fH`Rk rk�e?k Z\l V r k Z qykWhae?qaq r V ]$Z b l V ] b�eih<wa`Rk.haV _ k�b�e?` _Cm z�VHk�k�V�V@G�f Z fH`Rk r6] b�VHqPhvhae?qPf�VHq f9e [^] k�V l V�u Z `Rk.�ywPV l Vk�V [^]P_ h=7¤e?� _ VHb�8 Z k�`se?q [ V _ wab r q:7¤V _ k ]$Z?_&l V6k�V [^]P_ b r V l�m
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 ��� 
 ( $ � ( ��$��� � $ÃÕ~f�� Z �iwPV ] `E;aV l f9e [^] e _Z qyk > Na�6� > Z�_ e?q ] b�e ] b�V

_ VHwa` l � Z?_ haV^h r k�V9fHk�`se?q:�:�iwPV¯qPe?w _ qPe?k�e?q _ �
seuil

m �WqPV^f Z b�k�V^haV^f9V _�_ VHwa` ls_ V _ k�hae?qaq r V ] e?wab�f�� Z �ywPVb r 8pe l wak�`se?q m c Z 8 Z\l VHwab [ e±�pVHqaqPV.V _ k³haV l 7¤e?b�h<b�V&haV n � keV
�?VHk��~f�� Z �iwPV ] `E;<V l V _ k Z?_�_ egfH` r V�waqPV¬u�e?qPfHk�`se?qVHq [�Z b�f��PV�h=7¤V _ f Z\l `sVHb � J������ �

seuil
� n ��� ≥ �

seuil
o m �W`Rq _ `5h Z q _ waqPV�� Z qPhaV¯VHq r qPVHb���`sV�hae?qaq r V��

_ wa`R8 Z qyk lxZ 8 Z\l VHwab+haV6f9V _ VHwa` l � Z?_ � lxZ�lxZ b��pVHwab.b r V lRl V�haV lxZ � Z qPhaV _�rHl V9fHk�`se?qaq r V�hae?`Rk+�Hk�b�V�f9e?b�b�`R� r V m
3 
 � � � � ü � 
 $ *rÓ�Ô * � � 
 Õ.� ]$Z b�k�`Rb�haV _ k Z w<;�haVLf9e [^] k Z �pV � z��

i
o VHk�haV _ udVHqP�Hk�b�V _ haVf9e���qPfH`shaVHqPf9V � °

i
o VHqab�VH��` _ k�b r9_6] b r f r haV [^[ VHqykC� l V-k�V [^]P_�[ e?b�k6� l e?� Z\l k

M
haV¯f�� Z �iwPV^e?� _ VHb�8 Z k�`se?q�haV

h<wab r V tobs
�aV _ k&k�V l �iwPV^¡

tM
tobs

= 1 − exp−(
∑

i

CRi × wi)
� � m �po

e?¢ l V _ `RqPh<`sf9V _ ` _ V¯b r u��Hb�VHqyk Z w<;£k�V [^]P_�[ e?b�k _�l ` r9_ � lxZ�_ e?wab�f9V�haV^f Z\l `R�ab Z k�`se?q:� Z w�A~���+|
��� z��

VETO+Na × �
µ _ o � Z w [ eghaV¯z�e [^] k�e?q ��� z��

PICSIT × °
Compton

o � VHk���f9V l wa`�h<§ Z w�k�V [^]P_h=7¤VHqPf9eih Z �pV � ∼ 110µ _ o ] VHqPh Z qik l V9�iwPV l k�e?wak5waq [ eih<w l V > Na��� > qPV ] VHwak�f9e [^] k Z �a` l ` _ VHb�h=7 r 8 r qPV [ VHqyk _±m
�WqPV�f Z b�k�V�VHq�V@G�f Z fH`Rk r V _ k Z\l e?b _ f9e?q _ k�b�wa`Rk�V�VHq k�VHq Z qyk-f9e [^] k�V�haV�f9V _ h<`ED r b�VHqyk�V _-] VHb�k�V _

� A�e?`Rb ® `R��wab�V � mRn J o m z�VHk�k�V~f Z b�k�V Z waqPV+8 Z\l VHwab [ eC�pVHqaqPV ] b�egf��PV�haV~J m I � m � w Z qyk.� � �iwa`V _ k lxZ f Z b�k�VhaV _�] `E;<V ls_ 8 Z\l `shaV _ V lRl V�k�`sVHqik.VHq f9e [^] k�V l V _&] `E;<V ls_�[ e?b�k _WZ `Rq _ `=�ywPV l V _�] `E;aV ls_ �ab�wa� Z qyk _Cm c Z�[�r k��PeihaVhaV6h r k�V9fHk�`se?q�haV6f9V _ haVHb�qa`sVHb _ V _ k.h r k Z ` lRlsr V�fH`5haV _�_ e?w _Cm
5 $�� ��$���� ��$kü�$YÔáÓ ��� $ � Ô���� � # 
 �
	¨Ô\Õ=k�e?wak~f9e [^[ V lxZ f9e?b�b�V9fHk�`se?q{VHq r qPVHb���`sV�� lxZ h r k�V9fHk�`se?qhaV _�] `E;<V ls_ �ab�wa� Z qyk _{_ wab > Na��� > V _ k ] b�` [ e?b�h<` Z\l V�VHk Z q r f9V _�_ `Rk r waq h r 8pV l e ]a] V [ VHqyk _ e?`R��qPVHw<;µVHk

l e?qa��wPV [ VHqyk�k�V _ k r�m � lRl V�b�V ] e _ V _ wab�waqPV r k�wPhaV _�] V9fHk�b Z\l V�haV�f�� Z �iwPV ] `E;aV l b�V lxZ k�`R8pV [ VHqik Z w _�] V9fHk�b�V
[ eC�pVHqve?� _ VHb�8 r�_ wab l 7¤VHq _ V [ � l V-h<w ]alxZ q haV�h r k�V9fHk�`se?q m c:V ]al w _ h rHl `sf Z k+h Z q _ f9VHk�k�V r k�wPhaV�f9e?qPf9VHb�qPV l Vf9e [^] e?b�k�V [ VHqik _�] V9fHk�b Z\l:] b�egf��PV�haV _+_ VHwa` ls_ � Z?_ haV _.] `E;<V ls_Cm

�WqPV�` [�Z �pV > Na��� > n ² � × n ² � h<w χ2 �Kb�V ] b r9_ VHqyk Z qyk lxZ h r 8i` Z k�`se?q�haV�f�� Z �ywPV ] `E;aV lPZ w _�] V9fHk�b�V
[ eC�pVHqvV _ k+fHb r9r V _ wa`R8 Z qyk lxZ u�e?b [ w l V�f lxZ?_�_ `s�iwPV�¡

χ2
ij =

∑

E<Emax

(Sij(E)− < S > ×εE,ij(E))2

< S > ×εE,ij(E)
� � mRn J o

e?¢-�
max

b�V ] b r9_ VHqyk�V lxZ f9e?w ] wab�V _ wab l V _�] V9fHk�b�V¬VHq · haV21 Z haV lxZ �iwPV lRl V l V�f Z\l fHw l V _ k [ VHq r�m N
ij
VHk
εE,ij

_ e?qykb�V _�] V9fHk�`R8pV [ VHqyk l V _�] V9fHk�b�V~VHk lxZ f9e?wab���V�haV l 7¤V@G�f Z fH`Rk r VHq r qPVHb���`sV6h<w ] `E;aV l�� `�� ¥ o �<VHk��WN�µf9e?b�b�V _�] e?qPh
Z w _�] V9fHk�b�V [ eC�pVHqvhaV _+] `E;<V ls_WZ fHk�`Eu _._ wab l V ]alxZ qvhaV�h r k�V9fHk�`se?qvk�V l �iwPV^¡

< S >=

∑
Sij∑
εE,ij

� � mRn�n o
c:V _�] `E;aV ls_ h<`Rk _.Z fHk�`Eu _+_ e?qyk.f9VHw<;L�ywa`�q:7¤e?qik ]$Z?_&r k r f9e?w ]r9_.l e?b _ haV l 7¤e?� _ VHb�8 Z k�`se?q m � ] b�� _.Z 8pe?`Rb Z ¥«w _ k rwaqPV�� Z w _�_ `sVHqaqPV _ wab l 7 �a` _ k�e?��b Z\[^[ V�haV _ 8 Z\l VHwab _ haV χ2 b�V ] b r9_ VHqyk r V _ wab lxZ£® `R��wab�V � m�� �³` l._ w<G�k�haVh r k�VHb [ `RqPVHb l V�qPe [ �ab�V¯haV�h r 8i` Z k�`se?q _�_ k Z qPh Z b�h£T

sig
]$Z b~b Z\]a] e?b�k�� lxZ^[ e±�pVHqaqPV Z w · haV l ��h<wP�iwPV l5l V _

] `E;<V ls_&_ VHb�e?qyk+f9e?q _ `sh r b r9_ f9e [^[ V6�ab�wa� Z qyk _Cm
¨
Z q _ qPe?k�b�V Z q Z\l � _ V6f9VHk�k�V�8 Z\l VHwab l ` [ `Rk�V _ VHb Z-] b�` _ V r � Z\l V�^Q m

® `Rq Z\l V [ VHqikC� lxZ f Z b�k�V6haV _&] `E;aV ls_ 8 Z\l `shaV _ � V _ k ] b�eih<wa`Rk�V��ah Z q _&lxZ �iwPV lRl V lxZ 8 Z\l VHwab+J¯f9e?b�b�V _�·
] e?qPh Z w<; ] `E;aV ls_ �ab�wa� Z qik _ e?w�`Rq Z fHk�`Eu _¬] VHqPh Z qik l 7¤e?� _ VHb�8 Z k�`se?q � lxZ 8 Z\l VHwab n.[�Z b��ywPV l V _¬] `E;<V ls_ 8 Z\l `shaV _ oz�VHk�k�V�f Z b�k�V�V _ k ] b r9_ VHqyk r V _+_ wab lxZ¯® `R��wab�V � mRn�n�m¨ V�f9VHk�k�V [�Z qa`s�Hb�V�� [ w l k�` ]al `sVHb6q:7 ` [^] e?b�k�V¯�iwPV lRl V�` [�Z �pV�h r k�V9fHk�VHwab ]$Z b�f9VHk�k�V�` [�Z �pV-b�VH8g`sVHqyk�^V@;af l wab�V l e?b _ haV lxZ h r f9e?qy8pe l wak�`se?q�VHq ` [�Z �pVHb�`sV l V _+] `E;<V ls_ �ab�wa� Z qyk _ VHk.`Rq Z fHk�`Eu _Cm c Z�[ � [ V [�r k��PeihaVV _ k.V [^]al eC� r V l e?b _ haV l 7 Z q Z\l � _ V _�] V9fHk�b Z\l V�haV _._ e?wab�f9V _ h r k�V9fHk r V _ h Z q _&l V _ ` [�Z �pV _Cmc Z b Z\]a] e?b�k _ `R��q Z\l._ wab^�ab�wa`Rk�V _ k Z\l e?b _ hae?qaq rL]$Z b F/√V e?¢ ® h r9_ `R��qPV l V �Pw<;jVHk^A lxZ8 Z b�` Z qPf9V [ V _ wab r9_ h=7 waq ] `E;aV l�m

¨
Z q _^l VLf�� Z\[^] k�e?k Z\l V [ VHqyk¶f9eih rLlxZ 8 Z b�` Z qPf9V V _ k�f9e?q _ k Z qyk�VvVHk�V _ k

r � Z\l V Z w�qPe [ �ab�V�k�e?k Z\l haV�f9e?w ]P_ h Z q _5l V¬h r k�V9fHk�VHwab m z�VHk�k�V ] b�eif r h<wab�V�haV¬h r f9e?qi8pe l wak�`se?q�V _ k=u Z fH` l V [ VHqykb rCZ\l ` _�Z � l V-� l 7 Z `shaV�haV _ k�b Z q _ ude?b [�r V _ haV ® e?wab�b�`sVHb m c�7 ` [�Z �pV�b r9_ w l k Z qyk�V Z\] b�� _ h r f9e?qy8pe l wak�`se?q�h<w ]alxZ qh r k�V9fHk�VHwab+V _ k ] b r9_ VHqyk r V _ wab lxZ¯® `R��wab�V � mRn ²
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 � m�� ¡ X ` _ k�e?��b Z\[^[ V�haV _&] `E;<V ls_ �ab�wa� Z qyk _W] e?wab.waqPV6e?� _ VHb�8 Z k�`se?qvh<w£z�b Z �V m

��������� � ��) '�# � � ��� ././� )
θcom−θrec

� %�././� !�� ) !� & � � '-� &�% !��$� . � !���%�'-� ' � � & � ���-) �

c:V ] b�`RqPfH` ]$Z\l5] b�e?� l � [ V�haV _ k rHl V _ f9e ] V _ z�e [^] k�e?q£� [�Z?_ �ywPV-f9eih r 8i`sVHqikWhaV lxZ�_ e?w _ k�b Z fHk�`se?qhaV�u�e?b�k�wa`Rk _Cm F�e?wab�8 r b�`Et$VHb _ `³f9VHk�k�V�e ]r b Z k�`se?q _ 7¤V _ k�f9e?b�b�V9fHk�V [ VHqyk-V@D=V9fHk�w r V��:e?q ] VHwak�f9e?q _ k�b�wa`Rb�V�haV _h<` Z ��b Z\[^[ V _ θcom−θrec
m
¨
Z q _ f9V _ h<` Z ��b Z\[^[ V _¬l V _¬] �Pe?k�e?q _ z�e [^] k�e?q�VHk�ude?b�k�wa`Rk _�_ e?qyk�k�e?wak�h=7 Z �e?b�h

_�rHl V9fHk�`se?qaq r9_ h Z q _ haV _ �a`Rq _ haV�8 Z\l VHwab _ θcom − θrec
] e?wab Z\] b�� _ f9e?q _ k�b�wa`Rb�V l V _ � Z hae±°&��b Z\[ �ywa` _ VHb Zh r f9e?qi8pe l w r�m c¸V�k Z w<;¯haV&f9e [^] k Z �pV.haV lxZ�_ e?wab�f9V&V _ k Z\l e?b _"r 8 Z\l w r h Z q _ f�� Z fHwaq�haV&f9V _ �a`Rq _ VHq ] b�VHq Z qyk

lxZ�_ e [^[ V ] e?qPh r b r V ]$Z b lxZ 8 Z b�` Z qPf9V�h<w �Pw<;�h Z q _Wl 7 ` [�Z �pV�h r f9e?qi8pe l w r V^� lxZ�] e _ `Rk�`se?q£haV lxZ�_ e?wab�f9V m��b��?f9V Z w [�Z?_ �ywPV�f9egh r�lxZ f9e?qik�b�`R�awak�`se?q�h<w¯u�e?qPh¯V _ k rHl ` [ `Rq r V&VHk _ VHw l V [ VHqyk l V _"r 8 r qPV [ VHqik _ z�e [^] k�e?qVHk�u�e?b�k�wa`Rk _ haV lxZ-_ e?wab�f9V _ e?qik�8g` _ `R� l V _Cm z�VHk�k�V�h<` _ k�b�`R�awak�`se?q V _ k ] b r9_ VHqyk r V _ wab lxZ-® `R��wab�V � mRn Q ] e?wab�waqPV
_ e?wab�f9V�haV 113 Niq h Z q _.l 7 Z ;aV m c:V _Wr 8 r qPV [ VHqyk _ z�e [^] k�e?q�hae [ `RqPVHqyk lxZ b��pV [ VHqyk l V _ ude?b�k�wa`Rk _±m

z�VHk�k�V�h<` _ k�b�`R�awak�`se?q�V _ k&�a`sVHqvf9VHqik�b r V Z wak�e?wab+haV	� r b�e�VHk+haVH8i`sVHqik.qyw lRl V ] e?wab |θcom − θrec| ≥
19◦ m z�V lRl V�haV _6r 8 r qPV [ VHqyk _ ude?b�k�wa`Rk _ V _ k�V lRl V^h r f Z\lsr V�8pVHb _�l V _ 8 Z\l VHwab _ q r � Z k�`R8pV _ h<w�h<` Z ��b Z\[^[ V m c Z
_ `Rk�w Z k�`se?q VHq 8pe l V _ k l e?`Rq h=7¤�Hk�b�V lxZ�[ � [ V m �"q V@D=VHk�h<w Z w)u Z `R� l V �Pw<;)haV _�_ e?wab�f9V _ e?� _ VHb�8 r V _�Z whaV l �¶haV^²�J�J�MpV�A¯� l V _~r 8 r qPV [ VHqik _ u�e?b�k�wa`Rk _ fHb r V _ � ]$Z b�k�`Rb�haV _�r 8 r qPV [ VHqyk _�_ e?wab�f9V�haV-� Z?_�_ V r qPVHb���`sV��hae [ `RqPVHqik�VHq�� r q r b Z\lPl V _�r 8 r qPV [ VHqyk _ z�e [^] k�e?q�8pVHq Z qyk¬haV lxZ�_ e?wab�f9V.VHk�f9V [ � [ V Z\] b�� _ waqPV _�rHl V9fHk�`se?qz�e [^] k�e?q m z~7¤V _ k ] e?wab�f9VHk�k�V¶b Z ` _ e?q��iwPV l V _¯r 8 Z\l wPVHb�VHk l V _¯_ e?w _ k�b Z `Rb�V�hae?`Rk��Hk�b�V�u Z `Rk Z 8pV9f�waqPV¶k�b�� _��b Z qPhaV ] b r fH` _ `se?q m Niwab lxZ^® `R��wab�V � mRn � f9e?b�b�V _�] e?qPh Z qyk Z w�h<` Z ��b Z\[^[ V θcom − θrec

] e?wab l V ] w ls_�Z bWh<wz�b Z ��V�� lxZ f9e [^] e _�Z qyk�V+ude?b�k�wa`Rk�VW�a`sVHq��ywPV&k�e?w?¥�e?wab _ h r f Z\lsr V+8pVHb _�l V _ 8 Z\l VHwab _ q r � Z k�`R8pV _ q:7¤V _ k�f9VHk�k�V.ude?` _
]al w _ h<wLk�e?wak.q r � l `R�pV Z � l V6u Z f9V�� lxZ f9e [^] e _�Z qyk�V¯z�e [^] k�e?q m

�Wq [ eC�pVHq�b Z\] `shaV�haV68pe?`Rb _ ` l 7 r 8 Z\l w Z k�`se?q�h<wLqPe [ �ab�V�haV�u�e?b�k�wa`Rk _ V _ kWf9e?b�b�V9fHk�V�V _ k+haV6f9e [¯·
]$Z b�VHb l VHwab�k Z w<; r 8 Z\l w r h Z q _6l V _�] b�V [ `sVHb _ �a`Rq _ haV lxZ h<` _ k�b�`R�awak�`se?q Z w�k Z w<;£b r V l haV lxZ h<` _ k�b�`R�awak�`se?qk�e?k Z\l V�haV _�r 8 r qPV [ VHqik _�[�Z b��iw r9_ f9e [^[ V�z�e [^] k�e?q m �"q V@D=VHk�h Z q _ f9V _ �a`Rq _�_ VHw l V [ VHqik l V _ ude?b�k�wa`Rk _
_ e?qyk ] b r9_ VHqyk _ VHk l V _ haVHw<;�h<` _ k�b�`R�awak�`se?q _ hae?`R8pVHqyk Z\l e?b _¯_ V _ w ] VHb ] e _ VHb m �+qPV�u�e?` _ f9VHk�k�V¶f9e [^] e _Z qyk�V
_ e?w _ k�b Z `Rk�V&waqPV�� Z w _�_ `sVHqaqPV Z\]a]$Z b Z�� k�f9VHqyk�b r V Z wak�e?wab�haV
� r b�e m z�VHk�k�V�� Z w _�_ `sVHqaqPV.f9e?b�b�V _�] e?qPh Z w<;¯8ib Z ` _
r 8 r qPV [ VHqik _ z�e [^] k�e?q m
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 � mRn J<¡P�"G�f Z fH`Rk r haV�f�� Z �ywPV ] `E;aV ls_&] e?wab.waqPV6e?� _ VHb�8 Z k�`se?q�h<w�z�b Z ��V m

��������� .�� &�) #�� #�� # !�� � & #�. ��� � � #�� ' � ./%�'�� � % .��-!�% & ' ���
	���.
��q _ wa`R8 Z qyk�f9VHk�k�V [�r k��PeghaV~h=7 Z q Z\l � _ VWhaV _�r 8 r qPV [ VHqik _ z�e [^] k�e?q¶h=7 >«ª�> N l V _ `R��q Z\l_ wab¬�ab�wa`Rkh<w ] w ls_Z b~h<w�z�b Z �V Z�r k r-r 8 Z\l w r h Z q _ h<`ED r b�VHqyk�V _ � Z qPhaV _ h=7 r qPVHb���`sV _6Z tPq�haV-f9e?q _ k�b�wa`Rb�V lxZ f9e?wab���VhaV _ VHq _ `R�a` l `Rk r�m z�VHk�k�V�f9e?wab��V�V _ k ] b r9_ VHqyk r V _ wab lxZ^® `R��wab�V � mRn �c Z�_ VHq _ `R�a` l `Rk r�Z k�k�VH`Rqyk�V ]$Z b l V [ eghaV z�e [^] k�e?q V _ k _ w<G _�Z qik�V ] e?wab r k�wPh<`sVHb l V _L_ e?wab�f9V _� Z\[^[�Z�] VHb _ ` _ k Z qyk�V _ ude?b�k�V _ f9e [^[ V l V�z�b Z ��V¶e?wUz��g��qyw _�W·�n�[�Z ` _�] VHb [ VHk r � Z\l V [ VHqik l 7 r k�wPhaV�haV

_ wab _�Z wak _ γ m c Z�] b�egf�� Z `RqPV r k Z\] V.h Z q _¬lxZ�[ ` _ V Z w ] e?`Rqik¬haV lxZ�[�r k��PeghaV+h=7 Z q Z\l � _ V.h<w [ eghaVWz�e [^] k�e?q_ VHb Z `Rk³haV ] b�VHqPh<b�V�VHq¯f9e [^] k�V l V _³r 8 r qPV [ VHqyk _ h<`ED�w _�Z qyk"haV�F > z&N > ��h<wab > Na��� > � l V _�[ w l k�` ]al V _ F > z&N > �
Z `Rq _ `��ywPV�haV¶f9e?q _ k�b�wa`Rb�VLhaV _ f Z b�k�V _ haV�f9e?b�b�V9fHk�`se?qUhaV�u�e?qPh m } Z ` _ waq�haV _ �awak _¯] b�V [ `sVHb _ h<w [ eghaVz�e [^] k�e?q-h=7 >«ª�> N~V _ k l 7 r k�wPhaV¬haV lxZ�] e lxZ b�` [�r k�b�`sV�� Z\[^[�Z<m z�VHk�k�V r k�wPhaV¬V _ k ] b r9_ VHqyk r V�h Z q _:lxZ�] b�egf�� Z `RqPV
_ V9fHk�`se?q m

����� �¶/2�¶%.!�/&
���*2���$
���� �./+* *2/,/��.�"�4!���*2%6���Y')%+*,�-� %.�
�����-� � � & !�� ���,! '-� � ��� % � � � # ) ��!$#�%�& �
� . . �¨

Z q _¬lxZ~]al w ]$Z b�k�haV _ f Z?_¬l 7 Z q Z\l � _ V+haV _�_ e?wab�f9V _ f9e [^]$Z fHk�V _ h Z q _�l V _ hae [�Z `RqPV _ haV _ b Z �pe?q _��VHk"� Z\[^[�Z�Z�r k r b r h<wa`Rk�V Z w<; ] b�e ] b�` r k r9_¬_�] V9fHk�b Z\l V _ VHk¬k�V [^] e?b�V lRl V _Cm z�V ] VHqPh Z qik¬f9VHk�k�V Z q Z\l � _ V ] VHb [ VHkVHq � r q r b Z\l&Z waq�e?w ]al w _ `sVHwab _�[ egha� l V _ k�� r e?b�`s�iwPV _ h=7¤V@; ]al `s�iwPVHb l V _ h<`R8pVHb _ V _ e?� _ VHb�8 Z k�`se?q _±m
¨
Z q _-l V
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 � mRn�n ¡ z Z b�k�V�haV _&] `E;<V ls_ 8 Z\l `shaV _+] VHqPh Z qik.waqPV�e?� _ VHb�8 Z k�`se?qvh<w{z�b Z ��V6haV lxZ b r 8pe l wak�`se?q n J�² m

�awak-haV^h<` _ fHb�` [ `RqPVHb-f9V _6[ egha� l V _ � l V¯qPe [ �ab�V�h=7¤e?� _ VHb�8 Z � l V _ hae?`Rk��Hk�b�V Z wa� [ VHqik r V m > l V _ k�VHq�� r q r b Z\l
] e _�_ `R� l V¯h=7 Z wa� [ VHqik�VHb�f9V�qPe [ �ab�V���k�b Z 8pVHb _�lxZ�[ V _ wab�V^haV l 7 Z qa� l V^VHk6haV lxZ udb Z fHk�`se?q�haV ] e lxZ b�` _�Z k�`se?qhaV lxZ£_ e?wab�f9V Z?_ k�b�e ] �y� _ `s�iwPV m c:V _¯[ V _ wab�V _ haV ] e lxZ b�` _�Z k�`se?qUh Z q _ h=7 Z wak�b�V _ hae [�Z `RqPV _ haV l e?qa��wPVHwab _h=7¤e?qPhaV _ e?qyk r k r k�b�� _ wak�` l V _�] e?wab�h r k�VHb [ `RqPVHb l V _ h<`ED r b�VHqyk _�[�r f Z qa` _�[ V _ VHk�f9e?qPh<`Rk�`se?q _�] �i� _ `s�ywPV _b�V _�] e?q _�Z � l V _ haV l 7 rH[ ` _�_ `se?q m F Z b�V@;aV [^]al V l 7 rH[ ` _�_ `se?q¶h<w ] w ls_�Z b�h<w�z�b Z ��V.h Z q _¬l V+hae [�Z `RqPV+h=7 r qPVHb���`sV
Z\lRlxZ qik�h<w b Z h<`se Z w<;�b Z �pe?q _ � Z r k r�Z k�k�b�`R�aw r V�haV^u Z 19e?q f9VHb�k Z `RqPV Z w ] b�egf9V _�_ w _�_ �iqPf��ab�e?k�b�e?q�VHk-f9V
��b��?f9V���haV _�[ V _ wab�V _ haV ] e lxZ b�` _�Z k�`se?q � A�V l w _�Z\[ � n � ��� �:N [ `Rk���VHk Z\l�m³n � ��� ����VH` _�_ Mpe ] u�VHk Z\l�m³n � I � o mc Z�[ V _ wab�V~haV ] e lxZ b�` _�Z k�`se?q ] e?wab�haV _�r qPVHb���`sV _�_ w ]�r b�`sVHwab�V _ � n J�MpV�A q:7 Z VHqPf9e?b�V�¥ Z\[�Z ` _�r k r e?� _ VHb�8 r V mz�VHk�k�V [ V _ wab�V�V _ k�h=7 Z wak Z qyk ]al w _ h<`EG�fH` l V��iwPV lxZLl w [ `s�Hb�V ] VHb�h _�_ e?q f � k r e?qPh<w lxZ k�e?`Rb�V Z w ] b�e\tPk�haV
_ e?q Z?_�] V9fHk.f9e?b ] w _ fHw lxZ `Rb�V�h Z q _ f9V�hae [�Z `RqPV�h=7 r qPVHb���`sV mc:V£haVH��b r haV ] e lxZ b�` _�Z k�`se?qµh Z q _�l V{hae [�Z `RqPV�haV _ b Z �pe?q _ γ Z�] e?wab lxZ�] b�V [ `s�Hb�V{ude?` _�r k r
[ V _ wab r V�VHq n � � J ]$Z b¶}�VHk �9�pVHb�VHk ¨ VHw _ k�f�� Z\l e?b _ �iw:7 ` ls_ V _�_�Z � Z `sVHqik�haV [ V _ wab�VHb l 7 Z?_ � [�r k�b�`sV�h Z q _
lxZ h<` _ k�b�`R�awak�`se?q Z �9` [ wak Z\l V�haV _~] �Pe?k�e?q _ � Z\[^[�Z?_�Z\] b�� _ h<`EDw _ `se?q�z�e [^] k�e?q m F l w _ `sVHwab _�] e lxZ b�` [ �Hk�b�V _z�e [^] k�e?q´e?qyk r k r `RqPf l w _ h Z q _ haV _ k rHl V _ f9e ] V _�Z?_ k�b�e ] �i� _ `s�iwPV _�[�Z ` _�] e?wab l 7 �PVHwab�V Z wPfHwaq _�Z k�V lRl `Rk�Vh r h<` r-Z f9VHk.e?�<¥�V9fHk�`Eu _ fH`sVHqyk�`Et$�iwPV6q:7 Z¯r k r�lxZ qPf r�m �W`Rq _ ` [ � [ V _ ` l VHwab.f9e?qPf9V ] k.q:7 r k Z `Rk+VHqLb�`sVHq e ] k�` [�Z\l
] e?wab l 7 r k�wPhaV6haV lxZ-] e lxZ b�` [�r k�b�`sV��ahaV _�[ ` _�_ `se?q _ f9e [^[ V�z&|~}�F��&�¬c � Ngf��PegVHq<u�V l haVHb.VHk Z\l�m�n � � Q o r k Z `Rkf Z\]$Z � l V�VHq ] b�`RqPfH` ] V�h=7 waqPV�k�V lRl V [ V _ wab�V m$®$Z wak�V-haV _ VHq _ `R�a` l `Rk r f9VHk�k�V�haVHb�qa`s�Hb�V-q:7 Z^[�Z\l �PVHwab�VHw _ V [ VHqik
]$Z?_¯r k r�] e _�_ `R� l V m �Ww?¥�e?wab�h=7 �ywa` Z 8pV9f l V lxZ qPf9V [ VHqyk�h=7 > TW�&���6�+�~c l 7 r k�wPhaV�haV lxZ ] e lxZ b�` _�Z k�`se?q ] e?wabhaV _&r qPVHb���`sV _&_ w ]r b�`sVHwab�V _ �¯²�J�J-MpV�A V _ k [�Z `Rqyk�VHq Z qykWVHqy8g` _�Z �pV Z � l V ] e?wab&haV _&_ e?wab�f9V _ u�e?b�k�V _&Z `Rq _ `=�ywPV
] e?wab+haV _ �6� ª VHk.haV _.r b�w ] k�`se?q _~_ e lxZ `Rb�V _Cm
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 � mRn ²<¡ > [�Z �pV�h r f9e?qy8pe l w r V&h<w ] w ls_�Z b�h<w�z�b Z ��V�VHqik�b�V 200keV
VHk

500keV m c:V�k�V [^]P_ h=7¤V@; ] e _ `Rk�`se?qV _ k 300ks m
�����-� � � �-� % � #�� '-� ) � % � � � # .��,!��$� ) � % .��-!�% &

c Z�_ V9fHk�`se?q£V@G�f Z f9V^h<`ED r b�VHqyk�`sV lRl V dσ b�V ] b r9_ VHqyk�V lxZ�] b�e?� Z �a` l `Rk r �yw:7 waq ] �Pe?k�e?q�h=7 r qPVHb���`sV^�
_ wa�a` _�_ V�waqPV�f9e lRl ` _ `se?q Z 8pV9f�waq rHl V9fHk�b�e?q�h Z q _ waq [ ` l `sVHw�e?¢ lxZ haVHq _ `Rk r V _ k.h=7 1 e−cm−3 m Ni` l V ] �Pe?k�e?q
rH[ VHb��pVHqyk Z waqPV r qPVHb���`sV E′ �<V _ k.� l 7 `Rqyk r b�`sVHwab+h=7 waq Z qa� l V _ e l `shaV dΩ VHk ] e _�_ �9haV~waqLf�� Z\[^]�rHl V9fHk�b�`s�ywPV
ξ
′ u Z ` _Z qyk6waq Z qa� l V η Z 8pV9f lxZ h<`Rb�V9fHk�`se?q h<w�f�� Z\[^]�rHl V9fHk�b�`s�ywPV^h<w ] �Pe?k�e?q�`RqPfH`shaVHqik Z\l e?b _6lxZ¶_ V9fHk�`se?qh<`ED r b�VHqik�`sV lRl V�z�e [^] k�e?q ] VHwak _ 7¤V@; ] b�` [ VHb+haV lxZ¯_ e?b�k�V�¡

dσ

dΩ
=
r20ε

2

2
(
1

ε
+ ε− 2 + 4 cos(θ)); � � mRn ² o

Z 8pV9f ε = E
′

/E = 1/(1+α(1− cos(θ))), α = E/mec
2 � r0 l V.b Z �pe?q¶f lxZ?_�_ `s�ywPVWhaV l 7 rHl V9fHk�b�e?q:�

me
lxZ.[�Z?_�_ V�haV¬f9V¬haVHb�qa`sVHb³VHk θ l 7 Z qa� l V�haV�h<`EDw _ `se?q m z�V ] VHqPh Z qyk lxZ f9e?qaq Z ` _�_�Z qPf9V�h<w¯f�� Z\[^]¯rHl V9fHk�b�`s�ywPVh<w ] �Pe?k�e?q´h<`EDw _�r q:7¤V _ k ]$Z?_ q r f9V _�_Z `Rb�V ] e?wab�f9e?qaq Z�� k�b�V lxZ h<`Rb�V9fHk�`se?q´haV ] e lxZ b�` _�Z k�`se?q´h<w ] �Pe?k�e?q`RqPfH`shaVHqyk m ��q V@D�VHk Z\] b�� _+Z 8pe?`Rb [ eC�pVHqaq r�_ wab l 7¤VHq _ V [ � l V�haV _ f�� Z\[^]P_WrHl V9fHk�b�`s�ywPV _.] e _�_ `R� l V�� lxZ�_ V9fHk�`se?qh<`ED r b�VHqik�`sV lRl V�z�e [^] k�e?q ] VHwak _ V�b r9r fHb�`Rb�V-haV lxZ u Z 19e?q _ wa`R8 Z qik�V�¡

dσ

dΩ
=
r20ε

2

2
(
1

ε
+ ε− 2sin2(θ)cos2(φ)); � � mRn Q o

Z 8pV9f φ l 7 Z qa� l V Z �9` [ wak Z\l VHqik�b�V lxZ h<`Rb�V9fHk�`se?q�h<w^f�� Z\[^]¶rHl V9fHk�b�`s�ywPV&VHk�f9V lRl V&h<w ] �Pe?k�e?q�h<`EDw _�r�mF5e?wab~waq Z qa� l V�haV�h<`EDw _ `se?q ] e lxZ `Rb�V θ hae?qaq r � lxZ�_ V9fHk�`se?q£V@G�f Z f9V�h<`ED r b�VHqik�`sV lRl V _ VHb Z^[�Z ;<` [ w [2] e?wab
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���E��
 � mRn Q<¡
¨ ` _ k�b�`R�awak�`se?q�haV _�r 8 r qPV [ VHqik _&_ V l e?q lxZ 8 Z\l VHwab�haV θcom − θrec

e?w
θrec

f9e?b�b�V _�] e?qPh�� l 7 Z qa� l V
Z w _ e [^[ VHk~b�V9f9e?q _ k�b�wa`Rk�h<w£f � qPV^haV¯h<`ED�w _ `se?q ] e?wab�waqPV _ e?wab�f9V¯haV¯f Z\l `R�ab Z k�`se?q haV 113 Niq��¶Q � ²�MpVBAh Z q _+l 7 Z ;<V m
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���E��
 � mRn � ¡
¨ ` _ k�b�`R�awak�`se?q�haV _-r 8 r qPV [ VHqyk _¯_ V l e?q lxZ 8 Z\l VHwab�haV θcom − θrec

] e?wab l V�z�b Z �V�VHqik�b�V�²�J�JMpVBA�VHk � J�J�MpV�A m c:V6k�V [^]P_ h=7¤e?� _ VHb�8 Z k�`se?qvV _ k.haV�Q�J�J¯M _

haV _�] �Pe?k�e?q _ h<`ED�w _�r9_�] VHb ] VHqPh<`sfHw lxZ `Rb�V [ VHqyk Z w�f�� Z\[^]�rHl V9fHk�b�`s�ywPV�h<w ] �Pe?k�e?q `RqPfH`shaVHqyk � 8pe?`Rb ® `R��wab�V� mRn � o m �"k ] e?wab.waqPV _ e?wab�f9V _ w ]a] e _�r V ] e lxZ b�` _�r V l `Rq rCZ `Rb�V [ VHqik ]$Z b+V@;<V [^]al V�� VHkWhae?qPf ] e?wab.waq�f�� Z\[^]
rHl V9fHk�b�`s�iwPV�`RqPfH`shaVHqyk Z � Z qik~waqPV�h<`Rb�V9fHk�`se?q ] b�`R8i` lsr ��` r V�� lxZ h<` _ k�b�`R�awak�`se?q£haV _W] �Pe?k�e?q _ h<`EDw _�r9_~_ VHb Z�Z?_ � ·
[�r k�b�`s�iwPV m z~7¤V _ k�f9VHk�k�V Z?_ � [�r k�b�`sV �ywa` _ VHb�8i`Rb Z � lxZ h r k�VHb [ `Rq Z k�`se?q´haV l 7 Z qa� l V VHk�haV lxZ u b Z fHk�`se?q)haV
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s6E=E/2 10∆ σ 3 -- Sensibilite en imagnerie ISGRI 
 -- Sensibilite en imagerie PICSIT
 -- Sensibilite en imagerie COMPTON

���	��
 � mRn � ¡gNgVHq _ `R�a` l `Rk r h<w [ eihaV�z�e [^] k�e?qLVHq�` [�Z �pVHb�`sV ] e?wab l V [ eghaV~z�e [^] k�e?qLf9e [^]$Z b r V���f9V lRl V~haVF > z&N > �µVHk+h=7 > Na��� >

] e lxZ b�` _Z k�`se?qvhaV _ e?wab�f9V _+Z?_ k�b�e ] �i� _ `s�ywPV _Cm F5e?wab.waqPV _ e?wab�f9V ] e lxZ b�` _�r V6e?q Z wab Z hae?qPf6waqPV�h<` _ k�b�`R�awak�`se?q
Nφ

haV lxZ ude?b [ V^¡

N(φ) = A0cos(2(φ − φ0)) +N0;
� � mRn � o

c¬7 Z qa� l V Pa
VHk lxZ udb Z fHk�`se?q Pf

haV ] e lxZ b�` _Z k�`se?q _ e?qik+hae?qaq r9_&]$Z b�¡

Pa = φ0 ± π;Pf =
Q

Q100

� � mRn � o
Z 8pV9f Q = A0/N0

h r tPqa`Rk�f9e [^[ V r k Z qik l V�u Z fHk�VHwab¬haV [ egh<w lxZ k�`se?q�VHk Q100
V _ k"waq^u Z fHk�VHwab�haVqPe?b [�Z\l ` _�Z k�`se?qvh rH] VHqPh Z qyk.haV l 7 `Rq _ k�b�w [ VHqik+VHk&hae?qaq Z qyk l V~u Z fHk�VHwab&haV [ eih<w lxZ k�`se?q e?�ak�VHqiwPV ] e?wab&waqPV

_ e?wab�f9V 100% ] e lxZ b�` _�r V m z�V�u Z fHk�VHwab³h rH] VHqPh-haV _ h<` [ VHq _ `se?q _�] �y� _ `s�iwPV _ haV l 7 `Rq _ k�b�w [ VHqykC� _�Z � r e [�r k�b�`sV��
l V¬qa`R8pV Z w¯haV��ab�wa`RkC� l V _ VHwa` l � Z?_ haV _ h r k�V9fHk�VHwab _±mRmRm > l V _ k5VHq�� r q r b Z\l<] e _�_ `R� l V�h=7 Z 8pe?`Rb�waqPV�`sh r V�haV l 7¤e?b�h<b�VhaV���b Z qPhaVHwabWhaV6f9V ]$Z b Z\[ �Hk�b�V-VHqLwak�` l ` _�Z qyk _ e?q V@; ] b�V _�_ `se?q Z q Z\l �gk�`s�ywPV�hae?qaq r V ]$Z b�¡

Q100 =
sin2(θ)

ε−1 + ε− sin2(θ)
� � mRn � o

c¬7 r 8pe l wak�`se?q)haV�f9V ]$Z b Z\[ �Hk�b�V Z 8pV9f l 7 Z qa� l V�haV�h<`ED�w _ `se?q ] e lxZ `Rb�V θ VHk^f9V ] e?wab^h<`ED r b�VHqyk�V _� Z qPhaV _ VHq r qPVHb���`sV _ V _ k ] b r9_ VHqyk r V _ wab lxZ^® `R��wab�V � mRn �F�e?wab-haV _�r qPVHb���`sV _ ��b Z qPh<` _�_�Z qik�V _�Z\lRlxZ qik-haV n J�J�MpVBAY� � }�VBA�� l V [�Z ;g` [ w [ haV
Q100

V _ k
Z k�k�VH`Rqyk ] e?wab.haV _ 8 Z\l VHwab _ haV θ haV ]al w _ VHq ]al w _ u Z `R� l V _Cm c Z^]al w _ ��b Z qPhaV _ VHq _ `R�a` l `Rk r�Z k�k�VH`Rqyk�V ] e?wab.waqk rHl V _ f9e ] V^z�e [^] k�e?q _ VHb Z `Rk Z wak�e?wab�haV n J�J¶MpV�A4VHk ] e?wab�haV _�Z qa� l V _ haV¯h<`EDw _ `se?q ] VHb ] VHqPh<`sfHw lxZ `Rb�V _ �
lxZ h<`Rb�V9fHk�`se?q�`RqPfH`shaVHqyk�V m c:V ] e lxZ b�` [ �Hk�b�V¯`sh rCZ\l"] e?wab�haV-udwak�wab�V _6[ ` _�_ `se?q _�]$Z k�` Z\l V _ e?� _ VHb�8pVHb Z `Rk l V^fH`sV l
Z wak�e?wab&haV n J�J�MpVBA VHk _ VHb Z `Rk&f9e?q _ k�`Rk�w r haV�haVHw<;¶h r k�V9fHk�VHwab _ u Z ` _�Z qik&waq Z qa� l V�h<b�e?`Rk l 7 waq Z 8pV9f l 7 Z wak�b�V m
�����-� � � � #�& �,#�� � '�� � � � & � ���-) � � & � % � � � # ./�,!�� #�� � + � � ��� ./%�'-� � % .���! %�& ' ��� 	��].

F�e?wab r k�wPh<`sVHb lxZ h<` _ k�b�`R�awak�`se?q Z �9` [ wak�� Z\l V Z 8pV9f l V [ eghaVWz�e [^] k�e?q�h=7 >�ª�> N�` l _ w<G�k¬h=7 Z ¥¦e?wak�VHbwaqPV _�rHl V9fHk�`se?q _ w ]a]alsrH[ VHqyk Z `Rb�V Z w<; r 8 r qPV [ VHqik _ z�e [^] k�e?q Z 8 Z qikWh r f9e?qi8pe l wak�`se?q m
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 � mRn � ¡ �"8pe l wak�`se?q h<w ]$Z b Z\[ �Hk�b�V Q100
Z 8pV9f l 7 Z qa� l V ] e lxZ `Rb�V�haV�h<`EDw _ `se?q ] e?wab&h<`ED r b�VHqik�V _ � Z qPhaV _VHq r qPVHb���`sV _Cm
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���E��
 � mRn Ig¡ �"8pe l wak�`se?qvh<w ]$Z b Z\[ �Hk�b�V Q100
Z 8pV9f l 7 r qPVHb���`sV6h<w ] �Pe?k�e?qL`RqPfH`shaVHqyk ] e?wab&h<`ED r b�VHqik _+Z qa� l V _

] e lxZ `Rb�V _ haV6h<`ED�w _ `se?q m

c:V �Pw<;�VHk l 7¤VHb�b�VHwab ] b�` _ � lxZ�] e _ `Rk�`se?q¶haV lxZ�_ e?wab�f9V~h Z q _¬l V _ h<`ED r b�VHqik�V _ f Z b�k�V _ h r f9e?qi8pe l w r V _
] e?wab^f�� Z �iwPV��a`RqjVHq Z qa� l V Z �9` [ wak�� Z\l+_ VHb�e?qyk^wak�` l ` _�r V _¯] e?wab�k�b Z f9VHb lxZ h<` _ k�b�`R�awak�`se?q m c Z{_ VHq _ `R�a` l `Rk rVHq ] e lxZ b�` _�Z k�`se?q r k Z qik�f9e [^[ V¯qPe?w _�l 7 Z 8pe?q _ 8iw ]al w _ ��b Z qPhaV��¶� Z?_�_ V r qPVHb���`sV�� _ VHw ls_�l V _6r 8 r qPV [ VHqik _ë 
��Kþ ����Ø ] e?wab l V _ �iwPV ls_�lxZ h<`ED�w _ `se?q _ 7¤e ] �Hb�VWh=7 > Na��� > 8pVHb _ F > z&N > � _ VHb�e?qik�wak�` l ` _�r9_Cm

¨
Z q _ f9V�hae [�Z `RqPVh=7 r qPVHb���`sV l V�u Z fHk�VHwab�haV [ egh<w lxZ k�`se?q£b�VHqPe?b [�Z\l ` _�r V Q100

Z�_ e?q [�Z ;<` [ w [2] e?wab+waqPV�h<`EDw _ `se?q Z 90◦ m
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} Z\l �PVHwab�VHw _ V [ VHqyk lxZ � r e [�r k�b�`sV&haV _ h r k�V9fHk�VHwab _¬Z `Rq _ `<�ywPV l VHwab"h<` _ k Z qPf9V�b�V _�] V9fHk�`R8pV�` [^]al `s�iwPV�waq Z qa� l V
] e lxZ `Rb�VWhaVWh<`ED�w _ `se?q�q:7¤V@;<f r h Z qik ]$Z?_ 40◦ m

¨
Z q _ f9V~hae [�Z `RqPV Q100

Z waqPVW8 Z\l VHwab ] b�egf��PV~haVWJ m ² � m } Z ` _
lxZ 8 Z\l VHwab^tPq Z\l VvhaV f9VLu Z fHk�VHwab�h rH] VHqPh)haV lxZ h<` _ k�b�`R�awak�`se?q haV _�] �Pe?k�e?q _ h<`ED�w _�r9_�Z 8pV9f l 7 r qPVHb���`sV�VHk
l 7 Z qa� l V ] e lxZ `Rb�V m F�e?wab~f9V�� haV _W_ ` [ w lxZ k�`se?q _6Z 8pV9f¯�����~TW� Q^e?qyk r k r V@D=V9fHk�w r V _ VHk ] b r9_ VHqyk r V _ h Z q _WlxZ
_ V9fHk�`se?q _ wa`R8 Z qyk�V m

ISGRI

PICSIT

Photon incident

Champ électrique

Photon diffusé

Direction de diffusion

� �E��
 � mRn � ¡
¨ `ED�w _ `se?q ] b r u r b�VHqyk�`sV lRl V-h=7 waq ] �Pe?k�e?q�h=7 > Na��� > _ wab.F > z&N > � m

�����-� � � � ��� %
� . � & � � ) �,! � � � #�� � ��!$#�% &�)

F�e?wab6h r k�VHb [ `RqPVHb l V ]$Z b Z\[ �Hk�b�V Q100
haV _~_ ` [ w lxZ k�`se?q _ e?qik r k r V@D=V9fHk�w r V _�Z 8pV9f¯�6���WT~� Q mNiwab lxZ�® `R��wab�V � mRn � V _ k ] b r9_ VHqyk r V lxZ h<` _ k�b�`R�awak�`se?q´haV ] �Pe?k�e?q _ h<`ED�w _�r9_�_ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l haVh<`EDw _ `se?q VHk+f9V ] e?wab+waqPV _ e?wab�f9V n J�J % ] e lxZ b�` _�r V�� 45◦

VHqik�b�V-²�J�J¯MpVBA VHk � J�J¯MpV�A m
c Z u Z fHk�VHwab�haV [ egh<w lxZ k�`se?q�k�b�e?wa8 r V _ k ] b�egf��PV^haV 26.70 ± 0.03

VHk l 7 Z qa� l V^haV ] e lxZ b�` _�Z k�`se?qh r tPqa`Rk�f9e [^[ V r k Z qyk l V [ `Rqa` [ w [ haV lxZ f9e?wab���V ±π V _ k�haV 43±3◦ m �"q^b rH]r k Z qik�f9VHk�k�V&e ]r b Z k�`se?q�h Z q _h<`ED r b�VHqik�V _ � Z qPhaV _ VHq r qPVHb���`sV _ ` l V _ k Z\l e?b _+] e _�_ `R� l V6haV�k�b Z f9VHb l 7 r 8pe l wak�`se?q�haV
Q100

Z 8pV9f l 7 r qPVHb���`sV m
Niwab lxZ�® `R��wab�V � m ²�J Q100

h r fHb�e � k.f9e [^[ V�qPe?w _�l 7 Z 8pe?q _ 8iw ] b r f r haV [^[ VHqik Z 8pV9f l 7 r qPVHb���`sV�VHkhaVH8i`sVHqik��yw Z?_ ` [ VHqyk�f9e?q _ k Z qik Z w�haV l �LhaV � J�J¶MpVBA m �~b��?f9V���f9V _ 8 Z\l VHwab _ ` l V _ k [�Z `Rqik�VHq Z qyk ] e _�_ `R� l Vh=7 r 8 Z\l wPVHb lxZ¯_ VHq _ `R�a` l `Rk r h<w [ eghaV�z�e [^] k�e?q ] e?wab lxZ�] e lxZ b�` _�Z k�`se?q m
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 � mRn � ¡PNi` [ w lxZ k�`se?q{�6���WT~�.Q�haV lxZ h<` _ k�b�`R�awak�`se?q haV ] �Pe?k�e?q _._ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l haVWh<`ED�w _ `se?q
] e?wab.waqPV _ e?wab�f9V n J�J % ] e lxZ b�` _�r V Z 8pV9f�waq Z qa� l V�haV ] e lxZ b�` _�Z k�`se?q{haV

45◦
VHqyk�b�V�²�J�J¯MpV�A VHk � J�J�MpVBA mc Z h<` _ k�b�`R�awak�`se?q^udwak"b�V ]al ` r V.VHqyk�b�V~J�VHk π � ] e?wab��Hk�b�V.VHq _ wa`Rk�V Z G�f�� r V.VHqik�b�VWJ�VHk 3π/2 m c Z f9e?wab���V.VHqik�b�V

π
VHk

3π/2
V _ k.hae?qPf6waqPV6b rH]al `s�iwPV�haV6f9V lRl V ] b�` _ V�VHqik�b�V�J¯VHk π/2

Energie (keV)
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���E��
 � m ²�J<¡ �"8pe l wak�`se?q´haV
Q100

Z 8pV9f l 7 r qPVHb���`sV ] e?wab l V [ eihaV�z�e [^] k�e?q´h=7 >«ª�> N�e?�ak�VHqiwPV Z 8pV9f�haV _
_ ` [ w lxZ k�`se?q _ VHq{�����~TW�.Q m

�����-��� .���&�) #�� #���#�!�� � & � % � � � # ) ��!$#�% &(' � ./%�'�� � % .��-!�% & ' ���
	���.
c Zv_ VHq _ `R�a` l `Rk r h=7 waq ] e lxZ b�` [ �Hk�b�V Z?_ k�b�e ] �y� _ `s�ywPV¶�LwaqPV _ e?wab�f9V n J�J % ] e lxZ b�` _�r V ] VHwak��Hk�b�Vh r k�VHb [ `Rq r V _ V l e?q ¡
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S =
ησ

εQ

√
B

AT∆E
� � mRn I o

¨
Z q _ f9VHk�k�V¯ude?b [ w l V���N{V _ k l V �Pw<; [ `Rqa` [ w [ h=7 waqPV _ e?wab�f9V ] e lxZ b�` _�r V�� 100% � VHq ph s−1

cm−2 kev−1 o ] e?wa8 Z qik��Hk�b�VLh r k�V9fHk r V Z 8pV9f waqPV _ `R��qa`Et$f Z k�`R8i`Rk r haV
ησ

VHk�f9V Z 8pV9fLwaqPVLV@G�f Z fH`Rk r VHq
h r k�V9fHk�`se?q�haV

ε
VHk�waq£qa`R8pV Z w�haV�u�e?qPh ª VHq

coups s−1 cm−2 kev−1 m � V _ k lxZ�_ wab¦u Z f9V¯haV�h r k�V9fHk�`se?qV@D�V9fHk�`R8pV � cm−2 o �±� V _ k l V�k�V [^]P_ h=7¤e?� _ VHb�8 Z k�`se?q�VHq _ V9f9e?qPhaV _ VHk ∆E
V _ k lxZ � Z qPhaV�h=7 r qPVHb���`sV�f9e?q _ `sh r b r VVHqLMpV�A m c Z^_ VHq _ `R�a` l `Rk r b r9_ w l k Z qik�V�V _ k ] b r9_ VHqik r V _ wab lxZ¯® `R��wab�V � m ² n�m
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300 400 500 600 700

/k
eV

)
2

F
lu

x 
(p

h
o

to
n

s/
se

c/
cm

-510

 Crabe 

s6E=E/2 10∆ σ 3
 -- Sensibilite en polarimetrie COMPTON

���E��
 � m ² n ¡ NgVHq _ `R�a` l `Rk r h<w [ eghaV�z�e [^] k�e?q�VHq ] e lxZ b�` [�r k�b�`sV m
F�e?wab�haV _¬r qPVHb���`sV _�_ w ]r b�`sVHwab�V _ ��²�J�J�MpVBA l V [ eghaV~z�e [^] k�e?q�h=7 >«ª�> N^V _ k _ w<G _�Z\[^[ VHqik _ VHq ·

_ `R� l V ] e?wab [ V _ wab�VHb lxZ¯] e lxZ b�` _�Z k�`se?q haV _ e?wab�f9V _&] VHb _ ` _ k Z qik�V _ u�e?b�k�V _ f9e [^[ V l V6fHb Z ��V [�Z ` _.r � Z\l V [ VHqykhaV _ wab _�Z wak _ γ m
�����-��� � ) � ��'-% �$� � %�&�) � � & � % � � � # ) ��!$#�%�&(# &�' � # !�� ' � & ) ��� ./%�'-� � % .��-!�% & ' ���
	���.¨

Z q _�l V _6] e lxZ b�` [ �Hk�b�V _ z�e [^] k�e?q:�¸haV¯qPe [ �ab�VHw<;�V@D=VHk _6] VHwa8pVHqik-h r u�e?b [ VHb lxZ h<` _ k�b�`R�awak�`se?qhaV ] �Pe?k�e?q _ h<`ED�w _�r V _ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l�m z�VHk�k�V h r u�e?b [�Z k�`se?q ] VHwak [ � [ V ]$Z b¦u�e?` _ `RqPh<wa`Rb�VvwaqPV
b rH] e?q _ V ] b�egf��PV�haV~f9V lRl VWh=7 waqPV _ e?wab�f9V ] e lxZ b�` _�r V��if�7¤V _ k&�-h<`Rb�VWwaqPV _ `Rqiw _ e���haV m z~7¤V _ k ] e?wab�f9VHk�k�VWb Z ` _ e?q�ywPV l 7 r 8 Z\l w Z k�`se?q´VHk lxZ f9e?b�b�V9fHk�`se?q´haVvf9V _ h r u�e?b [�Z k�`se?q _�_ e?qik�k�b�� _ ` [^] e?b�k Z qik�V _¶] e?wab r 8g`Rk�VHb�k�e?wak�Vu Z w _�_ V�h r f lxZ b Z k�`se?q�haV�h r k�V9fHk�`se?q�haV ] e lxZ b�` _Z k�`se?q m z�VHk�k�V r k�wPhaV�V _ k�V@D=V9fHk�w r V���b��?f9V Z w<; _ e?wab�f9V _ haVf Z\l `R�ab Z k�`se?q _WZ w _ e l�m
� �êÔ 		��� � � 	������ ü ��� ���Dü $ 	áü $TÔ � � � 	 � � 	¨Ô

z�e [^[ V�f9V lxZ�Z�r k rW[ VHqyk�`se?qaq r�] b r f r haV [^[ VHqikC� l V _�r 8 r qPV [ VHqyk _&[�Z b��iw r9_ f9e [^[ V6z�e [^] k�e?q
_ e?qyk�f9e [^] e _�r9_ h=7 r 8 r qPV [ VHqyk _-Z � Z qyk _ wa�a`�waqPV�h<`EDw _ `se?q z�e [^] k�e?q£8pVHq Z qyk�h<w�u�e?qPh{e?w£haV lxZ�_ e?wab�f9V
Z `Rq _ `¬�iwPV�haV _�r 8 r qPV [ VHqyk _ ude?b�k�wa`Rk _±m c ZL] b�V [ `s�Hb�V r k Z\] V�V _ k-hae?qPf�haV^8 r b�`Et$VHb _ ` l V _�r 8 r qPV [ VHqik _ h<wude?qPh�VHk�u�e?b�k�wa`Rk _ q:7 `RqPh<wa` _ VHqyk ]$Z?_ haV [ egh<w lxZ k�`se?q _ h Z q _�lxZ h<` _ k�b�`R�awak�`se?qjhaV ] �Pe?k�e?q _ wa`R8 Z qik l 7 Z qa� l V
Z �9` [ wak Z\l�m
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c Z h<` _ k�b�`R�awak�`se?q�h=7 r 8 r qPV [ VHqik _ z�e [^] k�e?q�8pVHq Z qyk�h<w^u�e?qPh�h<wab Z qyk l V _ k�V _ k _ h=7 r k Z\l e?qaq Z �pV Z w
_ e l V _ k ] b r9_ VHqyk r V _ wab lxZ6® `R��wab�V � m ²�² m c:V _�Z ;aV _ ∆Y

VHk
∆Z

f9e?b�b�V _�] e?qPhaVHqyk.� lxZ h<`ED r b�VHqPf9V~haV ] e _ `Rk�`se?qhaV _ haVHw<; ] �Pe?k�e?q _ VHq�f9e���qPfH`shaVHqPf9V¶k�V [^] e?b�V lRl V�h r k�V9fHk r9_¯_ wab > Na�6� > VHk-F > z&N > � VHq�waqa`Rk r haV ] `E;<V ls_> Na��� > m c¬7 Z qa� l V Z �9` [ wak Z\l V _ kWhae?qPf�h r k�VHb [ `Rq r�]$Z b φ = arctan(∆Y/∆Z) m c�7 Z � _ VHqPf9V¯h=7 r 8 r qPV [ VHqyk _Z wLf9VHqik�b�V6h<w�h<` Z ��b Z\[^[ V ] e?wab ∆Y
VHk

∆Z ] b�egf��PV�haV6J�V _ k�h<wPV Z w<; _ VHwa` ls_ � Z?_ h=7 > Na��� > VHk�F > z&N > �
�~n I�MpV�A4VHk�²�J�J�MpVBA b�V _�] V9fHk�`R8pV [ VHqyk o �iwa`5` [^]al `s�iwPVHqyk6waq Z qa� l V¯haV¯h<`EDw _ `se?q ] e lxZ `Rb�V [ `Rqa` [ w [ VHk
hae?qPf�waqPV�h<` _ k Z qPf9V Z wvf9VHqik�b�V�h<wvh<` Z ��b Z\[^[ V [ `Rqa` [ w [ m
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���E��
 � m ²�²<¡
¨ ` _ k�b�`R�awak�`se?q haV _�r 8 r qPV [ VHqik _ h<w�ude?qPh ] VHqPh Z qyk l V _ k�V _ k _ h=7 r k Z\l e?qaq Z �pV _ V l e?q ∆Y

VHk
∆Z m

c Z h<` _ k�b�`R�awak�`se?q V _ k�waqa`Eude?b [ V _ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l φ m c:V�u�e?qPhjq:7 `RqPh<wa`Rk¶hae?qPf ]$Z?_ haV
[ egh<w lxZ k�`se?q�haV lxZ h<` _ k�b�`R�awak�`se?q�VHq

φ m
0'$TÔ � � � 	 � ��	¨Ô

c Z h<` _ k�b�`R�awak�`se?q¶haV&ude?b�k�wa`Rk _ V _ k¬V lRl V l e?`Rq�h=7¤�Hk�b�V+waqa`Eude?b [ VWh Z q _�l V ]alxZ q ∆Y
�
∆Z � � m ²�Q o m c:V _

r 8 r qPV [ VHqik _ u�e?b�k�wa`Rk _ e?qik r k r f9e?q _ k�b�wa`Rk _ VHq Z?_�_ egfH` Z qyk�haV�u Z 19e?q Z\lsrCZ k�e?`Rb�V�haV _�r 8 r qPV [ VHqyk _ > Na��� > VHkF > z&N > � ] b�` _ h Z q _¬l V _ hae?qaq r V _ haV+f Z\l `R�ab Z k�`se?q ] e?wab"waqPV _ e?wab�f9V+��Q � ²�MpV�A m c:V&qPe [ �ab�VWh=7 r 8 r qPV [ VHqik _h r k�V9fHk r9_�_ V [ � l V ]al w _�] b�e?qPe?qPf r+l V l e?qa��haV _¬Z ;aV _ � VHk�S�VHk¬haV.f9V�u Z `Rk�waqPV lsr �p�Hb�V+e?qPh<w lxZ k�`se?q Z\]a]$Z b Z�� kh Z q _WlxZ h<` _ k�b�`R�awak�`se?q{h=7 Z qa� l V Z �9` [ wak Z\l�m } Z ` _WZ\] b�� _ waqPV _�rHl V9fHk�`se?q�z�e [^] k�e?q ] e?wab lxZ �iwPV lRl V _ VHw ls_.l V _
] �Pe?k�e?q _ hae?qyk lxZ h<`ED r b�VHqPf9V�VHqik�b�V l 7 Z qa� l V�haV-h<`EDw _ `se?qvVHk l 7 Z qa� l V�z�e [^] k�e?q£V _ k.`Rq<u r b�`sVHwab�V Z w�f�� Z\[^]haV�8gwPV��¸f9VHk�k�V [ eih<w lxZ k�`se?q�h<` _�]$Z b Z�� k m |Wq ] VHwak-8pe?`Rb�f lxZ `Rb�V [ VHqyk�f9VHk�V@D�VHk _ wab lxZv® `R��wab�V � m ² � m �¸8pV9f
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 � m ²�Q<¡
¨ ` _ k�b�`R�awak�`se?qLhaV _�r 8 r qPV [ VHqik _ ude?b�k�wa`Rk _ h Z q _�l V ]alxZ q ∆Y

VHk
∆Z _�Z q _�_�rHl V9fHk�`se?qvz�e [^] k�e?q m

waqPV _ ` [^]al V _�rHl V9fHk�`se?q z�e [^] k�e?q:� lxZ h<` _ k�b�`R�awak�`se?q�haV~f9VWkB� ] VWh=7 r 8p�HqPV [ VHqyk _._ wa`R8 Z qyk l 7 Z qa� l V Z �9` [ wak�� Z\lhaVH8i`sVHqik Z\l e?b _.]alxZ k�V�VHk&qPV ] VHwak.hae?qPf�`RqPh<wa`Rb�V6waqPV�u Z w _�_ V6h r k�V9fHk�`se?qvhaV ] e lxZ b�` _�Z k�`se?q m
�����-��� ��� �,!$) � � % ./�,!�� #�� �-��)�� % ��+ � & ! #�& ' � # �$� ��&-� ./%�' � � ��!$#�% &

�	� $ 	¨Ô � � �MÔ 
 � $TÔ¨ V _ `Rq _ k�b�w [ VHqik _ f9e [^[ V+z&|~}�F��&�¬c e?w > T~�&�����+�~c¶qPV _ e?qyk ]$Z?_ h r h<` r9_ � lxZ+] e lxZ b�` _�Z k�`se?qVHk¬hae?`R8pVHqyk�hae?qPf+VHq�� r q r b Z\l k�b Z `Rk�VHb�haV _�_ e?wab�f9V&�Pe?b _�Z ;aV _Cm z�VHk�k�V+`RqPfH`shaVHqPf9V.qPe?q�qyw lRl V ] VHwak¬VHq�� r q r b Z\l`RqPh<wa`Rb�V+waqPVWh r ude?b [�Z k�`se?q�haV lxZ b rH] e?q _ V+VHq ] e lxZ b�` _�Z k�`se?q�f9e [^[ VWqPe?w _¬l V [ e?qyk�b�V lxZ�® `R��wab�V � m ² � ] e?wabwaqPV _ e?wab�f9V _ `Rk�w r V~� θ = 30◦φ = −30◦ ]$Z b�b Z\]a] e?b�k�� l 7 Z ;aV � m > l V _ k Z\l e?b _ q r f9V _�_Z `Rb�VWhaV+k�b Z q _ ude?b [ VHbk�e?wak ] e?`Rqyk�h Z q _¶l V ]alxZ q ∆Y
�
∆Z _ wab�waq ]alxZ q haV{h rH]alxZ f9V [ VHqyk ] VHb ] VHqPh<`sfHw lxZ `Rb�V�� lxZ h<`Rb�V9fHk�`se?q

`RqPfH`shaVHqyk�V m Ni` l 7¤e?q _ w ]a] e _ V&�iwPV lxZ h<`Rb�V9fHk�`se?q�`RqPfH`shaVHqyk�V~haV _�] �Pe?k�e?q _ V _ k � θ, φ o Z\l e?b _�lxZ k�b Z q _ u�e?b [�Z k�`se?q_ 7¤V@D=V9fHk�wPV _ V l e?q ¡

∆Y
′

= (∆Y cos(φ) + ∆Zsin(φ))cos(θ) −D0sin(θ) � � mRn � o
∆Z

′

= ∆Zcos(φ) − ∆Y sin(φ) � � mRn � o
e?¢

D0
V _ k lxZ h<` _ k Z qPf9V.VHqyk�b�V > Na��� > VHk�F > z&N > �UVHk � ∆Y ′ �

∆Z
′ o _ e?qik l V _ qPe?wa8pV lRl V _ f9eie?b�hae?q ·q r V _ h Z q _6l V ]alxZ q�haV^h rH]alxZ f9V [ VHqik m Nge?wa8pVHqyk�f9VHk�k�V�f9e?b�b�V9fHk�`se?q�q:7¤V _ k ]$Z?_ q r f9V _�_�Z `Rb�V^f Z b l V _�_ e?wab�f9V _e?� _ VHb�8 r V _�_ e?qyk ] b�egf��PV _ haV l 7 Z ;<V � ≤ 5◦

o VHk�f9V _ wab�k�e?wak ] e?wab�haV _ e?� _ VHb�8 Z k�`se?q _ h r h<` r V _Cm
¨ V ]al w _ f9VHk�k�V
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 � m ² � ¡
¨ ` _ k�b�`R�awak�`se?q�haV _5r 8 r qPV [ VHqyk _ u�e?b�k�wa`Rk _ h Z q _:l V ]alxZ q ∆Y

VHk
∆Z Z 8pV9f lxZ&_�rHl V9fHk�`se?q^z�e [^] k�e?q m

k�b Z q _ ude?b [�Z k�`se?q�h rH] VHqPh^haV lxZ~] e _ `Rk�`se?q�h=7 waqPV _ e?wab�f9V&VHk"qPV ] VHwak�hae?qPf&�Hk�b�V Z\]a]al `s�iw r V+�WwaqPV�b�V9f��PVHb�f��PV
_ � _ k rH[�Z k�`s�iwPV¯haV ] e lxZ b�` _�Z k�`se?q�h Z q _ waq�f�� Z\[^] haV-8gwPV _�Z q _�Z�] b�`se?b�` m c Z h<` _ k�b�`R�awak�`se?q�h<w{ude?qPh{k�b�� _
] b�egf��PV�haV�f9V lRl V^h=7 waqPV _ e?wab�f9V _ wab l 7 Z ;<V _ VHb Z haV ]al w _ h r u�e?b [�r V^h<wab Z qyk�f9VHk�k�V^e ]�r b Z k�`se?q m �+qPV Z wak�b�V
_ e l wak�`se?qvhae?`Rk+hae?qPf��Hk�b�V6k�b�e?wa8 r V mF�e?wab�waqPV _ e?wab�f9V�qPe?q ] e lxZ b�` _�r V�� lxZ h<` _ k�b�`R�awak�`se?q´haV ] �Pe?k�e?q _�_ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l haVh<`ED�w _ `se?q�h r h<wa`Rk�V�haV lxZ f Z b�k�V�haV�h rH]alxZ f9V [ VHqyk _ wa`Rk�waqPV�8 Z b�` Z k�`se?q�VHq f9e _ `Rqyw _ 2π ]�r b�`seih<`s�iwPV _ V l e?q
l 7 Z qa� l V Z �9` [ wak�� Z\l φ = arctan(∆Z/∆Y ) Z 8pV9f{waq [�Z ;<` [ w [ h Z q _¶lxZ h<`Rb�V9fHk�`se?q haV lxZ�_ e?wab�f9V£VHk
f9V��ywPV l �iwPV _ e?`Rk lxZ h<`Rb�V9fHk�`se?q�`RqPfH`shaVHqyk�V m z�VHk�k�V [ egh<w lxZ k�`se?q ] VHwak�hae?qPf��Hk�b�V�f9e?b�b�`R� r V¶VHq�b�V ]al ` Z qik lxZh<` _ k�b�`R�awak�`se?q _ wab�waqPV ]�r b�`seihaV haV

π m c Z h<` _ k�b�`R�awak�`se?q)b r9_ w l k Z qik�V _ VHb Z hae?qPf ]alxZ k�V ] e?wab�q:7 ` [^] e?b�k�V�iwPV lRl V _ e?wab�f9VWqPe?q ] e lxZ b�` _�r V~h Z q _�l V~f�� Z\[^] haV+8gwPV m F5e?wab�waqPV _ e?wab�f9V ] e lxZ b�` _�r V l 7 Z qa� l V r k Z qyk&h r tPqa`sV
±π lxZ{[ V _ wab�VvhaV lxZ£] e lxZ b�` _�Z k�`se?q VHq _ VHb Z hae?qPfL`RqPf�� Z qa� r V m �"q<tPq ` l V _ k^��b��?f9Vv��f9VHk�k�VLk�V9f��aqa`s�iwPV
] e _�_ `R� l V�h=7 Z\[�rHl `se?b�VHb lxZ^_ k Z k�` _ k�`s�ywPV�h Z q _ f�� Z �iwPV��a`Rq{h=7 Z qa� l V�VHk+h=7 Z\[�rHl `se?b�VHb l V _ `R��q Z\l5_ wab.�ab�wa`Rk ]$Z bwaq u Z fHk�VHwab √2 m
� �'$ 	 � �Dü � � 	`Ó 
 � � 
 �( � * ( 		��� $ * � *+$ºü $TÔ`ü ( 	 $ � 	 $ � �SÔ��

z�e [^[ V lxZ h<` _ k�b�`R�awak�`se?qjhaV _�r 8 r qPV [ VHqik _^_ wab lxZ ]alxZ q�h r k�V9fHk�VHwab^h rH] VHqPh�haV lxZ � r e [�r k�b�`sVhaV�f9V�haVHb�qa`sVHbC�"haV _ � r e [�r k�b�`sV _ qPe?q _ � [�r k�b�`s�ywPV _¯] VHwa8pVHqyk^`RqPh<wa`Rb�V r � Z\l V [ VHqik�waqPV�h r ude?b [�Z k�`se?q)haV
lxZ h<` _ k�b�`R�awak�`se?qUh<w ]alxZ q�haV¶h rH]alxZ f9V [ VHqyk�VHk�hae?qPf¶haV lxZ b rH] e?q _ V�VHq ] e lxZ b�` _�Z k�`se?q m F5e?wab^�iw Z qyk�`Et$VHbf9VHk�V@D=VHkW` l u Z wak r k�wPh<`sVHb lxZ b rH] e?q _ V�haV l 7 `Rq _ k�b�w [ VHqik���waqPV _ e?wab�f9V-qPe?q ] e lxZ b�` _�r V m TWe?w _6Z 8pe?q _ hae?qPf
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���	��
 � m ² � ¡
¨ ` _ k�b�`R�awak�`se?q�haV _+r 8 r qPV [ VHqyk _ z�e [^] k�e?q ] e?wab.waqPV _ e?wab�f9V�haV�f Z\l `R�ab Z k�`se?qv�Pe?b _~Z ;<V���Q � ²MpV�A m

r k�wPh<` r¯lxZ h<` _ k�b�`R�awak�`se?q VHq Z qa� l V^haV�Q _ e?wab�f9V _ haV�f Z\l `R�ab Z k�`se?q��LQ � ²<� � n�n VHk � � ²¶MpV�A m c:V _ b r9_ w l k Z k _haV _.[ egh rHl ` _�Z k�`se?q _ e?�ak�VHqyw _ haV lxZ h<` _ k�b�`R�awak�`se?q Z 8pV9f-waq{f9e _ `Rqiw _ Π ]�r b�`seih<`s�iwPV _ e?qyk ] b r9_ VHqyk r9_�_ wab lxZ� Z � l V � m Q m
� ���3
 � m Q<¡ ®$Z fHk�VHwab+haV [ egh<w lxZ k�`se?q ] e?wabWQ _ e?wab�f9V _ haV6f Z\l `R�ab Z k�`se?q

Energie (keV) Facteur de modulation χ2

392. 0.0127 ± 0.0127 3.090
511. 0.0232 ± 0.0083 3.790
662. 0.0262 ± 0.0145 1.681

c Z�[ eih<w lxZ k�`se?q�V _ k6k�b�� _ u Z `R� l V�VHk l V _ χ2
b r h<wa`Rk _ e?�ak�VHqyw _-_ e?qyk _ w<G _�Z\[^[ VHqyk-��b Z qPh ] e?wab

[ e?qyk�b�VHb~�yw:7 Z wPfHwaqPV [ egh<w lxZ k�`se?q _ `R��qa`Et$f Z k�`R8pV6q:7¤V _ k.8g` _ `R� l V m
�	� $ 	Bü $ � 
-ü�( � � � Ò � ��� 	�� ���pü � * 
_Ô�� � $ �¨

Z q _�lxZ�[�r k��PeihaV¯h=7 Z q Z\l � _ V¯haV ] e lxZ b�` [�r k�b�`sV¯h<w [ eihaV^z�e [^] k�e?q�f�� Z �iwPV ]alxZ q{` [�Z �pV^h r@·k�V9fHk�VHwab�e?�ak�VHqyw Z\] b�� _¬_�rHl V9fHk�`se?q�haV _"r 8 r qPV [ VHqyk _�_ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l �yV _ k"h r f9e?qy8pe l w r+] e?wab�e?�ak�VHqa`Rb
l 7 ` [�Z �pV6h<wLfH`sV l VHk&hae?qPf l V �Pw<;¶haV lxZ�_ e?wab�f9V ] e?wab�waq¶�a`RqLh=7 Z qa� l V m

¨
Z q _ f9VHk�k�V6haVHb�qa`s�Hb�V6e ]�r b Z k�`se?q lxZ
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� r e [�r k�b�`sV�h<w [�Z?_ �iwPV Z hae?qPf¯waq�` [^]$Z fHk�qPe?q�q r � l `R�pV Z � l V m F�e?wab��iw Z qyk�`Et$VHb-f9VHk6` [^]$Z fHk�` l V _ k ] e _¦·
_ `R� l V�haV�h r f9e?qy8pe l wPVHbWwaqPV6` [�Z �pV ]alxZ qvh r k�V9fHk�VHwab~h=7 waqPV _ e?wab�f9V�haV�f Z\l `R�ab Z k�`se?q Z w _ e l �<qPe?q ] e lxZ b�` _�r V m
lxZ h<` _ k�b�`R�awak�`se?q�h<`Rb�V9fHk�V [ VHqik _ V l e?q l 7 Z qa� l V Z �9` [ wak Z\l V _ k ] b r9_ VHqyk r-_ wab lxZ^® `R��wab�V � m ² � m
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¨ ` _ k�b�`R�awak�`se?qvhaV _+r 8 r qPV [ VHqik _ z�e [^] k�e?q ] e?wab.waqPV _ e?wab�f9V�haV�f Z\l `R�ab Z k�`se?qv�Pe?b _WZ ;aV��^Q � ²MpVBA Z\] b�� _ h r f9e?qi8pe l wak�`se?q m c Z h<` _ k�b�`R�awak�`se?q�udwak�b�V ]al ` r V~VHqik�b�V�J�VHk π � ] e?wab&�Hk�b�V�VHq _ wa`Rk�V Z G�f�� r V�VHqyk�b�VJ�VHk

3π/2 m c Z f9e?wab���V�VHqyk�b�V π VHk
3π/2

V _ kWhae?qPf�waqPV6b rH]al `s�ywPV�haV�f9V lRl V ] b�` _ V6VHqik�b�V-J¯VHk π/2
c Z h<` _ k�b�`R�awak�`se?q�V _ k ]alxZ k�V�VHk Z wPfHwaqPV [ egh<w lxZ k�`se?q _ `R��qa`Et$f Z k�`R8pV Z\]a]$Z b Z�� k m

Ñ Ó�Ó � ��� 
 	���� ����� #  � � Ô����	�
c:V�k�V _ k�tPq Z\l�] e?wab-8 Z\l `shaVHb�qPe?k�b�V [�r k��PeghaV¶V _ k�h=7 r k�wPh<`sVHb lxZ h<` _ k�b�`R�awak�`se?q�haV _-r 8 r qPV [ VHqik _

_ wa`R8 Z qik l 7 Z qa� l V Z �9` [ wak�� Z\l haV^h<`ED�w _ `se?q ] e?wab6waqPV _ e?wab�f9V�f rHl V _ k�V�e?� _ VHb�8 r V�VHq�8pe l�m z��g��qyw _ �+·�n V _ kwaqPV6haV _�_ e?wab�f9V _�l V _�]al w _ �ab�` lRlxZ qik�V _ h<wLfH`sV l=Z wLhaV l ��haV6²�J�J-MpV�A m z~7¤V _ k�hae?qPf~k�e?wak�q Z k�wab�V lRl V [ VHqyk~�ywPVqPe?k�b�VWk�V _ k _ V ] e?b�k Z�_ wab�f9VHk�k�V _ e?wab�f9V m c Z h<` _ k�b�`R�awak�`se?q [ V _ wab r V+V _ k ] b r9_ VHqik r V _ wab lxZ�® `R��wab�V � m ²pI m Niwabf9VHk�k�V&haVHb�qa`s�Hb�V Z wPfHwaqPV [ eih<w lxZ k�`se?q _�]�r fH`Et$�iwPV�q:7¤V _ k�8g` _ `R� l V [�Z\l ��b r&l V�u Z `R� l V�qa`R8pV Z w�haV _ `R��qa`Et$f Z k�`R8g`Rk r�mT~e?k�b�V [�r k��PeghaV6qPV _ V [ � l V�hae?qPf ]$Z?_ hae?qaqPVHbWhaV ]P_ VHwPhae^b rH] e?q _ V ] e lxZ b�` [�r k�b�`s�ywPV m
�6�«� ')%+�-��!���#$��%.�

c:V [ eghaV�z�e [^] k�e?q�h=7 >�ª�> NLV _ k ] e?wab lxZ^] b�V [ `s�Hb�V-u�e?` _ f Z\]$Z � l V�haV�f9e [ �a`RqPVHb l V _~Z 8 Z qik Z �pV _h=7 waq�k rHl V _ f9e ] VLz�e [^] k�e?q�k�b Z h<`Rk�`se?qaqPV l.Z 8pV9f¶f9VHw<;�`RqPh<wa`Rk _¯]$Z b l 7 wak�` l ` _�Z k�`se?qjh=7 waq [�Z?_ �ywPV�f9eih r�m c ZfH`Rq rH[�Z k�`s�iwPV�z�e [^] k�e?q ] VHb [ VHk�VHqLV@D=VHk�haV~b r h<wa`Rb�V l V~�ab�wa`Rk&haV+u�e?qPh¶VHk l V [�Z?_ �iwPV�hae?k�V l 7 `Rq _ k�b�w [ VHqykh=7 waqPV�k�b�� _ �e?qaqPV£b r9_ e l wak�`se?q Z qa��w lxZ `Rb�V�`RqPh rH] VHqPh Z qik�V haV l 7 r qPVHb���`sV � h Z q _ qPe?k�b�V�f Z?_ haV
12′

o m c Z
_ VHq _ `R�a` l `Rk r�Z k�k�VH`Rqyk�V ] VHb [ VHk l 7 r k�wPhaV^haV _ e?wab�f9V _�] VHb _ ` _ k Z qik�V _ ude?b�k�V _ f9e [^[ V l V�z�b Z ��V^VHk�z��i��qiw _ �+·
n¶Z `Rq _ `¬�iwPV�haV _�] � r qPe [ �HqPV _ k�b Z q _ `Rk�e?`Rb�V _ f9e [^[ V l V _-_ wab _�Z wak _ γ m } Z ` _6l 7 Z h\¥¦e?qPfHk�`se?q�h=7 waq [�Z?_ �ywPVf9egh r-Z\[ �HqPV r � Z\l V [ VHqyk6haV�qPe?wa8pV Z w<; ] b�e?� l � [ V _ f9e [^[ V lxZ q r f9V _�_ `Rk r h=7 r 8 Z\l wPVHb�VHkWhaV _ e?w _ k�b Z `Rb�V-haVu Z 19e?q k�b�� _+] b r fH` _ V l V _.r 8 r qPV [ VHqik _ k Z ��� r9_ z�e [^] k�e?q�VHk.f9e?b�b�V _�] e?qPh Z qyk _ ` [^]al V [ VHqyk���waqPV�h r k�V9fHk�`se?q
_ ` [ w l k Z q r V�haV ] �Pe?k�e?q _ `RqPh rH] VHqPh Z qik _W_ wab l V _ haVHw<; ]alxZ q _ h r k�V9fHk�VHwab _Cm c:V6f�� Z\[^] haV�8gwPV6V _ k.haV ]al w _b r h<wa`Rk�VHk lxZ^_ wab¦u Z f9V-f9e lRl V9fHk�b�`sf9V�V _ k+h<`R8g` _�r V ]$Z b+haVHw<; m

¨
Z q _.l V�hae [�Z `RqPV�haV lxZ^] e lxZ b�` [�r k�b�`sV l V [ eihaVz�e [^] k�e?q�h=7 >«ª�> N¯V _ k _ w<G _�Z\[^[ VHqyk _ VHq _ `R� l V ] e?wab r k�wPh<`sVHb�haV _�_ e?wab�f9V _ f9e [^[ V l VWz�b Z ��V m �"q�b�V ]al ` Z qyk
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COMPTON TELESCOPE WITH CODED APERTURE MASK:
IMAGING WITH THE INTEGRAL/IBIS COMPTON MODE

M. Forot1, P. Laurent1, F. Lebrun1 and O. Limousin1

Draft version.

ABSTRACT

Compton telescopes provide a good sensitivity over a wide field of view in the difficult energy range
running from a few hundred keV to several MeV. Their angular resolution is, however, poor and
strongly energy dependent. We present a novel experimental design associating a coded mask and
a Compton detection unit to overcome these pitfalls. It maintains the Compton performance while
improving the angular resolution by at least an order of magnitude in the field of view subtended
by the mask. This improvement is obtained only at the expense of the efficiency that is reduced by
a factor two. In addition, the background corrections benefit from the coded mask technique, i.e.
a simultaneous measurement of the source and background. This design is implemented and tested
using the IBIS telescope on board the INTEGRAL satellite to construct images with a 12′ resolution
over a 29x29 field of view in the energy range from 200 keV to a few MeV. The details of the analysis
method and the resulting telescope performance, particularly in terms of sensitivity, are presented.
Subject headings: gamma rays:observation – instrument:Compton – telescopes

1. INTRODUCTION

The development of Compton telescopes began in the
1970’s with balloon flights (Schönfelder & Lichti 1973;
Herzo et al. 1975; Lockwood et al. 1979) and
culminated with the flight of COMPTEL
(Schönfelder et al. 1993) on board the Compton
Gamma Ray Observatory (CGRO). COMPTEL has
shown for more than 9 years the capabilities of a
Compton telescope to image the sky between 1 and 30
MeV thanks to the Compton kinematics information
(Boggs & Jean 2000). The study of astrophysical sites
of nucleosynthesis, as illustrated by the first 26Al
skymap (Diehl et al. 1995), largely progressed with
the COMPTEL data. On the other hand, COMPTEL
barely achieved a 5 FWHM angular resolution at 1
MeV. Future Compton telescopes could benefit from
the very significant detector progress, particularly in
the semiconductor domain, to improve the spectral
resolution, thus the angular resolution (Limousin 2003).
The latter is, however, intrinsically limited by what is
referred to as the electron Doppler broadening which
results from the fact that the scattering electron in a
detector is bound. This limits the angular resolution to
about 5 at 511 keV in the best case.

One way to overcome this limitation is to adjoin a
coded aperture (mask) to a Compton telescope. This
design, which has never been used for gamma-ray space
telescopes, maintains the advantages of a Compton tele-
scope (high-energy response, low background, wide field
of view) over most of the wide field of view, but it adds
the coded mask imaging properties (angular resolution,
background subtraction) in the solid angle subtended by
the mask. Indeed, in a coded mask system, source and
background are measured simultaneously and the energy
independent angular resolution is more than one order of
magnitude better than in classical Compton telescopes.

1 Service d’Astrophysique, CEA Saclay, 91191, GIF sur
YVETTE, France
Electronic address: mforot@cea.fr

With Coded Aperture Compton Telescopes (hereafter
CACT), we can obtain low background images in the
200 keV–10 MeV energy range, with an angular resolu-
tion better than a fraction of degree (e.g. 10 arcmin).
In this paper, we present the general principle of CACT,
their application to the INTEGRAL mission, the difficul-
ties inherent to the use of CACT, the analysis method of
the IBIS Compton Mode and the resulting performance.

 

ISGRI

PICSIT

 

   B
  C

souθ

θ sca

θ com

A

Source photon

Scattered photon

Fig. 1.— Forward scattering of a photon in the IBIS/Compton
mode. An incident photon in red is scattered in ISGRI and ab-
sorbed in PICsIT (in blue). The energy and position measurements
in A and C allow the derivation of the two angles: θcom and θsca.

2. PRINCIPLE OF A CODED APERTURE COMPTON
TELESCOPE

In a Compton telescope, consisting of two detector lay-
ers, gamma-ray photons are Compton scattered in one
detector and absorbed in the second. The locations and
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energy deposits of each interaction are measured, as illus-
trated in Figure 1 for the IBIS detectors. The direction
of the scattered photon, −→u sca, is determined from the
interaction locations in the two detectors. The Comp-
ton scattering angle, θcom, is measured from the energy
deposits, E1 and E2, recorded in the two detectors and
given by, for a forward scattering :

cos θcom = 1 −
mec

2

E2
+

mec
2

E1 + E2
(1)

where mec
2 is the electron rest mass energy. In a Comp-

ton telescope, the direction of the incoming gamma-ray
photon lies on the edge of a cone, the Compton cone, with
axis −→u sca and aperture θcom. The density distribution
of all the projected event circles, intersection of the cone
with the celestial sphere, allows to reconstruct sky maps
and to locate sources. Source polarization can also be
measured since the scattering azimuth is related to the
polarization direction. The angular resolution of the tele-
scope depends on the accuracy of the θcom and −→u sca de-
terminations and thus depends on the energy resolution
and pixel sizes in each of the two detectors. Furthermore,
background is hard to subtract and, as in optical cam-
eras, several effects distort images. Using a coded mask
to reconstruct sky images effectively addresses most of
these difficulties.

In coded aperture telescopes, the source radiation is
spatially modulated by a mask of opaque and trans-
parent elements. The projection of the mask shadow
recorded with a position sensitive detector produces a
shadowgram. This allows simultaneous measurement of
source plus background flux (shadowgram area corre-
sponding to the mask holes), and background flux (shad-
owgram area corresponding to the opaque elements)
(Caroli et al. 1987). The background is removed in the
deconvolution of the shadowgram using the mask pat-
tern. Mask patterns are designed to allow each source in
the field of view to cast a unique shadow on the detector
in order to avoid ambiguities in the reconstruction of the
sky image. The energy-independent angular resolution
is given by dα = arctan( C

H
), where C is the size of a

mask element and H is the distance between the coded
mask and the detector. In such a telescope the field of
view is limited and depends on the mask dimension, the
detector dimension and the mask-detector distance. The
total field of view is divided in two parts:

• FCFOV (Fully Coded Field Of View) for which the
source radiation is completely modulated by the
mask. This field exists only when the mask is larger
than the detector.

• PCFOV (Partially Coded Field Of View) for which
only a fraction of the source radiation is modulated
by the mask.

The principle of a CACT takes advantage of both tech-
niques. It is composed of a coded mask and two detector
planes between which photons are Compton scattered.
The flux on one detector is spatially modulated by the
mask pattern. The sky image is obtained by a simple de-
convolution of this shadowgram. Compton events that
are incompatible with a given source direction can be

discarded from the shadowgram, so CACT can be re-
garded as a coded mask telescope where the Compton
kinematics are used to reduce the background.

Then, two cases are possible: Either ones want to study
a given source with a known position −→u sou in the celestial
sphere or ones wish to make an image of a given field of
view. In the first case, we can select, using Compton
kinetics, events which fulfill the following condition:

−→u sou.−→u sca = cos(θcom) (2)

within instrumental incertainties, as, by definition,
θcom is the angle between the source and the scattered
directions. In the case of a isotropical background, Eq.
2 enable typically to remove more than 90% of the back-
ground, while keeping 90% of the source flux.

When we want to study sources over a given field
of view, the more conservative way of removing back-
ground events using the Compton kinetics, is to remove
all events whose Compton cones, within incertainties, do
not intersect the field of view. This condition can be
readily written in the plane containing the telescope axis
and the source direction (for a forward scattering). In-
deed, if we consider the case of a conical field of view
of semi-angle θFOV , the selection condition means that
the angle between the source direction and the telescope
axis −→u tel, called θsou, should be greater than the angle
θFOV . θsou can be easily computed from the Compton
angle and the ones of the scattered photon (θsca such as
cos(θsca) = −→u sca.−→u tel). The background rejection con-
dition become then:

θsou = (θsca − θcom) ≥ θFOV (3)

A similar formula can be obtained in the backward
scattering case.

3. THE INTEGRAL IBIS/COMPTON MODE

3.1. The IBIS telescope as a CACT

The IBIS instrument (Ubertini et al. 2003) is one of
the two major coded aperture telescopes on board the
ESA INTEGRAL gamma-ray observatory launched on
October 17 2002. It consists of a dual detection layer
designed and optimized to operate in the energy range
between ∼ 15 keV and 10 MeV. The upper detector
layer, ISGRI, covering the energy range from ∼ 15 keV
to 1 MeV, is made of 128 × 128 Cadmium–Telluride
(CdTe) semiconductor detectors (Lebrun et al. 2003).
The lower detector layer, PICsIT, operating in the en-
ergy interval from ∼ 190 keV to 10 MeV, is made
of 64 × 64 Cesium–Iodide (CsI) scintillating crystals
(Labanti et al. 2003). Events from these two detection
layers are time stamped and an on board Hardware Event
Processing Unit (HEPI) can associate the ISGRI and
PICsIT events if their arrival times differ by less than a
given time coincidence window (actually 3.8 µs). In the
following, these events are referred to as tagged Comp-
ton events. The detector spectral drifts (gain changes)
can be monitored with a 22Na On Board Calibration
Unit (OBCU). The detector layers are actively shielded,
encased on all but the sky side by bismuth germanate
(BGO) scintillator elements. It is also passively shielded
from the low energy celestial background with tungsten
and lead foils. The coded mask is made of 16 mm thick
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tungsten elements of 11.2 mm by side. This thickness
guarantees a 50% modulation at 1 MeV. Placed 3.2 m
above the CdTe detector plane, this mask ensures a 12
arcmin angular resolution over a 29× 29 PCFOV. Com-
posed of two detector planes (ISGRI and PICSIT) able
to work in coincidence and covered with a coded mask,
the IBIS telescope is the first in flight CACT.

3.1.1. Event types

Tagged Compton events from the celestial source under
study can be of two kinds:

• true Compton events,

• or spurious events, where two independent ISGRI
and PICsIT events, one of them coming from the
source, fall by chance in the Compton coincidence
time window, and are recorded falsely as a true
Compton event.

Below 500 keV, the vast majority of Compton scatters
corresponds to forward scattered events (ISGRI → PIC-
SIT). With increasing energy, photons can pass through
ISGRI without any interaction, interact in PICSIT, and
scatter back onto the ISGRI detection layer. In some
cases, more than one scattering occurs. Multiple inter-
actions in ISGRI are, however, discarded on board. In
this paper we will use only the events that underwent a
forward scattering in ISGRI with a single energy deposit
in PICsIT.

3.1.2. spectral resolution

In standard Compton telescopes, the spectral resolu-
tions of each detector are key parameters since they di-
rectly affect the angular resolution which, in turn, gov-
erns the sensitivity. For CACT, the angular resolution is
driven by the mask geometrical properties (C and H), but
the sensitivity strongly depends on background rejection.
The latter is based on measuring −→u sca and θcom. The
uncertainty on θcom, due to the detector spectral resolu-
tion, is larger in IBIS than that on −→u sca which relates to
pixel size.

We have used the Compton data tagged as calibration
events by the On Board Calibration Unit to measure the
on board spectral resolution of the IBIS Compton mode.
The FWHM of the two lines of the 22Na source (511 keV
and 1274 keV) and the resulting energy resolution are
presented in Table 1.

TABLE 1
In flight IBIS Compton mode energy resolution

Energy(keV) Energy resolution (% FWHM)

511 20
1274 15

4. IMAGING THE SKY WITH THE IBIS CODED
APERTURE COMPTON TELESCOPE

In this section we focus on imaging analysis and per-
formance of the IBIS/Compton mode.

4.1. The IBIS Compton mode imaging analysis

4.1.1. Events selection

The first step to analyze the IBIS Compton mode data
is to apply selections on the events: selection in energy
(generally between 200 keV and 1 MeV), and selection
of ISGRI events in rise time between 0.6 and 3.8 µs (see
Lebrun et al., 2003, for a description of ISGRI data).

Then, we remove background events using the Comp-
ton kinetics, as described in paragraph 2. As discussed
there, depending on the purpose, there are two types of
selection.

• The field of view selection: The IBIS field of view
semi-angle being θFOV ' 15◦, only photons with
θsca − θcom < 15◦ are kept.

• The dedicated source selection: for a source of
known direction −→u sou, a more restrictive selection
given by Eq. 2 is applied. This condition can be
rewritten as: |−→u sou.−→u sca−cos(θcom)| < δlim where
δlim is related to the instrumental error.

We compute values of δlim in order to maximize the
source signal to noise ratio, using ground calibration
measures. We have used the Compton events obtained
from three on-axis calibration sources, namely 133Sn
(392 keV), 22Na (511 keV), and 137Cs (662 keV). In fact,
for a on-axis source, the telescope axis and source direc-
tion coincide, so

−→u sou = −→u tel (4)

then, from Equation 2, we get

cos(θcom) = −→u sou.−→u sca = −→u tel.−→u sca = cos(θsca) (5)

by definition of θsca. Equation 2 then simplify to :

∆θ = θcom − θsca = 0 (6)

Figure 2 shows the angular shift ∆θ diagrams. This
distribution, centered on zero, is not a Dirac distribution
because of instrumental incertainties. Also, this distribu-
tion narrows with energy due to a better reconstruction
of θcom, linked to a better Compton mode energy reso-
lution at high energy. Yet, this variation with energy is
small and the optimal choice of δlim (related to the width
of the distribution shown in figure 2) has been checked
not to change much with energy between 200 keV and 1
MeV.

Figure 3 illustrates how the signal to noise ratio varies
with the allowed range of ∆θ ∈ [−θlim, θlim] for the 133Sn
calibration source. The best value of θlim at 392 keV is
around 10 − 12◦.

4.1.2. Spurious events subtraction

Spurious events are generally neglected in standard
Compton telescopes. Their uniform distribution does
not induce false source detection. But the situation for
CACT is different and their contribution must be re-
moved with high accuracy. Indeed, as spurious events
are composed by one source and one random event, they
keep the mask signature so they are not subtracted by
the deconvolution process.
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TABLE 2
response maps gaussian fits

Source Energy(keV) σ

113Sn 392 73 ± 3
22Na 511 74 ± 3
137Cs 662 71 ± 4
54Mn 835 72 ± 2
54Zn 1120 73 ± 3

Background 200 − 5000 74 ± 3

D = S × RS + B × RB (11)

The modulation from the mask pattern is weak com-
pared to the larger scale deformations we study here. To
compare RS and RB in the same conditions, we need in-
flight data from a source strong enough as well as back-
ground. Whereas we have used the in-flight background
distribution, there is no such source observed in-flight in
Compton mode, so we used data from on-ground calibra-
tion to determine RS .
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Fig. 5.— Distribution of background events with distance from
the detector center. This distribution is well fitted by a 2D gaussian
shown in red.

Both the background and source response maps are
well fitted by a 2D gaussian function (see Figure 5).
The results are presented in Table 2 for the in-flight
background measurements and the on-ground calibra-
tion source data for on-axis sources. The background
and source response maps in several energy bands are
found to be consistent. Off-axis sources have also been
studied and display equivalent response maps.

Residual background deformations on smaller
scales, similar what is observed in ISGRI images
(Terrier et al. 2003), are still present; their correction is
under study.

The final step is therefore to deconvolve the corrected
shadowgram D/R, renormalized to the total number of
events, to reconstruct the source flux, using standard de-
convolution techniques.

4.1.4. Image deconvolution

Representing the mask with an array M of 1 (transpar-
ent) and 0 (opaque) element, the detector plane by an ar-
ray D, and denoting by G+ and G− the decoding arrays
related to the coded mask (see (Goldwurm et al. 2003),

the image deconvolution in the fully coded field of view
(FCFOV) can be extended to the total (fully coded and
partially coded) by performing the correlation of D in a
non cyclic form with the G array extended and padded
with 0 elements outside the mask (Gros et al. 2003).
Since the number of correlated (transparent and opaque)
elements in the partially coded field of view is not con-
stant as in the FCFOV, the sum and subtractions for
each sky position must be balanced and renormalized.
The sky flux map is given by :

F =
(WD ∗ G+) − (WD ∗ G−) (W∗G+)

(W∗G−)

(W ∗ G+M) − (W ∗ G−M) (W∗G+)
(W∗G−)

(12)

and the variance map by:

V =
(W 2D ∗ G+2) + (W 2D ∗ G−2)( (W∗G+)

(W∗G−) )
2

((W ∗ G+M) − (W ∗ G−M) (W∗G+)
(W∗G−) )

2
(13)

In the previous formulae, the W matrix removes dead
or noisy pixels.

In the FCFOV, the variance is quite uniform and
equals the total number of detector counts. All this anal-
ysis procedure can be easily carried out by means of Fast
Fourier transforms. The result on a Crab pulsar obser-
vation is presented on Figure 6.
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Fig. 6.— Deconvolved significance map for the Crab pulsar using
the Compton mode between 200 keV and 500 keV for an exposure
time of 300 ks.

4.1.5. Angular shift diagrams as a check for the analysis
method

Angular shift diagrams illustrate the effectiveness of
the spurious event subtraction. One can use Compton
tagged events from an on-axis calibration source and an-
alyze them in regularly spaced ∆θ bins. Then we select
them in energy and rise time as above. Their shadow-
gram are corrected for the spatial response and decon-
volved to get the total source count rate displayed in
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Fig. 2.— Distribution of Compton events with the angular
shift ∆θ = θcom − θrec, after spurious events removal, using on-
ground calibration data from 133Sn (392keV ), 22Na (511keV ),
137Cs (662keV ) sources.
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for the 133Sn calibration source at 392 keV on axis.

The dedicated source selection has the strong advan-
tage of largely reducing the number of spurious events,
as most of them does not obey Equation 2, but their
remaining contribution is not negligible. A statistical
method must be applied to evaluate and subtract them.

To do so, we make use of the ISGRI and PICSIT single
events recorded in the same observation, to artificially
associate them and create a sample of spurious events,
called hereafter the “fake spurious events sample”. We
apply to this sample the same selections in energy, rise
time, and scattering angle as described above in order to
produce a fake shadowgram. The latter is scaled, by a
scaling factor called hereafter “spurious factor” or “α”,
to the number of spurious events recorded during the
observation and then subtracted from the Compton data
shadowgram.

The spurious count rate, NSp scales with the width
the time coincidence window (∼ 2∆Te), the total num-
ber of PICSIT events (NPICSIT = NP + NOBCU from
PICSIT simple and multiple detections, and from cali-
bration events), and the total number of ISGRI events
(NISGRI = NI +NSp from ISGRI single events and spu-
rious events). The calibration events in ISGRI are tagged
and discarded on board. Using Poisson statistics in the
coincidence window, one obtains the number of spurious
events:

NSp = (1 − e−(2∆Te−δT )(NP ICSIT ))NISGRI (7)

where δT is the on-board time resolution. Yet, one mea-
sures only NI , so the scaling factor is

NSp/NI = (e(2∆Te−δT )(NP ICSIT ) − 1) (8)

One has to further correct this factor for the multiple
PICSIT events in order to get the scaling factor for the
single spurious events only. For a proportion of PICSIT
single events of

β =
Nsimple

P + NOBCU

Nsimple
P + Nmultiple

P + NOBCU

(9)

one gets the spurious factor

α = β(e(2∆Te−δT )(NP ICSIT ) − 1) (10)

Figure 4 shows the evolution of the spurious factor for
Crab observations through the mission lifetime. It varies
from 2.82 % early in the mission (revolution 39) when ∆T
was about 5.0 µs, to around 1.1 % after revolution 102
when ∆T was decreased to 1.9 µs. α is quite constant
for a given coincidence window during a short time, but
rises on longer periods (Rev. 102 − 103 − 170 − 239),
due to the increase of the background flux, following the
solar cycle.

Observation group number

0 50 100 150 200 250 300

α
S

p
u

ri
o

u
s 

fa
ct

o
r 

0.005

0.01

0.015

0.02

0.025

0.03

s)µT = 5.0∆ Rev. 42-43 (

s)µT = 3.0∆ Rev. 44 (beginning) (

s)µT = 5.0∆ Rev. 44(end)-45 (

s)µT = 1.9∆ Rev. 102-103-170-239 (

Fig. 4.— Evolution of the spurious factor for different values of
the time coincidence window as derived from Crab pulsar observa-
tions..

The next step is to correct the resulting shadowgram
(after subtraction of the spurious events) for its non-
uniformity and to deconvolve it.

4.1.3. Uniformity correction

Compton mode shadowgrams are not spatially flat.
The count rate falls near the edges because we lose the
events which scatter at the edge of ISGRI and miss PIC-
SIT. This non-uniformity is magnified by the decoding
process so, if not corrected, strong systematic structures
may result in the deconvolved images with spatial fre-
quencies similar to those originally present in the shado-
gram. The shadowgram, D, consists of a source compo-
nent, with count rate S and a spatial response map RS ,
and a background component, with count rate B and
response map RB , thus
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red in Figure 7. The corresponding constructed spurious
event sample has been analyzed in the very same way
and its count rate per ∆θ bin, scaled by the measured
α factor, is displayed in blue, showing that the spurious
factor is adequate. The angular shift ∆θ distribution of
real Compton events (after subtraction of the spurious
ones) is well centered around zero and fall to zero for
|∆θ| ≥ 19◦ whereas the spurious distribution is clearly
offset to negative values, as expected because most spu-
rious events have a low energy deposit in ISGRI.

For celestial γ-ray sources above 200 keV, the spurious
rate dominates over the source one. Several Crab on-axis
observations have been used to construct a ∆θ diagram,
using the variance weighted sum of the flux at the source
position in each sky image. Thanks to the coded mask
background subtraction capabilities, only the true Comp-
ton and spurious contributions as defined in Paragraph
3.1.1, are visible on Figure 8. The spurious component
severely dominates, its negative offset being well marked.
True Compton events are around zero, as foreseen, and
the small flux excess of events for ∆θ ∼ 20◦ − 40◦ is due
to backward scattered events.
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Fig. 7.— Angular shift distribution of events for a calibration
source of 133Sn at 392 keV during on ground calibration.

 (degrees)recθ - comθ
-80 -60 -40 -20 0 20 40 60 80

C
o

u
n

ts
/s

0

0.05

0.1

0.15

0.2

 -- Spurious events
 -- All Events
 -- Compton events

Fig. 8.— Crab count rate between 200 keV and 500 keV in
different ∆θ bins. The total observation time is about 700 ks.

4.2. The IBIS Compton mode sensitivity

The analysis method described above has been applied
to evaluate the signal to noise ratio of the Crab pulsar
in different energy bands. The sensitivity of the IBIS
Compton mode is presented on Figure 9. It is greater
than that of PICSIT for a similar angular resolution.
Anyway, we will improve this sensitivity by taking into
account in the next future backward scattered events
and PICSIT multiple events. Yet, unlike PICSIT, the
Compton mode has no major strong background prob-
lems, allows to study photons up to a few MeV in very
small energy bands, in particular around spectral lines,
with an angular resolution better than that of SPI. It
also allows to perform polarization studies and imaging
studies of compact objects with a good timing resolution
(∼ 100µs).
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Fig. 9.— Sensitivity of the IBIS Compton mode compared to
the ISGRI and PICSIT one.

The next step we foresee in our analysis is to incorpo-
rate backward scattered events, PICSIT multiple events,
and compute background Compton correction maps (first
order background shadowgram from empty field observa-
tions and second order summed sky images after source
subtraction) to reduce the residual structures in the re-
sponse maps.

An important goal of the IBIS Compton mode is also
polarimetry. The interest of the astrophysics community
to such detection is growing. It is in fact a powerful
and a direct tool to constrain theoretical model on GRB,
pulsars, solar flares, etc ...

The calibration and results of the IBIS Compton mode
polarimeter will be presented in a forecoming paper.

5. CONCLUSIONS

The IBIS Compton mode is functional and provides a
new efficient means to observe the sky at energies beyond
∼ 190 keV up to a few MeV. With only forward scattered
events and thus thanks to the ISGRI shadowgram, we
can reconstruct images with high spatial resolution tak-
ing advantage of the coded mask aperture system. We
have devised a scheme for subtracting the large contribu-
tion from spurious coincidences between the two detector
planes. The resulting sensitivity, evaluated with in-flight
data from the Crab pulsar, opens new perspectives for
polarimetric and imaging studies in the 0.2-5 MeV en-
ergy band.
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l `R��qPV�haV68g` _�r V�� l V ] �Pe?k�e?q{h r k�V9fHk r-_ VHb Z 8gwvf9e [^[ V ] e lxZ b�` _�r6l `Rq rCZ `Rb�V [ VHqik m

¨
Z q _+l V�f Z?_ f9e?qyk�b Z `Rb�V��e?¢

l V-f�� Z\[^]£[�Z ��q r k�`s�ywPV¯V _ k�f9VHk�k�V-ude?` _W]$Z b Z\lRl � l V^� lxZ�l `R��qPV¯haV�8g` _�r V�� l 7 rHl V9fHk�b�e?q�h r fHb�`Rk�waqPV-k�b Z ¥¦V9fHk�e?`Rb�VfH`Rb�fHw lxZ `Rb�V�VHk l 7 rH[ ` _�_ `se?qje?� _ VHb�8 r V¶V _ k Z\l e?b _-] e lxZ b�` _�r V¶fH`Rb�fHw lxZ `Rb�V [ VHqyk�� n J�J % m Ni` l 7 Z qa� l V�VHqik�b�V −→
BVHk lxZ¶l `R��qPV^haV¯8i` _�r V¯V _ k6�iwPV l f9e?qP�ywPV lxZ¶] e lxZ b�` _�Z k�`se?q�e?� _ VHb�8 r V^V _ k6`Rqyk�VHb [�r h<` Z `Rb�V�VHqik�b�V l V _ haVHw<;{f Z?_V@;gk�b�� [ V _.] b r9_ VHqyk r9_W] b r f r haV [^[ VHqyk m � lRl V�V _ k.hae?qPf�V lRl ` ] k�`s�ywPV mF�e?wabWhaV l 7 rH[ ` _�_ `se?q fH�<f l e?k�b�e?q lxZ udb r �ywPVHqPf9V6b�V lxZ k�`R8g` _ k�V νg

_ V _ ` [^]al `Et$V�VHq

νg =
eB

2πmec
� � m � o

e?¢
me

V _ k lxZ�[�Z?_�_ VWhaV l 7 rHl V9fHk�b�e?q m z�V ] VHqPh Z qyk [ � [ V ] e?wab�haV+u Z `R� l V _ 8g`Rk�V _�_ V _ � l 7 `Rqyk r ��b Z\l `Rk rhaV l 7 rH[ ` _�_ `se?q fH�gf l e?k�b�e?q qPV _ VHb Z£]$Z?_�rH[ ` _ � lxZ udb r �iwPVHqPf9V νg
m �"q V@D�VHk�` l V@;g` _ k�VvhaV�u Z `R� l V _ V@D�VHk _
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b�V lxZ k�`R8g` _ k�V _ �iwa` r f Z b�k�VHqyk lxZ h<` _ k�b�`R�awak�`se?q�VHq^`Rqik�VHq _ `Rk r haV _�Z h<` _ k�b�`R�awak�`se?q�VHq sin2(φ) m c:V _ � _ k�� [ V ] VHwakVHq�V@D�VHk+�Hk�b�V6h r f9e [^] e _�r haV~u Z 19e?q r �iwa`R8 Z\l VHqyk�V-��waqPV _ e [^[ V�haV6h<` ]��?l V _+rH[ VHk�k Z qykWwaq b Z �pe?qaqPV [ VHqik
Z w<;L� Z b [ e?qa`s�iwPV _.l haV νg

Z 8pV9f6waqPV6`Rqik�VHq _ `Rk r Il ¡

Ilα(
v

c
)2(l−1) � � m � o

e?¢
l = 1

f9e?b�b�V _�] e?qPhv� lxZ�] b�V [ `s�Hb�V�� Z b [ e?qa`s�ywPV�� l = 2
� lxZ¯_ V9f9e?qPhaV mRmRmc�7 r qPVHb���`sV rH[ ` _ V ] e?wab l V _ � Z b [ e?qa`s�ywPV _vl V _L]al w _ � Z wak�V _ V _ k ] VHk�`Rk�V��iw Z qPh lxZ�]$Z b�k�`sfHw l Vq:7¤V _ k ]$Z?_ b�V lxZ k�`R8g` _ k�V�VHk¯haVH8i`sVHqik^qPe?q�q r � l `R�pV Z � l V ] e?wab^haV _ 8i`Rk�V _�_ V _�_ w ]r b�`sVHwab�V _ �{J mRn f m c�7 rHlxZ b���` _¦·

_ V [ VHqyk
¨ e ]a]al VHb¯haVH8g`sVHqyk l wa` Z w _�_ `¬` [^] e?b�k Z qyk ] e?wab�f9V _ udb r �ywPVHqPf9V _ VHk¯e?q ] VHwak Z\l e?b _ h r k�V9fHk�VHb-waqPV��b Z qPhaV+�yw Z qik�`Rk r haV�u b r �iwPVHqPf9V _ h=7 rH[ ` _�_ `se?q m c Z f9e?q _�r �ywPVHqPf9V&h<`Rb�V9fHk�V+V _ k³waq rHlxZ b���` _�_ V [ VHqyk�h<w _�] V9fHk�b�Vh=7 rH[ ` _�_ `se?q ] e?wab l V _�]al w _ � Z?_�_ V _ � Z b [ e?qa`s�iwPV _ VHk l 7¤e?�ak�VHqik�`se?q�h=7 waq _�] V9fHk�b�V^�yw Z?_ `³f9e?qik�`Rqyw ] e?wab l V _� Z b [ e?qa`s�iwPV _Wl V _&]al w _ � Z wak�V _CmF�e?wab�waq�f�� Z\[^]�[�Z ��q r k�`s�ywPV.kB� ] `s�ywPV&h=7 waqPV r k�e?` l V.�~qPVHwak�b�e?q _ haV l 7¤e?b�h<b�V.haV 109T

� l 7 r qPVHb���`sV
[�Z ;<` [ w [ haV l 7 rH[ ` _�_ `se?q�fH�gf l e?k�b�e?q _ VHb Z�Z w<; Z\l VHqyk�e?wab _ haV n J�JvMpV�A m c:V [ eghaV¶z�e [^] k�e?qjh=7 > T~�&� ·�6�+�~c r k Z qyk~e ]r b Z k�`se?qaqPV l �yw:7 � ]$Z b�k�`Rb+haV-²�J�J�MpV�A�f9VHk�k�V rH[ ` _�_ `se?qvqPV _ VHb Z¯]$Z?_ e?� _ VHb�8 r V m
� * �êÔ¨Ô�� ���pÔ # ��� ��� � 		� � �

c:V¬b Z �pe?qaqPV [ VHqik _ �iqPf��ab�e?k�b�e?q^V _ k¸f9e lRl ` [�Z k r h Z q _¸lxZ h<`Rb�V9fHk�`se?q�haV ] b�e ]$Z � Z k�`se?q^haV l 7 rHl V9fHk�b�e?q m
�WqPV ]$Z b�k�`sV _ `R��qa`Et$f Z k�`R8pV�h<wvb Z �pe?qaqPV [ VHqyk�V _ k Z\l e?b _ f9e?qyk�VHqiw�h Z q _ waq{f � qPV�h=7 Z ;aV lxZ h<`Rb�V9fHk�`se?q£haV lxZ
]$Z b�k�`sfHw l V&VHk"h=7 Z qa� l V Z w _ e [^[ VHk 1/γ m c�7¤e?� _ VHb�8 Z k�VHwab Z hae?qPf�haV���b Z qPhaV _ f�� Z qPf9V _ haV l e?w ] VHb l 7 rH[ ` _�_ `se?q_ �iqPf��ab�e?k�b�e?q�h=7 waqPV ]$Z b�k�`sfHw l V _ `=` l qPV _ V�k�b�e?wa8pV ]$Z?_.l V l e?qa��haV _�Z k�b Z ¥�V9fHk�e?`Rb�V mc�7 rH[ ` _�_ `se?q _ �iqPf��ab�e?k�b�e?q r k Z qyk lxZ 8pVHb _ `se?q�b�V lxZ k�`R8g` _ k�V�h<w¶b Z �pe?qaqPV [ VHqykWfH�gf l e?k�b�e?q l V _�] V9fHk�b�Vb r9_ w l k Z qyk¯V _ k�f9e [^[ V�qPe?w _�l 7 Z 8pe?q _ 8gw ] b r f r haV [^[ VHqyk¯qPe?q ]al w _ h<` _ fHb�VHk [�Z ` _ f9e?qik�`Rqyw m �+`Rq _ ` ] e?wab
r k�wPh<`sVHb l V _.] b�e ] b�` r k r9_ haV l 7 rH[ ` _�_ `se?q _ �gqPf��ab�e?k�b�e?q{` l V _ kWq r f9V _�_�Z `Rb�V-haV6k�b�e?wa8pVHbWwaqPV-V@; ] b�V _�_ `se?qvhaV lxZh<` _ k�b�`R�awak�`se?q _�] V9fHk�b Z\l V m> l V _ k ] e _�_ `R� l VLh=7¤V@; ] b�` [ VHb lxZ£] wa` _�_�Z qPf9V _ �iqPf��ab�e?k�b�e?q rH[ ` _ V ]$Z b�waq _ VHw lWrHl V9fHk�b�e?q VHq lxZh r f9e [^] e _�Z qikWVHqLwaqPV ]$Z b�k�`sV ]$Z b Z\lRl � l V�VHk ] VHb ] VHqPh<`sfHw lxZ `Rb�V-� lxZ h<`Rb�V9fHk�`se?qvh<w f�� Z\[^]v[�Z ��q r k�`s�iwPV m c Zf9e [^] e _�Z qik�V ] VHb ] VHqPh<`sfHw lxZ `Rb�V-V _ k.hae?qaq r V ]$Z b�¡

P⊥(ω) =

√
3e3B sin(α)

4πmec2
(F (x) +G(x)) � � m I o

VHk lxZ f9e [^] e _�Z qik�V ]$Z b Z\lRl � l V�V _ k.hae?qaq r V ]$Z b�¡

P‖(ω) =

√
3e3B sin(α)

4πmec2
(F (x) −G(x)) � � m � o¨

Z q _ f9V _6r �iw Z k�`se?q _ F (x) = x
∫∞
x K5/3(z)dz

VHk
G(x) = xK2/3(x)

_ e?qyk l V _ u�e?qPfHk�`se?q _ haVª V _�_ V l[ egh<`Et r V _ VHk x = 2ωrr/3cγ
3 � ωr

V _ k lxZ udb r �iwPVHqPf9V~haV~b�e?k Z k�`se?qLb�V lxZ k�`R8g` _ k�V�VHk�b�V _ k l V~b Z �pe?q haV
f9e?wab��awab�V ] e?wab l 7 rHl V9fHk�b�e?q hae?qaq rW]$Z b r = v/ωr sin(α) m > l V _ k�VHq¶� r q r b Z\l k�b�� _ f9e [^[ eghaV~haV~h r tPqa`Rb�waqudb r �iwPVHqPf9V�fHb�`Rk�`s�ywPV ωc

h r tPqa`sV ]$Z b�¡

ωc =
3cγ3

2r
� � m�� o¨ V6f9VHk�k�V�u Z 19e?q x = ω

ωc

VHk

ωc = 2πνc =
3

2
(
c

v
)γ3ωr sin(α) � � mRn J o

c Z�] wa` _�_�Z qPf9V+k�e?k Z\l V rH[ ` _ V.hae?qPf ]$Z b¬waqa`Rk r haV�u b r �iwPVHqPf9V+VHk�f9V ] e?wab�waqPV _ VHw l V ]$Z b�k�`sfHw l VWV _ k
Z\l e?b _ hae?qaq r V ]$Z b�¡

P (ω) =

√
3e3B sin(α)

2πmec2
F (x) � � mRn�n o
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z�VHk�k�V ] wa` _�_�Z qPf9V ] e _�_ �9haV�waq [�Z ;<` [ w [(] e?wab.waqPV6u b r �iwPVHqPf9V νmax = 0.29νc
m��q � r q r b Z\l�l V _�] V9fHk�b�V�h=7 rHl V9fHk�b�e?q _ h=7 waqPV _ e?wab�f9V Z?_ k�b�e ] �y� _ `s�ywPV ] VHwak _ e?wa8pVHqyk��Hk�b�V Z\]<·

] b�e9;<` [�r6]$Z b.waqPV l e?`:haV ] wa` _�_�Z qPf9V

N(E)dE = kE−αdE � � mRn ² o
e?¢LM¶VHk

α _ e?qik.haV _ f9e?q _ k Z qik�V _Cm �"qL`Rqik r ��b Z qyk lxZ�] wa` _�_�Z qPf9V rH[ ` _ V ]$Z b&waq _ VHw l=rHl V9fHk�b�e?q _ wab
lxZ h<` _ k�b�`R�awak�`se?q ] b r f r haVHqik�V�e?qve?�ak�`sVHqikWVHqL� r q r b Z\l waqPV ] wa` _�_�Z qPf9V6k�e?k Z\l V�haV lxZ ude?b [ V�¡

P (ν)dν ∝ ν−(α−1)/2 � � mRn Q o
c¸V _�] V9fHk�b�V _ �iqPf��ab�e?k�b�e?qvb r9_ w l k Z qikWV _ k.hae?qPf l wa` Z w _�_ `=waqPV l e?`¸haV ] wa` _�_�Z qPf9V m
�WqPV Z wak�b�V-f Z b Z fHk r b�` _ k�`s�iwPV�` [^] e?b�k Z qyk�V�h<wvb Z �pe?qaqPV [ VHqyk _ �gqPf��ab�e?k�b�e?q{V _ k _�Z^] e lxZ b�` _�Z k�`se?q mc:V ] �Pe?k�e?q�V _ k ] e lxZ b�` _�r V lRl ` ] k�`s�ywPV [ VHqik [�Z ` _ k�VHqPh�8pVHb _ waqPV ] e lxZ b�` _Z k�`se?q l `Rq rCZ `Rb�V Z w�u wab�VHk&� [ V _ wab�V�ywPV _ e?q r qPVHb���`sV Z wa� [ VHqik�V m z�V lxZ V _ k&h<w�f9e [^[ V�qPe?w _�l 7 Z 8pe?q _ 8gw Z w¶u Z `Rk&�yw:7 waqPV ]$Z b�k�`sV _ `R��qa`Et$f Z k�`R8pVh<w �Pw<;´V _ k�8gw _ VHw l V [ VHqykvh Z q _ l V�f Z?_ e?w l V{f � qPV�h=7 rH[ ` _�_ `se?q V _ k ] b�egf��PV�haV lxZ�l `R��qPV�haV{8i` _�r V m�+`Rq _ ` _ ` waq rHl V9fHk�b�e?q Z b�b�`R8pV Z 8pV9f6waq Z qa� l V6h=7 `RqPfH`shaVHqPf9V�haV 90◦ l 7 rH[ ` _�_ `se?q _ �gqPf��ab�e?k�b�e?qve?� _ VHb�8 r V _ VHb Z

] e lxZ b�` _�r V l `Rq rCZ `Rb�V [ VHqyk³f Z b lxZ�] b�e\¥�V9fHk�`se?q-h<w�8pV9fHk�VHwab Z f9f rHlsr b Z k�`se?q _ VHb Z 8iw-f9e [^[ V r k Z qyk�h Z q _:lxZ�[ � [ Vh<`Rb�V9fHk�`se?q m F�e?wab"waq Z qa� l V&h=7 `RqPfH`shaVHqPf9V.�ywPV l f9e?qP�iwPV l V�8pV9fHk�VHwab Z f9f rHlsr b Z k�`se?q _ VHb Z 8gw^VHq^b�e?k Z k�`se?q��iw Z qPh
l V&f � qPV ]$Z?_�_ VHb Z haVH8 Z qyk l 7¤e?� _ VHb�8 Z k�VHwab m z�V lxZ `Rqik�b�eih<wa`Rk�hae?qPf�waqPV ] e lxZ b�` _�Z k�`se?q�fH`Rb�fHw lxZ `Rb�V.�ywa` [�rHlxZ qa� r V
Z 8pV9f lxZ¯] b r f r haVHqyk�V¯hae?qaqPVHb Z waqPV ] e lxZ b�` _Z k�`se?qvk�e?k Z\l V�V lRl ` ] k�`s�iwPV m } Z ` _ �yw Z qPh l 7 r qPVHb���`sV�haV l 7 rHl V9fHk�b�e?q
Z wa� [ VHqyk�V l V�f � qPV�h=7 rH[ ` _�_ `se?q�haVH8g`sVHqyk Z\l e?b _ haV ]al w _ VHq ]al w _-r k�b�e?`Rk�VHk l V�8pV9fHk�VHwab Z f9f rHlsr b Z k�`se?q�q:7 Z
]$Z?_�l V�k�V [^]P_ haV�k�e?wab�qPVHb¯h<wab Z qyk l V�f9e?wab�k lxZ\]P_ V�haV�k�V [^]P_-] VHqPh Z qik l V9�iwPV l¬l V�f � qPV�V _ k�8g` _ `R� l V m c Z
] e lxZ b�` _Z k�`se?q Z\]a]$Z b Z�� k+hae?qPf l `Rq rCZ `Rb�V m F5e?wabWwaqPV ] e ] w lxZ k�`se?q{h=7 rHl V9fHk�b�e?q _.[�Z `Rqyk�VHq Z qikC� lxZ�] e lxZ b�` _�Z k�`se?qb r9_ w l k Z qyk�V�V _ k6k�b�e?wa8 r V�VHq `Rqyk r ��b Z qyk l V _ h<`ED r b�VHqyk�V _-] e lxZ b�` _�Z k�`se?q _�_ wab l 7¤VHq _ V [ � l V�haV _�]$Z b�k�`sfHw l V _�_ Vk�b�e?wa8 Z qik~h Z q _+l V�f � qPV-h=7 rH[ ` _�_ `se?q m A"wv�ywPV l V _ f9e [^] e _�Z qyk�V _ V lRl ` ] k�`s�iwPV _ haV-f�� Z �iwPV-f � k r haV lxZ¯l `R��qPVhaV�8i` _�r V _ 7 Z qaqyw l V lxZ�] e lxZ b�` _�Z k�`se?qvb r9_ w l k Z qyk�V-V _ k Z\l e?b _.l `Rq rCZ `Rb�V mF�e?wvwaq _ VHw l¸rHl V9fHk�b�e?q l V�haVH��b r haV ] e lxZ b�` _�Z k�`se?q Π

V _ k.hae?qaq r6]$Z b-¡

Π =
P⊥(ω) − P‖(ω)

P⊥(ω) + P‖(ω)
=
F (x)

G(x)
� � mRn � o

VHk ] e?wab&waqPV�h<` _ k�b�`R�awak�`se?q�haV ]$Z b�k�`sfHw l V _ VHq l e?`¸haV ] wa` _�_�Z qPf9V�¡

Π =

∫∞
0 G(x)x(α−3)/2dx∫∞
0 F (x)x(α−3)/2dx

=
α+ 1

α+ 7/3
� � mRn � o

F�e?wab&haV _ `RqPh<`sf9V _�_�] V9fHk�b Z w<;�k�� ] `s�iwPV _ haV l 7¤e?b�h<b�V�haV n�m � · � m J l V~haVH��b r haV ] e lxZ b�` _�Z k�`se?q Z k�k�VHq ·h<wPV6V _ k Z\l e?b _ f9e [^] b�` _ VHqyk�b�V ���
%

VHk � J
% m

� 
 # ��� ��$�*+$ �
	`ü�$ � � � � � � � $

�Wq rHl V9fHk�b�e?q _ V�h rH]alxZ 1 Z qik�h Z q _ waq [ ` l `sVHw�e?¢ l V�f�� Z\[^]�[�Z ��q r k�`s�ywPV�q:7¤V _ k ]$Z?_ waqa`Eude?b [ V
Z wab Z k�VHqPh Z qPf9V�� _ wa`R8ib�V lxZ h<`Rb�V9fHk�`se?q�haV _�l `R��qPV _ haV�f�� Z\[^]:m Ni` l V^b Z �pe?q�haV^f9e?wab��awab�V�V _ k ] VHk�`Rk�waqPV
]$Z b�k�`sV _ `R��qa`Et$f Z k�`R8pV�h=7 rH[ ` _�_ `se?q��ab�V [�_�_ k�b Z � l waqa� [�Z ��q r k�`s�iwPV _ VHb Z�rH[ ` _±m

¨
Z q _�l V^f Z?_ b�V lxZ k�`R8i` _ k�V l V _

r �yw Z k�`se?q _ b�V lxZ k�`R8pV _-Z w�b Z �pe?qaqPV [ VHqik�haV�f9e?wab��awab�V ] VHwa8pVHqik��Hk�b�V�e?�ak�VHqiwPV _ VHq�b�V [^]alxZ 1 Z qyk l V¯b Z �pe?qhaV.��`Rb Z k�`se?q ]$Z b l V+b Z �pe?q�haV+f9e?wab��awab�V~haV lxZ6l `R��qPV~haV+f�� Z\[^]:m z�V+b Z �pe?q¶qPV+h rH] VHqPh Z qyk ]$Z?_ h<w�u Z fHk�VHwabhaV-c¸e?b�VHqyk �p� lxZ�] wa` _�_�Z qPf9V rH[ ` _ V ]$Z b�f9V�k�� ] V�haV�b Z �pe?qaqPV [ VHqyk _ VHb Z¶Z\l e?b _�_ w ]r b�`sVHwab�V¯� lxZ�] wa` _�_Z qPf9V
_ �gqPf��ab�e?k�b�e?q¯h=7 waq�u Z fHk�VHwab γ m c¸V _ f Z b Z fHk r b�` _ k�`s�iwPV _ VHq ] e lxZ b�` _�Z k�`se?q-haV�f9V�b Z �pe?qaqPV [ VHqik _ e?qyk l V _¸[ � [ V _�ywPV�f9V lRl V _ haV l 7 rH[ ` _�_ `se?q _ �iqPf��ab�e?k�b�e?q _�Z w<u"�a`sVHq _ wab l V�u Z `Rk+�iwPV l V�8pV9fHk�VHwabWhaV ] e lxZ b�` _�Z k�`se?q£V _ k+f9VHk�k�Vude?` _ fH` ]$Z b Z\lRl � l V Z wvf�� Z\[^]�[�Z ��q r k�`s�ywPV m
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z�V£k�� ] V£haV�b Z �pe?qaqPV [ VHqyk£V _ k Z?_�_ egfH` r � l 7 Z f9f rHlsr b Z k�`se?q h=7 waqPV ]$Z b�k�`sfHw l V�h Z q _�l V£f�� Z\[^]
rHl V9fHk�b�e _ k Z k�`s�ywPV�h=7 waq�`se?q e?wLh=7 waq ] b�e?k�e?q m > l=_ V ] b�egh<wa`Rk�� r q r b Z\l V [ VHqyk Z w _ VH`RqLhaV~� Z ��k�b�� _ f�� Z wPh e?¢
lxZ haVHq _ `Rk r h=7 rHl V9fHk�b�e?q _�l `R�ab�V _ V _ k6��b Z qPhaV m z�e [^[ V ] e?wab l 7 rH[ ` _�_ `se?q ª b�V [�_ k�b Z � l waqa� [�Z ��q r k�`s�iwPV��¸f9Vb Z �pe?qaqPV [ VHqyk&V _ k"��V Z wPf9e?w ]�]al w _ ` [^] e?b�k Z qyk ] e?wab l V _�rHl V9fHk�b�e?q _ �ywPV ] e?wab l V _"]$Z b�k�`sfHw l V _¬]al w _"l e?wab�haV _Cmz�V ] VHqPh Z qyk�h<wab Z qik"f9VHb�k Z `Rq _ k�� ] V _ h=7 r 8 r qPV [ VHqyk _ f9e [^[ V l V _5r b�w ] k�`se?q _"_ e lxZ `Rb�V _ f9V�b Z �pe?qaqPV [ VHqik ] e?wab
l V _ `se?q _&]al w _&l e?wab�h haVH8g`sVHqyk _ `R��qa`Et$f Z k�`Eu mc�7 r qPVHb���`sV [�Z ;g` [ w [ h=7 waq ] �Pe?k�e?q rH[ ` _^]$Z b�waqPV rH[ ` _�_ `se?q ª b�V [�_ k�b Z � l waqa� ] e?wab�waqUVHq ·
_ V [ � l V�haV6haVHw<; ]$Z b�k�`sfHw l V _ f�� Z b�� r V _ V _ k.hae?qaq r6]$Z b �dX VHb�` _ k�f��a` n � � � o ¡

Emax =
m2E1

m2 +m1 +E1 −M cos(θ)
� � mRn � o

e?¢
E1

�:} VHk
m1

_ e?qyk�b�V _�] V9fHk�`R8pV [ VHqik l 7 r qPVHb���`sV�fH`Rq r k�`s�iwPV�� l V [ e [ VHqyk-VHk lxZ¶[�Z?_�_ V�haV lxZ
]$Z b�k�`sfHw l V¶`RqPfH`shaVHqik�V m m2

V _ k lxZ [�Z?_�_ V�haV lxZv]$Z b�k�`sfHw l V�fH`R� l V¶VHk θ V _ k l 7 Z qa� l V¶VHqyk�b�V lxZ h<`Rb�V9fHk�`se?qjh<w
] �Pe?k�e?q rH[ ` _ VHk lxZ�]$Z b�k�`sfHw l V `RqPfH`shaVHqyk�V m

¨
Z q _^l V hae [�Z `RqPVv� Z\[^[�Z e?¢ l V [ ` l `sVHw V _ k�e ] k�`s�iwPV [ VHqyk

[ `RqPf9V�� l 7 rH[ ` _�_ `se?q:� lxZ{] wa` _�_�Z qPf9V rH[ ` _ V�qPVLh rH] VHqPhj�iwPV�k�b�� _^] VHw�haV lxZ udb r �iwPVHqPf9VLVHk ] b�eih<wa`Rk�waq
_�] V9fHk�b�V�f9e?qik�`Rqyw m c¸V�haVH��b r haV ] e lxZ b�` _�Z k�`se?q l `Rq rCZ `Rb�V�haV l 7 rH[ ` _�_ `se?q ª b�V [�_ k�b Z � l waqa�)h=7 waq _ � _ k�� [ V
] b�e?k�e?q ·BrHl V9fHk�b�e?q Z�r k r�r k�wPh<` r V ]$Z b � � l wPf�M _ k�VHb�q VHk Z\l�mn � � Q o m c:V~8pV9fHk�VHwab&haV ] e lxZ b�` _�Z k�`se?q�k�VHqPh Z �Hk�b�V
]$Z b Z\lRl � l V^� lxZ h<`Rb�V9fHk�`se?q�h<wv8pV9fHk�VHwab Z f9f rHlsr b Z k�`se?q�VHk l V _+] �Pe?k�e?q _�_ e?qik~VHq�� r q r b Z\l³rH[ ` _ h Z q _~l V ]alxZ q
] VHb ] VHqPh<`sfHw lxZ `Rb�V Z w [ e?wa8pV [ VHqik�haV _¯rHl V9fHk�b�e?q _Cm c:V�haVH��b r haV ] e lxZ b�` _�Z k�`se?q l `Rq rCZ `Rb�V ] VHw�VHq�� r q r b Z\l
Z k�k�VH`RqPh<b�V-haV6k�b�� _ ��b Z qPhaV _ 8 Z\l VHwab _ haV l 7¤e?b�h<b�V�haV 80% m
����� ��� � . #�) ) #�% & � % .��-!�% &

�WqPV�h<`EDw _ `se?q)z�e [^] k�e?q _ V¶k�b Z h<wa`Rk ]$Z b¯waq�k�b Z q _ udVHb�k^h=7 r qPVHb���`sVLVHk^haV [ e [ VHqyk�VHqyk�b�V�waq
] �Pe?k�e?q�VHk~waq rHl V9fHk�b�e?q m �"q Z?_ k�b�e ] �i� _ `s�iwPV¯f9V��pVHqab�V�haV�h<`EDw _ `se?q Z waq{hae?wa� l V�`Rqyk r b��Hk m c Z�] b�V [ `s�Hb�Vf9e?b�b�V _�] e?qPh Z w^f Z?_ � r q r b Z\l h=7 waqPV&h<`ED�w _ `se?q�VHqyk�b�V�waq ] �Pe?k�e?q�haV�� Z wak�V r qPVHb���`sV Z 8pV9f&waq rHl V9fHk�b�e?q l `R�ab�V mc¬7 r qPVHb���`sV.h<w ] �Pe?k�e?q�V _ k�VHq¯� r q r b Z\l$_ w<G _�Z\[^[ VHqik���b Z qPhaV ] e?wab³�iwPV l 7 r qPVHb���`sV&haV l ` Z ` _ e?q�haV l 7 rHl V9fHk�b�e?q
_ e?`Rk¸q r � l `R� r V�VHk5�iw:7 Z `Rq _ ` l 7 rHl V9fHk�b�e?q _ e?`Rk5f9e?q _ `sh r b r f9e [^[ V l `R�ab�V m c:V�haVHw<;<`s� [ V¬f Z?_ ` [^]al `s�ywPV�waq ] �Pe?k�e?qhaV ]al w _ � Z?_�_ V r qPVHb���`sV Z 8pV9f�waq rHl V9fHk�b�e?q^b�V lxZ k�`R8g` _ k�V m z�V ] b�eif r h r V _ k³f9e?qaqyw^f9e [^[ V�h<`EDw _ `se?q�z�e [^] k�e?q`Rqi8pVHb _ V m c¬7 r qPVHb���`sV [ eC�pVHqaqPV-h<w ] �Pe?k�e?qvh<`ED�w _�r V _ k Z\l e?b _ hae?qaq r6]$Z b�¡

Eave =
4

3
γ2(

v

c
)2E0

� � mRn I o
e?¢

E0
V _ k l 7 r qPVHb���`sV+h<w ] �Pe?k�e?q�`RqPfH`shaVHqik m > l V _ k�hae?qPf ] e _�_ `R� l V ] e?wab¬haV _�rHl V9fHk�b�e?q _ haV�u Z fHk�VHwabhaV~c:e?b�VHqik � ] b�egf��PVWhaV n J�J�J ]$Z b�V@;aV [^]al V+haV~h<`ED�w _�r haV _¬] �Pe?k�e?q _ e ] k�`s�iwPV _ ¥«w _ �iw:7 Z w<;�b Z �pe?q _ � Z\[^[�Zh Z q _+l V6hae [�Z `RqPV�h<w }{V�A mF�e?wab&waqPV�h<` _ k�b�`R�awak�`se?qLVHq l e?`�haV ] wa` _�_�Z qPf9V�h=7 `RqPh<`sf9V _�] V9fHk�b Z\l α lxZ-] wa` _�_Z qPf9V rH[ ` _ VWh Z q _�l Vhae [�Z `RqPV-haV�udb r �ywPVHqPf9V6VHqik�b�V ν VHk

ν + dν
V _ k.hae?qaq r6]$Z b�¡

P (ν)dν ∝ ν−(α−1)/2 � � mRn � o
c:V _�] V9fHk�b�V Z hae?qPf lxZ�[ � [ V Z\lRl wab�V��iwPV l V _�] V9fHk�b�V _ �gqPf��ab�e?k�b�e?q m z~7¤V _ k ] e?wab�f9VHk�k�V^b Z ` _ e?q�iw:7 ` l V _ k^haV _ ude?` _ h<wab^haV¶k�b Z qPf��PVHb ] e?wab _Z 8pe?`Rb^�ywPV l�[�r f Z qa` _�[ VLV _ k-b�V _�] e?q _�Z � l V�h=7 waqPV rH[ ` _�_ `se?q mz�V ] VHqPh Z qyk l V�haVH��b r haV ] e lxZ b�` _�Z k�`se?q l `Rq rCZ `Rb�V Z k�k�VHqPh<w ] e?wab haV l 7 rH[ ` _�_ `se?q _ �gqPf��ab�e?k�b�e?q V _ k��a`sVHq

h<`ED r b�VHqyk.haV�f9V l wa`�h<w ��waqPV�h<`ED�w _ `se?qvz�e [^] k�e?q m c¬7 r k�wPhaV6haV lxZ-] e lxZ b�` _�Z k�`se?q ] VHwak Z\l e?b _ �Hk�b�V~waq¶e?wak�` lk�b�� _+] wa` _�_�Z qik ] e?wab.h<` _ fHb�` [ `RqPVHb l 7 waqvhaV6f9V _ haVHw<; [�r f Z qa` _�[ V _±mF�e?wab r k�wPh<`sVHb l V _�] b�e ] b�` r k r9_ haV lxZ�] e lxZ b�` _Z k�`se?q haV{f9Vvk�� ] VvhaV{h<`ED�w _ `se?q)` l V _ k ] e _�_ `R� l Vh=7 r k�wPh<`sVHb l V ] � r qPe [ �HqPV�h Z q _�l V^f Z?_ h=7 waqPV�h<`ED�w _ `se?q�z�e [^] k�e?q _ ` [^]al V�� l 7 Z wak�b�V�f Z?_ h r b�`R8 Z qyk�haV�f9VhaVHb�qa`sVHb ]$Z b _ ` [^]al V6f�� Z qa�pV [ VHqyk�haV6b r u r b�VHqik�`sV l�m
�WqPV r k�wPhaV�h r k Z ` lRlsr V�haV lxZ�] e lxZ b�` _�Z k�`se?q Z k�k�VHqPh<wPV Z\] b�� _ waqPV�h<`ED�w _ `se?q�z�e [^] k�e?q�V _ k ] b r@·

_ VHqyk r V{h Z q _��d® VHb�q Z qPhaV �£VHk�}{e l `Rq Z b�` n � � Q o VHk � } Z k�k�VHk Z\l�mWn � � � o m F�e?wab�b r9_ w [ VHb lxZ£] b�e?� Z �a` l `Rk r
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�yw:7 waq ] �Pe?k�e?q�h<`ED�w _ V Z 8pV9fWwaq Z qa� l V θ V _ k¬hae?qaq r.]$Z b lxZ6_ V9fHk�`se?q¶h<`ED r b�VHqik�`sV lRl VWhaV�� l VH`Rq · T+` _ �a`Rq Z�] e?wabwaq rHl V9fHk�b�e?q l `R�ab�V m z�VHk�k�V�ude?b [ w l V�udwak-hae?qaq r h Z q _-lxZL]$Z b Z ��b Z\] �PV ] b r f r haVHqyk^h Z q _-l V�f Z?_ h<w [ eghaVz�e [^] k�e?qvh=7 > TW�&���6�+�~c [�Z ` _&] e?wab.b Z\]a] V l ¡

dσ

dΩ
=
r20ε

2

2
(
1

ε
+ ε− 2sin2(θ)cos2(φ)); � � mRn � o¨

Z q _ f9VHk�k�V r �iw Z k�`se?q ε V _ k lxZ b Z\]a] e?b�k�VHqik�b�V l 7 r qPVHb���`sV+h<w ] �Pe?k�e?q�h<`ED�w _�r VHk�f9V lRl V+h<w ] �Pe?k�e?q`RqPfH`shaVHqykC�
r0

V _ k l V+b Z �pe?q�f lxZ?_�_ `s�ywPV~haV l 7 rHl V9fHk�b�e?q VHk
φ
V _ k l 7 Z qa� l V Z �9` [ wak Z\l haV~h<`ED�w _ `se?q¶VHqik�b�V l V ]alxZ qhaV^h<`EDw _ `se?q�VHk lxZ h<`Rb�V9fHk�`se?q haV ] e lxZ b�` _�Z k�`se?q m c:V^haVH��b r haV ] e lxZ b�` _�Z k�`se?q l `Rq rCZ `Rb�V Z k�k�VHqPh<wPV�V _ k Z\l e?b _haV^¡

Π = 2
1 − sin2(θ) cos2(φ)

ε+ ε−1 − 2 sin(θ) cos(η)
� � m ²�J o

c¸V�k Z w<; haV ] e lxZ b�` _�Z k�`se?q ] VHwak-VHq � r q r b Z\l �Hk�b�V�k�b�� _�rHl VH8 r�[�Z ` _�Z\] b�� _-]al w _ `sVHwab _ h<`EDw _ `se?q` l V _ k¶VHq)� r q r b Z\l �a`sVHq b r h<wa`Rk m F�e?wab�waqPV{h<` _ k�b�`R�awak�`se?q ` _ e?k�b�e ] V�haV ] �Pe?k�e?q _ `RqPfH`shaVHqyk _�l V u Z ` _ f9V Z w
rH[ VHb��pV Z qyk _ VHb Z f9e [^] e _�r haV�b Z �pe?qaqPV [ VHqyk _¯] e lxZ b�` _�r9_ h Z q _ k�e?wak�V _-l V _ h<`Rb�V9fHk�`se?q _ fHb rCZ qyk Z `Rq _ `�waqPV
] e lxZ b�` _Z k�`se?q b r9_ w l k Z qyk�V�qyw lRl V m
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F�e?wabWhaV _ f�� Z\[^]v[�Z ��q r k�`s�iwPV _ V@;<k�b�� [ V _ e?¢ ª Z\]a] b�egf��PV l V�f�� Z\[^] fHb�`Rk�`s�iwPV

Bcr =
mec

3

eh
= 4.413 × 1013G � � m ² n o

lxZ ude?b [�Z k�`se?q{haV�haVHw<; ] �Pe?k�e?q _ � ]$Z b�k�`RbWh=7 waq _ VHw l¸] �Pe?k�e?q{f9e [^[ VHqPf9V m z�V ] � r qPe [ �HqPV-V _ k
] b r h<`Rk ]$Z b l 7 rHl V9fHk�b�eih<�gq Z\[ `s�iwPV6�yw Z qik�`s�ywPV�VHk ] VHwak.�Hk�b�V~waq [�r f Z qa` _�[ V ] b rH] e?qPh r b Z qikWh=7 rH[ ` _�_ `se?q haV
] �Pe?k�e?q _ γ � }v`Rk�b�e\u Z qPeC8 VHk Z\l�m¸n � � � � ª Z b�`Rqa� n � � Q o ] e?wab+haV _ e?�<¥¦VHk _ f9e [^[ V l V _.[�Z ��q r k Z b _¯�dr k�e?` l V-�qPVHwak�b�e?q _�Z 8pV9f¯f�� Z\[^]�[�Z ��q r k�`s�iwPV^V@;<k�b�� [ V o ]$Z b6V@;aV [^]al V m z�VHk�k�V rH[ ` _�_ `se?q Z�l V [ � [ V¯V@D=VHk~�iwPV lxZfHb rCZ k�`se?q�haV ]$Z `Rb�V _�_ wab lxZ b�V9h<` _ k�b�`R�awak�`se?q�haV _�] �Pe?k�e?q _ γ m c:V¯b Z �pe?qaqPV [ VHqyk rH[ VHb��pV Z qik Z\] b�� _ waq�k�V l
] b�eif9V _�_ w _ V _ kWVHq{� r q r b Z\l5] e lxZ b�` _�r ��²�J · Q�J % Z 8pV9f-waqPV�`Rqi8pVHb _ `se?q�haV ] e lxZ b�` _�Z k�`se?q Z w ] `sf�h<w _�] V9fHk�b�Vh=7 rH[ ` _�_ `se?q m c¬7 r k�wPhaV.haV lxZ~] e lxZ b�` _�Z k�`se?q�V _ k�hae?qPf lxZ6Z w _�_ `ak�b�� _ ` [^] e?b�k Z qyk�V ] e?wab¬h<` _ f9VHb�qPVHb¬�ywPV la[�r f ZK·qa` _�[ V�V _ k¸b�V _�] e?q _Z � l V�haV lxZ b�V9h<` _ k�b�`R�awak�`se?q�haV _:] �Pe?k�e?q _ h Z q _:l V _�] V9fHk�b�V"k�e?k Z\l�m

¨ V ]al w _:l V�f�� Z qa�pV [ VHqykhaV l 7 Z qa� l V�haV ] e lxZ b�` _�Z k�`se?q Z 8 Z qik-VHk Z\] b�� _�l V ] `sf�VHq rH[ ` _�_ `se?q:� ] VHwak��Hk�b�V�e?� _ VHb�8 Z k�`se?qaqPV lRl V [ VHqik¯waq`RqPh<`sf9V6k�b�� _ u�e?b�k.haV lxZ�] b r9_ VHqPf9V-h=7 waqLk�V l:[�r f Z qa` _�[ V Z w _ VH`Rq h=7 waqPV _ e?wab�f9V Z?_ k�b�e ] �i� _ `s�ywPV m
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c Zv] e lxZ b�` _�Z k�`se?q�h<wjz�b Z ��V Z r k r�r k�wPh<` r V¶haV ] wa` _¯]al w _ haV�Q�J Z q _ h Z q _�l V¶hae [�Z `RqPV�b Z h<`se
� � ` ls_ e?q n � I?² Z �±A�V l w _Z\[ � n � ��� o e ] k�`s�iwPV �dX `sf�M _ e?q�VHk¸8 Z q�haVHq ª VHb���� n � � J��K}v`sf��PV l VHk Z\l�myn � �<n �\N [ `Rk��VHk Z\l�mpn � ��� ��� Z qi� Z f��¯VHk Z\l�m ²�J�J � o � �WA � �~b Z � Z\[¯· N [ `Rk��¯VHk Z\l�mpn � � � o VHk5haV _ b Z �pe?q _ ��[ e?w _�� ��VH` _�_ Mpe ] uVHk Z\l�m¬n � I � �"Ni` l 8pVHb-VHk Z\l�m¬n � I � o m c:V _ f Z b Z fHk r b�` _ k�`s�ywPV _ f9e [^[ waqPV _ haV�f9V _ hae [�Z `RqPV _ h=7 r qPVHb���`sV�h Z q _
l Vvhae [�Z `RqPV£haV lxZ ] e lxZ b�` _�Z k�`se?q)tPb�VHqik Z\l e?b _�] VHq _ VHbL��f9V _�Z wak�VHwab _ �iwPV l 7 rH[ ` _�_ `se?q _ �iqPf��ab�e?k�b�e?q _ Vu Z ` _Z `Rk _ wab�haV _ b r ��`se?q _&_ ` [ ` lxZ `Rb�V _ VHk�f9V _ wab�waq¶k�b�� _ ��b Z qPh¶hae [�Z `RqPV6h=7 r qPVHb���`sV Z\lRlxZ qyk&haV _ e?qPhaV _ b Z h<`se
Z w<;�b Z �pe?q _ �([ e?w _±m F5e?wab l 7 rH[ ` _�_ `se?qjqPe?q ] w ls_�r V f9V _ b r ��`se?q _�_ V [ � l VHqik��Hk�b�V l ` r V _ � lxZ£_ k�b�wPfHk�wab�VhaV�¥¦VHk � k�e?b�V�e?� _ VHb�8 r V _�Z\l e?b _ �ywPV ] e?wab l 7 rH[ ` _�_ `se?q ] w ls_�r V���` l6_ V [ � l VHb Z `Rk��ywPV l V _ �Ce?qPV _LrH[ ` _�_ `R8pV _
] b�eC8g`sVHqaqPVHqyk�haV lxZ+[�Z ��q r k�e _�] �P�Hb�V ] b�egf��PV&h<w ] w ls_�Z b¬� l 7 `Rqik r b�`sVHwab�h<w�fH� l `RqPh<b�V&haV l w [ `s�Hb�V m } Z ` _ h Z q _f9VHk�k�V�b r ��`se?q lxZ�]al w _&] b�egf��PV�h<`ED r b�VHqik _.[�r f Z qa` _�[ V _ h=7 Z f9f rHlsr b Z k�`se?q ] VHwa8pVHqyk+V@; ]al `s�iwPVHb+VHk&b�V ] b�eih<wa`Rb�V
l V _ e?� _ VHb�8 Z k�`se?q _Cm �"q£V@D�VHk~f9VHk�k�V-haVHb�qa`s�Hb�V ] VHwak _ 7¤e ]�r b�VHb ] b�eif��PV-haV _ f Z\l e?k�k�V _~] e lxZ `Rb�V _ � l V l e?qa��haV lxZhaVHb�qa`s�Hb�V l `R��qPV�haV�f�� Z\[^] e?wa8pVHb�k�V��vhaV _-Z\l k�`Rk�wPhaV _-]al w _ ��b Z qPhaV _ �:h Z q _�lxZ [�Z ��q r k�e _�] �P�Hb�V�e?wa8pVHb�k�V
]al w _"l e?`Rqyk Z `RqPV ] b�eif��PV.h<w�fH� l `RqPh<b�V&haV l w [ `s�Hb�V��ye?w^�a`sVHq Z w�haV l �6haV&f9V&haVHb�qa`sVHb¬h Z q _�l V ]alxZ q r �yw Z k�e?b�` Z\le?¢ l V�f�� Z\[^]v[�Z ��q r k�`s�ywPV _ 7 `Rqy8pVHb _ V � 8pe?`Rb � �~b�VHqa`sVHb+VHk X�Z b�h<`Rqa��²�J�J � o�o ] e?wab.b r u r b�VHqPf9V _Cm
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 � mRn ¡�F�e lxZ b�` _�Z k�`se?q�h<w ] w ls_Z b�h<w�z�b Z �V&VHq¯u�e?qPfHk�`se?q�haV lxZ~] � Z?_ V&haV�b�e?k Z k�`se?q�e?� _ VHb�8 r V&VHq�e ] k�`s�ywPV
� �^� Z wPf��PV o VHk.VHq �+A � �¯h<b�e?`Rk�V o m

��������� � � ) � ��+ ��!$#�% & '�� � � � % � � � #�) ��!�#�% &
γ
' � � ��� � �	� + � � ��� ./%�'-� � % .��-!�% & ' �������

� ������	 � �

z�e [^[ V�qPe?w _~l 7 Z 8pe?q _ 8gw:� lxZ h<` _ k�b�`R�awak�`se?q�h=7 r 8 r qPV [ VHqyk _ z�e [^] k�e?q _ V l e?q l 7 Z qa� l V Z �9` [ wak Z\lhaV¶h<`ED�w _ `se?q�V _ k [ egh<w lsr V ] e?wab�waqPV _ e?wab�f9V ] e lxZ b�` _�r V m z�VHk�k�V¶h<` _ k�b�`R�awak�`se?q N(φ)
V _ k�VHq�V@D=VHk-haV lxZu�e?b [ V�¡

N(φ) = A0cos(2(φ− φ0)) +N0
� � m ²�² o

Z 8pV9f φ l 7 Z qa� l V Z �9` [ wak Z\l haV&h<`ED�w _ `se?q m c�7 Z qa� l V.haV ] e lxZ b�` _�Z k�`se?q Z `Rq _ `P�ywPV lxZ~] � Z?_ V _ e?qik Z\l e?b _hae?qaq r V _+]$Z b�¡
{
Pa = φ0 ± π

2
Pf = Q/Q100

� � m ²�Q o
e?¢

Q = A0/N0
V _ k l V¯u Z fHk�VHwab-haV [ eih<w lxZ k�`se?q�VHk

Q100
waq�f9egV@G�fH`sVHqyk¯hae?qaq Z qyk¯f9V [ � [ Vu Z fHk�VHwab ] e?wab.waqPV _ e?wab�f9V 100% ] e lxZ b�` _�r V mc:V ] w ls_�Z b6h<w z�b Z ��V Z�r k r e?� _ VHb�8 r¯] VHqPh Z qyk ]al w _ haV � Z q _�Z 8pV9f l V�k rHl V _ f9e ] V^z�e [^] k�e?q �

[�Z �iwPV~f9eih r ���e?b�h�h=7 > T~�&�����W�Wc m c:V+k�V [^]P_ h=7¤V@; ] e _ `Rk�`se?q¶V _ k�h=7¤VHqy8g`Rb�e?qLI?J�J�M _ b rH]$Z b�k�`VHqik�b�V~²�J�J�²VHk�²�J�J � m
¨
Z q _-l V¶�awak¯haV�u Z `Rb�V¶waqPV Z q Z\l � _ V¶VHq ] � Z?_ V¶f�� Z �ywPV¶k�V [^]P_ h=7 Z b�b�`R8 r VLhaV _�] �Pe?k�e?q _^Zvr k rf9e?qi8pVHb�k�`=f9e [^[ VWqPe?w _�l VW8pVHb�b�e?q _�]al w _ VHq�h r k Z ` l h Z q _ waq ] b�egf�� Z `Rq�f�� Z\] `Rk�b�V�VHq¶k�V [^]P_ � Z b��gf9VHqik�b r VHqwak�` l ` _Z qyk lxZ�] e _ `Rk�`se?q�h<w ] w ls_�Z b Z `Rq _ `$�iwPV.f9V lRl V+h<w _�Z k�V lRl `Rk�V m �"q _ wa`Rk�V.��b��?f9V Z w<; rH] � rH[�r b�`shaV _ hae?qaq r V _

]$Z b l V _�Z b�f��a`R8pV _ ç�
¨Ø � � � �¬ö �P×1ÿ�
¬ò � � ����� ��
��Kå f�� Z �ywPV�k�V [^]P_ � Z b��gf9VHqik�b r V _ k�f9e?qy8pVHb�k�`6VHq ] � Z?_ V�haV
b�e?k Z k�`se?q h<w ] w ls_�Z bC�<f9VHk�k�V ] � Z?_ V r k Z qyk&f9e [^] b�` _ V~�a`sVHq r 8i`shaV [^[ VHqik.VHqyk�b�V�J-VHk n�m c:V _�] �Pe?k�e?q _ udwab�VHqyk
]$Z b lxZ�_ wa`Rk�V _�rHl V9fHk�`se?qaq r9_L_ wa`R8 Z qykLf9VHk�k�V ] � Z?_ V£VHq � � Z qPhaV _�� 8pe?`Rb � ��wa` ] VHbLVHk Z\l�m ²�J�J n o ] e?wab lxZh r tPqa`Rk�`se?qLhaVWf9V _ � Z qPhaV _ o ] e?wab�f9e?q _ k�b�wa`Rb�V lxZ f9e?wab���VWhaV l w [ `s�Hb�V m z�VHk�k�VWhaVHb�qa`s�Hb�V~V _ k�b rH] b r9_ VHqyk r V _ wab
lxZ f9e?wab��V � m ²
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���	��
 � m ²<¡¸z�e?wab���V¯haV l w [ `s�Hb�V�z�e [^] k�e?q e?�ak�VHqywPV�VHqyk�b�V�²�J�J�VHk � J�J¶MpVH8�h Z q _�l V _ � � Z qPhaV _ h r tPqa`sV _
]$Z b ��wa` ] VHbWVHk Z\l�m VHq�²�J�J n�m

|Wq ] VHwak+h r ¥��¯b�V [�Z b��iwPVHbW�iwPV lxZ b r ¥�V9fHk�`se?q�haV~u�e?b�k�wa`Rk _WZ f9e?b�b�V9fHk�V [ VHqik r k r V@D=V9fHk�w r V�f Z b l Vb Z\]a] e?b�k�h=7 `Rqyk�VHq _ `Rk r VHqik�b�V l V _ haVHw<; ] `sf _ F¬²p�\F n^� F nW] e?wab ] b�V [ `sVHb ] `sfWVHk�F¬² ] e?wab�haVHw<;g`s� [ V ] `sf o V _ k
_ w ]�r b�`sVHwab³� n�m ��q¯V@D=VHk _ ` l V _ `R��q Z\l e?� _ VHb�8 r�r k Z `Rk"hae [ `Rq r�]$Z b l V _ ude?b�k�wa`Rk _ �Ke?q Z wab Z `Rk Z\l e?b _�lxZ+_ `R��q Z k�wab�Vh Z q _�lxZ f9e?wab���V�haV l w [ `s�Hb�V�haV _�r 8 r qPV [ VHqyk _ > Na��� > _ ` [^]al V _ haV~� Z?_�_ V _�r qPVHb���`sV _�] e?wab l V _ �iwPV ls_ F�²-V _ k�V Z wPf9e?w ]L]al w _�] VHk�`Rk&VHq Z\[^]al `Rk�wPhaV6�ywPV�F n�m z�V�b Z\]a] e?b�k _ 7 `Rqy8pVHb _ V Z wak�e?wab.haV n J�J�MpVBA VHk&F¬²¯haVH8g`sVHqyk
] b rH] e?qPh r b Z qik Z wvhaV l ��haV�²�J�J¯MpV�A mF�e?wab l 7 r k�wPhaV�haV lxZ�] e lxZ b�` _�Z k�`se?q _ VHw l V _ � � Z qPhaV _ haV ] � Z?_ V6e?qyk r k r b�VHk�VHqiwPV _Cm c Z h r tPqa`Rk�`se?qhaV�f9V _ � Z qPhaV _6Z�r k r V@D=V9fHk�w r V ] e?wab ] b�VHqPh<b�V¯VHq{f9e [^] k�V l V _ `Rqy8pVHb _ V [ VHqyk _ haV ] e lxZ b�` _Z k�`se?q Z w<; ] `sf _e?� _ VHb�8 r9_ h Z q _ h=7 Z wak�b�V _ hae [�Z `RqPV _ haV l e?qa��wPVHwab _ h=7¤e?qPhaV � N [ `Rk�� VHk Z\l�m"n � ��� � � Z qi� Z f���VHk Z\l�m ²�J�J � ��~b Z � Z\[¯· N [ `Rk�� VHk Z\l�m n � � � o m z�V _ � Z qPhaV _�_ e?qyk ] b r9_ VHqik r V _ h Z q _�l V~� Z � l V Z w � mRn�m � lRl V _ f9e?b�b�V _�] e?qPhaVHqyk
Z w<; ] � Z?_ V _ qPe?q ] w ls_�r V _ � |~F o ��� l 7 `Rqyk�VHb ] w ls_ V � ª&o � Z w<; ] � Z?_ V _^] b r@·�] `sf _ � c n VHk�c¸² o Z `Rq _ `��iw:7 Z w<;
] � Z?_ V _&] e _ k ·�] `sf _�� � n VHk.�.² o m

� ���3
 � mRn ¡ ª Z qPhaV _ VHq ] � Z?_ V6wak�` l ` _�r V _

Bande Limites

OP (offpulse) 0.52 − 0.88
L1 (Leading 1) 0.88 − 1.0
T1 (Trailing 1) 0.0 − 0.14

B (Bridge) 0.14 − 0.25
L2 (Leading 2) 0.25 − 0.4
T2 (Trailing 2) 0.4 − 0.52

¨ 7 Z wak�b�V _6_�rHl V9fHk�`se?q _�_ e?qik~VHq _ wa`Rk�V Z ¥�e?wak r V _ f9e [^[ V¯haV _W_�rHl V9fHk�`se?q _ VHq r qPVHb���`sV¯VHqyk�b�V^²�J�J�VHk
� J�J6MpVBA Z `Rq _ ` �iw:7 waqPV _�rHl V9fHk�`se?qLz�e [^] k�e?q ] e?wab Z wa� [ VHqik�VHb l V _ `R��q Z\l _ wab¬�ab�wa`Rk m c Z�_ wa`Rk�V.haV lxZ f�� Z�� qPVhaV k�b Z `Rk�V [ VHqik V _ k lxZ [ � [ V��iwPVvf9V lRl V ] b r9_ VHqik r V{h Z q _¶l V{f�� Z\] `Rk�b�V ] b r f r haVHqyk ] e?wab l 7 r k�wPhaV{haV lxZ
] e lxZ b�` _Z k�`se?qvhaV�z��i��qiw _ �W·�n�mc¸V _�] b�e\t ls_ haVvh<` _ k�b�`R�awak�`se?q _ V l e?q l 7 Z qa� l V Z �9` [ wak�� Z\l e?�ak�VHqyw _ h Z q _ f9VHb�k Z `RqPV _ � Z qPhaV _ haV
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] � Z?_ VWqPe?k Z\[^[ VHqikW|~F5� ª �gc n VHk�c¸² [ e?qyk�b�VHqik.waqPV [ egh<w lxZ k�`se?q _ `R��qa`Et$f Z k�`R8pV Z\l e?b _ �ywPV~f9VHw<;�k�b�e?wa8 r9_VHq�� n VHk.�.² _ e?qik+f9e?q _ ` _ k Z qik _WZ 8pV9f�waqPV�h<` _ k�b�`R�awak�`se?q ]alxZ k�V m¨
Z q _ waq ] b�V [ `sVHb^k�V [^]P_ ` l V _ k¯q r f9V _�_�Z `Rb�VLh=7 r 8 Z\l wPVHb lxZ{] b�e?� Z �a` l `Rk r �iwPV lxZv] e _�_ `R� l V [ e ·h<w lxZ k�`se?q´e?� _ VHb�8 r V _ e?`Rk�h<wPV{��haV _�r 8 r qPV [ VHqik _ Z\lsrCZ k�e?`Rb�V _Cm F�e?wab¶f9V lxZ e?q)wak�` l ` _ V lxZ�_ k Z k�` _ k�`s�iwPVvhaV

� Z � l VH`R��� m z�V{k�V _ k r 8 Z\l wPV£VHq � r q r b Z\l6lxZ _ `R��qa`Et$f Z k�`R8i`Rk r h=7 waq _ `R��q Z\l�]r b�`segh<`s�iwPV{h Z q _ haV _ hae?qaq r V _k�V [^] e?b�V lRl V _Cm } Z ` _�lxZ b�V9f��PVHb�f��PV�haV ]�r b�`seihaV�q:7¤V _ k ]$Z?_�l V _ VHw l `Rqik r b��Hk�haV¯f9V¯�pVHqab�V^haV-k�V _ k m �"q�V@D�VHk
qPe?k�b�V _ `R��q Z\l V _ k l wa` [ � [ V ]�r b�`seih<`s�iwPV�VHk _ e?qvqa`R8pV Z w{haV�f9e?q<t Z qPf9V ] VHwak l wa` Z w _�_ `��Hk�b�V r 8 Z\l w r ��b��?f9V��f9V�k�V _ k m Ni`³` l V@;<` _ k�V�waq _ `R��q Z\l"]r b�`segh<`s�ywPV¯h Z q _ qPe?k�b�V^h<` _ k�b�`R�awak�`se?q�VHq Z qa� l V��=f9VHb�k Z `RqPV _ 8 Z\l VHwab _ haV
l 7 Z qa� l V Z �9` [ wak Z\l V�b�VH8g`sVHqPh<b�e?qyk ]al w _�_ e?wa8pVHqik��iwPV�h=7 Z wak�b�V _¯_ `¬f9VHk Z qa� l V�V _ k�waqPV�8 Z b�` Z � l V Z\lsrCZ k�e?`Rb�V mF�e?wabW�iw Z qyk�`Et$VHb~f9V ] � r qPe [ �HqPV-e?q ] VHwak Z\l e?b _ f9e?q _ k�b�wa`Rb�V6waq 8pV9fHk�VHwab −→

R
haV6qPe?b [ V�¡

|−→R |2 =
2

N





(
N∑

i=1

cos(2πφi)

)2

+

(
N∑

i=1

sin(2πφi)

)2




� � m ² � o

e?¢�T´V _ k l VWqPe [ �ab�V�h=7 r 8 r qPV [ VHqyk _ k�e?k Z\l VHk φi
V _ k l 7 Z qa� l V Z �9` [ wak Z\l haVWh<`ED�w _ `se?q¶h<w ] �Pe?k�e?q` m F5e?wab Z f9f r haVHb¶� lxZ�_ `R��qa`Et$f Z k�`R8g`Rk r h=7 waqPV��ywPV l f9e?qP�iwPV ]�r b�`seih<`sfH`Rk r �"qPe?w _¶Z 8pe?q _ �V _ e?`Rq h=7 Z 8pe?`Rb lxZ

] b�e?� Z �a` l `Rk r h=7 Z 8pe?`RbLwaq´8pV9fHk�VHwab −→
R

h=7 waqPV l e?qa��wPVHwab f9e [^]$Z b Z � l V Z 8pV9f�haV _¶] �Pe?k�e?q _ h<` _ k�b�`R�aw r9_ haV
[�Z qa`s�Hb�V Z\lsrCZ k�e?`Rb�V _ wa`R8 Z qik lxZ�] � Z?_ V m R2 _ wa`Rk-VHq � r q r b Z\l waqPV�h<` _ k�b�`R�awak�`se?q�haV

χ2 VHk lxZ�] b�e?� Z �a` l `Rk r�iwPV~qPe?k�b�V6e?� _ VHb�8 Z k�`se?q ] wa` _�_ V��Hk�b�VWb�V ] b�egh<wa`Rk�V ]$Z b&haV _�] �Pe?k�e?q _ haV ] � Z?_ V Z\lsrCZ k�e?`Rb�V6V _ k&hae?qaq r V ]$Z b�¡

P = exp−R2

2
� � m ² � o

c:V _ h<`ED r b�VHqyk�V _W] b�e?� Z �a` l `Rk r9_ e?�ak�VHqiwPV _ h Z q _+l V _ � � Z qPhaV _ VHq ] � Z?_ V _ e?qyk ] b r9_ VHqyk r V _~_ wab lxZ
® `R��wab�V � m Q m Niwab�f9VHk�k�VWhaVHb�qa`s�Hb�V~e?q�8pe?`Rk�f lxZ `Rb�V [ VHqyk&�ywPV l V _ `R��q Z\l e?�ak�VHqyw�h Z q _¬l V _�] � Z?_ V _ qPe?q ] w ls_�r V _
� |~F · ª&o Z `Rq _ `¬�iwPV ] b r@·�] w ls_ V _¶� c n �5c¸² o Z haV^u�e?b�k�V _ f�� Z qPf9V _ haV�qPV ]$Z?_ �Hk�b�V�h<w��Lwaq Z b�b Z qa�pV [ VHqik
Z\lsrCZ k�e?`Rb�V _ k Z k�` _ k�`s�iwPV m �"qUb�VH8 Z qPf��PV h Z q _�l V _^] � Z?_ V _^] e _ k ·�] w ls_ V _ f9VHk�k�V ] b�e?� Z �a` l `Rk r V _ k l e?`Rq)h=7¤�Hk�b�V
qiw lRl V m F5e?wab¯` lRl w _ k�b�VHb^f9V _ 8 Z b�` Z k�`se?q _ qPe?w _^Z 8pe?q _ k�b Z f r�l V _-] b�e\t ls_ haV�h<` _ k�b�`R�awak�`se?qjh Z q _-l V _ � Z qPhaV _
� |~F �~ª&o � � � n � �.² o �$VHk � c n � c5² o b�V _�] V9fHk�`R8pV [ VHqyk _ wab l V _.® `R��wab�V _ � m � � � m � � � m � mc Z�] b�e?� Z �a` l `Rk r �ywPV lxZ6[ egh<w lxZ k�`se?q¶e?�ak�VHqiwPV _ e?`Rk�h<wPVW��haV _�r 8 r qPV [ VHqik _.Z\lsrCZ k�e?`Rb�V _ V _ k Z\l e?b _haV

2%
h Z q _&lxZ � Z qPhaV-|~F �~ª m c Z udb Z fHk�`se?qvhaV ] e lxZ b�` _�Z k�`se?qvf9e?b�b�V _�] e?qPh Z qyk�V-V _ k.haV 62% ± 22% Z 8pV9fwaq�u Z fHk�VHwab [ e±�pVHq Q100

Z 8pe?` _ `Rq Z qik l V _ J m Q�²6VHk l 7 Z qa� l VWhaV ] e lxZ b�` _Z k�`se?q�e?�ak�VHqyw¶V _ k�haV 116◦±9◦ m
¨
Z q _

lxZ � Z qPhaV+c n � c¸²<� lxZW] b�e?� Z �a` l `Rk r haV�� Z � l VH`R����V _ k ] b�eif��PV&haV 3.5% Z 8pV9f&waqPV�udb Z fHk�`se?q�haV 62%±20%
VHk

waq Z qa� l V.haV 68◦±8◦ m �"q<tPq¶h Z q _�lxZ haVHb�qa`s�Hb�VW� Z qPhaV � � n � �.² o � lxZ�] b�e?� Z �a` l `Rk r V _ k���b Z qPhaV.VHk Z 8pe?` _ `RqPVl V _ 60% m > l q:7 � Z hae?qPf ]$Z?_ haV-u�e?b�k�V _ `RqPh<`sf Z k�`se?q _ h=7 waq _ `R��q Z\l³] e lxZ b�` _�r h Z q _ f9V�hae [�Z `RqPV^VHq ] � Z?_ V mz�V lxZ hae?qaqPV�waqPV l ` [ `Rk�V _ w ]r b�`sVHwab�V ] e?wab lxZ udb Z fHk�`se?q�haV
17.7% m z�VHk�k�V l ` [ `Rk�V-f9e?b�b�V _�] e?qPh{� lxZ�l ` [ `Rk�VhaV _ VHq _ `R�a` l `Rk r VHq ] e lxZ b�` _�Z k�`se?q�h<w [ eghaV-z�e [^] k�e?qvh=7 >«ª�> N mc Z udb Z fHk�`se?q{VHk l 7 Z qa� l V¯haV ] e lxZ b�` _�Z k�`se?q�e?qik ]$Z b lxZ¶_ wa`Rk�V r k r-r k�wPh<` r9_ h Z q _~l V _ � � Z qPhaV _ VHq

] � Z?_ V ] b r9_ VHqyk r V _+] b r f r haV [^[ VHqyk m c:V _ b r9_ w l k Z k _ e?�ak�VHqyw _W_ e?qyk ] b r9_ VHqyk r9_W_ wab l V _.® `R��wab�V _ � m I¯VHk � m � m�5e?wak�h=7 Z ��e?b�h�qPe?w _�] e?wa8pe?q _ b�V [�Z b��ywPVHb��ywPV l V _ k�b�� _ ude?b�k�V _�l ` [ `Rk�V _ `Rq<u r b�`sVHwab�V _ e?�ak�VHqiwPV _h Z q _~l V _+] � Z?_ V _~Z wak�b�V _ �iwPV�� n VHkW�.² _ wa���p�Hb�VHqyk��ywPV l 7 rH[ ` _�_ `se?q _ �gqPf��ab�e?k�b�e?q£hae [ `RqPV l V _~rH[ ` _�_ `se?q _
� h<wab�V _ VHk�f9V _ wab�haV�k�b�� _ ��b Z qPh _ hae [�Z `RqPV _ haV ] � Z?_ V _±m z�V _�l ` [ `Rk�V _6_ e?qik6h=7 Z ` lRl VHwab _ k�b�� _W] b�egf��PV^haV
lxZL] e lxZ b�` _�Z k�`se?q [�Z ;<` [ w [ e?�ak�VHqywPV ] e?wab6waq _�] V9fHk�b�V^h<w�kB� ] V E−2.27±0.013 ��f9V _6r qPVHb���`sV _¶� ��wa` ] VHbVHk Z\l�m ²�J�J n o m �"qvV@D=VHk.f9VHk�k�V l ` [ `Rk�V�V _ k Z\l e?b _ hae?qaq r V ]$Z b (γ + 1)/(γ + 7/3) = 71% mc�7 rH[ ` _�_ `se?q�qPe?q ] w ls_�r V+V _ k�V lRl V&u�e?b�k�V [ VHqyk ] e lxZ b�` _�r V Z 8pV9fWwaqPV&udb Z fHk�`se?q _ w ]�r b�`sVHwab�VW� 38%

VHk
waq Z qa� l V�haV 126.2◦±9.0◦ m z�VHk�k�V�8 Z\l VHwab³V _ k³k�e?k Z\l V [ VHqyk�VHq Z f9f9e?b�h Z 8pV9f l 7 Z qa� l V�haV ] b�e\¥¦V9fHk�`se?q^haV l 7 Z ;<VhaV-b�e?k Z k�`se?q _ wab l V ]alxZ q£h<w�fH`sV l Ψ = 124◦ ± 0.1◦ � TW�¶VHk~�+e [�Z qa`"²�J�J � o m z�V _ f Z b Z fHk r b�` _ k�`s�iwPV _�_ e?qyk
r � Z\l V [ VHqik^k�e?k Z\l V [ VHqyk�VHq Z f9f9e?b�h Z 8pV9f l V _ 8 Z\l VHwab _ k�b�e?wa8 r V _ VHq�e ] k�`s�iwPV � PA = 119◦

�
Pf = 33%

o
k�b�� _�] b�eif��PV h<w ] w ls_�Z b _ ��J m J n�] fLh<w ] w ls_�Z b � � Z qy� Z f�� VHk Z\l�m ²�J�J � o m N [ `Rk��UVHk Z\l�m.� N [ `Rk��)VHk Z\l�m
n � ��� o k�b�e?wa8p�Hb�VHqyk r � Z\l V [ VHqik�haV _ 8 Z\l VHwab _¯] b�eif��PV _ haVLf9V lRl V _ e?� _ VHb�8 r V _^]$Z b > TW�&�����+�~c Z 8pV9f�waqPV
] e lxZ b�` _�Z k�`se?q haV

47%± 10%
VHk�waq Z qa� l V6haV 130◦

VHk.f9V�h Z q _ waqPV	�Ce?qPV�k�b�� _�] b�egf��PV6h<w ] w ls_�Z b � � n�� o m
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 � m � ¡
¨ ` _ k�b�`R�awak�`se?qLhaV _�r 8 r qPV [ VHqik _ z�e [^] k�e?qLh<`EDw _�r9_�_ V l e?q l 7 Z qa� l V�haVWh<`ED�w _ `se?q Z �9` [ wak Z\l VHqyk�b�V²�J�J¯VHk � J�J¯MpV�A h Z q _.l V _ hae [�Z `RqPV _ |~F �~ª haV lxZ�] � Z?_ V�haV�b�e?k Z k�`se?qvh<w ] w ls_�Z b.h<w�z�b Z ��V m c Z h<` _ k�b�` ·�awak�`se?q{u wak~b�V ]al ` r V¯VHqyk�b�V^J�VHk π � ] e?wab��Hk�b�V¯VHq _ wa`Rk�V Z G�f�� r V^VHqyk�b�V^J�VHk 3π/2 m c Z f9e?wab��V�VHqyk�b�V π VHk

3π/2
V _ k�hae?qPf�waqPV�b rH]al `s�iwPV¯haV-f9V lRl V ] b�` _ V�VHqyk�b�V�J�VHk π/2 m � �a`Rq _ h=7 Z qa� l V Z �9` [ wak�� Z\l e?qyk6hae?qPf r k r

] b�` _&] e?wab.f9e?q _ k�b�wa`Rb�V�f9V ] b�e\t l�m
¨ V _�Z qa� l V _³]al w _ ��b Z qPh _¬Z `Rq _ `<�iwPV�haV ]al w _³] VHk�`Rk�V _ udb Z fHk�`se?q _ u wab�VHqik"k�b�e?wa8 r V _³l e?`Rq�h<w ] w ls_�Z b&¡

(8.1%± 0.4%)
�

152◦± 2◦
VHq�e ] k�`s�iwPV��6waqPV+h<` _ k Z qPf9VWhaV~J m J�² · J m J � ] f � N [ `Rk���VHk Z\l�m n � ��� � � Z qi� Z f��VHk Z\l�m ²�J�J � o m c:V _ 8 Z\l VHwab _ haV 12.4%

VHk
146◦

k�b�e?wa8 r V _ �+J m J � ] f¬h Z q _�lxZ b r ��`se?q _ wPh · V _ k �dX `sf�M _ e?q�VHk�8 Z q
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 � m � ¡
¨ ` _ k�b�`R�awak�`se?qLhaV _�r 8 r qPV [ VHqyk _ z�e [^] k�e?q�h<`ED�w _�r9_�_ V l e?q l 7 Z qa� l V~haV~h<`ED�w _ `se?q Z �9` [ wak Z\l VHqyk�b�V²�J�J�VHk � J�J�MpVBA h Z q _�l V _ hae [�Z `RqPV _ � n � �.²�haV lxZ ] � Z?_ V�haV�b�e?k Z k�`se?q h<w ] w ls_Z b h<w z�b Z ��V m c Zh<` _ k�b�`R�awak�`se?q�udwak~b�V ]al ` r V-VHqik�b�V¯J�VHk π � ] e?wab~�Hk�b�V-VHq _ wa`Rk�V Z G�f�� r V¯VHqyk�b�V¯J�VHk 3π/2 m c Z f9e?wab���V-VHqik�b�V

π
VHk

3π/2
V _ k.hae?qPf6waqPV6b rH]al `s�iwPV�haV6f9V lRl V ] b�` _ V6VHqyk�b�V�J^VHk π/2 m � �a`Rq _ h=7 Z qa� l V Z �9` [ wak�� Z\l e?qyk+hae?qPfr k r�] b�` _&] e?wabWf9e?q _ k�b�wa`Rb�V�f9V ] b�e\t l�m

haVHq ª VHb���� n � � J o f9e?b�b�V _�] e?qPhaVHqyk _�]$Z k�` Z\l V [ VHqik�� lxZ b r ��`se?q�haV _ °&` _�]P_6Z `Rq _ `"�yw:7 � lxZ�[�Z ��q r k�e _�] �P�Hb�V
l e?`Rqik Z `RqPV+h<w ] w ls_�Z b¬�~haV _ h<` _ k Z qPf9V _ haV&J m Q · J m � ] f m z�V _ 8 Z\l VHwab _"_ e?qik�VHq Z f9f9e?b�h Z 8pV9f&f9V&�iwa`gu wak"k�b�e?wa8 rVHq�b Z h<`se�h Z q _�lxZ6[�Z ��q r k�e _�] �P�Hb�V l e?`Rqik Z `RqPV � A�V l w _�Z\[ � n � ��� o m Niwab¬VHqPf9e?b�VWhaV ]al w _ ��b Z qPhaV _ h<` _ k Z qPf9V _ �
l 7 rH[ ` _�_ `se?q�b Z h<`se�VHk¬8g` _ `R� l VWhaVH8i`sVHqik ]al w _�] b�e?qPe?qPf r V l V l e?qa��haV _ �e?b�h _ haV lxZ q r �aw l VHw _ V m c�7 rH[ ` _�_ `se?q �haV l 7¤VHq _ V [ � l V�haV lxZ q r �aw l VHw _ V�V _ k.V lRl V ] e lxZ b�` _�r V�� 19.2% ± 1.0% Z 8pV9f6waq Z qa� l V6haV 156.4◦ ± 1.4◦

�
² m � MpVBA��$VHk&� 19.5% ± 2.8% Z 8pV9f6waq Z qa� l V6haV 152.6◦ ± 4.0◦

� � m ²�MpV�A � ��VH` _�_ Mpe ] u"VHk Z\l�m=n � I � o m
¨ V

[ � [ V��iwPV ] e?wab5f9V _:[ V _ wab�V _ � lxZ b r9_ e l wak�`se?q Z qa��w lxZ `Rb�V�h=7 >«ª�> N�qPV ] VHb [ VHk ]$Z?_ haV _�rH]$Z b�VHb l V _ h<`ED r b�VHqyk�V _f9e [^] e _�Z qik�V _Cm c Z ] e lxZ b�` _�Z k�`se?q [ V _ wab r V�V _ k�hae?qPf�f9V lRl V¶haV l 7¤VHq _ V [ � l V ] w ls_�Z b � q r �aw l VHw _ V m |Wb�qPe?w _
_Z 8pe?q _ �ywPV l V _�] V9fHk�b�V�haV ]$Z b�k�`sfHw l V _ V _ k5f9VHq _�r¬_ 7 Z hae?wPfH`Rb Z 8pV9f lxZ h<` _ k Z qPf9V � 8i`sVH` lRl ` _�_ V [ VHqyk _ �gqPf��ab�e?k�b�e?q oVHk"�iwPV l V _�]$Z b�k�`sfHw l V _³l V _�]al w _"r qPVHb�� r k�`s�iwPV _"_ e?qyk _ w ]a] e _�r V _³_ V�k�b�e?wa8pVHb³h Z q _�lxZW]alxZ q r �yw Z k�e?b�` Z\la] b�egf��PVh<wLf��PeifWk�VHb [ `Rq Z\l¬�

¨ V l S Z qaq Z VHk Z\l�m ²�J�J � o m c:V _�]$Z b�k�`sfHw l V _ b�V _�] e?q _�Z � l V _ haV l 7 rH[ ` _�_ `se?q¶8iwPV ]$Z b >«ª�> Ne?qik�haV _³r qPVHb���`sV _ f9e [^] b�` _ V _ VHqyk�b�V&²�J�J~VHk � J�JW�5V�A h Z q _5l V�f�� Z\[^]^[ eC�pVHq�haV 16.2±1.8nT � �W� Z b�e?qa` Z qVHk Z\l�m ²�J�J � o m z�V _6r qPVHb���`sV _ V@;<k�b�� [ V _�Z `Rq _ `"�ywPV l V���e?q Z f9f9e?b�h�VHqik�b�V l V _�[ V _ wab�V _ haV lxZ�] e lxZ b�` _�Z k�`se?qe ] k�`s�iwPV �{waqPV�h<` _ k Z qPf9V < 0.1pc
VHk
γ
� _ wa���p�Hb�VHqyk��iwPV l V _¯] �Pe?k�e?q _ γ ] e lxZ b�` _�r9_¯] b�e±8i`sVHqaqPVHqik ] e?wab

lxZ�]al w ]$Z b�k�h=7¤VHqik�b�V�VHw<;Uh=7 waqPV b r ��`se?q k�b�� _�] b�egf��PV{h<w ] w ls_�Z bC�¬�a`sVHq VHq)haV21C� haV lxZ�_ wab��ab�` lRlxZ qPf9V �
�d_ w ]a] e _�r V�f9e?b�b�V _�] e?qPh<b�V Z wvf��Pegf6k�VHb [ `Rq Z\l o VHk+haV _ °&` _�]P_+Z?_�_ egfH` r9_Cm¨ w6u Z `Rk¸haV lxZ u Z `R� l V"b r9_ e l wak�`se?q Z qa��w lxZ `Rb�V�haV"qPe?k�b�V�`Rq _ k�b�w [ VHqik � f9e [^]$Z b r�Z w<;6`Rq _ k�b�w [ VHqyk _ �VHk&e ] k�`s�iwPV _ �a`sVHq _ §ab mRm o l 7 ` [^] e?b�k Z qPf9V�b�V lxZ k�`R8pV6h<w¶b Z �pe?qaqPV [ VHqykW8pVHq Z qyk.haV lxZ q r �aw l VHw _ V ]$Z b�b Z\]a] e?b�k� l 7 rH[ ` _�_ `se?q f9e?qyk�`RqywPV�8pVHq Z qyk�h<w ] w ls_�Z b¶V _ k�`RqPf9e?qaqiwPV m �WqPV rH[ ` _�_ `se?q ] e lxZ b�` _�r V ] VHwak�hae?qPf 8pVHqa`Rb
haV{b r ��`se?q _ k�b�� _¶] b�eif��PV£h<w ] w ls_Z b�k�e?wakLf9e [^[ V{8pVHqa`RbLh=7 waqPVvb r ��`se?q´waq ] VHw ]al w _¶l e?`Rqyk Z `RqPV [�Z ` _f9e [^] b�` _ V~h Z q _�lxZ �Ce?qPV�h=7¤e?� _ VHb�8 Z k�`se?q�e ] k�`s�iwPV�f9VHqyk�b Z\l V � b r ��`se?q < 0.1 ] f��ge?¢ l 7 Z qa� l V6haV ] e lxZ b�` _�Z k�`se?qV _ k ] b�egf��PV�haV lxZ�] b�e\¥¦V9fHk�`se?q£haV l 7 Z ;<V-haV�b�e?k Z k�`se?q o m z�VHk�k�V�b r ��`se?q{`RqPf l w _~l V ] e?`Rqyk~�ab�` lRlxZ qyk6h r f9e?wa8pVHb�k
]$Z b l V�k rHl V _ f9e ] V _�]$Z k�` Z\l"X wa�a� l V l V l e?qa� h<w¶¥�VHk��

0.65′′ Z w _ wPh£V _ k �dX V _ k�VHb6VHk Z\l�m"n � � � o m z�V ] e?`Rqyk
ZUr k r `Rqyk�VHb ] b r k r f9e [^[ V r k Z qyk�h<w ��haV l 7¤V@D�VHk

¨ e ]a]al VHb _ wab l V _vrH[ ` _�_ `se?q _ `Rqik�VHb�qPV _ h<w f��Peif�VHq
Z b�f l V l e?qa�£h<w �$e?k r �yw Z k�e?b�` Z\l6� �+e [ ` _�_�Z b�eC8�VHk-c=�gwa� Z b _ Mg� ²�J�J � o m c:V�¥¦VHk�V _ k l wa` Z w _�_ `�waqPV _ e?wab�f9V
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 � m � ¡
¨ ` _ k�b�`R�awak�`se?qLhaV _�r 8 r qPV [ VHqik _ z�e [^] k�e?qLh<`EDw _�r9_�_ V l e?q l 7 Z qa� l V�haVWh<`ED�w _ `se?q Z �9` [ wak Z\l VHqyk�b�V²�J�J�VHk � J�J�MpVBA h Z q _vl V _ hae [�Z `RqPV _ c n � c5²UhaV lxZ�] � Z?_ V haV£b�e?k Z k�`se?q h<w ] w ls_�Z bvh<w z�b Z �V m c Zh<` _ k�b�`R�awak�`se?q{u wakWb�V ]al ` r V-VHqik�b�V^J�VHk π � ] e?wab~�Hk�b�V�VHq _ wa`Rk�V Z G�f�� r V¯VHqyk�b�V^J�VHk 3π/2 m c Z f9e?wab���V-VHqik�b�V

π
VHk

3π/2
V _ k.hae?qPf6waqPV6b rH]al `s�iwPV�haV�f9V lRl V ] b�` _ V�VHqik�b�V�J^VHk π/2 m � �a`Rq _ h=7 Z qa� l V Z �9` [ wak�� Z\l e?qykWhae?qPfr k r�] b�` _.] e?wab.f9e?q _ k�b�wa`Rb�V�f9V ] b�e\t l�m
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 � m Ig¡��+qa� l V�haV ] e lxZ b�` _�Z k�`se?q r 8 Z\l w r h Z q _~l V _ � � Z qPhaV _ VHq ] � Z?_ V ] e?wab l V¯z�b Z ��V�VHqyk�b�V^²�J�J�MpV�AVHk � J�J¯MpV�A m c Z f9e?wab��V6VHq ��b�` _ V�b�V ] b r9_ VHqyk�V�waqPV�f9e?wab��V�haV l w [ `s�Hb�V > Na��� > VHqyk�b�V n � VHk � J^MpV�A m

] e _�_ `R� l VWhaV~b Z �pe?qaqPV [ VHqyk ] e lxZ b�` _�r�m
¨
Z q _ f9VHk&VHqy8g`Rb�e?qaqPV [ VHqykWf9e [^]al V@;aV�� lxZ-] e lxZ b�` _Z k�`se?q ] b r h<`Rk�V ]$Z b

l V _³[ eiha� l V _ } X
¨ V _ k [�Z ;g` [�Z\l V Z w^qa`R8pV Z w�h<w ] w ls_�Z b [ � [ V Z `Rq _ `P�yw:7 Z w^qa`R8pV Z w�h<w�¥�VHk m c Z h<`Rb�V9fHk�`se?q
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 � m � ¡ ® b Z fHk�`se?q�haV ] e lxZ b�` _�Z k�`se?q r 8 Z\l w r V^h Z q _�l V _ � � Z qPhaV _ VHq ] � Z?_ V ] e?wab l V�z�b Z �V�VHqyk�b�V�²�J�JMpVBA VHk � J�J¯MpVBA m c Z f9e?wab���V�VHq ��b�` _ V6b�V ] b r9_ VHqyk�V�waqPV�f9e?wab��V-haV l w [ `s�Hb�V > Na��� > VHqyk�b�V n � VHk � J¯MpVBA mc¸V _.l ` [ `Rk�V _._ w ]�r b�`sVHwab�V _._ e?qik+haV _�_ `Rq r V _ VHqL� l VHw Z\l e?b _ �ywPV6f9V lRl V _ `Rq<u r b�`sVHwab�V _W_ e?qyk Z G�f�� r V _ VHqLb�e?wa�pV mz�V _+l ` [ `Rk�V _+_ e?qik.hae?qaq r V _ �¯waqLqa`R8pV Z w{haV6f9e?q<t Z qPf9V�haV n σ m

haV ] e lxZ b�` _�Z k�`se?q�V _ k6h Z q _ f9V¯f Z?_6_ w ]a] e _�r V¯�Hk�b�V ]$Z b Z\lRl � l V�� l 7 Z ;<V^haV�b�e?k Z k�`se?q:�=f9V^�iwa`³V _ k�VHq Z f9f9e?b�h
Z 8pV9f l V _&[ V _ wab�V _ e ] k�`s�ywPV _ VHk γ mc:V _ e?b�h<b�V _ haV-��b Z qPhaVHwab _ k�b�e?wa8 r9_ h Z q _�l V¯hae [�Z `RqPV ] w ls_�r�]$Z b l V [ eihaV�z�e [^] k�e?q h=7 >«ª�> N�
_ e?qyk¬VHw<; Z w _�_ `PVHq Z f9f9e?b�h Z 8pV9f l V _"[ V _ wab�V _ e ] k�`s�ywPV _~� N [ `Rk���VHk Z\l�man � ��� � � Z qy� Z f��¶VHk Z\l�m ²�J�J � o m TWe?w _k�b�e?wa8pe?q _ VHq�V@D�VHk�waq�b Z �pe?qaqPV [ VHqyk&k�b�� _ ude?b�k�V [ VHqik ] e lxZ b�` _�r h Z q _¬lxZ b r ��`se?q ª � > 58%

f9e?qik�b�V ∼ 24%VHq{e ] k�`s�ywPV o �^waq Z qa� l V-f9e [^]$Z b Z � l V�8pe?`Rb lsr �p�Hb�V [ VHqyk6VHq�haV _�_ e?w _ haV�f9V l wa`5k�b�e?wa8 r h Z q _+lxZ �Ce?qPV¯|~F m
�Wq�f9e?qik�b Z?_ k�V�V _ k r � Z\l V [ VHqyk�8g` _ `R� l V�VHqik�b�V l V _ �Ce?qPV _ ¥¦w _ k�V Z 8 Z qik � c n VHkWc5² o VHk Z\] b�� _Wl V ] `sf _¯� � n VHk�.² o m z�V�f9e?qyk�b Z?_ k�V-V _ k r � Z\l V [ VHqykW8i` _ `R� l V6VHqve ] k�`s�ywPV m
��������� � % � � � # ) ��!$#�% & ��! !�� & ' ��� � % � � ��� ) ' # � � �$��& !$) ./%�' � ����) ' � � . #�) ) #�%�& '-� ) &�� � � �

��� ��) � )

c�7¤e?b�`R��`RqPV6haV _&rH[ ` _�_ `se?q _ � Z wak�V _&r qPVHb���`sV _ VHk&haV l 7 Z f9f rHlsr b Z k�`se?q�haV ]$Z b�k�`sfHw l V ] b�egf��PV6haV _�] w lE·
_Z b _ V _ k~VHqPf9e?b�V Z w?¥�e?wab�h=7 �ywa`"k�b�� _ f9e?qik�b�eC8pVHb _�r V m � w _ �iw:7 � [�Z `Rqik�VHq Z qyk�f9VHk�k�V rH[ ` _�_ `se?q Z�r k r V@; ]al `s�yw rf9e [^[ V-8pVHq Z qyk _ e?`Rk+haV _ f Z\l e?k�k�V _+] e lxZ `Rb�V _ � 
�� ����Ù � � _ e?`Rk l V l e?qa��haV lxZ haVHb�qa`s�Hb�V l `R��qPV�haV�f�� Z\[^] e?w ·8pVHb�k�V 
PÚ � � �6ß ��� m } Z ` _ b r f9V [^[ VHqik�waqPV.qPe?wa8pV lRl V.8 Z b�` Z qyk�V~haV.f9V _�[ egha� l V _ udwak ] b�e ] e _�r V+h Z q _¬lxZ �ywPV lRl V
lxZ �Ce?qPV¯h=7 Z f9f rHlsr b Z k�`se?q _ 7 r k�VHqPh<b Z `Rk�haV _ f Z\l e?k�k�V _�] e lxZ `Rb�V _�Z w{fH� l `RqPh<b�V¯haV l w [ `s�Hb�V _ wab�waqPV rH]$Z ` _�_ VHwabta;aV�VHk.f9V l V l e?qa��haV lxZ haVHb�qa`s�Hb�V l `R��qPV�haV6f�� Z\[^] e?wa8pVHb�k�V�� l V [ eiha� l V�haV � � 
 �@ß �������ãþ'
�� 
�� ��Ù �PÚ � � �¼Ù � m� r f9V [^[ VHqyk�f9e [^[ V+qPe?w _"l 7 Z 8pe?q _ 8gw^waq�haVHb�qa`sVHb [ egha� l V ] b�e ] e _Z qyk¬waq Z wak�b�V _ `Rk�V&h=7 Z f9f rHlsr@·b Z k�`se?qLVHk�haV ] b�egh<wPfHk�`se?q h=7 rH[ ` _�_ `se?q ] w ls_�r V+u wak ] b�e ] e _�r�� ��`Rb�M�VHk Z\l�m ²�J�J�²�� ��`Rb�M�VHk�c:�iwa� Z b _ Mg��²�J�J n �F r k�b�`=VHk ��`Rb�M�²�J�J � o m

¨
Z q _ f9V [ egha� l V l V _�]$Z b�k�`sfHw l V _�_ e?qyk Z f9f rHlsr b r V _�l V l e?qa��h<w ]alxZ q r �iw Z k�e?b�` Z\l h Z q _waqPV�tPqPV�f9e?wPf��PV-e?¢ l V�f�� Z\[^]{[�Z ��q r k�`s�iwPV�k�e?b�b�e���h Z\l `Rqy8pVHb _ V _ e?q�e?b�`sVHqik Z k�`se?q m

¨
Z q _+lxZ^] � Z?_ V¯|~F l Vb Z �pe?qaqPV [ VHqyk�V _ k _ w ]a] e _�r�] e lxZ b�` _�r VHqyk�b�V.Q�J~VHk � J

%
�+waq Z qa� l V&f9e?q _ k Z qik�hae?qaq r�]$Z b lxZ~] b�e\¥¦V9fHk�`se?q�haV

l 7 Z ;aV~haV+b�e?k Z k�`se?q _ wab l V ]alxZ q�h<w�fH`sV l�m z�VHk�k�V+8 Z\l VHwab�V _ k�VHq Z f9f9e?b�h Z 8pV9f l V _�[ V _ wab�V _ u Z `Rk�V _ VHq¶e ] k�`s�ywPV
Z `Rq _ `��iwPV ]$Z b�f9V lRl V _ e?�ak�VHqiwPV _+Z 8pV9f l V [ eghaV6z�e [^] k�e?q h=7 >«ª�> N m �Wq¶f�� Z qa�pV [ VHqyk+�ab�wak Z\l h=7 Z qa� l V Z `Rq _ `�iw:7 waqPV+f��ywak�VWhaV lxZ udb Z fHk�`se?q�haV ] e lxZ b�` _�Z k�`se?q�V _ k Z k�k�VHqPh<wPV+h Z q _ f9V [ eiha� l V Z w _ VH`Rq�haV _�] `sf _±m �"q<tPq�haV
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 � m�� ¡Se?qPV�h=7¤e?� _ VHb�8 Z k�`se?qvhaV lxZ�] e lxZ b�` _�Z k�`se?qve ] k�`s�iwPV m

]$Z b lxZ � r e [�r k�b�`sV��a`sVHq�h r tPqa`sV-haV�f9VHk�k�V �Ce?qPV�`RqPh rH] VHqPh Z qik�V-haV lxZ � r e [�r k�b�`sV�h<wvf�� Z\[^]{[�Z ��q r k�`s�ywPV
] b�eif��PVWhaV lxZ�_ wab¦u Z f9V�� l 7 r 8pe l wak�`se?qLhaV lxZ udb Z fHk�`se?q¶VHk�haV l 7 Z qa� l V Z 8pV9f lxZ6] � Z?_ V+qPV _ V [ � l V ]$Z?_ h rH] VHqPh<b�Vh<wLu Z fHk�VHwab~haV�c¸e?b�VHqyk �p�qa`5h<w _�] V9fHk�b�V-VHq rH[ ` _�_ `se?q m z�V [ egha� l V _ V [ � l V�hae?qPf-VHq Z f9f9e?b�h�� l e?� Z\l�Z 8pV9f
l V _ e?� _ VHb�8 Z k�`se?q _�[ � [ V _ ` lxZ f��ywak�V�haV lxZ udb Z fHk�`se?q _ 7¤e ] �Hb�V Z w�f9VHqik�b�V^h<w ] `sf¯VHk6qPe?q ]$Z?_ haVHb�b�`s�Hb�V l V
] `sf6f9e [^[ V l V _ wa���p�Hb�V l V _ e?� _ VHb�8 Z k�`se?q _Cm¨

Z q _+l V [ eiha� l V�h<w � 
�� ���¿Ù ��� e?¢ l 7 Z f9f rHlsr b Z k�`se?q _ 7¤V@D�V9fHk�wPV-�¯�ywPV l �iwPV _ b Z �pe?q _+_ k�V lRlxZ `Rb�V _~Z whaV _�_ w _ haV lxZ�_ wab¦u Z f9V�haV l 7 r k�e?` l V�� l 7 rH[ ` _�_ `se?q{V _ k ] e lxZ b�` _�r V Z 8pV9f�waqPV�udb Z fHk�`se?q{f9e?q _ k Z qik�V¯�ywPV l �iwPV _ e?`Rk
lxZ�] � Z?_ V�VHk l 7 Z qa� l V l wa`=8 Z b�`sV�haV [�Z qa`s�Hb�V _ `Rqyw _ e���h Z\l V Z 8pV9f-f9VHk�k�V [ � [ V ] � Z?_ V �

¨ �gM _ VHk Z\l�m ²�J�J � o m
� w Z qik Z w [ eiha� l Vvk�b Z h<`Rk�`se?qaqPV l haV l 7 
PÚ � � � ß ��� � z��PVHqa��VHk Z\l�m ²�J�J�J o �¬` l.] b r h<`Rk ] e?wab l V _

Z qa� l V _ (α, ζ)
h<w�z�b Z ��V��:�yw:7 Z wPfHwaqPV rH[ ` _�_ `se?q�qPe?q ] w ls_�r V � |~F o qPV ] VHwak��Hk�b�V�h r k�V9fHk r V m

¨ V ]al w _�lxZu b Z fHk�`se?q^k�b�e?wa8 r V _ V [ � l V [�Z ;<` [�Z\l V.h Z q _"l V _³] `sf _ ��h<` [ `RqywPV+h=7 waq¯u Z fHk�VHwab�² ]$Z b"b Z\]a] e?b�k¬��f9VHk�k�V&8 Z\l VHwabh Z q _&l 7 `Rqyk�VHb ] `sf � ª.o mz�V _ haVHw<; [ eiha� l V _ V [ � l VHqik~VHq�h r9_�Z f9f9e?b�h Z 8pV9f l V _ e?� _ VHb�8 Z k�`se?q _ u Z `Rk�V _ VHqve ] k�`s�iwPV�� �WA�VHk
[�Z `Rqyk�VHq Z qik γ m z�V ] VHqPh Z qik~f9V _ haVHb�qa`s�Hb�V _6Z qaq r V _.l V [ egha� l V�k�b Z h<`Rk�`se?qaqPV l haV l 7 
PÚ � � �Àß ��� u wak [ eih<`Et r
] e?wab r k�VHqPh<b�V l V _ �Ce?qPV _6rH[ ` _�_ `R8pV _ ��haV _�Z\l k�`Rk�wPhaV _�]al w _ u Z `R� l V _ VHk _ wab6haV _6rH]$Z ` _�_ VHwab _�]al w _ ��b Z qPhaV _Cm¨
Z q _ f9V�f Z?_�l 7¤e?� _ VHb�8 Z k�VHwab�hae?`Rk¯8pe?`Rb l VLz�b Z ��V���waq Z qa� l VLh=7 `RqPfH`shaVHqPf9V��V Z wPf9e?w ]�]al w _ ��b Z qPh��iwPV

f9V l wa`³k�b�e?wa8 r-] b r f r haV [^[ VHqik � ζ = 100◦
o ] e?wab Z 8pe?`Rb6waqPV�f9e [^] e _Z qyk�V _ w<G _�Z\[^[ VHqik ] e lxZ b�` _�r V�h Z q _

lxZ�] � Z?_ VWqPe?q ] w ls_�r V � |~F o VHk�h Z q _�l 7 `Rqyk�VHb ] `sf � ª.o m c:V _ udb Z fHk�`se?q _ b�V _�] V9fHk�`R8pV _ k�b�e?wa8 r V _ h Z q _ f9V _ haVHw<;hae [�Z `RqPV _ VHq ] � Z?_ V _ e?qyk+haV ∼ 35%
VHk ∼ 15%

VHk _ e?qik+hae?qPf�VHq Z f9f9e?b�h Z 8pV9f l V _ 8 Z\l VHwab _ k�b�e?wa8 r V _ VHqe ] k�`s�ywPV m � lRl V _³_ e?qik"VHq-b�VH8 Z qPf��PV�waq ] VHw¯VHq¯haV _�_ e?w _ haV�f9V lRl V _ e?� _ VHb�8 r V _ VHq γ m } Z ` _¸[�Z\l �PVHwab�VHw _ V [ VHqik
l V��Pw<; ] b r h<`Rk ]$Z b�f9V [ eiha� l V�V _ k�VHqPf9e?b�V�k�b�� _ u Z `R� l V�VHk�qPV ] VHb [ VHk ]$Z?_ h=7¤V@; ]al `s�iwPVHb lxZ f9e [^] e _�Z qyk�Vf9e?qyk�`RqiwPV�e?� _ VHb�8 r V m

¨ V ]al w _WZ wPfHwaqPV�h<` _�_ � [�r k�b�`sV Z\]a]$Z b Z�� kWVHqik�b�V l V _&] � Z?_ V _~Z 8 Z qyk+VHk Z\] b�� _&l V _&] `sf _Cm
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 � mRn J<¡P�Wqa� l V6haV ] e lxZ b�` _Z k�`se?qve?�ak�VHqyw{h Z q _&l V _ h<`ED r b�VHqyk�V _ �Ce?qPV _ h=7¤e?� _ VHb�8 Z k�`se?q m

c:V _ VHw l�[ egha� l V ] b�eif��PV6haV l 7 r k�e?` l V ] VHb [ VHk�k Z qyk.haV~b�V ] b�egh<wa`Rb�V�waqPVWk�V lRl V _ `R��q Z k�wab�V6V _ k�hae?qPf
l V [ egha� l V^h<w � �)
 �¤ß ��� � }vw _�l ` [ e±8�VHk X�Z b�h<`Rqa�v²�J�J�Q o m

¨
Z q _ f9V [ egha� l V lxZ�] e lxZ b�` _�Z k�`se?q�V _ k�k�b�e?wa8 r Vf9e?q _ k Z qyk�V l e?`Rq�haV _&] `sf _ h=7 rH[ ` _�_ `se?qvVHk.f9V ] e?wab.waqPV�k�b�� _ ��b Z qPhaV68 Z b�` r k r h=7 `RqPf l `Rq Z ` _ e?q{h<w ] w ls_�Z b ]$Z bb Z\]a] e?b�k�� l 7¤e?� _ VHb�8 Z k�VHwab �

¨ �iM _ VHk Z\l�m ²�J�J � o m c Z£_ `Rk�w Z k�`se?q _ V [ � l V _ 7 `Rqy8pVHb _ VHb Z w _ VH`RqjhaV _¯] `sf _ e?¢
Z wPfHwaqPV ] e lxZ b�` _�Z k�`se?qLq:7¤V _ k ] b r h<`Rk�V6VHk&f9V ]al w _�]$Z b�k�`sfHw l `s�Hb�V [ VHqyk+h Z q _�l V _ �Ce?qPV _ ¥¦w _ k�V Z\] b�� _�l V _�] `sf _ �f Z w _ V+h=7 Z ��VHb�b Z k�`se?q _ b�V lxZ k�`R8g` _ k�V _Cm

¨
Z q _¬lxZ � r e [�r k�b�`sVWh<wLz�b Z �V lxZ udb Z fHk�`se?q�VHk l 7 Z qa� l V~haV ] e lxZ b�` _�Z k�`se?q

_ e?qyk¯haV ]al w _�_ w ]a] e _�r9_-Z wa� [ VHqyk�VHb Z 8pV9f l 7 `Rqyk�VHb�8 Z\lRl V�h Z q _�l V _ b r ��`se?q _ |~F VHk ª m } Z\l �PVHwab�VHw _ V [ VHqik>«ª�> Nvq:7¤V _ k ]$Z?_6_ w<G _�Z\[^[ VHqyk _ VHq _ `R� l V ] e?wab68pe?`Rb6haV¯k�V lRl V _ 8 Z b�` Z k�`se?q _Cm �"q Z f9fHw [ w lxZ qik�h<w£k�V [^]P_ h7¤e?� _ VHb�8 Z k�`se?q:�<waqPVWk�V lRl V r k�wPhaV _ VHb Z�] VHwak��Hk�b�V ] e _�_ `R� l V~h Z q _�l V.udwak�wab m ��q<tPqLqPe?k�e?q _ �iwPV l V _�Z qa� l V _ haV
] e lxZ b�` _�Z k�`se?q�k�b�e?wa8 r9_ h Z q _�lxZ6] � Z?_ V~f9e?q _ k Z qyk�V�haV~f9V [ egha� l VW8 Z b�`sVHqik�VHqik�b�V 20◦

VHk
40◦

f9V~�ywa`V _ k l e?`RqhaV _ 8 Z\l VHwab _.[ V _ wab r V _ VHq e ] k�`s�iwPV�VHk+VHq γ m
-���� ')%+�-��!���#$��%.��#

�~b��?f9V Z w [ eghaV{z�e [^] k�e?q´h=7 >«ª�> NjVHk�� _�Z _ VHq _ `R�a` l `Rk r�] e?wab [ V _ wab�VHb lxZ ] e lxZ b�` _�Z k�`se?q haV
_ e?wab�f9V _ f rHl V _ k�V _ �LhaV _-r qPVHb���`sV _�_ w ]r b�`sVHwab�V _ �v²�J�JLMpVBA�� l V _�[�r f Z qa` _�[ V _ h=7 Z f9f rHlsr b Z k�`se?q ] b�eif��PV�haV
l 7 r k�e?` l V~h Z q _�l V+f Z?_ h<w�z�b Z ��V.e?qik r k r f9e?qik�b Z `Rqyk _Cm �"q�V@D�VHk���b��?f9V Z w [ eghaVWz�e [^] k�e?q¶` l Z�r k r&] e _�_ `R� l V
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 � mRn�n ¡PF�e lxZ b�` _�Z k�`se?qvb Z h<`se�haV lxZ q r �aw l VHw _ V�h<w�z�b Z ��V m

h=7 r k�wPh<`sVHb l 7 r 8pe l wak�`se?q�haV l 7 Z qa� l V�VHk�haV lxZ udb Z fHk�`se?q¶haV ] e lxZ b�` _Z k�`se?q�h Z q _ h<`ED r b�VHqyk�V _ � Z qPhaV _ haV ] � Z?_ V mc:V ] b�e\t l � l e?� Z\l V _ k~VHq Z f9f9e?b�h Z 8pV9f^f9V l wa`³k�b�e?wa8 r VHq�e ] k�`s�ywPV m c�7 Z qa� l V^haV ] e lxZ b�` _Z k�`se?q�k�b�e?wa8 r h Z q _
lxZ{] � Z?_ V�qPe?q ] w ls_�r V � |~F o � 126◦ ± 9.0◦

o V _ k�VHq Z f9f9e?b�h Z 8pV9f lxZ{] b�e\¥¦V9fHk�`se?q haV l 7 Z ;<V haV�b�e?k Z k�`se?qh Z q _�l V ]alxZ q�h<w�fH`sV l�� 124◦ ± 0.1◦
o VHk Z 8pV9f�f9V l wa`¬k�b�e?wa8 r VHq�e ] k�`s�iwPV�k�b�� _�] b�egf��PV¶h<w ] w ls_�Z b^� haV _h<` _ k Z qPf9V _ `Rq<u r b�`sVHwab�V _ �^J m J n6] f m z�VHk�k�V�e?� _ VHb�8 Z k�`se?q^¥�e?`Rqyk�V Z w u Z `Rk.�iwPV l V _&]$Z b�k�`sfHw l V _ e?� _ VHb�8 r V _WZ 8pV9f>�ª�> N Z wvhaV l �^haV�²�J�J^MpV�A�e?qyk+haV _Wr qPVHb���`sV _ haV l 7¤e?b�h<b�V-haV ]al w _ `sVHwab _ f9VHqyk Z `RqPV _ haV��¸VBA��$qPe?w _ `RqPh<`s�ywPV

_ §ab�V [ VHqyk"�iwPV l V _�] �Pe?k�e?q _ γ ] e lxZ b�` _�r9_ h Z q _³lxZ.] � Z?_ V�qPe?q ] w ls_�r V � |~F o e?qyk"haV�ude?b�k�V _ f�� Z qPf9V _ haV¬8pVHqa`Rbh=7 waqPV�b r ��`se?q�k�b�� _-] b�eif��PV�h<w ] w ls_�Z b � ¥�VHkC� ]alxZ q r �iw Z k�e?b�` Z\l&Z 8pV9f l V _ b�V9f9e?qaqPV@;<`se?q _-[�Z ��q r k�`s�iwPV _CmRmRm o m
�+qPV rH[ ` _�_ `se?q£f9e?qyk�`RqiwPV¯8pVHq Z qyk�haV l 7 `Rqyk r b�`sVHwab�h<w£fH� l `RqPh<b�V¯haV l w [ `s�Hb�V¯V _ k r � Z\l V [ VHqik ] e _�_ `R� l V [�Z ` _
l V _.[ egha� l V _WZ fHk�wPV ls_Wl V _.]al w _+] b�e [ VHk�k�VHwab _�� � � 
 �"ß � �mâ ��ô � �Ä×GØ���Ø 
�Ú � � �Àß ���¸o qPV ] b r 8pe?`sVHqik ]$Z?_+] e?wab l V
[ e [ VHqyk�h=7 Z qa� l V+haV ] e lxZ b�` _�Z k�`se?q Z\l `R��q r � l 7 Z ;aV+haV.b�e?k Z k�`se?q m �Wq Z wak�b�V ] e?`Rqyk [�Z b��yw Z qik�8g`sVHqyk�h<w^u Z `Rk�yw:7 Z wPfHwaqPV ] e lxZ b�` _Z k�`se?q qPV _ V [ � l V��Hk�b�V�h r k�V9fHk r V-h Z q _.l V _ �Ce?qPV _ ¥¦w _ k�V Z\] b�� _+l V ] `sf m z�V9fH`¸V _ k+VHqPf9e?b�Vf9e?� r b�VHqyk Z 8pV9f l V _ e?� _ VHb�8 Z k�`se?q _ e ] k�`s�ywPV _ VHk _ wa���p�Hb�VHqik¶�iwPVvhaV _ V@D�VHk _ f Z w _ k�`s�iwPV _�_ wab l V _ b r ��`se?q _h=7 Z\l k�`Rk�wPhaV _ h<`ED r b�VHqik�V _6l V l e?qa��haV lxZ haVHb�qa`s�Hb�V l `R��qPV�haV¯f�� Z\[^] e?wa8pVHb�k�V _ e?qyk ] b r9_ VHqyk _±m z�VHk6V@D=VHk~V _ k
] b r h<`Rk ]$Z b l V [ egha� l V�haV _ � � 
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ABSTRACT
Polarimetric measurements provide a unique insight into the magnetic configuration of the emission regions

in high-energy sources. The INTEGRAL-IBIS telescope has been used in its Compton mode to search for
linearly polarized emission at energies above 200 keV by measuring asymmetries in the azimuthal distribution
of the Compton scattered events. The method takes advantage of background rejection and uniform azimuthal
response by combining the coded mask aperture and the precise double-layer Compton detector. We present
the method, its calibration and the resulting performance.

The achieved sensitivity opens a new window for polarimetric studies at energies between 0.2 and 0.8 MeV.
Whereas, no polarization is found from Cygnus X-1, we obtain convincing evidence for a highly polarized
signal from the Crab pulsar and its nebula. Polarization fractions and angles are measured at different phases
of rotation. The results closely follow the optical measurements in the central region (< 0.1 pc) around the
pulsar, with a high degree of polarization parallel to the rotation axis for the off-pulse emission, and a lack of
polarization on the trailing sides of the peaks. Possible origins for the polarized emissions are discussed.
Subject headings: gamma rays:observation – instrument:polarimeters – pulsars: Crab pulsar and nebula

1. INTRODUCTION

The Crab nebula polarization has been detected at
different angular scales in the radio (Wilson 1972;
Velusamy 1985), optical (Hickson & van den Bergh 1990;
Michel et al. 1991; Smith et al. 1988; Kanbach et al. 2005;
Slowikowska et al. 2006), UV (Graham-Smith et al. 1996),
and in X rays up to several keV (Weisskopf et al. 1978;
Silver et al. 1978). Polarization from synchrotron radiation
provides extensive information about the magnetic field
geometry, the degree of disorder in the field, and particle
pitch angle distributions. In the central regions, the largely
toroidal structure of the jets and equatorial flow of the wind
implies high degrees of polarization along the rotation axis
for the unpulsed radiation at all energies. The rotation of the
magnetic dipole inside the light cylinder provides character-
istic polarization patterns when the pulsar emission beams
sweep by the Earth. Different acceleration sites are currently
explored to explain the pulsed beams. They are located
near the neutron star polar caps, in a slot gap extending to
higher altitudes along the last open field lines, far in the outer
open magnetosphere near the light cylinder, or outside the
latter in the striped wind (see (Grenier & Harding 2006) for
references). A powerful tool to constrain these models is to
measure the radiation polarimetry with the pulsar rotational
phase, but polarimetry is a great challenge when dealing with
γ-ray photons.

Polarimetric measurements at high energy have become
possible with Compton telescopes since the 1970s. Comp-
ton scattered photons follow an azimuthal distribution about
the source direction that allows to quantify the degree and di-
rection of polarization. In practice, no dedicated instrument
has yet been launched and instrument designs were often not
optimized for polarimetry. Asymmetries in the detector re-
sponse induced a pseudo polarimetric response that hampered
measurements and required careful corrections. Large back-
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ground rates and their non uniformity in the detector, as often
found in gamma-ray telescopes, also limit the sensitivity to
any polarization modulation.

Correcting these effects was a great challenge for
standard Compton telescopes such as COMPTEL
(Schoenfelder et al. 1993). The IBIS Compton mode
onboard the INTEGRAL telescope (Ubertini et al. 2003) is
better suited to measure polarization. It is a Compton Coded
Mask Telescope (Forot et al. 2006) for which the background
is automatically subtracted by deconvolution of the projected
coded-mask shadow on the primary detector. The angular
resolution is energy independent and the two detector planes
are close enough to each other to detect scattered events at
large angles, thus improve the polarimetric sensitivity. We
first describe the polarimetry method we have developed
for the IBIS Compton mode. We then check the level
of asymmetries in the detector response using calibration
sources, in-flight data from empty fields and files of spurious
Compton events, and in-flight data from Cygnus X-1. The
calibration and sensitivity are presented next, before applying
the method to the Crab pulsar and nebular emission in various
phase intervals. We present evidence for the first detection of
polarization from an astrophysical source at energies above
200 keV. We finally discuss possible origins for the pulsed
and unpulsed polarized emissions in the framework of the
current pulsar and wind models.

2. THE IBIS/COMPTON MODE AS A GAMMA-RAY POLARIMETER

2.1. Compton polarimetry

The differential Compton scattering cross-section dσ gives
the probability that a photon of energy E is scattered to an
energy E

′
, within a solid angle dΩ, in a medium with electron

density 1 cm−3 (? ).

dσ
dΩ
=

r2
0ε

2

2
(
1
ε
+ ε − 2 sin2 θcom cos2 φ); (1)

where ε = E
′
/E = [1 + α(1 − cos θcom)]−1, α = E/mec2, r0
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is the classical electron radius, me its mass, θcom is the Comp-
ton angle between the incident and scattered photon direc-
tions, and φ is the azimuthal angle of the scattered photon
with respect to the electric vector of the incident one. The
cross-section is maximum for photons scattered at right an-
gles to the direction of the incident electric vector. This leads
to an asymmetry in the azimuthal profile of scattered photons,
N(φ), that can be exploited to determine the direction and de-
gree of polarization. If N(φ) is given by

N(φ) = A0 cos[2(φ − φ0)] + N0 (2)

for a polarized source, the polarization angle, Pa, and its
fraction, P f , can be evaluated according to

Pa = φ0 ± π; P f =
Q

Q100
(3)

where Q = A0/N0 is the modulation factor and Q100 is an
instrument dependent normalization factor which gives the
modulation factor for a 100% polarized source. This factor
Q100 depends on the physical dimensions of the scatterer and
detectors, the presence of passive materials, the low energy
thresholds of the detectors, and the background levels. In our
case, Q100 will be evaluated using GEANT3 simulations on
the IBIS Mass Model.

It is usually possible to give an order of magnitude estimate
of this parameter. Using equation 1, Q100 can be expressed as
((Lei et al. 1997):

Q100 =
sin2 θcom

ε−1 + ε − sin2 θcom

(4)

The evolution of Q100 with the scattered angle θcom in differ-
ent energy bands is presented in Figure 1. Similarly, its evo-
lution with energy for different θcom is displayed in Figure 2.
Because of the telescope geometry, Compton deviations are
limited to θcom ≤ 50◦. The maximum Q100 value decreases
with energy and progressively shifts to lower θcom angles. It
is why the polarimetric signature will be maximum at right
angles and low energies. Typical values of 30 % and 15 % are
found respectively at the low and high ends of the IBIS energy
band. The ideal polarimeter for future missions will thus ob-
serve around 100 keV and consist of two detectors disposed
at right angles.
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F. 1.— Q100 vs scatter angle for various incident photon energies
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2.2. Polarimetric analysis with the IBIS/Compton mode

The IBIS instrument launched on board the ESA INTE-
GRAL (Ubertini et al. 2003) observatory on October 17 2002
is a coded aperture telescope. It consists of a dual detection
layer designed and optimized to operate in the energy range
between ∼ 15 keV and 10 MeV. The open end pixelized de-
tector plane, ISGRI, is composed of 128 by 128 Cadmium–
Telluride (CdTe) semiconductor detectors covering the en-
ergy range from ∼ 15 keV to 1 MeV (Lebrun et al. 2003).
Below this plane, there is a second detector, PiCsIT, com-
prising 64 by 64 Cesium–Iodide (CsI) scintillation pixels op-
erating in the energy interval from ∼ 190 keV to 10 MeV
(Labanti et al. 2003). The two planes can work in coincidence
to study Compton events that have been detected within a time
window of 3.8 µs. They are marked as Compton events by
the on board Hardware Event Processing Unit (HEPI). The
coded mask is placed 3.2 m above the CdTe detector plane.
A detailed description of the IBIS Compton mode and its per-
formance is presented in (Forot et al. 2006). There exists two
kinds of Compton-tagged events:

• true Compton scattered events for which the source re-
constructed direction is compatible with the true source
inclination within the uncertainties.

• Spurious events for which two independent ISGRI and
PICsIT events fall by chance in the same coincidence
time window.

The Compton to spurious ratio is optimized by applying an-
gular cuts on the difference between the reconstructed source
direction and the true one. The remaining spurious events in-
duce a false source detection and must be removed with high
accuracy (Forot et al. 2006). After this subtraction, the ISGRI
shadowgram is deconvolved to get a sky image. The back-
ground is automatically subtracted in the deconvolution. The
Compton Imaging analysis method can be used for polarime-
try by selecting events according to their azimuthal scatter an-
gle φ before the spurious subtraction and deconvolution.

To compute the azimuthal profile, N(φ), we first evaluate
the source flux and its associated error from sky images in reg-
ularly spaced bins in azimuth following the method described
above. The polarimetric signature being stronger at energies
below 500 keV, we only keep forward scattered events from
ISGRI to PiCSIT (see Figure 3). We also restrict the observa-
tions to those where the source is fully coded, i.e. the mask
shadow covers the entire ISGRI detector. For a partially coded
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source, an intrinsic azimuthal asymmetry would appear be-
cause we miss the abundant events that scattered near the edge
of ISGRI and missed PICSIT.

Electric field

Scattered direction

ISGRI

PICSIT

Scattered photon

Incident photon

F. 3.— Scattering geometry between ISGRI and PiCsIT. The photon is
preferably scattered in a plane perpendicular to the incident electric field.

2.3. Calibration and performances

2.3.1. GEANT3 simulations of the instrumental response

The polarimetric sensitivity of the INTEGRAL/IBIS
Compton mode depends on the Q100 factor which, in turn,
depends on photon energy and the Comptom scattering an-
gle θcom. To determine this factor, GEANT3 simulations
have been performed using the IBIS Mass Model. Polarized
sources were simulated. We show in Figure 4 the azimuthal
profile obtained for a 100% polarized source, shining on-axis
between 200 keV and 400 keV, with a polarization angle of
45◦. It yields a polarization angle of 43◦ ± 3◦ in remarkable
agreement with the original one, and a polarization fraction
of 26.7 ± 0.03 percent. The curve glitches that are seen every
45◦ or so are due to numerical artifacts.
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F. 4.— Azimuthal distribution of scattered photons given by GEANT3
simulation of a 100 percent polarized source with a polarization angle of
45◦◦.

Simulations have been run in small energy intervals to eval-
uate Q100 as a function of energy, as displayed in Figure 5.
Q100(E) decreases from 33 % near 200 keV to ∼ 21% above
600 keV.
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F. 5.— Simulated evolution of Q 100 with energy for various scatter angles
using Geant3.

2.3.2. Polarization sensitivity of the INTEGRAL/IBIS
Compton mode

The sensitivity of a polarimeter to a 100% polarized source
is given by the formula:

S =
ησ

εQ

√

B
AT∆E

(5)

where S is the minimum flux that can be detected (in
phs−1cm−2keV−1) for a 100% polarized source, ησ is the sig-
nificance level, ε the photon to count detection efficiency, B
the background noise (in countss−1cm−2keV−1), A the detec-
tion area (in cm−2), T the observation time in seconds, and ∆E
is the energy band in keV. The resulting sensitivity of the IN-
TEGRAL/IBIS Compton mode as a polarimeter is presented
in Figure 6.
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F. 6.— Polarimetric sensitivity of the IBIS Compton mode compared to
the imaging ones of ISGRI and PiCsIT.

For energies higher than 200 keV, the IBIS Compton mode
is sensitive enough to try to measure the polarization of strong
gamma-ray sources like the Crab, Cygnus X-1, gamma-ray
bursts, and solar flares.

3. PSEUDO POLARIMETRIC RESPONSE IN THE IBIS COMPTON
MODE

In Compton polarimetry several effects can distort the az-
imuthal profile of scattered angles and induce a false polari-
metric signature. It is why the evaluation and correction of
such effects are critical to avoid a false polarimetric claim.
The various causes of distorsion are explored in this section.
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To map the orientation of the scattered plane on the 2D
plane of PICSIT, we note the displacements ∆Y and ∆Z of the
PICSIT events with respect to the footprint of the incident di-
rection onto PICSIT. The azimuthal distribution N(φ) of equa-
tion 2 is simply the integral in azimuth (φ = arctan(∆Y/∆Z))
of the 2D map. We studied background and spurious Comp-
ton data obtained from empty field observations, as well as
on-axis and off-axis calibration sources.

3.1. Background distribution

To construct the displacement map of in-flight background
events, as shown in Figure 7, we assumed an average inclina-
tion of zero because of their random incidences. The lack of
events for ∆Y and ∆Z close to zero is due to the low-energy
thresholds of about 17 keV for ISGRI and 150 keV for PIC-
SIT which imply a minimum polar scatter angle. The distri-
bution is uniform with φ and no pseudo polarimetric response
is visible.
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F. 7.— Displacement map of in-flight background Compton events be-
tween 200 keV and 500 keV.

3.2. Spurious distribution

For spurious events (see Figure 8), the displacement map
displays clear asymmetries parallel to the detector sides due
to the segmentation of the ISGRI and PICSIT detectors. This
creates a small modulation (Q ≤ 3%) of the azimuthal an-
gle distribution. This modulation disappears when apply-
ing the standard angular cut used in Compton imaging to
optimize the Compton to spurious ratio, i.e. events are re-
jected when they are reconstructed outside the field of view
(Forot et al. 2006). This effect is illustrated in Figure 9 where
the displacement distribution becomes much more uniform
with azimuth (within 1 %).

3.3. Off-axis source

Several geometrical effects, such as off-axis incidence, the
non-axisymmetric geometry of the detectors (grids and cor-
ners for instance), or the non-linear response of the various
parts of the detector, could distort the displacement map and
mask the polarimetric signature or create a fake one. To study
the projection effect from an off-axis source, we have ana-
lyzed the data from a 392 keV source inclined at 30◦ from the
telescope axis during the calibration campaign.
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F. 8.— Displacement map of in-flight spurious events recorded between
200 keV and 500 keV.
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F. 9.— Displacement map of the spurious events reconstructed within the
field of view, for energies between 200 keV and 500 keV.

Given the IBIS/Compton field of view and the dithering pat-
tern of the observation mode, sources are seen at inclinations
< 15◦. For fully coded sources, inclinations are limited to
5◦. Such incidence and the subsequent projection effects in-
troduce a distortion in the displacement map which is clearly
visible on Figure 10 if one assumes an on-axis source to con-
struct the map. We have checked that this asymmetry fades
away if we take the real footprint of the inclined source on
PICSIT or, alternatively, if we rotate the (∆Y,∆Z) plane to that
perpendicular to the incident direction. So, it is purely due to
a projection effect. Since the numerous background and spuri-
ous events can dominate over source ones and since they have
random inclinations, it is not recommended to blindly apply
this rotation correction to all events.

The integrated azimuthal profile N(φ) derived from Figure
10 follows a cosine function with period 2π. So, folding this
profile over π will yield a flat one, independent of the source
direction, It will preserve the polarization pattern which has
a period of π. The exposure time in each bin being twice the
original one, the signal to noise ratio will increase by a factor√

2.
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F. 10.— Displacement map of Compton events from an off-axis, unpo-
larized source with inclination 30◦ and azimuth −30◦ with respect to the Y
axis, for energies between 200 keV and 500 keV. The distribution peaks at
φ = arctan( ∆Z

∆Y = −30◦).

TABLE 1
M  Q  3   

Energy(keV) Q χ2

392. 0.0127 ± 0.0127 3.090
511. 0.0232 ± 0.0083 3.790
662. 0.0262 ± 0.0145 1.681

3.4. On-axis source

To study the intrinsic detector effects (geometry and non-
linear response), we have analyzed the data from on-axis un-
polarized sources obtained at 392, 511 and 662 keV during the
on-ground calibration campaigns. The source counts dom-
inate over background and spurious events. The integrated
azimuthal profiles have been folded over π, then fitted with
the function given in equation 2. The results are presented in
Table 1. We find very small Q factors < 2.5% at all energies
and rather large reduced χ2, indicating that the azimuthal dis-
tortion due to the detector response is very low in the IBIS
case.

3.5. Effect of the mask deconvolution

One has also to check for the possible distorsion due to
the mask deconvolution. In the above sections, we used all
the photons without subtracting the spurious contribution and
without deconvolving the ISGRI shadowgram. The final strat-
egy is to construct a Compton sky image to estimate the
source flux for events selected in specific energy intervals and
azimuth bins (modulo π to erase potential projection effects).
The Compton imaging steps largely suppress the spurious and
background flux. It is therefore important to check whether
the mask deconvolution induces asymmetries. The mask is
square and not spatially uniform, so deconvolution with the
mask pattern could depend on azimuth.

We have analyzed an on-axis, unpolarized, calibration
source at 392 keV and the resulting azimuthal profile, folded
over π, is given in Figure 11. The distribution is flat and no
specific modulation due to the mask deconvolution is visible.

3.6. Cygnus X1 distribution
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F. 11.— Azimuthal profile of scattered photons spawn by an unpolarized
calibration source at 392 keV after mask deconvolution.

The method has been applied to Cygnus X1 observations (∼
500 ks) between 200 and 800 keV. The resulting distribution
is presented in Figure 12. The azimuthal profile is flat, no
modulation is visible. The error bars are large because of the
low statistics on this source. Under the assumption that it is
not or little polarized, the flat profile shows that no pseudo-
polarimetric modulation has been created or remains after the
analysis.
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F. 12.— Azimuthal profile of scattered photons from Cygnus X1 between
200 end 800 keV after mask deconvolution.

4. APPLICATION TO THE CRAB PULSAR

4.1. Observation and Data analysis

The Crab pulsar was observed for more than 4 years with
the Compton Coded Mask Telescope onboard the INTE-
GRAL spacecraft. The exposure time consists of about 700
ks of dedicated observations on the Crab pulsar spanning
from 2002 to 2006. This long observation is divided into
more than 400 groups of about 30 mn each. In order to
study the Crab polarimetry with phase, arrival times are con-
verted to the solar system barycentre using the pulsar posi-
tion and to phase according to the Jodrell Bank ephemerides.
The resulting lightcurve in the 8 phase intervals defined by
(Kuiper et al. 2001) is given in Figure 13. It shows that the
spurious event rejection is efficient since the P2/P1 flux ra-
tio exceeds one, as expected at 0.2-0.8 MeV energies. Spu-
rious events have lower energies and would produce a pulsed
lightcurve with a P2/P1 ratio lower than 1.

For polarimetry, we have considered the 6 phase intervals
presented in Table 2. They were selected to preserve count
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TABLE 2
P   

Name Phase intervals

OP 0.52 − 0.88
L1 0.88 − 1.0
T1 0.0 − 0.14
B 0.14 − 0.25
L2 0.25 − 0.4
T2 0.4 − 0.52

statistics and the largest polarization swings observed at other
wavelengths.
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F. 13.— Lightcurve of the Crab pulsar and its nebula between 200 keV
and 800 keV, after background subtraction. One and a half periods are shown.

4.2. Polarization with phase

The events recorded in each phase interval with energies
between 200 and 800 keV have been processed as described
above to produce azimuthal profiles. Those obtained in the
L1, L2, B, and OP phase intervals exhibit a significant mod-
ulation whereas flat profiles are found on the trailing sides of
the peaks. A Rayleigh test has been applied to assess the con-
fidence of detecting a periodic modulation in these profiles
with certain scattered angles occurring more frequently and
in the right order than they would if they were purely random
events. To quantify this significance, the following vector can
be constructed using the data:

R2 =
2
N

































N
∑

i=1

cos(2πφi)















2

+















N
∑

i=1

sin(2πφi)















2
















(6)

where N is the number of events and φi their scattered angle.
Since R2 follows a χ2 distribution with 2 degrees of freedom,
the probability P of getting a vector R of the same length from
a list of random numbers is given by P = exp− R2

2 .
Figure 14 shows the chance probability obtained in each

phase interval. The chance is low that the azimuthal modula-
tions seen in the bridge, off-pulse and leading peak intervals
have a random origin. Conversely, there is no indication of
a polarized signal in the trailing peak regions. For the total
pulsed and unpulsed data (OP+L1+T1+B+L2+T2), there is
only a 12 % chance that the measured polarization (33%±13%
polarization at 84◦ ± 12◦) have a random origin.

Figures 16 and 15 illustrate the contrast between the mod-
ulated azimuthal profile obtained in the B and OP intervals
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F. 14.— Estimates of the chance probability that the observed azimuthal
modulation is due to statistical fluctuations from an unpolarized source.

versus the flat trailing T1 and T2 ones. The combined chance
probability of a random effect in the B+OP intervals amounts
to 2%. The corresponding modulation factor is 0.197 ± 0.07
which gives a polarization fraction of 62% ± 22% for a mean
Q100 factor of 0.32. The radiation is polarized at 116◦±9◦. For
the leading L1+L2 regions, the random probability is 3.5%.
The radiation is 62% ± 0.20% polarized at 68◦ ± 8◦. In the
T1+T2 region, no modulation is visible and the chance prob-
ability reaches 60%, so there is no indication of a polarized
signal coming from the Crab or its nebula at these phases. It
is less than 17.7% polarized.
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F. 15.— Azimuthal profile of scattered photons for the Crab pulsar in the
off-pulse and bridge phase intervals, between 200 keV and 800 keV.

The polarization angles and fractions have been analyzed
as a function of phase and the results are presented in Figures
17 and 18, respectively. They were obtained by a χ2 fit to
the observed azimuthal profiles. The large lower limits on the
polarized fraction obtained outside the trailing peak intervals
confirm that synchrotron radiation dominates the hard X-ray
emission at nearly all phases. They are close to the maximum
of 71% = (γ + 1)/(γ+ 7/3) allowed for the E−2.227±0.013 spec-
trum recorded at these energies (Kuiper et al. 2001).

The off-pulse emission is highly polarized, with a fraction
> 38%, at an angle of 126.2◦ ± 9.0◦ which is fully consistent
with the north-to-east angle Ψ = 124◦ ± 0.1◦ of the projected
rotation axis on the plane of the sky (Ng & Romani 2004).
Any toroidal magnetic configuration (jet, torus, Parker spi-
ral) would exhibit such an angle. These properties closely
match the values of 33% and 119◦ recorded in the optical
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F. 16.— Azimuthal profile of scattered photons for the Crab pulsar in the
phase intervals trailing the two peaks, between 200 keV and 800 keV.

within 1.15" or 0.01 pc from the pulsar at the same phase
(Kanbach et al. 2005; Slowikowska et al. 2006). Smith et al.
(Smith et al. 1988) also found (47± 10)% polarized radiation
at 130◦ within 1" from the pulsar after subtraction of the neb-
ular background just outside the central position.

Larger angles and somewhat lower fractions have been
measured further away from the pulsar. The degree falls
to (8.1 ± 0.4)% and the orientation rotates to 152◦ ± 2◦ in
the optical at a distance of 0.02-0.04 pc (Smith et al. 1988;
Slowikowska et al. 2006) from the pulsar. The optical values
of 12.4 % and 146◦ found at 0.06 pc toward the south-west
(Hickson & van den Bergh 1990) also apply to the wisps re-
gion and to the pulsar environment as far as 0.3-0.5 pc. They
correspond to the radio data (Velusamy 1985). At larger scale,
the visible and radio emissions become more polarized near
the edge of the nebula, with magnetic vectors generally paral-
lel to the rim (electric vectors pointing outward). X rays from
the whole nebula are (19.2± 1.0)% polarized at 156.4◦ ± 1.4◦

at 2.6 keV, and (19.5 ± 2.8)% polarized at 152.6◦ ± 4.0◦ at
5.2 keV (Weisskopf et al. 1978). As for the X-ray measure-
ment, the IBIS angular resolution encompasses the entire pul-
sar and its nebula. Yet, the nebular spectrum is known to
soften with distance from the pulsar and the highest parti-
cle energies are predicted in the equatorial wind very near
the terminal shock (Del Zanna et al. 2006). The synchrotron
radiating particles traced by IBIS can have energies as high
as 200-500 TeV in the average 16.2 ± 1.8 nT nebular field
(Aharonian et al. 2004). These extreme energies and the close
agreement that is found between the γ-ray polarization and the
optical one within 0.01 pc of the pulsar suggests that the po-
larized γ rays mostly come from the very inner regions, well
inside the X-ray ring (supposedly the wind terminal shock)
and its wisps.

Following this assumption, we can consider the different
sites that can spawn unpulsed polarized emission at high en-
ergy. Within the light cylinder, the slot-gap and extended
outer-gap models (Dyks et al. 2004; Takata et al. 2006) pre-
dict a small contribution of highly polarized DC emission for
the magnetic obliquity (α ∼ 60◦) and observer inclination
(ζ = 61.3◦ ± 0.1◦) of the Crab pulsar (Ng & Romani 2004).
But the predicted angles are at variance with the optical and
γ-ray data. The estimates for the slot gap vary between 20◦

and 40◦, far from the present measurement. The outer-gap
estimates reflect the observer’s inclination instead of the ap-
parent angle of the rotation axis. These models are further
discussed below for their pulsed components.

The ratio of pulsar DC emission to wind radiation is un-
known. The central optical measurement also includes the
bright knot discovered by the Hubble Space Telescope 0.65"
south-east of the pulsar, along the jet axis (Hester et al. 1995).
It has been interpreted as Doppler boosted radiation from the
inner part of the arch shock that forms on the upper and
lower sides of the equatorial flow, near the pulsar, well in-
side the torus-like terminal shock that forms in the equato-
rial plane (Komissarov & Lyubarsky 2004). The polar jets are
also sources of polarized emission. In this complex environ-
ment, MHD models predict that polarization is strongest at
the pulsar and along the jets and that it should be parallel
to the rotation axis as we find in the optical and IBIS data
(Del Zanna et al. 2006).

The polarization pattern we find in γ rays for the pulsed part
of the lightcurve is also consistent with the optical measure-
ments (Smith et al. 1988; Slowikowska et al. 2006), but with
large uncertainties. Namely, we find highly polarized radia-
tion in the bridge (> 58% versus ∼ 24% in the optical), at an
angle comparable to or lower than the off-pulse one. We also
find some evidence in γ rays for the contrast seen in the visible
between the leading and trailing sides of both peaks. The po-
larization degree in γ rays is larger than 51 % in the combined
leading L1+L2 intervals and < 17.7% in the trailing T1+T2
sides.

In the striped wind model outside the light cylinder
(Kirk & Lyubarsky 2001; Pétri & Kirk 2005), particle accel-
eration and pulsed high-energy emission occur in a thin layer
along the equatorial plane where the toroidal magnetic field
from the oblique rotator reverses its orientation and dissipates.
Calculations yield 30-40% polarized emission at a constant
angle parallel to the rotation axis outside the peaks, in agree-
ment with the optical and IBIS data. A large angle swing and
fraction drop is expected within the peaks. Because of the ro-
bust geometry of the striped wind, the angle and fraction pro-
files with phase do not depend much on the wind Lorentz fac-
tor, radiation spectrum, or on the observer’s inclination. Yet,
the polarized fraction should drop at the center of the peaks,
not particularly on their trailing sides as seen in the optical
and probably in γ rays.

For the polar-cap accelerator located at a few stellar radii
above the neutron-star surface, one expects a constant po-
larization with a smooth sine-like swing across all phases
(Dyks et al. 2004), at odds with the optical and γ-ray data.

The traditional outer-gap model is located between the null
surface and the light cylinder (Cheng et al. 2000). For the
Crab obliquity and viewing angles, one gets no off-pulse
emission, a polarization fraction that sharply peaks in both
pulses and drops by a factor of 2 in the bridge, and a mono-
tonic swing about 40◦ across the whole pulsed phase interval
(Dyks et al. 2004). The optical and IBIS data do not support
these predictions. The model has been recently modified to
account for these discrepancies (1; Takata et al. 2006). The
gap has been extended both inward, with cascades reaching
lower altitudes along the field lines, below the null surface,
and in thickness with cascades produced at higher altitudes
perpendicular to the last open field line. In this case, the ob-
server should view the Crab at larger inclination (ζ ∼ 100◦) to
get substantially polarized DC and bridge emissions. The re-
spective fractions of ∼ 35% and ∼ 15% agree with the optical
data and are lower than the fractions seen in Figure 18. No
sharp contrast is predicted between the leading and trailing
sides of the peaks.

The only model that accounts for the latter signature is
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the slot-gap model where pair acceleration and cascades
occur along the last open field lines from the inner po-
lar cap to high altitudes not far from the light cylinder
(Muslimov & Harding 2003). One gets high and constant po-
larization away from the main peaks for a large variety of
observer inclinations (Dyks et al. 2004). Emission is depo-
larized at the peak centers, and particularly on their trailing
side, because of the caustic effects (relativistic aberration and
retardation) that pile up photons born at different altitudes at
the same phase, thus mixing and nulling their electric vec-
tors. So, observing a polarization drop after the two peaks in
the optical, and probably in gamma rays, suggests that their
emission extends over a large fraction of the light-cylinder ra-
dius, along the last open field lines, on the trailing sides. For
the Crab geometry, the polarized fraction and angle should
increase across the bridge and the off-pulse intervals as the
high-altitude emissions along the leading lines sweep in front
of the observer, but the IBIS data is too sparse to test this ef-
fect. No such swing is seen in the optical bridge data.

Phase
0 0.2 0.4 0.6 0.8 1 1.2 1.4

P
o

la
ri

za
ti

o
n

 a
n

g
le

 (
d

eg
re

es
)

0

20

40

60

80

100

120

140

160

180

F. 17.— Phase dependence of the polarization angle found between 200
keV and 800 keV. One and a half periods are shown.
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F. 18.— Phase dependence of the polarization fraction found between 200
keV and 800 keV. All the upper and lower limits are given at the 1σ level.
One and a half periods are shown.

5. CONCLUSIONS

The polarimetric sensitivity of the IBIS telescope in the
Compton mode has been calibrated and potential anisotropies
in the azimuthal response have been investigated and tested
against unpolarized calibration sources and the in-flight data
from empty fields and Cygnus X-1. Reasonable evidence has
been found for linearly polarized emission between 0.2 and
0.8 MeV from the Crab pulsar and its nebula, with a chance
probability of 0.2 % of a random effect. The polarization
characteristics at different phases of rotation match the optical
ones. Two important properties are found. First, the electric
vector of the off-pulse emission (126.2◦ ± 9.0◦) is parallel to
the projection of the rotation axis in the sky (124◦±0.1◦). The
off-pulse polarization nicely compares with the optical one
in the central region (< 0.01 pc) around the pulsar whereas
the optical polarization changes further out. This relation, to-
gether with the extreme energy of the radiating particles seen
by IBIS, suggests that the off-pulse polarized γ rays come
from the very inner wind regions (the striped wind, the jets,
and/or the equatorial wind near the bright knot). DC emission
from inside the light-cylinder is also possible, but the current
slot-gap and extended outer-gap models do not predict electric
vectors aligned with the rotation axis. Second, no polarization
is detected on the trailing sides of the peaks. This is consis-
tent with the optical data and suggests the presence of caustic
effects that point to extended emission from low to high alti-
tudes along the trailing last open field lines.

Confirming with more γ-ray statistics the apparent relation
between the γ-ray polarization and the high-resolution optical
data, in other words testing the frequency dependence of the
polarization pattern over a wide range of energies, will be cru-
cial in the near future to explore the complex structure of the
inner wind region, the possible DC emission from the pulsar
itself, and to confirm the caustic signature in the pulsed beams
that is key to localizing them in the open magnetosphere.
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CEDGFIHKJMLaVNLaVPORQTSVU�VIH=OXWTOKHKY=QTZ\[^]_OK`ba^JPVPORcMFPd9VPO=O=`eH�V�VIcgfhFIcMFIY�W�iELaV.cMQTjkS\Y�VIJMO�VPOkdPQTc\clW�`bO=O�W�cMd9V^VIH
d9VALMW�cMO2LaVXcMQTjAS\Y�VIJVmnL\QTj�W�`ecPVPOoLaVXipW,Z\[�]VOK`ba^JPVRH�VIibO�a^JPVRipWNqgW�f�cMFIH=Q�rs[�]VLVY=Q^LV]_clW�jN`ba^JPVutvqxwoyXz|{\ipW
d�[\`ejN`sV�{}ipW2Z\[�]VOK`ba^JPVEc�JMdIibF~W�`eY�V�{�ipW�Z\[^]_OK`ba^JPV�O=H�W�HK`bOKHK`ba�JPV�{}ipW�f�Y�WP�_`eH�W�HK`bQTc��e�e�GC:VPO4Z\[^]_OK`bdI`sVIcMO�QTc�H�VIckfhFIcMFIY�W�i
L\FI�pVIibQTZ\Z�F:LaV�cMQTjkS\Y�VIJMO�VPO�H�VPd=[\c\`ba^JPVPO�c�J\j�FIYK`ba^JPVPO�Z�QTJ\Y4Y=FPO=QTJMLVY�V:LaVPO�Z\Y=QTS\ib�Ij�VPOELMW�cMO�d=[lWTdIJ\c�LaV�d9VPO
L\QTj�W�`ecPVPO�j�W�`bO�Z�QTJ\Y�FIHKJMLV`sVIY�LaVPO�Z\[MFIcMQTj��IcPVPO�dPQTjNZ\isV|maVPO�QT�uLaVPOEH�VPd�[\c\`ba�JPVPO�LaV�LV`���FIY�VIc�H=O�L\QTj�W�`ecPVPO
`ec^H�VIY7�v�IY�VIc^H~{lJ\cPVkdPQTjNZlW�HK`eS\`eie`eH=F�VIc�HKY�VAd9VPO:H�VPd=[\c\`ba^JPVPO+VPO=H2fhFIcMFIY�W�isVIj�VIc�HoY�VPa�J\`bO�V��

��c�Y�VIipW�HK`e�^`eH=F�fhFIcMFIY�W�isV�{�isVPO.OK]VOKH=�Ij�VPOkL�DGFPa^JlW�HK`bQTcMO,W�JVm�L\FIYK`e�hF9VPO.ZlW�YKHK`sVIieisVPO.QTc�H.J\cPV�OKHKYKJMd|r
HKJ\Y�V�VIc�fhFIcMFIY�W�i�Z\ieJMO�dPQTjNZ\ie`ba�JMF9Vxa^J�D¤VIc�Z\[�]VOK`ba^JPV�cPVI�:H=QTc\`sVIc\cPV����Ec V|�=VIH�LaV�cMQTJ\�pV~W�JVm�dPQTcMd9VIZ\H=O
W�Z\ZlW�Y�W�`bO�O�VIc�H�W�ibQTY=O.H�VIi�a^JPV�ipWnH=QTZ�QTibQTf�`sV�{�isD `bO=QTj�FIHKYK`sV�{�isVPO.L\FIYK`e�hF9VPONLaV�C�`sV�{�isVPO.�pVPdIH�VIJ\Y=O,LaV���`eieie`ec\fM{
ipW�dPQTJ\YKS\J\Y�V��e�e����`sVIc�OK�\YRisD¤VIcMO�VIjAS\isV�LaVNd9VPORcMQTHK`bQTcMO�V|mV`bOKH�VIc^H�VIc�Y�VIipW�HK`e�^`eH=F�Y�VPOKHKY�VI`ec�H�VNj�W�`bOkLaV,��WT�PQTc
S�V~W�JMdPQTJ\ZnZ\ieJMO�OK`ejNZ\isVPOktvO�W�JV�4ipWNdPQTJ\YKS\J\Y�VXS\`sVIc�FI�_`bLaVIjNj�VIc�H�z|�

  JXZ\ieJMO�Z\Y=Q^d�[PV�L�D J\cPV�FIH=QT`eisV�¡�cPVIJ\HKY=QTcMO4QTJkL�D J\cAHKY=QTJkcMQT`eY~{~isV�Z�QTH�VIc^HK`sVIi^f�Y�W~�^`eH�W�HK`bQTc\cPVIiVc�D¤VPOKH
VIc�YK`sVIc�O=d~W�ipW�`eY�V��\C¸VPO �~¢ dPQTjNZ�Q�O�W�c^H�VPO:`ecML\FIZ�VIcMLMW�c�H�VPO�LaV�ipWAj�FIHKYK`ba^JPV

gαβ
Y�VIjNZ\ipWTd9VIc�H+VIc�fhFIcMFIY�W�i�d9V

Z�QTH�VIc�HK`sVIi�VIHAW�`ecMOK`�isVPOXFPa^JlW�HK`bQTcMOXf�Y�W~�^`eH�W�HK`bQTc\cPVIieisVPOAZ�VIJ\�pVIc�HAO}DGFPdIYK`eY�V�L�D J\cPV,��QTYKj�VNOK`ejNZ\isV�VIHXdPQTcMdI`bO�V
LaVPOoFPa�JlW�HK`bQTcMO�L�DG��`ecMOKH�VI`ec �

Rαβ − 1

2
Rgαβ =

8πG

c4
Tαβ

t � � � z
QT�

Rαβ = Rβα
VIH,£?O=QTc�H.Y�VPOKZ�VPdIHK`e�pVIj�VIc�HNisV�H�VIcMO�VIJ\Y,LaV�£�`bdPdI`�VIH.ipWndPQTJ\YKS\J\Y�V

R = Rα
αWTO�O=Q^dI`bF9V�¡¤ipWxj�FIHKYK`ba^JPV

gαβ
VIH
Tαβ

isV�H�VIcMO�VIJ\Y�FIcPVIYKf�`sV�`ejNZ\J\ibOK`bQTc��EC¸VPO�FPa�JlW�HK`bQTcMO�LVJ¥j�QTJ\�pVIj�VIc�H
O}DGFPdIYK`e�pVIc�HWVIieisVPO

∇αT
α
β = 0

t � � � z
¦ `�J\c�d=[lW�jNZ§FIisVPdIHKY=QTj�W�f�cMFIHK`ba�JPV�VPOKHkZ\Y=FPO�VIc�H,W�ibQTY=OXisVPOkFPa^JlW�HK`bQTcMO.LaV�qgW�m_��VIiei�O~D¨W�UKQTJ\H�VIc�H

W�JVm�LaVIYKc\`b�IY�VPO

∇αF
α
β = Jβ

t � �¨©hz
QT�

Fα
β

VPOKH	isVkH�VIcMO�VIJ\YRFIisVPdIHKY=QTj�W�f�cMFIHK`ba^JPV�VIH
Jβ

VPOKH	isVAa^JlWTLVYK`�rs�pVPdIH�VIJ\YkdPQTJ\Y�W�c^HXFIisVPdIHKYK`ba�JPV��
C�W�OK`ejNZ\ie`bdI`eH=F�LaVNd9VPORFPa^JlW�HK`bQTcMORc�D¤VPOKHXa^J�D¨W�Z\ZlW�Y�VIc�H�V�VIHXLaVIYKYK`b�IY�V�O�V.d~WTd�[PVIc�HXZ\ieJMOkL�D J\cPVNd9VIc�H�W�`ecPV�LaV
H�VIYKj�VPO¬V|m_Z\ie`bdI`eH�VPO~��£oFPO=QTJMLVY�V�isD¤VIcMO�VIjAS\isV2LaV:d9VPO�FPa�JlW�HK`bQTcMO¬VIcNY�VIipW�HK`e�^`eH=F�fhFIcMFIY�W�isV.VIcNfhFPQTj�FIHKYK`sV2©Ty´VPOKH
isV ß ØÃÕ�ÕQÓ:LaV�ipW�Y�VIipW�HK`e�_`eH=FEc�J\j�FIYK`ba^JPV¬VIH�LaVIj�VIJ\Y�V¬VIcMdPQTY�V�WTdIHKJPVIieisVIj�VIc^H�J\ck�hFIYK`eH�W�S\isV�d=[lW�ieisVIc\fpV���yRW�cMO�isVPO
W�Z\Z\ie`bd~W�HK`bQTcMO,ª�£�qxw	y VIc«WTOKHKY=QTZ\[�]VOK`ba^JPV�{�LV`���FIY�VIc�H�VPOXj�FIHK[MQ^LaVPO�c^J\j�FIYK`ba�JPVPO�V|mV`bOKH�VIc^H~��C�W�j�W�U7QTYK`eH=F
LaVPOXj�Q^L\�IisVPOkc�J\j�FIYK`ba^JPVPO�VPOKHRSlWTO=F9VNO=J\YRisVPORj�FIHK[MQ^LaVPOALaVNLV`���FIY�VIcMd9VPOX¬Mc\`sVPO�VIHXL�DGFIibFIj�VIc�H=Ok¬Mc\`bO�tvQTJ
�hQTieJ\j�VPOA¬Mc\`bO�z|��yRW�cMOkipW�j�FIHK[MQ^LaVuLaVPO.LV`���FIY�VIcMd9VPOA¬Mc\`sVPO~{�isVPOAOK]VOKH=�Ij�VPOAZ\[�]VOK`ba^JPVPOAO=QTc^HAY�VIZ\Y=FPO�VIc�H=FPO
LMW�cMO.J\cPV�f�YK`eieisV�O=ZlW�HK`bQ�rsH�VIjNZ�QTY�VIieisV�LV`bO=dIY=FIHK`bO=F9V��   `ecMOK`s{�isVPOk��QTcMdIHK`bQTcMO.a^J\`�L\FPdIYK`e�pVIc^HNisV�OK]VOKH=�Ij�V�O=QTc�H
dPQTc\c^JPVPO�ibQ_d~W�isVIj�VIc�H¶VIc�d=[lWTa^JPV�Z�QT`ec�H�LaV�ipWgf�YK`eieisV���C:V�d~W�ibdIJ\i�LaV�ipW�L\FIYK`e�hF9V�L�D J\cPV��vQTcMdIHK`bQTc

f
VPOKH

W�ibQTY=OkL\QTc\cMFNZlW�YRisVNL\FI�pVIibQTZ\ZVIj�VIc^H�VIc«O�FIYK`sVNLaVN�WP]_ibQTYkLaV,ipW���QTcMdIHK`bQTc�OKJ\YRipWuf�YK`eieisV���®�VPO�j�FIHK[MQ_LaVPO
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c�J\j�FIYK`ba^JPVPOXLaV,LV`���FIY�VIcMd9VPO	¬Mc\`sVPORO}D¨W�Z\Z\ie`ba�JPVIc^HXO�VIJ\isVIj�VIc�HXLMW�cMO�isV,d~WTO�L�DGFPdPQTJ\isVIj�VIc�HkL\FIZ�VIcMLMW�c�HALVJ
H�VIjNZMO~�M��c�V|��VIH~{MLMW�cMO�isVRd~WTO�LaVPO2FPdPQTJ\isVIj�VIc^H=O�OKH�W�HK`bQTc\clW�`eY�VPO~{MipWNY=FPO=QTieJ\HK`bQTcnLaVPO�FPa^JlW�HK`bQTcMO�qxw	y VPO=H
Y�VIcMLVJPV,dPQTjNZ\isV|m<VNWP�pVPdNd9VPO	j�FIHK[MQ_LaVPOX¡ud~W�JMO�VALaV.isD¤V|mV`bOKH�VIcMd9V,LaV.Z�QT`ec^H=ORdIYK`eHK`ba�JPVPO�a^J\`�`ejNZ�Q�O�VIc^H�LaVPO
dPQTcMLV`eHK`bQTcMO�W�JVm.dPQTc^H=QTJ\Y=O�`ec�H�VIYKcPVPO�LVJ��MJ\`bLaV�����cNZ\ieJMO~{�isVPO�FPa�JlW�HK`bQTcMO�W�JVm.L\FIYK`e�hF9VPO�ZlW�YKHK`sVIieisVPOEd�[lW�c\fpVIc�H
LVJ�Y=FIf�`ej�V�VIieie`eZ\HK`ba^JPVkW�J�Y=FIf�`ej�VX[^]^Z�VIYKS�QTie`ba�JPV��

��QTJ\Y4d9VPO�Y�W�`bO=QTcMO~{~cMQTJMO�WP�hQTcMO�QTZ\H=FEZ�QTJ\Y�isD J\HK`eie`bO�W�HK`bQTc,LaV�j�FIHK[MQ_LaVPO�O=ZVPdIHKY�W�isVPO�`ejNZ\ibFIj�VIc�H=F9VPO
LMW�cMO2ipW,ie`eS\Y�W�`eYK`sV.C��	£o��To���l��c{V|��VIH�d9VIHKH�Vkj�FIHK[MQ^LaVAL\QTc\cPVXJ\cPVALaVPO=dIYK`eZ\HK`bQTc¤f�ibQTSlW�isVALaVPO2f�Y�W�cMLaVIJ\Y=O
Z\[�]VOK`ba^JPVPO2a�J\`�Z�VIYKj�VIH�LaV�HKY�W�`eH�VIY2isVPO�OKJ\Y7��WTd9VPO�dIYK`eHK`ba�JPVPO~�ly~V�Z\ieJMO�d9VPO:j�FIHK[MQ^LaVPO�J\HK`eie`bO�VIc�HoJ\c�O=d=[MFIj�W
`eH=FIY�W�HK`���LaV2Y�VIipW�m\W�HK`bQTc�Z�QTJ\YEY=FPO=QTJMLVY�V2isVPOEFPa�JlW�HK`bQTcMO�q¤w	y OKH�W�HK`bQTc\clW�`eY�VPO~�hyRW�cMO�d9VIHKH�V�S\`eS\ie`bQTHK[M�Pa^JPV+VPO=H
FIf�W�isVIj�VIc�H�`ejNZ\ibFIj�VIc�H=F9V2J\cPV2Y=FPO=QTieJ\HK`bQTc�jkJ\ieHK`�r L\QTj�W�`ecPVPO�d9V:a^J\`\ZVIYKj�VIH�L�D `ec�H=FIf�Y�VIY�isVPO�FPa�JlW�HK`bQTc�LMW�cMO
LaVPO:Y=FIf�`bQTcMO�QT��isVPO�dPQTcMLV`eHK`bQTcMO�Z\[^]_OK`ba^JPVPO2O=QTc^H�LV`���FIY�VIc�H�VPO+VIH�`ecML\FIZVIcMLMW�c^H�VPO�isVPO:J\cPVPOoLaVPO�W�J\HKY�VPO~�

�	��� �u<
	��A1�>�������	l57685�2-�	�	���<�>�6l3��2;=<
	�� ;=� 9,��	8<��.< ��� "��! "�

C�W�j�FIHK[MQ_LaV¯VPOKH	SlWTO=F9VAO=J\YoJ\cPV,LaVPO=dIYK`eZ\HK`bQTcgf�ibQTSlW�isV,LaVPOo�vQTcMdIHK`bQTcMORLVJxZ\Y=QTS\ib�Ij�V,Z\[�]VOK`ba^JPV
LMW�cMO�H=QTJ\H�isVnL\QTj�W�`ecPV�����ieisVndPQTcMOK`bO=H�V¤¡gZ\Y=Q�U�VIH�VIY�J\cPV��vQTcMdIHK`bQTc��XOKJ\Y�J\cPV�SlWTO�V�¬Mc\`sVnLaV��vQTcMdIHK`bQTcMO
QTYKHK[MQTfhQTclW�isVPOoW�JVmuZ\Y=QTZ\YK`bFIH=FPO�dPQTc\c�JPVPO}�MyRW�cMO�isVRd~WTO:L�D J\cPV��vQTcMdIHK`bQTc

f
¡AJ\cPVRO�VIJ\isV���W�YK`pW�S\isV�Y�WTLV`pW�isV

rQTcnW �

f(r) =
N∑

k=0

fkΨk(r)
t � � #^z

QT�
fk
O=QTc�HXLaVPOXdPQTcMO=H�W�c�H�VPOR`ecML\FIZ�VIcMLMW�c�H�VPOALaV

r
W�Z\Z�VIibF9VPORdPQiV%$�dI`sVIc^H=OkLaVNL\FI�pVIibQTZ\Z�VIj�VIc�H~�

��ieisVPO�Y�VIZ\Y=FPO�VIc^H�VIc�H�isVPO�dPQTjNZ�Q�O�W�c�H�VPO�LaV�ipWkZ\Y=Q�U�VPdIHK`bQTc�LaV	ipWk�vQTcMdIHK`bQTc���O=J\Y�ipWASlWTO�V�LaVPO���QTcMdIHK`bQTcMO
Ψk
�

CED J\HK`eie`eH=F.LaVkipWN�vQTcMdIHK`bQTc¤�EOKJ\Yod9VIHKH�VASlWTO�VkLaVk��QTcMdIHK`bQTcMO
Ψk

VPOKH	LaVAO=`ejNZ\ie`�¬$VIYoisVkZ\Y=QTS\ib�Ij�Vkc^J\j�FIYK`ba�JPV
LaV�ipW.L\FIYK`e�hF9V�VIH2LaV�isD `ec�H=FIf�Y�W�isV��8��c V|��VIH~{\d9VRL\FI�pVIibQTZ\Z�VIj�VIc�HoZVIYKj�VIH2LaV�HKY�W�cMOK�vQTYKj�VIY2isV�Z\Y=QTS\ib�Ij�VkLaV
ipW,L\FIYK`e�hF9VXLaV��"VIH2LaVXO=QTc�`ec^H=FIf�Y�W�isV�VIcnL\FIYK`e�hF9VPOWVIH.VIc�`ec�H=FIf�Y�W�isVPO	LaVPO���QTcMdIHK`bQTcMO�dPQTc\c�JPVPO�JMOKJPVIieisVPO

Ψk

∂f(r)

∂r
=

N∑

k=0

fkΨ̇k(r)
t � �'&hz

QT�
Ψ̇k(r)

O=QTc�H�isVPO�L\FIYK`e�hF9VPO�LaVPO:�vQTcMdIHK`bQTcMOoLaVRipW,SlWTO�VRZlW�Y�Y�W�Z\Z�QTYKHo¡
r
{\d9VPO2�vQTcMdIHK`bQTcMOoFIH�W�c�H

dPQTc\c�JPVPOoLaV���WT�PQTc V|mMWTdIH�V��
yRW�cMO�cMQTHKY�V�d~WTO�cMQTJMO�cMQTJMO�`ec^H=FIY�VPO=O=QTcMO�Z\YK`ecMdI`eZlW�isVIj�VIc^HgW�JVm Y=FPO=QTieJ\HK`bQTcMO¤LaVPO�FPa�JlW�HK`bQTcMO

L�DG��`ecMOKH�VI`ecUVIH�LaV�qgW�m_��VIiei�LMW�cMO,isV��^`bLaV�VIH�L\QTcMd�¡¤ipW¤Y=FPO=QTieJ\HK`bQTc�LaVPONFPa^JlW�HK`bQTcMO�LaV�H ]_Z�V(��QT`bO=O=QTc��
)�JMO=a^J�D¨¡uj�W�`ec�H�VIclW�c^HAd9VPOXFPa^JlW�HK`bQTcMO��vJ\Y�VIc�HXY=FPO=QTieJPVPOkLMW�cMORisVNd~WTOXW�m_`bO=]^j�FIHKYK`ba^JPVNj�W�`bO�j�W�ie[PVIJ\Y�VIJMO�V|r
j�VIc�H�d9V2d~WTOEie`ejN`eH�VWVPOKH�LV`*$�dI`eisVIj�VIc�H:W�Z\Z\ie`bd~W�S\isV�W�J�d~W�ibdIJ\i8LaV:ipWRj�W�f�cMFIH=Q�OKZ\[M�IY�VoLaVPO�Z\J\ibO�W�Y=O~�h�Ec�V|�=VIH
isD¨W�m<V.j�W�f�cMFIHK`ba^JPV�VPOKH6VIc�fhFIcMFIY�W�iEcMQTc«W�ie`ef�cMF�¡�isD¨W�maVNLaV,Y=QTH�W�HK`bQTc���®	D¤VPOKHRZ�QTJ\YXd9VIHKH�V,Y�W�`bO�QTc«a�JPVoUPD¨W�`
dPQTcMO�WTdIY=F2LMW�cMO�J\c�Z\Y�VIjN`sVIY�H�VIjNZMO�J\cPV:ZlW�YKHK`sV�LaV:j�WRHK[M�PO�V�W�J�L\FI�pVIibQTZ\Z�VIj�VIc�H�LaVPO�L\FPdPQTjNZ�Q�OK`eHK`bQTcMO�VIH
LaVPO:LV`���FIY�VIc^H=O�QTZ�FIY�W�H�VIJ\Y=O2LaV�C��	£��¬To� LMW�cMO�isVRd~WTO�fhFIcMFIY�W�i¸VIH2d9V	Z�QTJ\Y2LaVPO:O=QTieJ\HK`bQTcMO�LaVPO2FPa�JlW�HK`bQTcMO
LaV+��QT`bO�O=QTc���®�VIHKH�VRZlW�YKHK`sVXHKY=�PO�W�clW�ie]^HK`ba^JPV�VPOKH:Z\Y=FPO�VIc�H=F9VkLMW�cMO�d9VRZlW�Y�W�f�Y�W�Z\[PV��
,�-/.0-21 35476 ���98��;:Q�=<����;>@?�ACBD>��FEÃ�;> 6 <j�©�;> ��>G:IH�� 4 <j���©�J:K8DL 4 ���2M�Bo�

C¸V�d=[MQT`�m¥LaVPOASlWTO�VPONOKJ\Y,isVPO=a�JPVIieisVPO^VPO=H.Z\Y=Q�U�VIH=F9V
f
VPO=HNW�YKS\`eHKY�W�`eY�V��N��W�Y�OK`ejNZ\ie`bdI`eH=F�ipW¤SlWTO�V

W�c\f�J\ipW�`eY�V�LaV�Y=F|��FIY�VIcMd9V VPOKH�d9VIieisV�LaVPOlQTJ\YKYK`sVIY�VIc
cos(qθ)

QTJ
sin(lθ)

Z�QTJ\YNipWTa�JPVIieisV�J\c�W�iefhQTYK`eHK[\j�V
Y�W�Z\`bLaVXLaVXL\FPdPQTjNZ�Q�OK`eHK`bQTc�V|mV`bOKH�V�tQO0O4�z|�8®�VIZ�VIcMLMW�c�HoipW,SlWTO�VkW�c\f�J\ipW�`eY�VkipW,Z\ieJMO:`ec�H=FIY�VPO�O�W�c�H�VAZ�QTJ\Y�ipW
Y=FPO=QTieJ\HK`bQTc�LaVPO�FPa^JlW�HK`bQTcMOELaVR��QT`bO=O�QTc¤tdVIH�L\QTcMd�Z�QTJ\Y�ipW	L\FIH�VIYKjN`eclW�HK`bQTc�LVJNd�[lW�jNZ�j�W�f�cMFIHK`ba�JPV:LMW�cMOEipW
j�W�f�cMFIH=Q�OKZ\[M�IY�VXLaV	isDGFIH=QT`eisVX¡.cPVIJ\HKY=QTcMO�z�O�V	HKY=QTJ\�pV+SIHKY�V�isVPO�Z�QTie]^cUTTj�VPO2LaV�C:VIfpVIcMLVY�V�VIc

cos(θ)
�Vw	FIipWTO

¡.cMQTHKY�VXdPQTc\clW�`bO=O�W�cMd9Vk`ei�c�D¤V|m_`bO=H�V�VIcMdPQTY�VkW�JMdIJ\c¤W�iefhQTYK`eHK[\j�VkY�W�Z\`bLaVkLaV�ZlWTO=O�W�fpVkOKJ\Y2d9VIHKH�VRSlWTO�V��8®	D¤VPO=H
Z�QTJ\Y2d9VIHKH�VkY�W�`bO=QTcna^JPVRcMQTJMO2L\FI�pVIibQTZ\Z�VIY=QTcMO

f
LMW�cMO�J\c�Z\Y�VIjN`sVIY�H�VIjNZMOoOKJ\Y:ipW,SlWTO�VXLaVVOMQTJ\YKYK`sVIY�Z\J\`bO

HKY�W�cMO7��QTYKj�VIY=QTcMO2d9VIHKH�VXL\FPdPQTjNZ�Q�OK`eHK`bQTcnOKJ\Y:ipWASlWTO�VRLaVRC:VIfpVIcMLVY�VkZlW�Y:J\c�OK`ejNZ\isVRd=[lW�c\fpVIj�VIc^H	LaV�SlWTO�V��
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�Ecnd9VXa^J\`�dPQTcMd9VIYKcPVRipW.SlWTO�VRY�WTLV`pW�isV�{\isVPO2Z�QTie]_cUTTj�VPO2LaVX�d=[PVIS�]Vd=[PVI�

Tn(x) = cos(n arccos(x))
O=QTc�H

Y�VIH�VIc^JMOWVIc�Y�W�`bO�QTcnLaVRisD¤V|mV`bOKH�VIcMd9VXL�D J\cnW�iefhQTYK`eHK[\j�VXY�W�Z\`bLaVALaV�ZlWTO=O�W�fpV�tQO�®��z|�
��cxH=QTJ\H�VAYK`ef�JPVIJ\YoisVPOoSlWTO�VPO�O�QTc�H	`ecV¬Mc\`sVPO~{lj�W�`bOoisVXHKY�W�`eH�VIj�VIc^H�`ecV�vQTYKj�W�HK`ba^JPV.`ejNZ�Q�O�VALaVXisVPO

HKY=QTcMa^JPVIY~��®�VIHKH�VNie`ejN`eH�W�HK`bQTc�VPOKHRLVJlW�isV�LaVNd9VIieisVNOKJ\YRipWuLV`bO=dIY=FIHK`bO�W�HK`bQTc�O=ZlW�HK`pW�isV � J\cPV,�vQTcMdIHK`bQTc
f
O�VIY�W

Y�VIZ\Y=FPO�VIc�H=F9VkW�JMO=O=`�S\`sVIc�ZlW�Y:ipW.L\QTc\cMF9VRLaV�d9VPO:dPQiV%$�dI`sVIc^H=O2OKZ�VPdIHKY�W�JVmua^JPV	ZlW�Y�ipWA��W�isVIJ\Y2a�J�D¤VIieisV	Z\Y�VIcML
VIc¤d9VPO:Z�QT`ec^H=O�OKZlW�HK`pW�JVm��

��c«dPQ_QTY=L\QTc\cMF9VPORd~W�YKH=FPOK`sVIc\cPVPORJ\cPV.��QTcMdIHK`bQTc�a�JPVIibdPQTcMa^JPV,Z�VIJ\H�O�V.L\FPdPQTjNZ�Q�O�VIYRLaV.ipW���WT�PQTc
O=J\`e�TW�c^H�V �

f(x, y, z) =
∑

auvwx
uyvzw t � ���hz

VIc�Z�Q�O�W�c^H
{
ζ = x+ iy = r sin(θ)eiφ

ζ = x− iy = r sin(θ)e−iφ

t � � � z

¦ `
f
VPOKH:Z�QTie]^cMQTjN`pW�isV�VIc

(x, y, z)
W�ibQTY=O���O�VIY�W.Z�QTie]_cMQTjN`pW�isV�VIc

(ζ, ζ, z)
VIH2QTc¤W�J\Y�W

f(ζ, ζ, z) =
∑

buvwζ
uζ

v
zw t � � � z

d9VIipW,cMQTJMO�L\QTc\cPVRJ\cPV�V|mVZ\Y�VPO=OK`bQTcnLaV
f
VIc�dPQ_QTY=L\QTc\cMF9VPO�OKZ\[MFIYK`ba^JPVPO

(r, θ, φ)
LaVXipWA�vQTYKj�V �

f(r, θ, φ) =
∑

mvw

bmvwr
m+2v+w sinm+2v(θ) cosw(θ)eimφ t � � � z

W~�pVPd
m = u− v

�

,�-/.0-/. 354�6 �'� 8���:=� <����;>@?��
f
:=������>

φ

C�W,�vQTcMdIHK`bQTcMO
f
Z�VIJ\H2L\QTcMdXO�V�j�VIHKHKY�VALaV	��WT�PQTc�fhFIcMFIY�W�isVkO=QTJMO:ipW.��QTYKj�V �

f(r, θ, φ) =
∑

m

cm(r, θ)eimφ t � � �~¢ z

W~�pVPd
cm(r, θ) =

∑
vw bvwr

m+2v+w sinm+2w(θ) cosw(θ)
��®�VPOXLV`���FIY�VIc�H=OAdPQiV%$�dI`sVIc^H=OkO�VIY=QTc^H

HKY=QTJ\�hFPO	¡,isD¨W�`bLaVXLaV�HKY�W�cMO7��QTYKj�F9VPO�LaVVOMQTJ\YKYK`sVIY~�

,�-/.0-�� 354�6 �'� 8���:=� <����;>@?��
f
:=������>

θ

¦ VIibQTcna^JPV�j*O=QT`eH:ZlW�`eYoQTJ�cMQTc�cMQTJMO2Z�QTJ\�hQTcMO2LV`bOKHK`ec\f�JPVIY � d~WTO �
��� Ç�Í
	 Ê'Ç��ÛË W�ibQTY=O

m = 2p
VIH2QTc¤WNW�ibQTY=O �

sinm+2v(θ) cosw(θ) = sin2(p+v)(θ) cosw(θ)

= (1 − cos2(θ))p+v cosw(θ)

=
∑p+v+w

l=0 αl cos(lθ)

t � � � � z

VIH2QTcnZVIJ\H�W�ibQTY=OoL\FPdPQTjNZ�Q�O�VIY�ipW,L\FIZVIcMLMW�cMd9V-VIc
θ
O�VIibQTc�J\cPVRSlWTO�VRLaV

cos(lθ)
�

��� Ç�Í
	��	 Ê�Ç��EË W�ibQTY=O
m = 2p+ 1

VIH�QTcxWNW�ibQTY=O �
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sinm+2v(θ) cosw(θ) = sin2(p+v)+1(θ) cosw(θ)

= sin(θ)(sin2(p+v)(θ) cosw(θ)

= sin(θ)(
∑p+v+w

q=0 αq cos(qθ))

=
∑p+v+w

l=0
αl

2 (sin((1 + l)θ) + sin((1 − l)θ))

t � � ��� z

VIH�QTc�Z�VIJ\H�W�ibQTY=O�L\FPdPQTjNZ�Q�O�VIY�d9VIHKH�V2��QT`bOEdI`8ipWRL\FIZVIcMLMW�cMd9V~VIc
θ
O�VIibQTc�J\cPV2SlWTO�V2LaV

sin(lθ)�Ec�Y=FPOKJ\j�F
f
ZVIJ\HoO�V�j�VIHKHKY�VXO=QTJMO:ipWA��QTYKj�VXOKJ\`e��W�c�H�V �
{
f =

∑
lm dlm(r) cos(lθ)eimφ pour m pair

=
∑

lm dlm(r) sin(lθ)eimφ pour m impair

t � � � ©hz

qgW�`bONdPQTjNj�V�cMQTJMO,isD¨WP�hQTcMO��^J§`ei:O�VIY�W�`eH,Z\Y=F|�vFIY�W�S\isV�LaV�L\FPdPQTjNZ�Q�O�VIY
f
O�VIibQTc J\cPV�SlWTO�VuLaV

Z�QTie]_cUTTj�VRLaVRC:VIfpVIcMLVY�VkZ�QTJ\Y2OK`ejNZ\ie`�¬$VIY:ipWNY=FPO=QTieJ\HK`bQTc�L�DGFPa�JlW�HK`bQTcMOoLaV+��QT`bO�O=QTc��7�oc�L\FPdPQTjNZ�Q�O�VRZ�QTJ\Y
d9VIipW�LMW�cMORJ\cgZ\Y�VIjN`sVIYXH�VIjNZMORcMQTHKY�V,��QTcMdIHK`bQTcg��O�VIibQTc�ipWuSlWTO�VNLaV OMQTJ\YKYK`sVIYkZ\J\`bO�ZlW�YRJ\c«d�[lW�c\fpVIj�VIc�H
LaV�SlWTO�VRcMQTJMO:ipW,L\FI�pVIibQTZ\Z�QTcMO	OKJ\Y:ipW.SlWTO�VXLaVRC:VIfpVIcMLVY�VkcMQTYKj�W�ie`bO=F9V��

 Ì¥È��jÉ �ÛÌ¥È'Í������E���l�OÈ���Ë��9È'Ì¨Ë 	 Ç����ÛÍ	���;Í

y�F|¬Mc\`bO=O�QTcMO�H=QTJ\H�L�D¨W�S�QTY=L¥ipWxSlWTO�V�LaVPO��vQTcMdIHK`bQTcMO�LaVnC:VIfpVIcMLVY�V�cMQTYKj�W�ie`bO=F9VndPQTjNj�VnFIH�W�c�H
isD¤VIcMO�VIjkS\isVALaVPO

P̃m
l (cos(θ)) = αmlP

m
l (cos(θ))

t � � � #^z
W~�pVPd

αml =

√
(2l + 1)(l −m)!

2(l +m)!

t � � � &hz

VIH

Pm
l (cos(θ)) = (−1)m(1 − cos2(θ))m/2 d

mPl(cos(θ))

d cos(θ)m

t � � � �hz

yRW�cMO�d9VIHKH�V�LaVIYKc\`b�IY�VnFPa^JlW�HK`bQTc
Pl

VPOKH�isV�Z�QTie]_cUTTj�V�LaV�C:VIfpVIcMLVY�V�VIH
Pm

l

VPO=H�ipW¤�vQTcMdIHK`bQTc
WTO=O=Q_dI`bF9VRLaVRC:VIfpVIcMLVY�V��

  �pVPdXd9VPO2L\F|¬Mc\`eHK`bQTcMOoQTc¤W,L\QTcMd
∫ π

0
P̃m

l (cos(θ)) sin(θ)dθ = 1
t � � � � z

VIH
∫ π

0
P̃m′

l′ (cos(θ))P̃m
l (cos(θ)) sin(θ)dθ = δll′δmm′

t � � �~� z


 Ç¤É�Ë ���h�x���¢Ê�Ç�Í�Í�Ç��8�¤���
cos(jθ)  P̃m

l (cos(θ))
Ê�Ì��'Ë
	 Ê�Ç��ÛË

QTcnZVIJ\H2L\FI�pVIibQTZ\Z�VIY
cos(jθ)

VIcnfhFIcMFIY�W�i�LaVRipWA�sWT�PQTcnOKJ\`e��W�c�H�V �

cos(jθ) =

N−1∑

l=m

Am
jl P̃

m
l (cos(θ))

t � � � � z

W~�pVPdXisV�cMQTjAS\Y�VkLaVRZ�QT`ec�H=O2LaVkdPQTieibQ^d~W�HK`bQTcvVIc^HKY�V
[0,Π]
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C:VPOoLV`���FIY�VIc^H=O�dPQgV%$�dI`sVIc�H=O

Am
jl

O~D¤V|m_Z\YK`ej�VIc^HoLaV�ipW.�sWT�PQTcnOKJ\`e��W�c�H�V �

Am
jl =

∫ π
0 cos(jθ)P̃m

l (cos(θ)) sin(θ)dθ

=
∫ 1
−1 Tj(x)P̃

m
l (x)dx

t � � ��¢ z

®�QTjNj�V�isVEj�QTc�HKY�V�isDGFPa�JlW�HK`bQTc.Z\Y=FPdPFPLaVIc�H�V�`eiyVPOKH�FIf�W�isVIj�VIc�H4Z�Q�O�OK`eS\isVEL�D J\HK`eie`bO�VIY�isVPO�Z�QTie]^cUTTj�VPO
LaVk�d=[PVIS^]_d�[PVI���

 Ç¤É�Ë � ���¤���«Ê�Ç�Í�Í�Ç��8�¤���

P̃m
l (cos(θ))  cos(jθ)

Ê�Ì��'Ë
	 Ê�Ç��ÛË
y�V�ipW,j SIj�VRj�W�c\`b�IY�VkQTc¤W

P̃m
l (cos(θ)) =

N−1∑

j=0

Bj
lm cos(jθ)

t � � � � z

qgW�`bO�d9VIHKH�V���QT`bOEdI`MisD¤VIcMO�VIjkS\isV	LaVPO
cos(jθ)

cPV:�vQTYKj�VIc^H�ZlWTOEJ\cPV2SlWTO�V2QTYKHK[MQTcMQTYKj�W�isV	LaV:Z�QT`bL\O
� ��� i��sW�J\H2L\QTcMdRisVPO:cMQTYKj�W�ie`bO�VIY~� �ocnW

∫ π

0
cos(jθ) cos(j ′θ)dθ =

π

2
(1 + δ0j)δjj

t � � � � z

C:VPOodPQiV%$�dI`sVIc^H=O
Bj

lm

O�VRd~W�ibdIJ\isVIc�H	L\QTcMdXLaV�ipWNO=QTYKH�V �

Bj
lm = (

2−δ0j

π )
∫ π
0 P̃m

l (cos(θ)) cos(jθ)dθ

= (
2−δ0j

π )
∫ 1
−1 P̃

m
l (x)Tj(x)

dx√
1−x2

t � � � ©hz

� dI`�W�JMO=OK`�`ei�VPOKHRZ�Q�O=OK`eS\isVNL�D J\HK`eie`bO�VIYXisVPORZ�QTie]^cUTTj�VPOALaVN�d=[PVIS^]_d�[PVI�«Z�QTJ\Ykd~W�ibdIJ\isVIYkd9VPOXdPQgV|� r
¬ldI`sVIc^H=O~� ��QTJ\YRisV.d~WTOoj `ejNZlW�`eY~{�isVPO	j�W�HKYK`bd9VPO�LaVkZlWTO=O�W�fpVAO�VIY=QTc^HRd~W�ibdIJ\ibF9VPORLaVkipW�j SIj�VX�sWT�PQTc�� �ocgW
L\QTcMdXJ\cPVXL\FPdPQTjNZ�Q�O=`eHK`bQTc�¬MclW�isVXLaV

f
a^J\`�O�V�j�VIHKHKY�WNO=QTJMO:ipW,�vQTYKj�V �

f =
∑

lm

elm(r)P̃m
l (cos(θ))eimφ =

∑

lm

elm(r)
√

2πYlm(θ, φ)
t � � � #^z

QT�
Ylm(θ, φ)

O�QTc�H4isVPO�[lW�YKj�QTc\`ba�JPVPOEO=Z\[MFIYK`ba�JPVPO�O=QTieJ\HK`bQTcMO�LaV�isDGFPa^JlW�HK`bQTc�W�JVmA��W�isVIJ\Y=O�Z\Y=QTZ\Y�VPO
∆Ylm(θ, φ) = ElmYlm(θ, φ)

�hyRW�cMO�d9VIHKH�VoFPa�JlW�HK`bQTc
∆
VPOKH�isDGQTZ�FIY�W�H�VIJ\Y�ipW�Z\ipWTdI`sVIcuFPdIYK`eH�VIc�dPQ^QTY=L\QTc\cMF9VPO

O=Z\[MFIYK`ba�JPVPOoOKJ\Y:ipWNOKZ\[M�IY�VRLaVRY�W~]hQTc�J\c\`eH=F��   `ecMOK`�J\cPVRFPa^JlW�HK`bQTcnLaV ��QT`bO=O=QTcnLaVXH ]_ZV �
∂2f

∂r2
+

2

r

∂f

∂r
+

1

r2
(
∂2f

∂θ2
+

cos(θ)∂f

sin(θ)∂θ
+

∂2f

sin2(θ)∂φ2
) = S(r, θ, φ)

t � � � &hz

O�V�j�VIHKHKY�W�O=QTJMO:ipW.��QTYKj�V �

(
d2

dr2
+

2

r

d

dr
− l(l + 1)

r2
)elm(r) = Slm(r)

t � � � �hz
� i4Y�VPOKH�VN¡�Y=FPO�QTJMLVY�VAisDGFPa^JlW�HK`bQTc�Z\Y=FPdPFPLaVIc�H�V�VIcgL\FPdPQTjNZ�Q�O�W�c^HXisVPO

elm(r)
OKJ\Y�J\cPV.SlWTO�VNWTL\F|r

a^JlW�H�V��
,�-/.0-�� 354�6 �'� 8���:=� <����;>@?��

f
:=������>

r
C�W,�vQTcMdIHK`bQTc

f
O�VIY�W,L\FPdPQTjNZ�Q�O=F9VXO�VIibQTcnY2OKJ\Y:ipW.SlWTO�VRLaVPO2Z�QTie]_cUTTj�VPO2LaVR�d�[PVIS�]Vd=[PVI���7��QTJ\Y

U:ZlW�`eY2isVPO
elm(r)

O�VIY=QTc�H:��QTcMdIHK`bQTc¤LaVXZ�QTie]_cUTTj�VPO2ZlW�`eY=OWVIH2Z�QTJ\YEU�`ejNZlW�`eY	d9VPO�dPQgV%$�dI`sVIc�H=O	L\FIZVIcMLVY=QTc^H
O�VIJ\isVIj�VIc�HoLaV�Z�QTie]_cUTTj�VPO2`ejNZlW�`eY=O~�l®�VIHKH�VXL\FPdPQTjNZ�Q�OK`eHK`bQTc¤Y�WTLV`pW�isVRZVIYKj�VIH2LaVXHKY�W�cMO7�vQTYKj�VIY�isD¤VPa�JlW�HK`bQTc
LV`���FIY�VIc�HK`sVIieisV�Z\Y=FPdPFPLaVIc^H�V�VIckJ\cAOK]VOKH=�Ij�V�ie`ecMF~W�`eY�V�OKJ\Y�isVPO�dPQiV%$�dI`sVIc^H=O�Y�WTLV`pW�JVm�{�Z\Y�VIclW�c�H4O=QTJ\�pVIc�H4O=QTJMO�ipW
��QTYKj�V	L�D J\cPV�j�W�HKYK`bd9V�¡RSlW�cMLaVPORt Y�VIipW�HK`bQTcMO�LaV2Y=FPdIJ\YKY�VIcMd9V	`ec\`eHK`pW�ie`bO=F9VPO�ZlW�Y�isVPO�dPQTcMLV`eHK`bQTcMO:W�JVm�ie`ejN`eH�VPO�z|�
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,�-/.0-�� � >;< 4 ��� <�?���:²� 4 < L��
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C¸VNZ\Y�VIjN`sVIYAWP��W�c�H�W�fpV�LaVPOXL\FPdPQTjNZ�Q�OK`eHK`bQTcMOkOKZ�VPdIHKY�W�isVPORHK`sVIc^HkLMW�cMORisVIJ\YkFPdPQTcMQTjN`sV�LaVNLaVIf�Y=F

LaVnie`eS�VIYKH=F�����c´V|��VIHuZ�QTJ\YuJ\c c\`e�pV~W�J LaVnZ\Y=FPdI`bOK`bQTc L\QTc\cMFgLMW�cMOuipW�O�QTieJ\HK`bQTc HKY=QTJ\�hF9V�{�J\c cMQTjkS\Y�V
j�QT`ecMO�f�Y�W�cMLuLaV�LaVIf�Y=F�LaVoie`eSVIYKH=F�VPOKH�Y�VPa�J\`bO�a^JPVoLMW�cMO�isV	d~WTO�LaV�LV`���FIY�VIcMd9VPO�¬Mc\`sVPO�ZlW�Y&V|m<VIjNZ\isV�� ��ieJMO
Z\Y=FPdI`bO=FIj�VIc�H~{McMQTJMO�Z�QTJ\�hQTcMO:LV`eY�V�a^J�D¨WP�pVPd�isVPO�j�FIHK[MQ_LaVPO:OKZVPdIHKY�W�isVPO�isV	cMQTjAS\Y�VXLaV	Z�QT`ec^H=O:OKJ\Y�ipWkf�YK`eieisV
VPOKH2Y=FPLVJ\`eH	L�D J\c��sWTdIH�VIJ\Y &,ZlW�YoJ\c\`eH=FkL�D¤VPOKZlWTd9V���®�VIipWN�pVIJ\HoLV`eY�VAa�JPVkLMW�cMO�isVXd~WTOoL�D J\c¤OK]VOKH=�Ij�Vk©Ty,{lisV
cMQTjkS\Y�V,LaV.Z�QT`ec^H=O�OKJ\YoipW�f�YK`eieisV¯VPOKH	Y=FPLVJ\`eH�L�D J\cx�sWTdIH�VIJ\Y ��� &V��C:V.LaVIJVmV`b�Ij�V,W~�TW�c^H�W�fpV,Y=FPOK`bLaV,LMW�cMO	isV
d=[MQT`�m�LaVPO�dPQ_QTY=L\QTc\cMF9VPOoisVPO:jN`sVIJVm¤WTLMW�Z\H=F9VPOo¡,cMQTHKY�VkZ\Y=QTS\ib�Ij�VXZ�QTJ\Y�FI�_`eH�VIY2isVPO�OK`ec\f�J\ipW�YK`eH=FPO�Z�QTJ\��W�c�H
SIHKY�V�Z\Y=FPO�VIc�H�VPO	LMW�cMO:J\cnO=]_OKH=�Ij�VRL\QTc\cMF��

C¸VPORFPa�JlW�HK`bQTcMO6VIieie`eZ\HK`ba^JPVPO6VIHoZlW�Y�W�S�QTie`ba^JPVPORO=QTc�HXWTLMW�Z\H=F9VPOX¡�J\c¤HKY�W�`eH�VIj�VIc^HXZlW�Y�j�FIHK[MQ^LaVPO
OKZ�VPdIHKY�W�isVPO~��®�VIZVIcMLMW�c^HnLaVgS�QTcMO�Y=FPOKJ\ieH�W�H=O�O=QTc^H�FIf�W�isVIj�VIc�HnZ�Q�O=OK`eS\isVPO�Z�QTJ\Y�LaVPO�FPa^JlW�HK`bQTcMO�[�]_Z�VIY7r
S�QTie`ba^JPVPO	OK`4W�JMdIJ\cPV,LV`bO=dPQTc^HK`ec�J\`eH=F,c�D¤VPOKH	Z\Y=FPO�VIc^H�VNLMW�cMOoipW�O=QTieJ\HK`bQTc���yRW�cMO�isV.d~WTO�L�D J\cPV,O=QTieJ\HK`bQTcgcMQTc
dPQTc�HK`ec^JPV�{�`eigVPOKH�W�ibQTY=O�Z�Q�O=OK`eS\isVEL�D¨W�UKQTJ\H�VIY�J\cPV��^`bO�dPQ�OK`eH=F�OKZ�VPdIHKY�W�isV�W�YKHK`�¬ldI`sVIieisV�Z�QTJ\Y�QTS\H�VIc\`eY�J\cPV�O=QTieJ\HK`bQTc
Z\ieJMO	ie`bO=O=F9V��ly,D¨W�J\HKY�VPO�j�FIHK[MQ_LaVPO	c�J\j�FIYK`ba^JPVPORdPQTjNj�VAisVPO�O=QTie�pVIJ\Y=O�LaV.£2`sVIj�W�c\cgQTc�HRFIH=F.L\FI�pVIibQTZ\Z�F9VPO
Z�QTJ\YAHKY�W�`eH�VIY.d9V�fpVIc\Y�VuLaV�LV`bO=dPQTc^HK`ec�J\`eH=F���yRW�cMOAisV�d~WTOAY�VIipW�HK`e�^`bO=H�V�QT��isDGQTc L\QT`eH.Y=FPO=QTJMLVY�VuOK`ejkJ\ieH�W�cMF|r
j�VIc�H�LaVPO�FPa�JlW�HK`bQTcMO�VIieie`eZ\HK`ba�JPVPO�dPQTJ\Z\ibF9VPO�¡RLaVPO�FPa�JlW�HK`bQTcMO�[�]_ZVIYKS�QTie`ba�JPVPO}{�J\cPV:S�QTc\cPV2OKHKY�W�H=FIf�`sV�O�VIY�W�`eH
L�D J\HK`eie`bO�VIYRisVPO�j�FIHK[MQ_LaVPOROKZVPdIHKY�W�isVPOXZ�QTJ\Y�isVPORFPa^JlW�HK`bQTcMO�VIieie`eZ\HK`ba�JPVPOkdPQTcTU7QT`ec^H�VIj�VIc�H.¡uLaVPO�H�VPd�[\c\`ba�JPVPO
SlWTO=F9VPO:OKJ\Y2LaVPO2O�QTie�pVIJ\Y=O:LaVR£2`sVIj�W�c\c�Z�QTJ\Y:isVPO:FPa�JlW�HK`bQTcMO2[�]_ZVIYKS�QTie`ba�JPVPO�QT��LaVPO2LV`bO=dPQTc�HK`ec^J\`eH=FPOoLMW�cMO
isVPO2O=QTieJ\HK`bQTcMO:Z�VIJ\�pVIc�H�W�Z\ZlW�Y�W��bHKY�V���®�VIHKH�VRH�VPd�[\c\`ba�JPV-VPOKH�W�Z\Z�VIibF~ìðÕQØ Ú Õ�� Ò � Ò � Ñ Õ Ú ÓEÓªÕ	� Ò �I�
,�-/.0-�
 � ��� � ��� � B �=<��� ?��'� ���2>���:

C¸VPORj�FIHK[MQ^LaVPORO=ZVPdIHKY�W�isVPO�cPV,Y=FPO=QTie�pVIc^HXd9VIZVIcMLMW�c^HXZlWTO�H=QTJMO�isVPO�Z\Y=QTS\ib�Ij�VPOkdPQTjNjAJ\cMOkW�JVm
LV`���FIY�VIc^H�VPO2j�FIHK[MQ_LaVPO2c^J\j�FIYK`ba�JPVPO~�8��c�ZlW�YKHK`bdIJ\ie`sVIY �

� ��ieisVPOkcPV�O=QTc�H�V%$�d~WTd9VPOAa^JPVNibQTY=O=a^JPV�isVPOAdPQTcMLV`eHK`bQTcMONW�JVmgie`ejN`eH�VPO.O=QTc^HkS\`sVIc�dPQTc\c^JPVPO~�
�oY
`bdI`s{iVIieisVPO�cPV�isV	O=QTc^H�a^J�D¨¡XisD `ecV¬Mc\`s� � iM�sW�J\H�L\QTcMd�WP�hQT`eY2WTdPdP�PO�LV`eY�VPdIH�VIj�VIc^H�¡

r → ∞ {�cMQTc¶VIc
H�W�c�H�a^JPVRie`ejN`eH�V�{\j�W�`bO2LMW�cMO�ipW.f�YK`eieisV�VIieisVRj SIj�V��

� y.D¨W�J\HKY�V�ZlW�YKH~{�j SIj�VuOK`�cMQ�OAL\FI�pVIibQTZ\Z�VIj�VIc�H=ONFIH�W�`sVIc^HA`ecV¬Mc\`bO~{�J\c�V|�=VIHkZlW�Y�WTO=`eH�V�LaV�cMQTc
dPQTc��pVIYKfpVIcMd9V�OK`ejNZ\isV�{�LV`eHK×¨Þ¤á � ÐQÑ ä�� Ò � Ò ê Ú�â�â ��Z�VIJ�W�Z\ZlW�Y�W��bHKY�V^VIcgd~WTORLaV.LV`bO=dPQTc^HK`ec�J\`eH=F
LMW�cMORisVPO���QTcMdIHK`bQTcMOka^JPV,isDGQTc«L\FPOK`eY�V�W�Z\Z\Y=Q_d=[PVIY~��®�V,Z\[MFIcMQTj��IcPVuW�Z\ZlW�Y�W��bHAO=QTJ\�pVIc^H�VIc�HKY�V
isD `ec�H=FIYK`sVIJ\YWVIH�isD¤V|m_H=FIYK`sVIJ\Y�LaVXisDGFIH=QT`eisVk¡.cPVIJ\HKY=QTcMO~�l�EcnQTJ\HKY�V�{lW�ibQTY=O2a^JPVRisD¤VIYKY�VIJ\Y�LMW�cMO:isD¨W�ZVr
Z\Y=QPmV`ej�W�HK`bQTc L�D J\cPV���QTcMdIHK`bQTc C∞ ��W�YK`sV VIc

e−N QT�)T VPOKHNisV�d~W�Y=LV`eclW�ioLaV�ipWxSlWTO�V�{¬VIieisV
cPVAL\FPdIY=Q��bH	Z\ieJMOoa^J�D¤VIc

N−(p+1) LMW�cMO�isV.d~WTOoL�D J\cPVk��QTcMdIHK`bQTc Cp � �oc�W�L\QTcMdA`ec�H=FIY SIHX¡�O�V
L\FISlW�YKY�WTO=O�VIY�L�D J\cPVRj�W�c\`b�IY�VAQTJ�L�D J\cPVkW�J\HKY�VXLaVXd9VPO�LV`bO=dPQTc�HK`ec^J\`eH=FPO~�

C�D `ec�HKY=Q_LVJMdIHK`bQTc�LaV�Z\ieJMOK`sVIJ\Y=O.L\QTj�W�`ecPVPO.ZVIYKj�VIH.LaV�Y=FPLVJ\`eY�V�isD `ejNZlWTdIH.LaV�d9VPOkZ\[MFIcMQTj��IcPVPO~�
C�Wnie`ejN`eH�V¶VIc^HKY�V�LaVIJVm L\QTj�W�`ecPVPONLaV�ipWnf�YK`eieisV�Z�VIJ\H SIHKY�V�Z\ipWTdPF9V�isV�ibQTc\fxLVJ S�QTY=L LaV�isDGFIH=QT`eisV�{�d9Vua^J\`
ZVIYKj�VIH:L�DGFI�_`eH�VIY:isVPO�Z\Y=QTS\ib�Ij�VPO2LaVRdPQTc��pVIYKfpVIcMd9V��lCED¨WTdPd9VPO=OK`eS\`eie`eH=Fk¡AisD `ecV¬Mc\`:VPOKH&VIcMOKJ\`eH�VXWTO�OKJ\Y=F9V	ZlW�Y:J\c
d=[lW�c\fpVIj�VIc^H.LaVN��W�YK`pW�S\isV�VIc

1/r
LMW�cMOXipW��~QTcPV�ipW�Z\ieJMO�V|mVH�VIYKcPV�� ��ieJMOXZ\Y=FPdI`bO�FIj�VIc�H~{�QTc«L\F|¬Mc\`eHkHKY=QT`bO

�~QTcPVPO:Y�WTLV`pW�isVPO2Z�QTJ\Y2cMQ�O2O=`ejkJ\ipW�HK`bQTcMO~�
� C�W�Z\Y�VIjN`b�IY�V¤O~DGFIH�VIcML�LVJ d9VIc�HKY�VnLaVnisDGFIH=QT`eisV¤¡�O�W�OKJ\Y7�sWTd9V�ibQTY=O=a^J�D¤VIieisVvVPOKH�O=J $�O�W�jNj�VIc�H
Z\Y=Q^d�[PV�LaV�ipWxOKZ\[M�IY�V���yRW�cMONd9VIHKH�V��~QTcPV�{4ipW¤�TW�YK`pW�S\isVum LaVPO

Tn
VPO=H.Y�VIie`bF9V�W�J§Y�WP]hQTc�ZlW�Y

r = Rx
WP�pVPd

0 ≤ x ≤ 1
VIH�QT��isDGQTc�Y�VPOKHKY�VI`ec�H�isD `ec�H�VIYK��W�ieisVWVIc�m,Z�QTJ\Y�LaVPO�Y�W�`bO=QTcMO�LaV:ZlW�YK`eH=F��

� C�WNO�VPdPQTcMLaVXO}DGFIH�VIcML�LaVRipWNOKJ\Y7�sWTd9VX¡,isD¤VIc^�^`eY=QTc\cPVIj�VIc^HoZ\Y=Q_d=[PVALaVRisDGFIH=QT`eisV�� � dI`s{\ipW.�TW�YK`pW�S\isV
m�L\FPdIYK`eH2H=QTJ\H�isD `ec�H�VIYK��W�ieisV

[−1, 1]
VIH2QTc¤W

r = R(1 + x)/2
�

� C�WRLaVIYKc\`b�IY�V2LV`eH�Vo� Ð � ÒLßsÐQÑ ×¤Õ ß Ü Ú ÿ�á Ò {_O~DGFIH�VIcML�U7JMO=a�J�D¨¡	isD `ecV¬Mc\`l`ecMdIieJMOEf�Y��Td9V�W�J�d�[lW�c\fpVIj�VIc�H
LaV��TW�YK`pW�S\isV

r = R/x
W~�pVPd

0 ≤ x ≤ 1
�

C¸VPO�FPa^JlW�HK`bQTcMO�O=QTc�H�L\QTcMd�Y=FPO�QTieJPVPO�O=FIZlW�Y=FIj�VIc^H:OKJ\Y�d9VPO�HKY=QT`bO�L\QTj�W�`ecPVPO}�_C¸VPO�dPQTcMLV`eHK`bQTcMO:W�JVm
ie`ejN`eH�VPO�O=QTc^H�Z\Y=QTZlW�fhF9VPO�LaVIZ\J\`bO�isD `ecV¬Mc\`8ZlW�YEisD¤V|mV`efpVIcMd9V�LaV�dPQTc^HK`ec�J\`eH=F�LaVPO���QTcMdIHK`bQTcMO¬VIH�LaV2isVIJ\Y�L\FIYK`e�hF9VPO
Y�WTLV`pW�isVPOoW�JVm�S�QTYKcPVPO�LaVPO2L\QTj�W�`ecPVPOod9VRa^J\`�f�W�Y�W�c�HK`eHoisD J\c\`bdI`eH=FkLaVPO2O�QTieJ\HK`bQTcMO~�

C¸VAZ\YK`ecMdI`eZ�V.LaVAC��	£o��T	� FIH�W�c�H�Z\Y=FPO�VIc�H=F�{�`ei�cMQTJMO	Y�VPOKH�Vkj�W�`ec^H�VIclW�c�HA¡�L\FPdIYK`eY�VAisD¤VIcMO�VIjkS\isV
LaVPO�FPa�JlW�HK`bQTcMO2¡kipWASlWTO�VoLaV	cMQTHKY�V�OK`ejAJ\ipW�HK`bQTc��\y�W�cMO�J\cPV	Z\Y�VIjN`b�IY�V�ZlW�YKHK`sV�{�U¦VoZ\Y=FPO�VIc^H�VIY�W�`�LaVoj�W�c\`b�IY�V
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fhFIcMFIY�W�i4isVk�vQTYKj�W�ie`bO=j�V,©�� � ¡�ipW�SlWTO�VALaVPO�FPa�JlW�HK`bQTcMO~��®�VPdI`4O�VIY�W�OKJ\`e�^`�ZlW�YoJ\cPV.LaVPO=dIYK`eZ\HK`bQTc�L\FIH�W�`eieibF9V
LaVPOoFPa�JlW�HK`bQTcMO�LaVAª�£�qxw	y J\HK`eie`bO=F9VkLMW�cMO:cMQTHKY�VXj�Q_L\�IisV��

����� ��<�� :3 � �2;=5 	 � <���� � <�- 3�<�;=��685=/�5K681 B21�-.143���;=<

CED `ec^H=FIY SIH�LVJkZ�QT`ec�H4LaVE�_JPV�©�� � LaV�ipW:Z\[^]_OK`ba^JPVEY�VIipW�HK`e�_`bOKH�V�VPOKH�ie`bF�¡:ipW:f�Y�W�cMLaV�OK`ejN`eie`eHKJMLaV�WP�pVPd
isVPORFPa^JlW�HK`bQTcMOXLaV.ipWuZ\[�]VOK`ba^JPV,dIipWTO=OK`ba^JPV����Ec�V|��VIH~{=VIcx��QTYKj�W�ie`bOKj�V�©�� � {�isV.Y=F|�vFIY�VIc^HK`sVIi¬VPOKZlWTd9V|rsH�VIjNZMO
(t, r, θ, φ)

Z�VIJ\H SIHKY�VNO�FIZlW�Y=F^VIc�[�]_ZVIYXOKJ\Y7�sWTd9VPOXLaV.H ]_Z�V^VPOKZlWTd9V�¡�©uLV`ej�VIcMOK`bQTcMO
(r, θ, φ)

W�JVm\a�JPVIieisVPO
isD¨W�maV�L�DGFI�hQTieJ\HK`bQTc�H�VIjNZ�QTY�VIieisV�H�VPOKHNZ�VIYKZ�VIcMLV`bdIJ\ipW�`eY�V���C:VPON[^]^Z�VIY�OKJ\Y7�sWTd9VPO�O=QTc^H�d~W�Y�WTdIH=FIYK`bO=F9VPO�ZlW�Y�H
dPQTcMO=H�W�c�H~� ¦ J\Y�d9VPO�[�]_Z�VIY=OKJ\Y7��WTd9VPO}{~isVPO��TW�isVIJ\Y=O�LaV�H=QTJ\H�VPO�isVPO�f�Y�W�cMLaVIJ\Y=O�tvLaVIcMO=`eH=F�{Gd=[lW�YKfpV�{ �_`eH�VPO=O�V�{Gd=[lW�jNZMO
FIisVPdIHKYK`ba^JPVPO�VIH�j�W�f�cMFIHK`ba^JPVPO�z�O�QTc�H�L\F|¬Mc\`sVPO~���W�cMLV`bOua^JPV�isD¨W�m<VnH�VIjNZ�QTY�VIi	L\QTc\cPV�isDGFI�hQTieJ\HK`bQTc LaVnd9VPO
f�Y�W�cMLaVIJ\Y=O}{�ipW�O=FIZlW�Y�W�HK`bQTc�VIc�HKY�V�ipWuZlW�YKHK`sV�OKZlW�HK`pW�isVnt isD¤VPOKZlWTd9V�W�SMO=QTieJPV�W�J�O�VIcMOXf�W�ie`eibF9VIc8z6VIHRipW�ZlW�YKHK`sV
H�VIjNZ�QTY�VIieisV�Z�VIYKj�VIH�isD `ec^HKY=Q^LVJMdIHK`bQTc�L�D J\c�Y=F|��FIY�VIc�HK`sVIi�OKZlW�HK`pW�i�d~W�YKH=FPOK`sVIc�ibQ_d~W�i�W�Z\Z�VIibF O � y � Z�QTJ\Y
	 Ú � �Oàß?Ú ÕQÓ�ø â � Ò ØqÖ Ò ØI��O � y � VPOKHXL\F|¬Mc\`�dPQTjNj�V�isDGQTSMO�VIYK��W�H�VIJ\YkibQ_d~W�i�W�J«Y�VIZ�Q�OkLMW�cMORisVNY=F|��FIY�VIc�HK`sVIi�VIc�d�[�J\H�V
ie`eS\Y�VRW�J\H=QTJ\Y�LVJ�HKY=QTJ�cMQT`eY�LaV ¦ d�[���W�Y �~O=d=[\`eibL�tKtv�[MQTYKcPV � � � � zKz|� � i VPOKH�L\F|¬Mc\`=VIc�d=[lWTa^JPV	Z�QT`ec^H

(r, θ, φ)ZlW�Y�isVPO��pVPdIH�VIJ\Y=O:LaV�SlWTO�VoQTYKHK[MQTfhQTclW�JVm −→
(er,

−→eθ ,−→eφ)
�_C:VoH�VIjNZMO:LMW�cMO�isVoY=F|��FIY�VIc�HK`sVIi O � y � VPOKH�isVoH�VIjNZMO

Z\Y=QTZ\Y�V
τ
j�VPOKJ\Y=F�ZlW�Y�isD [MQTYKibQTfpV�ibQ_d~W�isV:LVJ O � y �.�Ty�W�cMO4isVRO � y+�.{�isD¨W�maV�H�VIjNZ�QTY�VIiPVPOKH4H=QTJTUKQTJ\Y=O�Z�VIYKZVIcVr

LV`bdIJ\ipW�`eY�V,W�JVm�[�]_ZVIY=O=J\Y7��WTd9VPOoOKZlW�HK`pW�isVPO~�MC�WNY�VIipW�HK`bQTc�VIc�HKY�VAisVRH�VIjNZMO�Z\Y=QTZ\Y�VkLVJ�O � y+�.{
τ
VIH�isVRH�VIjNZMO

J\c\`e�pVIY=O�VIi�H.VPOKH:ipWNO=J\`e�TW�c^H�V �

dτ

dt
= N

t � � ��� z

QT�^TjVPOKH�ipW��vQTcMdIHK`bQTc,ipW�ZMO�V��h®�VIHKH�V�cMQTHK`bQTcNO�VIY�W2Z\Y=FPO�VIc�H=F9V�Z\ieJMO³VIcNL\FIH�W�`eibO�LMW�cMO4isV�ZlW�Y�W�f�Y�W�Z\[PV
O=J\`e�TW�c^H~��C:VnY�VIZ��IY�V O � y �2VPO=HuW�`ecMOK`	L\FIH�VIYKjN`ecMF¤dPQTjNZ\ib�IH�VIj�VIc^H�LMW�cMO�isV��vQTYKj�W�ie`bOKj�V

3 + 1
ZlW�Y�isVPO

�pVPdIH�VIJ\Y=O�LaVkSlWTO�VXQTYKHK[MQTfhQTclW�JVm
(−→et−→er ,−→eθ ,−→eφ)

�lC�WNY�VIipW�HK`bQTc � � ��� cMQTJMOoZVIYKj�VIH	LaVkL\FPLVJ\`eY�VAJ\cPVAW�J\HKY�V
O=`ef�c\`�¬ld~W�HK`bQTc«Z\[�]VOK`ba^JPVNLVJg��WTdIH�VIJ\YXLaVNdPQTJ\YKS\J\Y�VNLaV,isD¤VPOKZlWTd9V^T.� � i³VPO=H	isV,H�VIjNZMO�Z\Y=QTZ\Y�V�a�J\`�O~DGFPdPQTJ\isV
LMW�cMO O � y ��ibQTY=O=a^J�D `ei�O~DGFPdPQTJ\isVRJ\cPV�J\c\`eH=FkLaVRH�VIjNZMO2LVJ�H�VIjNZMO�J\c\`e�pVIY=O�VIi

t
�

,�-��0- 1 � � 8 :u���U< : Lo� E�<
¦ `�QTcgL\F|¬Mc\`eHRZlW�Y −→n isV,d=[lW�jNZ«LaVA�pVPdIH�VIJ\Y=O�cMQTYKj�W�JVmgW�JVmxO=J\Y7��WTd9VPO

σt
{�QTYK`sVIc^H=FPO��pVIY=O�isVPOoH

dIY=QT`bO�O�W�c�H=O~��®�VNO�QTc�H�isVPORa�JlWTLVYK`e�_`eH�VPO=O�VPORL�DGQTSMO�VIYK�TW�H�VIJ\Y=OXLV`eH Ò �OÓAáqØ Ú�Ò � ������c^HKY�V
σt

VIY
σt+dt

d9VPO�QTSMO�VIY7r
��W�H�VIJ\Y=O2j�VPO=J\Y�VIc�H �

�� cPV	�TW�YK`pW�HK`bQTc�LaV�isVIJ\Y:H�VIjNZMO2Z\Y=QTZ\Y�V dτ �\C�WA��QTcMdIHK`bQTcóÓSÕB× � Ò ú dPQTjNj�VRL\F|¬Mc\`eH2Z\ieJMO�[lW�J\HVPO=H2L\QTcMdRisV�ie`sVIcvVIc�HKY�VkisV�H�VIjNZMO�dPQ_QTY=L\QTc\cMF9VRH+VIH:isV�H�VIjNZMO�Z\Y=QTZ\Y�V
τ
�

�� cPV��TW�YK`pW�HK`bQTc�LaV�isVIJ\Y=OEdPQ^QTY=L\QTc\cMF9VPO�OKZlW�HK`pW�isVPO~{TisVPO4�pVPdIH�VIJ\Y=O −→n cPV:O=J\`e�TW�c^HEZlWTO��vQTY=dPFIj�VIc^H
isVPO�ie`ef�cPVPO:`bO�Q�r

xi QT� xi L\FPOK`ef�cPV	ipW.dPQ^QTY=L\QTc\cMF9V��hQTJ\ieJPVX¡AipWAZ�Q�OK`eHK`bQTc�LaVoisDGQTSMO�VIYK�TW�H�VIJ\YktdVIc
O=Z\[MFIYK`ba�JPV

r, θ
QT�

φ
z|�M®�VIipWAL\F|¬Mc\`eH:isV	�pVPdIH�VIJ\Y �BÞ Ú þ Ü −→

N
H�VIi�a�JPV

xi(t+ dt) = xi(t)−N idt
�

��cMO�VIjkS\isVNisV.ipW�ZMO�V^VIH�isVNOK[\`��vH	�vQTYKj�VIc^HRJ\cPVNL\FPdPQTjNZ�Q�OK`eHK`bQTc«QTYKHK[MQTfhQTclW�isV�LVJg�pVPdIH�VIJ\Y −→et =

N−→n +
−→
N

VIH −→n .−→N = 0

,�-��0-/. � �?� 4 <Q�;� M0B��
�oc§Z�VIJ\H,W�ibQTY=O,L\F|¬Mc\`eY,J\c QTZ�FIY�W�H�VIJ\Y�LaV�Z\Y=Q�U¦VPdIHK`bQTc

hν
µ = δν

µ + nµn
ν ���Ec ZlW�YKHK`bdIJ\ie`sVIY~{4ipW

j�FIHKYK`ba^JPV
gµν

O�V,Z\Y=Q�U�VIHKH�V^VIc�J\cPVNj�FIHKYK`ba^JPVNOKZlW�HK`pW�isV
γ
OKJ\Y

σt
O�VIibQTc

γij = hµ
i h

ν
j gµν

��®�VNa�J\`EL\QTc\cPV
O�QTJMO��vQTYKj�VkL\FI�pVIibQTZ\Z�F9V �

gµν =

(
N iNi −N2 Ni

Nj γij

) VIH
gµν =

(
−1/N2 N i/N2

N j/N2 γij −N iN j/N2

) t � � ��� z
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Ni dt
x = csti

O0

Ndt

σt

σ
t+dt

������� � � � � £+VIZ\Y=FPO�VIc^H�W�HK`bQTc¤LaV�ipWNOKHKYKJMdIHKJ\Y�V�VIcndPQTJMd=[PVXLVJ��vQTYKj�W�ie`bOKj�VA©�� � �

� iEY�VPOKH�V�VIcMdPQTY�V�¡LV|mVZ\YK`ej�VIYkipW�j�W�c\`b�IY�V�L\QTc^HAisVPOALV`���FIY�VIc^H�VPOkj�FIHKYK`ba^JPVPOAO=ZlW�HK`pW�isVPO
γij

O=QTc�H
Y�VIie`bF9VPO-VIc^HKY�V�VIieisVPO,L�D J\c

σt
¡�isD¨W�J\HKY�V��4®�VIipW�VPOKHXisV�Y TTisV�LVJ H�VIcMO�VIJ\Y.LaV�dPQTJ\YKS\J\Y�Vu`ec�HKYK`ecMO=�Pa^JPV

Kij =
−1

2Lnγij
QT� Ln

L\FPO=`ef�cPVRipWNL\FIYK`e�hF9VXLaVXC�`sVXO�VIibQTc�isVR�pVPdIH�VIJ\Y −→n �yRW�cMORH=QTJ\H�VNd9VIHKH�V,ZlW�YKHK`sV�{�QTc�cMQTH�VIY�W�y ipW�L\FIYK`e�hF9V,ZlW�YRY�W�Z\Z�QTYKHk¡�ipWuj�FIHKYK`ba^JPV
γij

VIH D ipW
L\FIYK`e�hF9VRZlW�Y2Y�W�Z\Z�QTYKHo¡.ipW.j�FIHKYK`ba^JPVXZ\ipW�H�VXLaV

fij
�

,�-��0- � � 8D8 �©� 6 � <j�©�;>�?o� 6 �JEÃ�¶����� �©�2:Q� �

 ��É�Ë ��� ���«Ç\� �	� �'Ç¤É~�

��QTJ\Y�Z�QTJ\�hQT`eY	J\HK`eie`bO�VIY�d9VX��QTYKj�W�ie`bOKj�V�{8`ei�VPO=H�cMFPd9VPO=O�W�`eY�V.LaV.O�Vkd�[MQT`bOK`eYoJ\cgOK]VOKH=�Ij�VkLaV.dPQ_QTY7r
L\QTc\cMF9VPO�OKJ\Y2d�[lWTdIJ\c¤LaVPO���VIJ\`eieisVIH=O�W�`ecMOK`�a�J�D J\c���VIJ\`eieisVIH�W�fpVkLaV�isD¤VPOKZlWTd9VXH�VIjNZMO~�


 ��� � � � ��É�Ç��l�
C¸V���VIJ\`eieisVIH�W�fpVXWTL\QTZ\H=F�ZlW�Y�ipWkO=J\`eH�V~VPO=H�dPQTc\c^J�O=QTJMO�isV	cMQTj LaV þ�Ò�
;Ú ÓÛÓ Ò Ü�Õ�� ÒbÑ Õ ÙQÚEÑ ÕQÓ��\®	D¤VPOKH2¡

LV`eY�Vka^JPVkisV.©�rs�hQTieJ\j�V,LaVkd=[lWTdIJ\c�LaVPO��dVIJ\`eieisVIH=O�VPOKHoj�W�m_`ej�W�is{�d9V.a�J\`�Y�VI�^`sVIc^H�¡�`ejNZ�Q�O�VIY
Ki

i = 0
� ¦ QTc

Z\YK`ecMdI`eZlW�i2WP��W�c�H�W�fpV�VPOKHALaVuL\QTc\cPVIYNLaVPO-VPO=ZlWTd9VPO,WTO=]^jNZ\H=QTHK`ba^JPVIj�VIc�H^VIJMdIie`bLV`sVIcMO�¡nisD `ecV¬Mc\`s{�W�`ecMOK`�a^JPV
L�DGFI�^`eH�VIY�isVPO2OK`ec\f�J\ipW�YK`eH=FPO2ibQTY=O�LaVPO.V|��QTcMLVY�VIj�VIc^H=O�Z�QTJ\Y2isVPO2O=`ejkJ\ipW�HK`bQTcMO	LV]^clW�jN`ba^JPVPO~�

�� Ì ���§����Í ��Ì�Ì¨Ë��'Ì7È'È����;Í
C�W	UKW�J\fpVkd=[MQT`bOK`sV�VPO=H:`bdI`

quasi− isotrope
{<VIc^HKY�VAW�J\HKY�VPO2Z�QTJ\Y:isVPO:Y�W�`bO=QTcMOoOKJ\`e��W�c�H�VPO �

� ��ieisV�W�j��IcPV�isVPO�FPa�JlW�HK`bQTcMO�LVJ,d=[lW�jNZNO=QTJMO���QTYKj�V�VIieie`eZ\HK`ba^JPV�{Td9V�a^J\`�f�W�Y�W�c^HK`eH�isVPO�HK[MFPQTY=�Ij�VPO
L�D¤V|m_`bOKH�VIcMd9V�VIH2L�D J\c\`bdI`eH=FkLaVPO2O=QTieJ\HK`bQTcMO�HKY=QTJ\�hF9VPO~�

� ��ieisVPO�Y�VPdPQTJ\�^Y�VIc^H�H=QTJ\H�isD¤VPOKZlWTd9V�{_d9V�a^J\`lZ�VIYKj�VIH�L�D¨W~�hQT`eY2WTdPdP�PO�W�JVm�dPQTcMLV`eHK`bQTcMO:W�JVm�ie`ejN`eH�VPO
¡.isD `ecV¬Mc\`s{MisVPO2O�VIJ\isVPO�dPQTc\c�JPVPOoW~�pVPd�V|mMWTdIHK`eHKJMLaV��
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®�VIipWncMQTJMONW�j��IcPV�{5VIc¥WTdPdPQTY=L¥WP�pVPd�isVPOAdPQTc^�pVIc�HK`bQTcMO�LVJ��vQTYKj�W�ie`bO=j�Vu©�� � {�¡�dPQTcMO=`bL\FIY�VIY.isV

H�VIcMO�VIJ\Y2j�FIHKYK`ba�JPVkZ�QTJ\Y:isD¤VPO=ZlWTd9VRH�VIjNZMO�LaV�ipW.��QTYKj�V �

gαβdx
αdxβ = −N2dt2 +B2r2 sin2(θ)(dφ−Nφdt)2 +A2(dr2 + r2dθ2)

t � � ��� z

QT�
N,Nφ, A

VIH
B
O�QTc�HXLaVPO	��QTcMdIHK`bQTcMOXLaV

(r, θ)
O�VIJ\isVIj�VIc^HXf�Y��Td9V�W�JVm¤[^]^Z�QTHK[M�PO�VPOXLaVNO=H�W�r

HK`bQTc\clW�YK`eH=F-VIH�LaVROK]_j�FIHKYK`sVXLaV�Y=FI�hQTieJ\HK`bQTc��

����� � �-
	,B2+A3���6�5 2- ���s1��+.5=;=5K9.3�< �A< ;�� 1�6725=;=< � -.<�+X683 2-�	 <�- 3 �68�:685 2-

CED¤VIcMO�VIjkS\isV	LaVPOEFPa�JlW�HK`bQTcMO�Z\Y=FPO�VIc�H=F9VPO�dI`8W�Z\Y=�POEQTc^H�L\F U=¡�FIH=F:`ejNZ\ibFIj�VIc�H=F9VPO�LMW�cMO�C��	£���T	�2�
�EieisVPOAcPV�O�VIY=QTc�H,L\QTcMd�ZlWTOAL\FI�pVIibQTZ\Z�F9VPO¯VIc L\FIH�W�`ei�j�W�`bO2U7JMOKH�V�Z\Y=FPO�VIc�H=F9VPO,LMW�cMOAisVIJ\YAf�ibQTSlW�ie`eH=F�����ieisVPO
Z�VIYKj�VIHKH�VIc�H�LaV�Y=FPO=QTJMLVY�V�isVPO�FPa�JlW�HK`bQTcMO4LaV�f�Y�WP�_`eH�W�HK`bQTc�VIH�L�D [�]VLVY=Q^LV]_clW�jN`ba�JPV�Z�QTJ\Y�HKY=QTJ\�pVIY�ipW2dPQTcV¬Mf�JVr
Y�W�HK`bQTc�L�DGFPa^J\`eie`eS\Y�VoLaVoisDGFIH=QT`eisVWVIH�ipWRj�FIHKYK`ba^JPV�Y=FPO=J\ieH�W�c�H�V��U�oc�Y�W�Z\Z�VIieisVIY�WkLMW�cMO�J\cPV2Z\Y�VIjN`b�IY�V�FIH�W�Z�V2isVPO
V|mVZ\Y�VPO=OK`bQTcMO:LaVPO:FPa^JlW�HK`bQTcMO:LaV	ipWAf�Y�WP�_`eH�W�HK`bQTc¤W�`ecMOK`�a�JPV�d9VIieisVPO:LaV	isD [�]VLVY=Q_LV]^clW�jN`ba^JPV�Z�QTJ\Y2W�Z\Y=�PO�Z\Y=F|r
O�VIc�H�VIY�OK`ejNZ\isVIj�VIc^H�ipWAj�FIHK[MQ_LaVXLaV�Y=FPO=QTieJ\HK`bQTcnLaV�ipW,dPQTcV¬Mf�J\Y�W�HK`bQTcnL�DGFPa^J\`eie`eS\Y�VXLaV�isDGFIH=QT`eisV��MC¸VRd=[lW�jNZ
j�W�f�cMFIHK`ba^JPV.cPVAO�VIY�W�ZlWTOo`ecMdIieJMO�LMW�cMOoipW�Y�VPd=[PVIY=d�[PVNLaVAd9VIHKH�V,dPQTcV¬Mf�J\Y�W�HK`bQTc�L�DGFPa�J\`eie`eS\Y�V�����c£V|�=VIH	O=QTc
V|�=VIH,dPQTjNj�VIcMd9V�¡�SIHKY�V�cMQTc�cMFIf�ie`efpV~W�S\isV�Z�QTJ\Y,LaVPO.d�[lW�jNZMO,j�W�f�cMFIHK`ba�JPVPO,HKY=�PO.FIisVI�hFPONLaV�isDGQTY=LVY�VuLaV
1016G

�8®�VRd~WTO+V|mVHKY SIj�V�VIH�WTO=O�V �RY�W�Y�VkO�VIY�W.HKY�W�`eH=FXLMW�cMO�LaV	�vJ\HKJ\Y=O2HKY�W~�TW�JVm��
,�-�� - 1 � M0B�� <����;>D: ?�A � �2>N:I<j�¨� > ��>�EÃ�¶����� �©� :Q��� ��� 1

C:VPO�FPa^JlW�HK`bQTcMO�L�DG��`ecMO=H�VI`ec
Gab = 8πTab

tvQT� ª VPO=HuisVxH�VIcMO�VIJ\Y�L�DG�E`ecMOKH�VI`ec WTO=O=Q_dI`bF�¡�ipW
j�FIHKYK`ba^JPV

gab
VIHu(VPOKH�isVnH�VIcMO�VIJ\YuFIcPVIYKf�`sVx`ejNZ\J\ibOK`bQTc8zNZ�VIJ\�pVIc�H SIHKY�V¤Z\Y=Q�U¦VIH=F9VPO�O�VIibQTc ipW«LV`eY�VPdIHK`bQTc

cMQTYKj�W�isV
na OKJ\YRisVPOXdPQTJMd�[PVPOkOKZlW�HK`pW�isVPO σ ��®�VIHKH�VNZ\Y=Q�U�VPdIHK`bQTc«j��IcPV�¡�LaVIJVm�FPa^JlW�HK`bQTcMOXLaVNdPQTc�HKY�W�`ec^H�V��C�W«Z\Y=Q�U�VPdIHK`bQTc O�VIibQTc�isV��pVPdIH�VIJ\YucMQTYKj�W�i	j��IcPV¤FIf�W�isVIj�VIc^H�¡«J\cPV¤FPa^JlW�HK`bQTc L�DGFI�hQTieJ\HK`bQTc a^J\`oL\FPdIYK`eH

dPQTjNj�VIc^H�isVud=[lW�jNZ�O�V�Z\Y=QTZlW�fpV�L�D J\cPVudPQTJMd�[PV�¡¤isD¨W�J\HKY�V���®�VIHKH�V�FPa^JlW�HK`bQTc¥dPQTc�HK`sVIc�H�VIc fhFIcMFIY�W�i:LaVPO
L\FIYK`e�hF9VPO�H�VIjNZ�QTY�VIieisVPO	LaVRO�VPdPQTcML�QTY=LVY�VkLaVRipW.j�FIHKYK`ba�JPVkOKZlW�HK`pW�isV��

C�W�dPQTc�HKY�W�`ec�H�VA[lW�jN`eieH=QTc\`sVIc\cPVkO}DGFPdIYK`eH �

R+K2 −KijK
ij = 16πρ

t � �¨© ¢ z
VIH2isVRdPQTc^HKY�W�`ec�H�VA`ejNZ\J\ibOK`bQTc\cPVIieisV �

Dj(K
ij − γijK) = 8ΠSi t � �¨© � z

CEDGFPa^JlW�HK`bQTc¤L�DGFI�hQTieJ\HK`bQTc{VIieisVXO�V�j�VIH2O=QTJMO2ipW.�vQTYKj�V �

DtKij = −DiDjN +N(Rij − 2KijK
k
j +KKij) − 8πN(Sij −

1

2
γij(S − ρ)) + LβKij

t � �¨© � z

`bdI`4isVPO�d=[lW�jNZMO
ρ, Si

VIH
Sij

O=QTc^H	isVPO	Z\Y=Q�U�VPdIHK`bQTcMOXLVJxH�VIcMO�VIJ\YXFIcPVIYKf�`sV.`ejNZ\J\ibOK`bQTc�isVkibQTc\f�LaV
na VIH2OKJ\Y

σ
�





ρ = nanbT
ab

Si = −γianbT
ab

Sij = γiaγjbT
ab

t � �¨©�©hz

T	QTJMO:Z�QTJ\�hQTcMO:Y�VIj�W�Y=a�JPVIYoL\F UK¡,a^JPVROK`�isVPO2FPa^JlW�HK`bQTcMO2LaVXdPQTc�HKY�W�`ec^H�VPOoO�QTc�H2O�W�HK`bO7�sW�`eH�VPO2OKJ\Y:ipW
Z\Y�VIjN`b�IY�VAdPQTJMd=[PVAL�D¤VPOKZlWTd9V�{PVIieisVPO:isVXO�VIY=QTc�H�OKJ\Y:isVPO�OKJ\`e�TW�c^H�VPO2f�Y��Td9Vk¡NisDGFPa�JlW�HK`bQTcnL�DGFI�hQTieJ\HK`bQTc��

��cuY=FPOKJ\j�F	isVPO�Z\Y=Q�U¦VPdIHK`bQTcMO�LaVoisDGFPa�JlW�HK`bQTc�L�DG��`ecMO=H�VI`ec
Rµν − 1

2Rgµν = 8πTµν
O�V	dPQTjNZ�Q�O�VIc�H

LaV �
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� �Y=QT`bO�FPa�JlW�HK`bQTc�LaV.dPQTc�HKY�W�`ec^H�VPO�`ejNZ\J\ibOK`bQTc\cPVIieisVPO~{�L\QTc�H	J\cPV,O�VIJ\isVXcMQTcxHKYK`e�_`pW�isVAf�Y��Td9V,W�JVm
OK]^j�FIHKYK`sVPO}�

� � cPVRFPa^JlW�HK`bQTcnLaVXdPQTc^HKY�W�`ec�H�VA[lW�jN`eieH=QTc\`sVIc\cPV��
� ¦ `�mNFPa^JlW�HK`bQTcMO�L�DGFI�hQTieJ\HK`bQTc�LaV

Kij
{hL\QTc�H�LaVIJVm�O�VIJ\isVPOEO=QTc^H�Z�VIYKHK`ecPVIc�H�VPO�`bdI`s�ltvd9VIieisV�OKJ\Y

KφφVIH2d9VIieisVXOKJ\Y2ipW.HKY�WTd9VXLaVk�kz
®�VPO,a^JlW�HKY�V�FPa^JlW�HK`bQTcMO.Y=F~W�YKY�W�c\fhF9VPO~{4L\QTc\cPVIc�H,J\c O=]_OKH=�Ij�V�L�DGFPa�JlW�HK`bQTc¥LaV���QT`bO=O�QTc O=QTieJ\S\isV

c�J\j�FIYK`ba^JPVIj�VIc�HNtv��QTclW�� �~QTipW�VIH�W�is� � ��� ©hz
,�-�� - . � ��: 4 M0Bo�7<��©�;>N: ?�ACL�H ?����
? H
>o�����2M0B���:«��> EÃ�¶����� �©� :Q��� � �F1

��QTJ\Y�J\c �MJ\`bLaVRZlW�Y7��W�`eH~{MisV�H�VIcMO�VIJ\Y�FIcPVIYKf�`sVR`ejNZ\J\ibOK`bQTc
T ab

fluid

O�V�j�VIH�O�QTJMO:ipWA�vQTYKj�V �

T ab
fluid = ρ0hu

aub + Pgab t � �¨©K#^z
QT�
ρ0

VPOKH4ipWoLaVIcMOK`eH=F�LaV�j�WTO�O�V�Z�QTJ\Y�J\c,QTSMO�VIYK�TW�H�VIJ\Y"VIc.j�QTJ\�pVIj�VIc�H�W~�pVPd�isVD�MJ\`bLaV�LaV��^`eH�VPO�O�V
ua {��UVPOKH:ipW,Z\Y�VPO=O=`bQTc VIH2[ VPOKH:isD¤VIc�HK[lW�ieZ\`sV.OKZ�FPdI`�¬la�JPV �

h = 1 + ε+ P/ρ0
t � �¨©�&hz

W~�pVPd
ε
ipWnLaVIcMO=`eH=F�L�DGFIcPVIYKf�`sV�`ec�H�VIYKcPV�OKZ�FPdI`�¬la�JPV��4��c§isD¨W�SMO�VIcMd9V�LaV�d�[lW�jNZ¥j�W�f�cMFIHK`ba�JPV�isVPO

FPa�JlW�HK`bQTcMORLaV.j�QTJ\�pVIj�VIc^HkLVJ �MJ\`bLaV,O=QTc�HXL\FPLVJ\`eH�VPOXLaV.ipWudPQTcMO�VIYK��W�HK`bQTc«LaV.isDGFIcPVIYKf�`sV�{�LaV,ipW�a^JlW�c�HK`eH=F
LaV�j�QTJ\�pVIj�VIc�H �

∇bT
ab
fluid = 0

t � �¨© �hz
W�`ecMO=`�a�JPVRLaVXipW,dPQTcMO�VIYK�TW�HK`bQTc¤LVJ�cMQTjkS\Y�VkSlW�YK]hQTc\`ba�JPV �

∇a(ρ0u
a) = 0

t � �¨© � z
�Ec OKJ\`e��W�c�HAisVPOkcMQTH�W�HK`bQTcMO.LaV¤t�� `eibO=QTc � ��� � S8zXa^J\`�Z�Q�O�W

D = ρ0W
{
E = ρ0εW

VIH
Sa =

ρ0hWua = (D+E+PW )ua
WP�pVPd

W = Nut = (1+γijuiuj)
1/2 QTcNW�Z�QTJ\Y�isDGFPa�JlW�HK`bQTcNLaV�dPQTc�HK`ec^J\`eH=F �

∂t(γ
1/2D) + ∂j(γ

1/2Dvj) = 0
t � �¨© � z

Z�QTJ\Y2ipW,dPQTcMO�VIYK��W�HK`bQTc¤LaV�isDGFIcPVIYKf�`sV �

∂t(γ
1/2E) + ∂j(γ

1/2Evj) = −P (∂t(γ
1/2W ) + ∂i(γ

1/2Wvi))
t � �¨© � z

VIH�Z�QTJ\Y:isVPO2FPa^JlW�HK`bQTcMO�L�DG�EJ\isVIY.tv�:W�J\jNf�W�YKH�V�VIH ¦ [lW�Z\`eY=Q ��¢�¢ ©hz �

∂t(γ
1/2Si) + ∂j(γ

1/2Siv
j) = −Nγ1/2(∂iP +

SaSb

2NSt
∂ig

ab)
t � � # ¢ z

,�-�� - � � 4 :=� �2B
<����;>�>0Bo� 4 ���2M0B��
C�D¨W�iefhQTYK`eHK[\j�V:ZVIYKj�VIHKH�W�c^HEL�DGFIH�W�S\ie`eY�ipW	dPQTcV¬Mf�J\Y�W�HK`bQTc�L�DGFPa�J\`eie`eS\Y�V:L�D J\cPV�FIH=QT`eisV:¡ocPVIJ\HKY=QTcMO"VIc

Y=QTH�W�HK`bQTc�V|mV`bOKH�W�`eH�L\F U=¡RWP��W�c�H�isV:L\FIS\J\H�LaV:j�W	HK[M�PO�Vkt ¦ W�ief�WTL\Q-VIH�W�is� � ��� #��h��Q^dPa^JPVIH�VIH�W�is� � ��� &��pT	Q~��W��
VIH2qxW�Y=dPa ��¢�¢ ©hz�VIH.VPO=H:j�W�`ec�H�VIclW�c�H�J\cPV���QTcMdIHK`bQTcnLaV�SlWTO�VkLMW�cMO2C�QTY�VIcPV�����QTJ\YoL\FPdIYK`eY�VXS\YK`b�I�pVIj�VIc�H	isV
Z\YK`ecMdI`eZV �

� y�W�cMOoJ\cPVAZ\Y�VIjN`b�IY�VAFIH�W�Z�VkisD¤VIcMO�VIjkS\isV.LaVPOoFPa^JlW�HK`bQTcMO�LaVV��QT`bO=O=QTcxfhFIY�W�c�H�ipWNf�Y�W~�^`eH=F.O=QTc�H
`ec��pVIY=O=F9VPO�ZVIYKj�VIHKH�W�c^H	W�`ecMOK`�isD¨WTdIHKJlW�ie`bO�W�HK`bQTc¤LaVPO2LV`���FIY�VIc�H=O�ZlW�Y�W�j��IHKY�VPOoLaV�ipW,j�FIHKYK`ba^JPV��

� ��W�Y�ipWkO=J\`eH�V�isVPO�a�JlW�c^HK`eH=FPO�[�]VLVY=Q^LV]_clW�jN`ba�JPVPO:W�`ecMOK`�a^JPV2isV2H�VIcMO�VIJ\Y�FIcPVIYKf�`sV|rs`ejNZ\J\ibOK`bQTc VPO=HjN`bO�¡	UKQTJ\Y~�
� CED `ec�H=FIf�Y�W�isV�Z\Y�VIjN`b�IY�V�LVJ�j�QTJ\�pVIj�VIc�H¯VPOKHRJ\HK`eie`bO=F9V�Z�QTJ\YXL\FPLVJ\`eY�VNisV�Z\Y=Q�¬MisV�VIc�VIc�HK[lW�ieZ\`sV
LaV�isDGFIH=QT`eisV��
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� C�DGFPa�JlW�HK`bQTcMO.L�DGFIH�W�H�VPO=HAW�ibQTY=OkJ\HK`eie`bO�F9V�Z�QTJ\YAL\FPLVJ\`eY�V�LaV�isD¤VIc�HK[lW�ieZ\`sV�LaVPOkLaVIcMO=`eH=FPOkSlW�YK]hQ�rc\`ba^JPVPO�W�`ecMOK`�a^JPVRisDGFIcPVIYKf�`sVR`ec^H�VIYKcPV�VIH2ipW.Z\Y�VPO�OK`bQTc¤W�J�O�VI`ecnLVJ �MJ\`bLaV��
� C¸VPOEa�JlW�c^HK`eH=FPO�[^]_LVY=Q_LV]_clW�jN`ba�JPVPO�O=QTc�HEJ\cPV�cMQTJ\�pVIieisV2�vQT`bOEY=F~WTdIHKJlW�ie`bO=F9VPO¬VIc�H�VIclW�c^H�dPQTjNZ\H�VLaVPO2cMQTJ\�pVIieisVPO2��W�isVIJ\Y=O�LaV�ipWNLaVIcMOK`eH=F�{lLaV�isDGFIcPVIYKf�`sVX`ec�H�VIYKcPV.W�`ecMOK`�a^JPVRLaVRipW.Z\Y�VPO=OK`bQTc��
� �EcV¬McuisVPO�a^JlW�HKY�VoZ�QTH�VIc�HK`sVIibO�f�Y�W~�^`eH�W�HK`bQTc\cPVIibO2O�VIYK�TW�c^H�LaV	O=QTJ\Y=d9V�¡XipWkY=FPO=QTieJ\HK`bQTc�LaVPO�FPa�JlW�rHK`bQTcMO�LaV ��QT`bO�O=QTcnO=QTc^H2Y�VPd~W�ibdIJ\ibFPO2Z�QTJ\Y�L\FIj�W�YKY�VIY2J\cPVRcMQTJ\�pVIieisVk`eH=FIY�W�HK`bQTc��

������� � � � � ®�W�YKH�Vk©Ty LaVRipW,LaVIcMOK`eH=FXSlW�YK]hQTc\`ba�JPVALaV�isDGFIH=QT`eisV��
��cuJ\HK`eie`bO�W�c^H2d9VoO=d�[MFIj�WAc�J\j�FIYK`ba^JPV~VIH�VIcuZ�Q�O�W�c^H�dPQTjNj�V�FPa^JlW�HK`bQTc�L�DGFIH�W�H�J\cPV	FPa^JlW�HK`bQTc�LaV

H ]^Z�V   �_j�W�i�t   �_j�W�iVIH2W�is� � ����� z�QTc�WAdPQTjNj�V	dPQTcV¬Mf�J\Y�W�HK`bQTc�L�DGFPa^J\`eie`eS\Y�V	ipWkdPQTcV¬Mf�J\Y�W�HK`bQTc�Z\Y=FPO�VIc�H=F9V
LMW�cMOoisVX�W�S\isV~W�J � � � �7��QTJ\Y�QTS\H�VIc\`eY	d9VIHoFPa�J\`eie`eS\Y�VAQTcxW,Z�Q�O=FRJ\cPVk�^`eH�VPO=O�VXLaVXY=QTH�W�HK`bQTcxLaVA© ¢ w �AW�`ecMOK`
a^J�D J\cPVXLaVIcMOK`eH=FXSlW�YK]hQTc\`ba�JPVALaV

1.6M�
�

����� � � � � � ®�QTcV¬Mf�J\Y�W�HK`bQTcgL�DGFPa�J\`eie`eS\Y�VXLaVXisDGFIH=QT`eisVk¡.cPVIJ\HKY=QTcMO
��W�Y�W�j��IHKY�V ��W�isVIJ\Y�c�J\j�FIYK`ba^JPV

��c�HK[lW�ieZ\`sV.d9VIc�HKY�W�isV
0.4 c2y�VIcMOK`eH=F�SlW�YK]hQTc\`ba^JPVAW�J�d9VIc^HKY�V

7.10692 × 0.1 fm−3

y~VIcMO=`eH=FXL�DGFIcPVIYKf�`sVkW�Jnd9VIc^HKY�V
8.24868 ρnucc

2

��Y�VPO=O=`bQTcnd9VIc�HKY�W�isV
2.3536 ρnucc

2

C�W�ZMO�VkW�J�d9VIc^HKY�V
0.471798

�	`eH�VPO=O�V�FPa^JlW�H=QTYK`pW�isV
0.007745 c£oW~]hQTcnL�DGFPa�J\`eie`eS\Y�V.W�Jnd9VIc�HKY�V
8.14405 km

C:VPO4LaVIJVmXZlW�Y�W�j��IHKY�VPO�`ejNZ�QTYKH�W�c�H=O�a^J\`��hQTc�H4O�VIYK�_`eY4¡2ipW:Y=FPO=QTieJ\HK`bQTcNLaVPO�FPa�JlW�HK`bQTcMO4LaV�qxW�mV��VIiei
Z�QTJ\YEipWRL\FIH�VIYKjN`eclW�HK`bQTc�LaV2��VIH��§O=QTc�H�dPQTjNj�V�cMQTJMOEisD¨W~�hQTcMOE�_J�isVMÓSÕq× � Ò VIH�isV �\Þ Ú þ Ü���C�W	��QTcMdIHK`bQTc�ipW�ZMO�V
��W�YK`sV,WP�pVPdAipW�LV`bOKH�W�cMd9V.¡NisDGFIH=QT`eisV�VIHWVPOKHoY�VIZ\Y=FPO�VIc�H=F9V,OKJ\YoipW O�`ef�J\Y�V � �¨©V����ieisV�VPOKH2jN`ec\`ejkJ\j W�Jxd9VIc�HKY�V
LaVkisDGFIH=QT`eisV�VIHoH�VIcML��pVIY=O � ibQT`ec¤LaVXd9VIHKH�VALaVIYKc\`b�IY�V�{8d9VXa^J\`5VPO=H+VIc¤WTdPdPQTY=L¤W~�pVPdkisVR��W�`eH�a^JPVXipWNj�FIHKYK`ba�JPV
VPO=H2Z\ipW�H�VRibQT`ec�LaVRisDGFIH=QT`eisV��

� JlW�c^H�¡2ipW�j�FIHKYK`ba�JPV
γij
{KVIieisV�VPOKH4LV`pW�fhQTclW�isV&VIH�d9VPO�HKY=QT`bO�H�VIYKj�VPO�O=QTc^H�FIf�W�JVm.HKY�WTLVJ\`bO�W�c�H�isD `bO=Q�r

HKY=QTZ\`sV�LaVocMQTHKY�V�OK]_O=H=�Ij�VWVIH�ipWR�sW�`eS\isV	L\F|�vQTYKj�W�HK`bQTc�LaVoisDGFIH=QT`eisV	O�QTJMO�isD¤V|�=VIH�LaVoO�WkY=QTH�W�HK`bQTc��VCEDGFI�hQTieJ\HK`bQTc
LaVkd9VIH2J\c\`ba�JPV�ZlW�Y�W�j��IHKY�V.WP�pVPdkipW,LV`bOKH�W�cMd9V�VPOKH:Z\Y=FPO�VIc^H=F9VkOKJ\Y:isVVO�`ef�J\Y�V � � #
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������� � �¨© � ���hQTieJ\HK`bQTc¤LVJ ÓªÕB× � Ò W~�pVPdRipWNLV`bOKH�W�cMd9Vk¡.isDGFIH=QT`eisV��

������� � � # � �E�hQTieJ\HK`bQTc¤LVJ��sWTdIH�VIJ\Y
γ22

W~�pVPdRipWNLV`bOKH�W�cMd9VA¡.isDGFIH=QT`eisV��

� cPV	��QT`bO2d9VIHKH�VRdPQTcV¬Mf�J\Y�W�HK`bQTc¤FIH�W�S\ie`sV�{\`ei�cMQTJMO2Y�VPOKH�V�j�W�`ec�H�VIclW�c^H�¡.Y=FPO=QTJMLVY�VXisD¤VIcMO�VIjkS\isVXLaVPOFPa�JlW�HK`bQTcMO�LaVXqxW�mV��VIiei�Z�QTJ\Y:�hQT`eY2ipW�OKHKYKJMdIHKJ\Y�VXLVJnd�[lW�jNZ�j�W�f�cMFIHK`ba�JPV��
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®�VIHKH�VAZlW�YKHK`sV,dPQTYKY�VPOKZ�QTcMLg¡�ipW�LaVIJVmV`b�Ij�VAFIH�W�Z�V.LaVkj�QTcx`ec��pVPOKHK`bO�O�VIj�VIc�HRZ�VIY=O=QTc\cPVIi4LMW�cMOoipW
ie`eS\Y�W�`eYK`sVNC��	£���T	� VIH�Z\Y=FPO�VIc�H�V.ipW�Y=FPO=QTieJ\HK`bQTc«LaVPO�FPa^JlW�HK`bQTcMOXLaVAqgW�mV��VIieiELMW�cMO�ipW�j�FIHKYK`ba�JPVNL\QTc\cMF9V
ZlW�Y�ipWNdPQTcV¬Mf�J\Y�W�HK`bQTc¤L�DGFPa^J\`eie`eS\Y�VkLaV�isDGFIH=QT`eisV��
,�- �0- 1 � �7: 4 M0B�� <�����>N: ?o��� �����)��� �L��>�EÃ�¶����� �©�2:Q� � � � 1

�oc�Z�VIJ\H:fhFIcMFIY�W�isVIj�VIc�H�L\FPdPQTjNZ�Q�O�VIY2isVRH�VIcMO�VIJ\YoLaV+OlW�Y�WTLMWP]
F ab LaV�ipW.�sWT�PQTc�OKJ\`e�TW�c^H�V �

F ab = naEb − nbEa + εabcBc
t � � # � z

QT�,LMW�cMO4d9VIHKH�V�FPa^JlW�HK`bQTc
Ea VIH Ba O=QTc^H�Y�VPO=ZVPdIHK`e�pVIj�VIc^H�isV�d�[lW�jNZ,FIisVPdIHKYK`ba^JPV�VIH�j�W�f�cMFIHK`ba^JPV��

®�VPO�H�VIcMO�VIJ\Y=O2O=QTc^H2Z\J\Y�VIj�VIc�H	OKZlW�HK`pW�JVm VIH2L\QTcMd �

Eana = 0
VIH
Bana = 0

t � � # � z
C:VXH�VIcMO�VIJ\Yo©Ty LaVXC:VI�_`�r ®�`e�^`eH�W

εabc
VPO=H2ieJ\`�L\F|¬Mc\`eH�LaVRipW,O=QTYKH�V �

εabc = εabcdnd
t � � #�©hz

T	QTJMO:Z�QTJ\�hQTcMO�FIf�W�isVIj�VIc�H	L\FPdPQTjNZ�Q�O�VIY2isVXa^JlW�HKY�V��pVPdIH�VIJ\YodPQTJ\Y�W�c�H	LaV�ipW.�sWT�PQTc�OKJ\`e�TW�c^H�V �

J a = naρe + Ja t � � #�#^z
W~�pVPd

ρe
VIH
Ja ipW,LaVIcMO=`eH=FROKZlW�HK`pW�isVXLaVRd=[lW�YKfpV�VIH2LaVRdPQTJ\Y�W�c�H~�MyRW�cMO2d9VPO:dPQTcMLV`eHK`bQTcMO�isVPO2FPa�JlW�r

HK`bQTcMO�LaVAqxW�mV��VIiei ∇bF
ab = 4πJ a O�VRj�VIHKH�VIc�H6VIc���QTYKj�W�ie`bOKj�V,©�� � O�QTJMO2ipW��vQTYKj�Vutv�[MQTYKcPV-VIH�qxWTd|r

y�QTclW�ibL � ��� � z �

DiE
i = 4πρe

∂tE
i = εijkDj(NBk) − 4πNJ i +NKEi + LNE

i

DiB
i = 0

∂tB
i = −εijkDj(NEk) +NKBi + LNB

i

t � � # &hz

  d9VPdI`�O~D¨W�UKQTJ\H�V�isDGFPa^JlW�HK`bQTcALaVEdPQTcMO�VIYK��W�HK`bQTckLaVEd�[lW�YKfpV ∇aJ a = 0
a^J\`hLaVI�^`sVIc^H5VIcR��QTYKj�W�ie`bOKj�V

©�� � �

∂tρe = −Di(NJ
i) +NKρe + LNρe

t � � # �hz
C:VPOoFPa�JlW�HK`bQTcMOoLaVXqgW�m_��VIiei¸VIc�Y�VIipW�HK`e�_`eH=FRY�VIHKY�VI`ec�H�VAZVIJ\�pVIc^HoW�ibQTY=O�SIHKY�VXY�VIHKY=QTJ\�hFR�sWTdI`eisVIj�VIc�H

¡�ZlW�YKHK`eYRLaV,d9VPO�FPa�JlW�HK`bQTcMO6VIcgZ\Y�VIclW�c�HXdPQTjNj�V,j�FIHKYK`ba^JPV,d9VIieisV,LaV.q¤`ec �hQ~�2O �^`
γij = fij

��y�W�cMO�d9VIHKH�V
VPO=ZlWTd9VRH�VIjNZMO

N = 1
{
K = 0

VIH
N i = 0

�
� i VPOKH�O=QTJ\�pVIc^H�HKY=�PO�J\HK`eisVoZ�QTJ\Y�ipWkY=FPO=QTieJ\HK`bQTc�c�J\j�FIYK`ba^JPVRLaVPO�FPa^JlW�HK`bQTcMO:LaVoqgW�mV��VIiei�L�D `ec�HKY=Q�r

LVJ\`eY�VXJ\cna�JlW�HKY�VX�pVPdIH�VIJ\Y2Z�QTH�VIc^HK`sVIi Aa
a^J\`�ZVIJ\HoW�ibQTY=O�SIHKY�VXL\FPdPQTjNZ�Q�O�FXO�VIibQTc �

Aa = Φna +Aa
t � � # � z

isVx�pVPdIH�VIJ\Y
Aa

VPOKH�`bdI`	Z\J\Y�VIj�VIc^HnOKZlW�HK`pW�i6VIHLVPOKH�H�VIiRa�JPV
At = N iAi

� � i~VPO=H�VIc fhFIcMFIY�W�i
Z�Q�O=OK`eS\isV-VIHoO=QTJ\�pVIc^HoHKY=�PO�J\HK`eisVALaVkY=FPFPdIYK`eY�VkisVPOoFPa�JlW�HK`bQTcMO	LaVkqgW�mV��VIiei³VIc���QTcMdIHK`bQTc¤LaVkd9VPOoZ�QTH�VIc�HK`sVIibO~�
  �pVPd�isD `bLaVIc�HK`eH=F

Bi = εijkAk,j
isV�H�VIYKj�V

εijkDj(NBk)
LMW�cMO4ipW�LaVIJVmV`b�Ij�V:Y�VIipW�HK`bQTc�LaV:qgW�m_��VIieilLaVI�_`sVIc�H

W�ibQTY=O �

εijkDj(NBk) = εijkε
klmN jAm,l

= (δi
lδ

j
m − δi

mδ
j
l )Dj(ND

lAm)
= Dj(ND

iAj) −Dj(ND
jAi)

t � � # � z
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�oYROK`�isDGQTc�L\FIcMQTH�VAZlW�Y D ipW�L\FIYK`e�hF9V,ZlW�Y	Y�W�Z\Z�QTYKHR¡�ipW�j�FIHKYK`ba�JPVAZ\ipW�H�V,LaVAq¤`ec �hQ~�2O �_`4isD¤V|m^r
Z\Y�VPO=OK`bQTc � � # � Z�VIJ\H�W�ibQTY=O�O�V�j�VIHKHKY�VXO=QTJMO:ipW.��QTYKj�V

εijkDj(NBk) = Dj(N(DiAj −DjAi))
= Dj(T

ij)

t � � # � z

W~�pVPd
T ij = N(DiAj −DjAi)

�l®�VRH�VIcMO�VIJ\Y�FIH�W�c^HoW�c�HK`bOK]_j�FIHKYK`ba^JPVkO�W,LV`e�pVIYKfpVIcMd9VAO~D¤V|m_Z\YK`ej�V
LaV�ipW.�sWT�PQTc�OKJ\`e�TW�c^H�V �

εijkDj(NBk) = 1√
(γ)

Dj(
√

(γ)N(DiAj −DjAi))

= 1√
(γ)

Dj(
√

(γ)Nγ−1/3(DiAj −DjAi))

t � �'& ¢ z

W~�pVPd
γ
isVxL\FIH�VIYKjN`eclW�c^HnLaVxipW�j�FIHKYK`ba�JPV

γij
��C�W�LaVIYKc\`b�IY�VgY�VIipW�HK`bQTc �_`sVIc�H�LVJ �sW�`eHua^JPVxipW

j�FIHKYK`ba�JPV
γij

VPOKH2LV`pW�fhQTclW�isV-VIH2a�JPV
γ00 = γ11 = γ22

�   `ecMOK` �

DiAj −DjAi = γikDkA
j − γjlDlA

i

= γiiDiA
j − γjjDjA

i d~W�Y γij = 0
OK`
i 6= j

= γ−1/3(DiAj −DjAi)
d~W�Y

γkk = γ−1/3fkk ∀k t � �'& � z

C�DGFPa�JlW�HK`bQTc � �'& ¢ `ejNZ\ie`ba�JPV�VIc�J\HK`eie`bO�W�c�H�ipWNdPQTcMLV`eHK`bQTcnLaV�U=W�J\fpV�t DjA
j = 0

z �

∆Ai =
Dj(ln(γ1/6N))

γ1/3
(DiAj −DjAi) − εijkDj(NBk)

N

t � �'& � z

C¸VXd=[lW�jNZxFIisVPdIHKYK`ba�JPVRieJ\`�O~D¤V|m_Z\YK`ej�V�VIc��vQTcMdIHK`bQTcnLaVPO2Z�QTH�VIc^HK`sVIibOoLaV�ipWNO�QTYKH�V �

Ei = − 1

N
(Di(NΦ) + DtA

i −LNA
i)

t � �'&�©hz
VIH.W�`ecMOK`�WP�pVPd�isDGFPa�JlW�HK`bQTc � � # � ipW�LaVIJVmV`b�Ij�V�FPa�JlW�HK`bQTc�LaV�qxW�mV��VIiei�VIc«Y=FIf�`ej�V�OKH�W�HK`bQTc\clW�`eY�V

t Dt = 0
z�O�V�j�VIH.VIc���QTcMdIHK`bQTcnLaVPO:Z�QTH�VIc�HK`sVIibOoO=QTJMO:ipW.��QTYKj�VROKJ\`e��W�c�H�V �

∆Ai =
Dj(ln(γ1/6N))

γ1/3
(DiAj −DjAi) − (LN +KN)(D

i(NΦ)
N + LNA

i)

N
− 4πJ i t � �'&K#^z

y�V.j SIj�V^VIcgY�VIjNZ\ipWT�~W�c�HXisD¤V|mVZ\Y�VPO=OK`bQTc � �'&�©�LMW�cMO	ipW�Z\Y�VIjN`b�IY�V�FPa^JlW�HK`bQTcgLaV,qgW�m_��VIieiEQTc«W
W�ibQTY=O:Z�QTJ\Y

Φ
ipW,Y�VIipW�HK`bQTc �

∆(NΦ) = −Dk(ln(

√
γ

N
))(Dk(NΦ) −LNA

k) + Dk(LNA
k) − 4πρeN

t � �'&�&hz
®�VPO	LaVIJVmnFPa^JlW�HK`bQTcMOoO=QTc^H�¡�ipWNSlWTO�VALaVPO�Y=FPO�QTieJ\HK`bQTcMOoLaVAqxW�mV��VIiei³VIc���QTYKj�W�ie`bOKj�V,©�� � WP�pVPd

LaVPO�j�FIHK[MQ^LaVPO�OKZ�VPdIHKY�W�isVPO&VIcudPQ_QTY=L\QTc\cMF9VPO:OKZ\[MFIYK`ba^JPVPO~�_��ieisVPO:O�VIY=QTc�H�J\HK`eie`bO=F9VPO�ZlW�Y�ipWAOKJ\`eH�V�{_J\cPV2��QT`bO�ipW
dPQTcV¬Mf�J\Y�W�HK`bQTcnL�DGFPa^J\`eie`eS\Y�VXLaV�isDGFIH=QT`eisVRQTS\H�VIc�JPV�{\Z�QTJ\Y:`ec�HKY=Q_LVJ\`eY�VRJ\cPVRLaVIcMOK`eH=FRLaV�dPQTJ\Y�W�c^Ho¡.isD `ec�H=FIYK`sVIJ\Y
LaV�isDGFIH=QT`eisV:W�¬McNLaV�L\FIH�VIYKjN`ecPVIY�ipW:��QTYKj�V�LVJ.d�[lW�jNZNj�W�f�cMFIHK`ba�JPV�VIH4FIisVPdIHKYK`ba�JPV���®�V�dPQTJ\Y�W�c�H�¡�isD `ec�H=FIYK`sVIJ\Y
LaV�isDGFIH=QT`eisVkO�VIY�W,LaV�ipW,�vQTYKj�V �





Jr = 0
Jθ = f(r) cos(φ) sin(α)
Jφ = f(r)(sin(θ) cos(α) − sin(φ) cos(θ) sin(α))

t � �'& �hz

QT�
f(r)

L\FPO=`ef�cPVnisDGFI�hQTieJ\HK`bQTc LaV�ipW�LaVIcMOK`eH=FnLaV¤dPQTJ\Y�W�c�H�WP�pVPdnisV�Y�WP]hQTc LaV�isDGFIH=QT`eisV��:®�VIHKH�V
�vQTcMdIHK`bQTcnZ�QTJ\YKY�W SIHKY�V6VIc

1/r2 ZlW�YWV|m<VIjNZ\isV��
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  Z\Y=�PO�WP�hQT`eYEFIH�W�S\ie`sV�ipW�dPQTcV¬Mf�J\Y�W�HK`bQTc�L�DGFPa�J\`eie`eS\Y�V�LaV�isDGFIH=QT`eisV�{�isVPO�FPa^JlW�HK`bQTcMO�LaV�qxW�mV��VIiei\LMW�cMO
isVk�^`bLaVX� J\Y�VIc^H�Y=FPO=QTieJPVPO}�lC:VPOoie`ef�cPVPOoLaVAd=[lW�jNZxj�W�f�cMFIHK`ba�JPV.QTS\H�VIc�JPVPO	O=QTc^HoZ\Y=FPO�VIc^H=F9VPOoO=J\Y�isVPO�O�`ef�J\Y�V
� �'&V��T	QTJMOXZ�QTJ\�hQTcMOkH=QTJ\H.L�D¨W�S�QTY=L�Y�VIj�W�Y=a�JPVIY,a�JPV�isV�d=[lW�jNZ�VPOKHAW�Z\Z\Y=Q~m_`ej�W�HK`e�pVIj�VIc^H�LV`eZ�QTipW�`eY�V���C�W
LaVIcMO=`eH=FALaVAdPQTJ\Y�W�c�H	� J\HoZ\YK`bO�VkLMW�cMOoJ\cnZ\Y�VIjN`sVIY	H�VIjNZMO	J\c\`��vQTYKj�V,¡NisD `ec^H=FIYK`sVIJ\YRLaVXisDGFIH=QT`eisV,¡NcPVIJ\HKY=QTcMO
Z\J\`bOAibQ_d~W�ie`bO=F9V�LMW�cMOXJ\cPV�dPQTJMd=[PV�Z\Y=Q^d�[PV�LaVNipWndIY=QT�\H�V�LaVNisDGFIH=QT`eisV���C:V�d�[lW�jNZ�j�W�f�cMFIHK`ba^JPV�Y=FPO=J\ieH�W�c�H
��W�YK`sVRibFIfh�IY�VIj�VIc^HoOKJ\`e��W�c�H2ipW,dPQTcV¬Mf�J\Y�W�HK`bQTc¤Z\YK`bO�V��My�V�Z\ieJMO2LaV��sW�`eS\isVPO2FPd~W�YKH=O�W�Z\ZlW�Y�W�`bO�O�VIc�H	FIf�W�isVIj�VIc�H
O=J\`e�TW�c^H�ipWxj�FIHKYK`ba�JPV�J\HK`eie`bO=F9V�� ��QTJ\Y��hQT`eYNisD `ejNZlWTdIH�LaV�d9VIH�FPd~W�YKH�OKJ\YNisVPONj�Q_L\�IisVPO�L�D¨WTdPdPFIibFIY�W�HK`bQTc VIH
L�DGFIjN`bO�OK`bQTck[lW�J\H�VPO�FIcPVIYKf�`sVPO�LaVPO�Z\J\ibO�W�Y=O~{~`eiiVPOKH�j�W�`ec^H�VIclW�c�H4`ejNZ�QTYKH�W�c�H4LaV�Y=FPO=QTJMLVY�V�d9VPO�FPa^JlW�HK`bQTcMO�LMW�cMO
J\cPV�j�W�f�cMFIH=Q�O=Z\[M�IY�Vkd=[lW�YKfhF9V��   ipW.LaVIcMOK`eH=F6VIH�W�J�dPQTJ\Y�W�c�H�L\F|¬Mc\`�¡kisD `ec^H=FIYK`sVIJ\Y�LaV�isDGFIH=QT`eisVX¡.cPVIJ\HKY=QTcMO~{
L\QT`e�pVIc^HNSIHKY�V2W�UKQTJ\H�VIYELaVPO4H�VIYKj�VPO�ie`bFPOE¡�d9VIHKH�V�j�W�f�cMFIH=Q�OKZ\[M�IY�V��hC:VPO �~QTcPVPO�QT�NipWodPQTjNZ�Q�O�W�c^H�V2LVJNd=[lW�jNZ
FIisVPdIHKYK`ba^JPV	ZlW�Y�W�ieib�IisVRW�Jud�[lW�jNZuj�W�f�cMFIHK`ba^JPV�O�VIY�WkcMQTc�c^J\ieisV	L\F|¬Mc\`eY=QTc^H:isVPO �~QTcPVPO:WTdPdPFIibFIY�W�HKYK`bd9VPO~�\yRW�cMO
isV��_`bLaV�d9VPO �~QTcPVPO,O=QTc�H,Y�VIZ\Y=FPO�VIc^H=F9VPONOKJ\YkipW O�`ef�J\Y�V � � � ��y�VIJVm«Y=FIf�`bQTcMO,Z\YK`ecMdI`eZlW�isVPONW�Z\ZlW�Y�W�`bO=O�VIc�H�VIH
dPQTYKY�VPO=Z�QTcMLaVIc^H¤¡�isD¨WTdPdPFIibFIY�W�HK`bQTc Z\Y=Q^d�[PV�LaVPO�d~W�ibQTHKH�VPO�Z�QTipW�`eY�VPO}��C�W Z\Y=QTibQTc\f�W�HK`bQTc LaVgd9VIHKH�V �~QTcPVgisV
ibQTc\f LaV�ipW�LaVIYKc\`b�IY�Vnie`ef�cPVnLaV¤d=[lW�jNZ���VIYKj�F9V�{�O�VIY�WgisV�S\J\H�LaVnj�QTc�HKY�WP��W�`ei�LaV�j�Q^L\FIie`bO�W�HK`bQTc LaV�ipW
j�W�f�cMFIH=Q�O=Z\[M�IY�VAd�[lW�YKfhF9V���®�V�HKY�WP��W�`ei�O�V	�dVIY�W,LaVPO:isD¨W�c\cMF9VXZ\Y=Q^d�[lW�`ecPVAW�JnO�VI`ec�LVJ¤C � :w ¡,q{VIJML\QTc��

������� � �'& � C�`ef�cPVPO�LaV:d=[lW�jNZ�j�W�f�cMFIHK`ba^JPV.VIc�©Ty QTS\H�VIc�JPVPO�W�Z\Y=�PO4Y=FPO�QTieJ\HK`bQTc�LaVPO�FPa�JlW�HK`bQTcMO�LaV:qxW�mV��VIiei
Z�QTJ\Y2J\cPVXFIH=QT`eisVA¡.cPVIJ\HKY=QTcMO+VIc�Y=QTH�W�HK`bQTcnLMW�cMO�isV��^`bLaV��

����� � �-A>�;=+�	l5 2-

®�VIHKH�VXO=`ejNZ\isVXFIHKJMLaVXcMQTJMO�WNH=QTJ\H�L�D¨W�S�QTY=L�j�QTc�HKY=Fka^JPV�isVXd�[lW�jNZnj�W�f�cMFIHK`ba^JPVXZ�QTJ\�TW�`eH�SIHKY�V
dPQTcMO=`bL\FIY=FRdPQTjNj�VRLV`eZ�QTipW�`eY�V�LMW�cMO�J\cPV�Z\Y�VIjN`b�IY�VXW�Z\Z\Y=QPmV`ej�W�HK`bQTc�j�W�`bO:a^J�D J\c�FPd~W�YKH:¡.d9VIHKH�V	fhFPQTj�FIHKYK`sV
V|mV`bOKH�W�`eH"VIH�L\FIZVIcMLMW�`eHELaV�ipWoj�FIHKYK`ba�JPV2W�`ecMO=`_a^JPV�LaV�ipW�fhFPQTj�FIHKYK`sV:LaV�ipW	LaVIcMOK`eH=F�LaV�dPQTJ\Y�W�c^H�¡oisD `ec�H=FIYK`sVIJ\Y
LaV�isDGFIH=QT`eisV���C:VPO �~QTcPVPO�WTdPdPFIibFIY�W�HKYK`bd9VPO�LMW�cMO�isV��^`bLaV:dPQTYKY�VPO=Z�QTcMLaVIc^H~{pVIieisVPO~{hW�JVmNd~W�ibQTHKH�VPO�Z�QTipW�`eY�VPO}��qxW�`bO�`ei
VPO=HEj�W�`ec�H�VIclW�c^H�cMFPd9VPO=O�W�`eY�V:LaV2O�V�Z\ipWTd9VIY�LMW�cMO�J\cPV2j�W�f�cMFIH=Q�OKZ\[M�IY�V�d�[lW�YKfhF9V2Z�QTJ\YE�hQT`eY�ipW�Z\Y=QTibQTc\f�W�HK`bQTc
LaV	d9VPO �~QTcPVPO�WTdPdPFIibFIY�W�HKYK`bd9VPO�isVoibQTc\f,LaV�ipWkLaVIYKc\`b�IY�Voie`ef�cPV	LaV	d=[lW�jNZ�QTJ\�pVIYKH�V��^C�WkL\FIH�VIYKjN`eclW�HK`bQTc�L�D J\cPV
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LaVIcMOK`eH=F�VIH:J\cndPQTJ\Y�W�c^HoOK`eHKJMFRLMW�cMO2J\cPVXdPQTJMd=[PVkZ\Y=Q^d�[PVXLaVRipW,dIY=QT�\H�VkLaV�isDGFIH=QT`eisV��

������� � � � � ®�QTJ\ZVkLaVRipWNdPQTcV¬Mf�J\Y�W�HK`bQTcgLaVPO:ie`ef�cPVPO�LaVXd�[lW�jNZnj�W�f�cMFIHK`ba^JPVkLMW�cMO�isVRZ\ipW�c�m�� ¢ WP�pVPdkJ\cPV
LaVIcMOK`eH=F�VIH:J\cndPQTJ\Y�W�c^H�J\c\`���QTYKj�VXLMW�cMO:isDGFIH=QT`eisV��
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������� � � � � ®�W�YKH�Vk©Ty LaVRipW,dPQTjNZ�Q�O�W�c�H�VALaVR��ZlW�Y�W�ieib�IisVAW�J�d�[lW�jNZnj�W�f�cMFIHK`ba^JPV��

H�VIieisV�OKHKYKJMdIHKJ\Y�V�VPOKHXHKY=�POX`ejNZ�QTYKH�W�c^H�V���C:VPORj�Q_L\�IisVPOX[lW�J\H�V�FIcPVIYKf�`sV�L\FIZVIcMLaVIc^H-VIc�V|�=VIHR��QTYKH�VIj�VIc�HALaV
ipW�fhFPQTj�FIHKYK`sV�LaVPORie`ef�cPVPO.LaV�d�[lW�jNZ�VIHkLaVPOAOK`ef�clW�HKJ\Y�VPOkQTSMO�VIYK��W�HK`bQTc\cPVIieisVPO.dPQTjNj�V�ipW�Z�QTipW�YK`bO�W�HK`bQTc�cPV
Z�VIJ\�pVIc�H SIHKY�VR`ec�H�VIYKZ\Y=FIH=F9VPO	a^J�D¤VIcndPQTc\clW�`bO=O�W�cMd9VXLaVRd9VIHKH�VkdPQTcV¬Mf�J\Y�W�HK`bQTc��
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C¸VPOkZ\J\ibO�W�Y=O-VIHXisVPOXY�VPO=H�VPOkLaV�O=J\ZVIYKcMQ}�TWnO=QTc�HkO=J\Z\Z�Q�O=FPO�SIHKY�VN��QTYKj�FPO�VIc«j SIj�V�H�VIjNZMOkibQTY=O
LaVkisD¤V|mVZ\ibQ�OK`bQTcgLaVkipW�OKJ\Z�VIYKcMQ~��WV��®�VIZVIcMLMW�c^H�VIcMdPQTY�VNW�JTUKQTJ\Y=L�D [�J\`�ZlWTO	Z\ieJMO	LaV ��¢ d~WTO	QTc�HRFIH=FkY�VPd9VIcVr
O=FPO,L�D¨WTO=O=Q_dI`pW�HK`bQTc¥d9VIYKH�W�`ecPV¶VIc^HKY�V�J\c§Z\J\ibO�W�Y^VIH.J\c Y�VPOKH�V��E®�VPONa^JPVIiba�JPVPO,d~WTO.Y�VPdP�IisVIc�H�LaV�Z\Y=FPdI`sVIJMO�VPO
`ecV�vQTYKj�W�HK`bQTcMO,OKJ\YAisVPOXZ\Y=QTZ\YK`bFIH=FPO,LVJ Y�VPOKH�V�VIH.LVJ�Z\J\ibO�W�Y,W�`ecMOK`�a^JPV�O=J\YXisVPOkY�VIipW�HK`bQTcMO¯VIHA`ec�H�VIY�WTdIHK`bQTcMO
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VIc^HKY�VAd9VPO�LaVIJVm�Z\Y=QTH�W�fhQTc\`bOKH�VPO~�l�Ec�ZlW�YKHK`bdIJ\ie`sVIY	dPQTjNj�VkcMQTJMO2isD¨W~�hQTcMO��_JnLMW�cMO2isVkd=[lW�Z\`eHKY�VA`ec�HKY=Q_LVJMdIHK`��
ipWNHKY=�PO��vQTYKH�V�Z\Y�VPO�OK`bQTc�LVJ�jN`eie`sVIJvVIc��_`eY=QTc\clW�c�HoZVIJ\HodPQTcV¬McPVIY+VIH2d=[MQ_a�JPVIY�isV��pVIc�H2Y�VIipW�HK`e�_`bOKH�VRFIjN`bO:ZlW�Y
isV�Z\J\ibO�W�Y~�^®�V��pVIc�H�d�[MQ^a^JMF�fhFIcM�IY�V�W�ibQTY=OELaV�isDGFIjN`bO=O=`bQTc�OK]^cMd�[\Y=QTHKY=QTc�Z�QTJ\�TW�c^H�O�VIYK�_`eY�W	HKY�WTd9VIY�isVPOEZVIYKH�VPO
L�DGFIcPVIYKf�`sVRLVJ�Z\J\ibO�W�Y~� ��VIcMLMW�c�H2Z\ieJMO:LaV � &,W�cMO�ipWkcMFIS\J\isVIJMO�V	LVJn®�Y�W�S�VRW�`ecMOK`�a�JPV	d9VIieisV�LaV ��VIipWk�vJ\Y�VIc�H
isVPO�O�VIJ\ibO�Y�VPOKH�VPOE¡ SIHKY�V:WTO=O=Q_dI`bF�W~�pVPd�LaVPO�Z\J\ibO�W�Y=O~� � cPV�HKY=QT`bOK`b�Ij�V:WTO=O=Q_dI`pW�HK`bQTc,�^`eH�isV�UKQTJ\Y�¡�ipWoL\FPdPQTJ\�pVIYKH�VL�D J\c�Z\J\ibO�W�Y�LaV � & ¢ j�O�LaV	Z�FIYK`bQ_LaV�LMW�cMO�isV	L\QTj�W�`ecPV��,{^Y�WTLV`bQ^VIH
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q ¦ w � &�r2& � tsªR© ��¢ � #Tr � � � z.t ¦ VI��W�Y=L£VIHow�W�YKcMLaVIc � ��� � �8qgW�cMd=[PVPO=H�VIY~VIHRW�is� � ��� � � � iej�VIY~VIH�W�is� � ��� ©hz|�C¸VPO,ZlW�Y�W�j��IHKY�VPO�LaV�Y=QTH�W�HK`bQTc�LVJ§Z\J\ibO�W�YNL\QTc\cPV�J\c H�VIjNZMONd~W�Y�WTdIH=FIYK`bO=HK`ba�JPV�LaV � �T¢�¢ W�cMO~{�J\cPV�ZVIYKH�V
L�DGFIcPVIYKf�`sV�VPOKHK`ej�F9V.¡

Ė = 1.8 × 1037 ergs.s−1 VIHoJ\cnd=[lW�jNZxj�W�f�cMFIHK`ba�JPV
Bp = 1.5 × 1013G

tv�XWTOKZ\`
VIH�W�is� � ��� #^z���W�`bO�W�c^H2LaVRd9V�Z\J\ibO�W�Y2isD J\c�LaVPO�Z\ieJMO4U�VIJ\cPVPO.VIH2OKJ\YKH=QTJ\H:J\c�LaVPO2Z\ieJMO2FIcPVIYKfhFIHK`ba�JPVPO	WP�pVPdRJ\c
d�[lW�jNZ�j�W�f�cMFIHK`ba^JPV�HKY=�PO:FIisVI�hFoHKY=�PO�Z\Y=Q_d=[PVRLVJ�d�[lW�jNZ�dIYK`eHK`ba�JPV�LaV	isDGFIisVPdIHKY=Q^LV]_clW�jN`ba^JPVXa�JlW�c^HK`ba�JPVRQT�
isVXZ\[MFIcMQTj��IcPVkLaVRO=FIZlW�Y�W�HK`bQTcxLaV�Z\[MQTH=QTcMO�L\FIS\J\H�V��

������� � � � � � j�W�fpVRY�WTLV`bQ�LaV�ipW,Y=FIf�`bQTcxW�J\H=QTJ\Y�LaV � ¦ £�� � & ¢�� r2& � �

¦�� £ ªR© ��¢ � #Tr � � � WnJ\cPV�j�QTYKZ\[MQTibQTf�`sV�LMW�cMOAisVuL\QTj�W�`ecPV�Y�WTLV`bQ¤HKY=�POAO=J\YKZ\Y�VIclW�c�H�V�����c�V|��VIH
LaVIJVm �~QTcPVPO�FIjN`bO=OK`e�pVPO�LV`bOKHK`ecMdIH�VPO�O=QTc�HRdIipW�`eY�VIj�VIc^HR�^`bOK`eS\isVPONtsªRW?VIcMO=isVIY~VIHXW�is� � ����� z|��yRW�cMO	ipW �~QTcPV,W�J
O=JML�{lJ\cPV.ZlW�YKHK`sV.LaVkipW�dPQ^a^J\`eieisV.LaVkipW�OKJ\Z�VIYKcMQ~��W�VPOKH	�_`bOK`eS\isV.W�ibQTY=O�a^J�DGQTcxLV`bO�d9VIYKcPV.W�JgcMQTY=L¤J\cPV �~QTcPV
S�V~W�JMdPQTJ\Z�Z\ieJMO:S\YK`eieipW�c^H�V�VIH2d9VIc�HKY=F9VkOKJ\Y�J\c�Z�QT`ec^H:Z\Y=FPdI`bO~�l®�VIHKH�VXLV`bO=OK]_j�FIHKYK`sV	¬MH�H=QTJ\H�L�D¨W�S�QTY=L�ZVIcMO�VIY
¡RJ\cPV:Y=FIf�`bQTc�QT��O�V�OKJ\ZVIYKZ�Q�O�VIc^HEZ\ieJMOK`sVIJ\Y=OEY�VPO=H�VPO�j�W�`bO�W�Z\Y=�PO�a�JPVIiba^JPVPO�W�c\cMF9VPOEJ\cPV�FPa�J\`eZ�V:j�VIcMF9V:ZlW�Y
ªXW?VIcMOKisVIY�tsªXW?VIcMOKisVIY-VIH,W�is� � ����� z�j�QTc^HKY�WV{³VIc�FIHKJMLV`pW�c�H.isVPOAY�W�`sVPOkL�D¨W�SMO=QTYKZ\HK`bQTc¥w
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LaVud9VIHKH�V�FIjN`bO�OK`bQTc�FIH�W�`eH,LVJPV�¡�J\c�O�VIJ\i�Y�VPOKH�V�LaV�OKJ\ZVIYKcMQ}�TW¤OK`eHKJMFu¡�J\cPV�LV`bO=H�W�cMd9V�LaV(&V� � ± � � # �_Z�d��
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��c�OKJ\Z\Z�Q�O�W�c^HkLaVPOXZlW�Y�W�j��IHKY�VPO.OKH�W�cMLMW�Y=L\OXZ�QTJ\YXisVNjN`eie`sVIJ�`ec�H�VIY=OKH�VIieipW�`eY�V�W�`ecMOK`�a^JPV,Z�QTJ\YkisD¤V|m_Z\ibQ�OK`bQTc
LaVkipW�OKJ\Z�VIYKcMQ~��W�J\c ��fpV,d~W�Y�WTdIH=FIYK`bOKHK`ba^JPV,dPQTjNZ\YK`bO6VIc�HKY�V � ¢�¢�¢ VIH ��¢�¢�¢�¢ W�cMOo� J\H�VPOKHK`ej�F���®�VIH ��fpV-VPO=H
S\`sVIc OKJ\Z�FIYK`sVIJ\YuW�JVm � �T¢�¢ W�cMO�d~W�ibdIJ\ibFPOuZ�QTJ\Y�isVnZ\J\ibO�W�Y�VIHud9V�Z�QTJ\Y�LV`���FIY�VIc�H�VPOuY�W�`bO=QTcMO~��C:VnZ\J\ibO�W�Y
Z�QTJ\YKY�W�`eH SIHKY�VuH=QTJ\H�L�D¨W�S�QTY=L§S\`sVIc§Z\ieJMON�^`sVIJVm a�JPV�isD¤VPOKHK`ej�W�HK`bQTc§�sW�`eH�V�tv��ipW�cML_�vQTY=LjVIH�£oQTj�W�c\` � ����� �
ª	��W�Y�W�j�WTL �CV ��¢�¢ � z|� �oc�Z�QTJ\YKY�W�`eH�FIf�W�isVIj�VIc�H�ZVIcMO�VIY�LaV:j�W�c\`b�IY�VoZ\ieJMOEY=F~W�ie`bOKH�Voa�JPV:isV2Y�VPOKH�VoW�`eHEf�Y�W�cMLV`
HKY=�PO:Y�W�Z\`bLaVIj�VIc�H	LMW�cMO2J\cPVRd~W~�^`eH=FXLaVR��W�`eS\isVRLaVIcMOK`eH=F�t ¦ VI��W�Y=LvVIH�W�is� � ��� ©hz|� ¦ QTc ��fpVXO�VIY�W�`eH�W�ibQTY=O:S\`sVIc
`ecV�vFIYK`sVIJ\YX¡ud9VIieJ\`�j�VPOKJ\Y=F���®�V.j�Q^L\�IisV.Z�QTJ\YKY�W�`eHkW�JMO=OK`"V|mVZ\ie`ba�JPVIYRO=QTcgFIHKY�W�c\fpV,j�QTYKZ\[MQTibQTf�`sV�W�`ecMOK`�a^JPV
isVRL\FPd~W�ipW�fpVkLVJ�Z\J\ibO�W�Y2ZlW�Y2Y�W�Z\Z�QTYKHoW�Jnd9VIc�HKY�VALVJ�Y�VPOKH�V��8®�VIH	W�YKf�J\j�VIc�Ho� J\H2dPQTcV¬MYKj�FkJ\ieH=FIYK`sVIJ\Y�VIj�VIc�H
ZlW�Y2LaVPO�QTSMO�VIYK��W�HK`bQTcnLMW�cMO:isVkL\QTj�W�`ecPVXw
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C¸VPO�FIjN`bO=OK`bQTcMO ��LaVXd9VROK]VOKH=�Ij�V�Y=FI�hFIib�IY�VIc^H�J\cPVROKHKYKJMdIHKJ\Y�VXLV`���FIY�VIc�H�Vkj�W�`bO:H=QTJ\HoW�JMO=O=`�dPQTj,r
Z\isV|m<V����EieisVPO�O=QTc^H�VIc�V|��VIHEdPQTjNZ�Q�O=FPOEL�D J\cPV�FIjN`bO=OK`bQTcNcMQTc�HK[PVIYKjN`ba^JPV:�pVIclW�c�H�L�D J\cPV2OKHKYKJMdIHKJ\Y�V�W�ieibQTc\fhF9V
O�VIibQTcNJ\cPV:LV`eY�VPdIHK`bQTc ¦ �4r � ��d9VIc^HKY=F9V�OKJ\Y4isV�Z\J\ibO�W�Y�W�`ecMOK`Ma�JPV�L�D J\cPV:ZlW�YKHK`sV2HK[PVIYKjN`ba�JPV�W�JNcMQTY=LNLaV:d9VIHKH�V
�~QTcPV��_®�VIHKH�VoLaVIYKc\`b�IY�V�dPQ � cMdI`bLaV�WP�pVPd2isDGFIjN`bO�OK`bQTc�Z�QTcMdIHKJPVIieisVoLaV2ipWRcMFIS\J\isVIJMO�Vo£:® � ��� QTSMO�VIYK�hF9V+VIcuQTZVr
HK`ba�JPV�t ¦ VI��W�Y=LvVIHoW�is� � ��� ©��l�YKJMO=O=QTc\`5VIHoW�is� � ��� �hz|�

C�DGFIjN`bO=OK`bQTc�cMQTc�HK[PVIYKjN`ba�JPVRQTSMO�VIYK�hF9V6VIc � W.FIH=Fo`ec^H�VIYKZ\Y=FIH=FXdPQTjNj�VRFIH�W�c�H2LVJ�W�J��pVIc�H2FIjN`bO
ZlW�YEisV:Z\J\ibO�W�Y~�V®�QTjNj�V2`ei8WXFIH=F:j�VIc�HK`bQTc\cMF	LMW�cMOEisV:ZlW�Y�W�f�Y�W�Z\[PVoZ\Y=FPdPFPLaVIc�H~{_d9VIHKH�V2FIjN`bO=O=`bQTc�c�D¨W�ZlWTO�FIH=F
L\FIH�VPdIH=F9V�LMW�cMO�ipW�L\QTj�W�`ecPV�Y�WTLV`bQ	LVJX�sW�`eH�LaV�ipW��sW�`eS\isV�LaVIcMOK`eH=F�LMW�cMO�isVPa^JPVIi_FI�hQTieJPV�isVE�pVIc^H}tv��[lW�HKH�WTd�[lW�YK]�W
� ����¢ ��ªRW?VIcMOKisVIY�VIHuW�is� � ����� z|�EC�W�dPQTieie`ej�W�HK`bQTc LVJ¥Y�WP]hQTc\cPVIj�VIc^H�O�VIibQTc¥J\cPV�LV`eY�VPdIHK`bQTc�Z\Y=FPdI`bO�V�W«FIH=F
`ec�H�VIYKZ\Y=FIH=FAdPQTjNj�VXFIH�W�c�H	LVJPVkW�J,U¦VIH2LVJnZ\J\ibO�W�YAtv�W�jAJ\Y�W�VIHoW�is� � ��� ���l��Y�W��P`sVIYWVIH���VPd �pVIY � ����� z|�

ª�Y��Td9V�W�JVm�L\QTc\cMF9VPON£�� ¦   R{�ipWnj�QTYKZ\[MQTibQTf�`sV�LVJ��pVIc^H.HKY=�POAZ\Y=Q_d=[PV�LVJ�Z\J\ibO�W�YNW�Z\JFSIHKY�V
FIHKJMLV`bF9V«tsª	Y�VI`e�pVIibLV`ec\fpVIY�VIH�W�is� � ��� &hz|��y�VIJVm¥dPQTjNZ�Q�O�W�c�H�VPO�LaV�ipW¤cMFIS\J\isVIJMO�VnO=QTc�H�W�ibQTY=ON�_`bOK`eS\isVPO~��C�W
Z\Y�VIjN`b�IY�V�dPQTYKY�VPOKZ�QTcML«¡uJ\cPVNFIjN`bO=OK`bQTc«FIH�VIcMLVJPV�O=J\Y	Z\ieJMO=`sVIJ\Y=OXjN`ec�J\H�VPOkL�D¨W�Y=d�VIHRisD¨W�J\HKY�V�¡uJ\c«LV`bO=a^JPV
dPQTjNZlWTdIH�LaV�Y�WP]hQTc�dPQTjNZ\YK`bO�VIc�HKY�V�© ¢ VIHN# &kO�VPdPQTcMLaVPO�L�D¨W�Y=d+VIH�d9VIc�HKY=F�OKJ\YEisV�Z\J\ibO�W�Y~�^��Y�W��P`sVIY�VIH���VPd �pVIY
t � ����� z�VIcuJ\HK`eie`bO�W�c^H�isVPO�L\QTc\cMF9VPO�LaV�£�� ¦    wo£ �4cPV2Y�VIHKY=QTJ\�h�IY�VIc�H:ZlWTO�isVPO�LaVIJVm�dPQTjNZ�Q�O�W�c�H�VPO�Z\Y=QTZ�Q�r
O=F9VPO�ZlW�Y:ª	Y�VI`e�pVIibLV`ec\fpVIY�j�W�`bO�Y�VIj�W�Y=a^JM�IY�VIc�H2a^JPV�isDGFIjN`bO=O=`bQTc�W�J\H=QTJ\Y:LVJuZ\J\ibO�W�Y�W~�TW�`eH�J\cPV	OKHKYKJMdIHKJ\Y�V�VIc
W�Y=dNO�VIjkS\ipW�S\isV�¡�d9VIieisV�QTSMO�VIYK�hF9V^VIc � Z�QTJ\YRisV,Z\J\ibO�W�YXLVJ�®�Y�W�S�V�t   O=d�[PVIc�SlWTd�[�VIHX��YK`ec �^j�W�c\c � ��� &��
wWVPO=H�VIY+VIH�W�is� � ��� &hz|�l��c ��¢�¢ � f�Y��Td9V,W�LaVPO	QTSMO�VIYK��W�HK`bQTcMO�®�[lW�cMLVY�WV{8Z\ieJMOK`sVIJ\Y=ORW�Y=dPO	L�DGFIjN`bO=OK`bQTc��vJ\Y�VIc�H
L\FPdPQTJ\�pVIYKH=O�W�JNO�VI`ecNLaV:d9V�H=QTY�V�L�DGFIjN`bO�OK`bQTc���®�VPOEW�Y=dPO�� J\Y�VIc^H�W�HKHKYK`eS\JMFPO�¡	LaVPO4�:`bOKZMO�LMW�cMO4J\cN�pVIc�HEL�D `bQTcMO
Y�VIipW�HK`e�^`bO=H�VPOktsªRW?VIcMOKisVIY+VIH	W�is� ��¢�¢ � z|�

C�WXclW�HKJ\Y�V	LaV2ipWkO=QTJ\Y=d9V2HK[PVIYKjN`ba^JPV.tv£2® � ��� z�OK`eHKJMF9Vo¡ �RjN`ec^J\H�VPO�L�D¨W�Y=d�W�J�cMQTY=L�LVJ�Z\J\ibO�W�Y
VPOKH�VIcMdPQTY�VoZ�VIJ�dIipW�`eY�V�� � i8WXibQTc\f�H�VIjNZMO�FIH=FoLV`eH�a�JPVod9VIHKH�V �~QTcPVoFIH�W�`eH�isV�ie`sVIJuL�D `ec^H�VIY�WTdIHK`bQTc VIc�HKY�VoisV2�pVIc�H
dPQTieie`ej�W�H=FNLVJ�Z\J\ibO�W�Y6VIHRipWudPQ^a^J\`eieisV,LVJ�Y�VPOKH�V,LaV.O=J\ZVIYKcMQ}�TW�t ¦ VI��W�Y=L�VIHXW�is� � ��� ©�����Y�W��P`sVIY6VIHX��VPd �pVIY
� ����� z|���Ec � ��� �o�W�jkJ\Y�W,tv�W�jkJ\Y�W~VIH�W�is� � ��� �hz�j�QTc^HKY�W�a^J�D J\cPV �~QTcPV�L�DGFIjN`bO=OK`bQTc.cMQTckHK[PVIYKjN`ba^JPV�Y�VIie`pW�`eH
isV:Z\J\ibO�W�Y:¡Rd9VIHKH�V �~QTcPV�LaV2Y�W~]hQTc\cPVIj�VIc�H�HK[PVIYKjN`ba^JPV�� � iM¬MH�W�ibQTY=OEisD [�]_Z�QTHK[M�PO�Voa^JPV2d9VIHKH�V	OKHKYKJMdIHKJ\Y�V�FIH�W�`eH
ipWndPQTc^HKY�VIZlW�YKHK`sV�LVJnU�VIH,QTSMO�VIYK�hF9V�LMW�cMOAisVuOKJML���yRW�cMOAd9V�d~WTO�VIc�J\HK`eie`bO�W�c^HNipWnLV`���FIY�VIcMd9V�LaV�S\YK`eieipW�cMd9V
VIc�HKY�V.isVPO	LaVIJVmnZ TTisVPO}{lisD¤V|�=VIH	y�QTZ\Z\isVIY	ZVIYKjN`eHRLaV.dPQTc�HKY�W�`ecMLVY�V,isVAZ\Y=Q^LVJ\`eH

βjet cos(θjet)
¡NJ\cPV.�TW�isVIJ\Y

Z\Y=Q^d�[PV ¢ � ��� �
�Ec ��¢�¢ &V{�isDGQTSMO�VIYK��W�HK`bQTc�LaV�d9VIHKH�V2Y=FIf�`bQTc�ZlW�Y�wA�G�2� ¦ � ¦ VIc�HKY�V ����¢ ª�V �µVIHD# ¢ ¸V � dPQTcV�vQTYKH�W�isVPO

Y=FPOKJ\ieH�W�H=OoHKY=QTJ\�hFPORLMW�cMO�isV.L\QTj�W�`ecPVALaVPO	Y�W~]hQTcMO �*t   [lW�Y=QTc\`pW�c�VIH�W�is� ��¢�¢ &hz|��C�W�cMFIS\J\isVIJMO�VAQTSMO�VIYK�hF9V
FIH�W�`eH�W�ieibQTc\fhF9V�O�VIibQTc�ipW�j SIj�V�LV`eY�VPdIHK`bQTcua�J�D¤VIc � VIH�O�QTc�FIH�VIcMLVJPV�FIH�W�`eHEZ\Y=Q_d=[PVoLaV ��jN`ec^J\H�VPO�L�D¨W�Y=dPO�LaV
d=[lWTa^JPV,d TTH=F.LVJgZ\J\ibO�W�Y~��C:V,OKZ�VPdIHKY�V,QTSMO�VIYK�hF¯VPOKH�J\cPV.ibQT`�LaV.Z\J\`bO=O�W�cMd9V,LaV.ipW��vQTYKj�V

E−2.27±0.23±0.20VIHoZ�VIJ\H SIHKY�V-V|mVZ\ie`ba�JMFAZlW�Y�LaVkisDGFIjN`bO=O=`bQTc«®�QTjNZ\H=QTcg`ec^�pVIY=O�V,LaVPOoFIisVPdIHKY=QTcMOROKJ\Y	isVPO	Z\[MQTH=QTcMO�LVJ�®�qx�
VIH�LVJ��vQTcML�LV`���JMO�`ecV� Y�W�Y=QTJ\fpV��_��cudPQTjNZlW�Y�W�c�H:LV`eY�VPdIH�VIj�VIc�H2d9VIHKH�VoFIjN`bO=OK`bQTc�¡Xd9VIieisV�QTSMO�VIYK�hF9VWVIc �.{�J\cPV
�TW�isVIJ\Y:j�Q}]pVIc\cPVkLVJnd�[lW�jNZnj�W�f�cMFIHK`ba^JPVXLaV � �

µG
�vJ\H:HKY=QTJ\�hF9V��

C¸VAOK]VOKH=�Ij�V�� ¦ £ � � & ¢�� r2& � { ¦�� £ ªX© ��¢ � #Tr � � � ��QTJ\YKc\`eH�J\cxS�VIi5V|maVIjNZ\isVAL�D `ec^H�VIY�WTdIHK`bQTcgL�D J\c
Z\J\ibO�W�Y�WP�pVPdAO=QTc VIc��_`eY=QTc\cPVIj�VIc�H~�

Z ��� � 9 	l<43�/��:685 2- �A<#[]\R" ^�� �-_ `Ja � Z �E/2<�> ;=< 	l�:68<�;=;=576�<��  ��F�§ #"�� �

� ¦ £ � � & ¢�� r2& � WAFIH=F�QTSMO�VIYK�hF�WP�pVPd�isVoH=FIisVPO=dPQTZV � � � ¦	� � ¦ ª�£ �4LVJ�O�W�H�VIieie`eH�V � � :��ªR£   CE�^C¸V
H�VIjNZMO�L�D¤V|mVZ�Q�OK`eHK`bQTck�vJ\H�LaV � �¨©2qxO�dPQTjNZ\Y�VIclW�c�H�LaVPO4L\QTc\cMF9VPO�Z\J\S\ie`ba^JPVPO�LVJNª � ¦ tIê[ÕQÓªÕ ß Ü Ú�ß E ÓªÕ �7Ò-I 
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Ö Ò ñ}zEW�`ecMOK`Ma^JPV2LaVPOEL\QTc\cMF9VPO�Z\YK`e�hF9VPOotQ� � � � �GwWVIYKj�O�VIc8z|��CED¤VIcMO�VIjkS\isV	LaV�isD¨W�clW�ie]VO�V��vJ\H¬V|��VPdIHKJMF9VoWP�pVPd2ipW
�pVIY=O=`bQTc�QK$�dI`sVIieisV�LaV2HKY�W�`eH�VIj�VIc�H�L�D `ej�W�fpV2L�D � � :��ª�£   CxW�JMa�JPVIi�WRFIH=F�W�UKQTJ\H=F2a�JPVIiba^JPVPOEj�Q_LV`�¬ld~W�HK`bQTcMO
cMQTH�W�jNj�VIc^H	LMW�cMO�LaVIJVm�L\QTj�W�`ecPVPO � isD¨W�clW�ie]_O�V�VIc�Z\[lWTO�V6VIH2isDGFIHKJMLaVkLaVXO=QTJ\Y=d9VPO2FIH�VIcMLVJPVPO~�

� -/.0- 1 � >�� � H
:=� ��> 8DLo� :u�F?o���¢� ���51 �
	��

yRW�cMOEisV2S\J\H�L�DGFIHKJMLV`sVIY�isDGFIjN`bO�OK`bQTc�LVJ��pVIc^H�Y�VIipW�HK`e�_`bOKH�V�LaV�� ¦ £ � � & ¢�� r2& � VIH�L\QTcMd�LaV:Y=FPLVJ\`eY�V
isD `ec �MJPVIcMd9V�LVJ�Z\J\ibO�W�Y2UPD¨W�`EH=QTJ\HAL�D¨W�S�QTY=L�Y�VPOKHKY�VI`ec�H.j�QTc�FIHKJMLaVu¡�ipW�Z\[lWTO�V�cMQTc�Z\J\ibO�F9V�LaV�ipW�dPQTJ\YKSV
LaV,ieJ\jN`b�IY�V�{�ip¡�QT��isV.dPQTc^H�W�jN`eclW�HK`bQTc LVJ�Y�W~]hQTc\cPVIj�VIc�H.LVJ�Z\J\ibO�W�Y�VPOKHRHK[MFPQTYK`ba^JPVIj�VIc�HkjN`ec\`ejAJ\j���C�W
Z\Y�VIjN`b�IY�V�FIH�W�ZV�LaV�d9VIHKH�V2W�clW�ie]_O�V�VPOKH4L\QTcMd�ipW	dPQTc��pVIY=OK`bQTc�LVJ,H�VIjNZMO � �®�LaV�d�[lWTa�JPV�Z\[MQTH=QTc^VIc,H�VIjNZMOSlW�YK]Vd9VIc�HKY=F-VIc�J\HK`eie`bO�W�c^H�ipW.Z�Q�OK`eHK`bQTcnLVJ�Z\J\ibO�W�Y~�

� Ì¥ËuË�� ��É �EÌ7È�Í3Ç�Ê'Ê�Ì¥ËWÉ	�^��ÍGÇ�� �¥�'Ì7È'È����;Í1É~� 	 Ê�Ì¨Ë���� � ��Í
��QTJ\Y�V|��VPdIHKJPVIY	isD¨W�clW�ie]VO�V,LaVPOoZ\J\ibO�W�HK`bQTcMOojN`eieie`bO�VPdPQTcMLaVPOXL�D J\cPVAO�QTJ\Y=d9V.dPQTjNj�V � ¦ £#� � & ¢�� {

`eiVPOKH�cMFPd9VPO�O�W�`eY�V�LaV2��W�`eY�V2dPQTYKY�VPO=Z�QTcMLVY�V�¡Xd�[lWTa�JPV�Z\[MQTH=QTcuL\FIH�VPdIH=FoZlW�Y � � :��ª�£   CnLMW�cMO�ipWRLV`eY�VPdIHK`bQTc
LaVnipW«O=QTJ\Y=d9V�{�J\cPV�Z\[lWTO�VnZlW�Y�Y�W�Z\Z�QTYKH�¡�ipW�Y=QTH�W�HK`bQTc LVJ�Z\J\ibO�W�Y~�   d=[lWTa^JPV�H�VIjNZMOuL�D¨W�YKYK`e�hF9V¤L�D J\c
Z\[MQTH=QTc

γ
dPQTYKY�VPOKZ�QTcML�J\cPV:Z\[lWTO�V���qxW�`bO�fhFIcMFIY�W�isVIj�VIc�H�isVPOEL\QTc\cMF9VPOEH�VIjNZ�QTY�VIieisVPO�L�D J\cuO�W�H�VIieie`eH�V2dPQTjNj�V

� � :��ª�£   CuO=QTc�H³V|m_Z\YK`ej�F9VPO³VIcAJ\c\`eH=FPO�: tv¸VIjNZMO4¸VIYKY�VPO=HKY�V}z|� � iiVPO=H�L\QTcMd�cMFPd9VPO=O�W�`eY�V�LaVESlW�YK]Vd9VIc�HKY�VIY
d9VPO�L\QTc\cMF9VPO2W�¬Mc�LaVoY�VIHKY=QTJ\�pVIY�ipWkZ\[lWTO�V�VIH�dPQTYKYK`efpVIY�LaVoipW.LV`���FIY�VIcMd9V�LaVoj�W�Y=d=[PV�Z�QTJ\Y�d�[lWTa�JPV	Z\[MQTH=QTc
O�VIibQTcNipW	Z�Q�OK`eHK`bQTcNLVJ�O�W�H�VIieie`eH�V:O=J\Y4O�QTc�QTYKS\`eH�V&VIH�ipW�Z�Q�OK`eHK`bQTc�LaV�ipW	¸VIYKY�V2ZlW�Y�Y�W�Z\Z�QTYKH�W�J,SlW�YK]Vd9VIc�HKY�V�LVJ
¦ ]VOKH=�Ij�V ¦ QTipW�`eY�V��MyRW�cMO:isV�Y=F|��FIY�VIc�HK`sVIi�`ecPVIYKHK`sVIi�LVJ�Z\J\ibO�W�Y~{\QTc�QTS\HK`sVIc�H�ipW.Z\[lWTO�V

φ(T )
U7JMO=a^J�D¨W�J�O�VPdPQTcML

QTY=LVY�Vkd~W�Y2isVRHKY=QT`bOK`b�Ij�VRc�D¤VPO=H2QTSMO�VIYK�hFXa^JPV�Z�QTJ\Y2isVPO2HKY=�PO4U¦VIJ\cPVPO�Z\J\ibO�W�Y=O~�

φ(T ) = φ(T0) + f(T0)(T − T0) +
1

2
ḟ(T0)(T − T0)

2 +
1

6
f̈(T0)(T − T0)

3.
t � � � z

y	J ��W�`eHuLaV�isD¨WTdPdPFIibFIY�W�HK`bQTc LVJ O�W�H�VIieie`eH�VnZlW�YuY�W�Z\Z�QTYKH�W�J Z\J\ibO�W�Y�isV�H�VIjNZMOuj�VPOKJ\Y=Fx¡�S�QTY=L�cPV¤ZVIJ\H
SIHKY�V�OKJ\SMOKHK`eHKJMF�LV`eY�VPdIH�VIj�VIc�HNLMW�cMOXisVPOAFPa�JlW�HK`bQTcMO.dI`�LaVPO=OKJMO}���oc���W�d=[MQT`bO=`eYkisV�Y=F|��FIY�VIc�HK`sVIi�ie`bF�W�J ¦\¦ �
QTJ �:W�YK]Vd9VIc�HKY�V«LVJ O=]_OKH=�Ij�V�O�QTipW�`eY�V��:CED¨WTdPdPFIibFIY�W�HK`bQTc�LaV�d9VgY=F|��FIY�VIc�HK`sVIiXZlW�Y�Y�W�Z\Z�QTYKHnW�J Z\J\ibO�W�Y VPOKH
O=J $�O�W�jNj�VIc�H���W�`eS\isV:Z�QTJ\Y�a^JPV�isV�H�VIjNZMO�LV]_clW�jN`ba�JPV2SlW�YK]_d9VIc^HKY=F

tb
LV`����IY�V2LVJ�H�VIjNZMO�Z\Y=QTZ\Y�V

T
ZlW�YEJ\c

O=`ejNZ\isV���WTdIH�VIJ\YoLV�¤¡,J\c�L\FPd~W�ipW�fpVX�pVIY=O�isV�Y=QTJ\fpVky�QTZ\Z\isVIY+VIH2f�Y�W~�^`eH�W�HK`bQTc\cPVIis��C:VRH�VIjNZMO
t
VPOKH.V|mVZ\YK`ej�F

VIc��vQTcMdIHK`bQTcnLVJnH�VIjNZMO:j�VPOKJ\Y=Fk¡.S�QTY=L�LVJ�O�W�H�VIieie`eH�V-VIc�J\c\`eH=FPO�: O�VIibQTc �

t = tTB + ∆prop + ∆Shapiro.
t � � � z

yRW�cMOXd9VIHKH�VNFPa^JlW�HK`bQTc�{
tTB

VPOKHRisV.H�VIjNZMOXL�D¨W�YKYK`e�hF9V�W�J�Z�QT`ec�H ¦\¦ ��{
∆prop

VPOKHXLVJPV�¡�ipW�LV`���FIY�VIcMd9V�LaV
j�W�Y=d�[PV¯VIc�HKY�VAisVPO2Z\[MQTH=QTcMO�W�YKYK`e�TW�c^H	OKJ\Y � ¦ ªR£ ��VIHod9VIJVmna^J\`�W�YKYK`e�pVIY�W�`sVIc�H6VIc ¦\¦ �	{ VIH

∆Shapiro
VPOKH�isV

Y�VIH�W�Y=L¤LVJn¡,ipW,LV`eipW�H�W�HK`bQTc¤LVJ�H�VIjNZMO�Z\Y=Q^d�[PVXLVJ ¦ QTisVI`ei�d~W�JMO�F9VRZlW�Y�O=QTc�d�[lW�jNZ�f�Y�WP�_`eH�W�HK`bQTc\cPVIis�
�� ËuÇ"È'Í��yÌ¨Ë 	 Ç¤É �ÛÌ¥È�� � É~� 	 Ê'Í«É~��Ë=Ë��;Í?É�Ë����OÈ É~� 	 Ê�Í���Ç�Ë�� ���;È7É�Ë � Î C�W�Y�VIipW�HK`bQTc�ie`pW�c�H

isV«H�VIjNZMO
tTB

W�J H�VIjNZMO
tTT

� J\H�FIH�W�S\ie`sV VIc � ����� ZlW�Y���YKJ\jkS�VIYKf VIH���QTZ�V U �^`ec VIc J\HK`eie`bO�W�c�HnLaVPO
W�Z\Z\Y=Q~m_`ej�W�HK`bQTcMO	Z�Q�OKH7rscPVI�:H=QTc\`sVIc\cPVPO �

tTT = tTB − ∆Einstein +
(v⊕.r⊕ − v⊕.ro)

c2
+O(

1

c4
)

t � �¨©hz

� dI`
v⊕

VPOKH�ipWu�^`eH�VPO�O�V,LaV,ipW�¸VIYKY�V�LMW�cMORisV,Y=F|��FIY�VIc�HK`sVIi ¦\¦ �	��C¸VPOXLV`���FIY�VIc^H=OX�pVPdIH�VIJ\Y=OXO�QTc�HXL\QTc\cMFPO�VIc
¬Mf�J\Y�V � � � �

∆Einstein
Y�VIZ\Y=FPO�VIc�H�VAisDGFPd~W�YKHoH�VIjNZ�QTY�VIi�LV�g¡,ipWNLV`eipW�H�W�HK`bQTcgLVJnH�VIjNZMO	d~W�JMO=F9VRZlW�Y�ipW�¸VIYKY�V

VIHkW�J\HKY�VPORdPQTYKZMO�j�WTO�OK`��vO�LVJ�OK]VOKH=�Ij�V,O=QTipW�`eY�V���®�V.Y�VIH�W�Y=L�VPOKHROK`ejNZ\isVIj�VIc�HR��QTcMdIHK`bQTc�LVJgH�VIjNZMO
tTB

VIH
VPO=H�QTS\H�VIc�JvVIcn`ec�H=FIf�Y�W�c�H	isDGFPa^JlW�HK`bQTcnOKJ\`e��W�c�H�V �

d∆Einstein

dtTB
=
∑

i

GMi

c2x3
⊕i

[x2
⊕i − (v⊕tTB − r⊕).x⊕i] +

v2
⊕

2c2
.

t � � #^z
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yRW�cMO�isV.O�VPdPQTcML¤j�VIjkS\Y�V
x⊕i

VPOKHoisVk�pVPdIH�VIJ\Y�ie`pW�c^H	ipW�¸VIYKY�VN¡�ipW�j�WTO=O�V
i
LVJ¤OK]VOKH=�Ij�V.O=QTipW�`eY�V��   Z\Y=�PO

`ec�H=FIf�Y�W�HK`bQTcxLaVXd9VIHKH�VXFPa^JlW�HK`bQTcnQTc�QTS\HK`sVIc�HoZ�QTJ\Y2ipW,dPQTc^�pVIY=OK`bQTc
∆TT−TB

�

∆TT−TB = C0TT
2 + ...+

∑

i

Aisin(ωaiTT + Φai) + TT
∑

i

Bisin(ωbiTT + Φbi)

+TT 2
∑

i

Cisin(ωciTT + Φci) + TT 3
∑

i

Disin(ωdiTT + Φdi) +
v⊕.x0

c2
.

t � �'&hz

��QTJ\YXd9VIHKH�V.FPa�JlW�HK`bQTcgisVAH�VIjNZMO	: VPOKH�V|m_Z\YK`ej�F�VIcxjN`eieie`sVIY=ORL�D � c\cMF9VPO�W~�pVPd.Z�QTJ\Y	Y=F|�vFIY�VIcMd9V
) ��¢�¢�¢ {

∆TT−TB
VPOKH�VIc�jN`bdIY=Q�O�VPdPQTcMLaVPO&VIH�isVPO�LV`e�pVIY=O�dPQiV%$�dI`sVIc^H=O�J\HK`eie`bO=FPO�O�QTc�H�HK`eY=FPO�LaVoipWRZ\J\S\ie`bd~W�HK`bQTc

LaVRCE� OlW�`eYK[PV~WTL{VIH����G��Y�VIH�W�f�cMQTc ���bt �EQT`eY,tQOlW�`eYK[PV~WTLvVIH2��Y�VIH�W�f�cMQTc � ����¢ zKz|�8®�VPO2LaVIYKc\`sVIY=O	O=QTc�H2d~W�ibdIJ\ibFPO
¡�ZlW�YKHK`eYXLaVPORFIZ\[MFIj�FIYK`bLaVPOky	� ��¢�¢ LVJ )yVIH �EY=QTZ\J\ibOK`bQTc«C�W�S�QTY�W�H=QTYK]h��C:V.�pVPdIH�VIJ\Y

x0
Y�VIie`sV,ieJ\`4ipWu¸VIYKY�V

W�J�O�W�H�VIieie`eH�V � � :��ª�£   CE�

���
�

Soleil

Mercure

SSB

Venus

Terre

x(Ven)

r(SSB−Ter)r(o)

r(p)

x(o−p)

x(Mer)
x(o)

INTEGRAL

Pulsar 

������� � � � � ��VPdIH�VIJ\Y=O�J\HK`eie`bO=FPO:Z�QTJ\Y2ipW.SlW�YK]_d9VIc^HKYK`bO�W�HK`bQTcgLaVPO2L\QTc\cMF9VPO2H�VIjNZ�QTY�VIieisVPO~�

�� ��É�Ç�Ë������)Ê'Ë=Ì¨Ê�Ç��¨Ç¤É �ÛÌ¥È C:V	Y�VIH�W�Y=LuLV��¡kipW.LV`���FIY�VIcMd9V�LaV	j�W�Y=d=[PV6VIc^HKY�V�ipWXZ\Y=QTZlW�f�W�HK`bQTc
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L�D J\cnZ\[MQTH=QTc¤OKJ\Y:isVPO:HKY�W�U�VIH=O:Z\J\ibO�W�Y ��¦\¦ � VIH:Z\J\ibO�W�Y � � � :��ª�£   C�ZVIJ\H�SIHKY�Vkd~W�ibdIJ\ibFXLaVRipW,O=QTYKH�V �

∆r ≡ rp − xo−p
t � ���hz

= rp − (r2
p − 2rp.ro + r2o)

1

2

t � � � z

' rp − (rp −
rp .̂ro

rp
ro +

1

2
[
(rp .̂ro)2

r3p
− 1

rp
)]r2

o + · · · ) t � � � z

' r̂p.ro− (r̂p.ro)2 − r2o
2rp

.
t � � � z

C:V¤�pVPdIH�VIJ\Y
rp = D

Y�VIie`sVnisV¤Z\J\ibO�W�Y�dPQTcMOK`bL\FIY=FgW�J Y=F|��FIY�VIc�HK`sVIi ¦\¦ ��{�W�ibQTY=Oua^JPV
xo−p

VPOKH
isV��pVPdIH�VIJ\Ykie`pW�c�HAisVNO�W�H�VIieie`eH�V�W�J�Z\J\ibO�W�Y~� � cPV.�vQT`bORcMQTYKj�W�ie`bO�F�d9VPOXLaVIYKc\`sVIY=O.O~DGFPdIYK`e�pVIc�HAY�VPOKZ�VPdIHK`e�pVIj�VIc�H
r̂p = n̂

VIH
r̂o

�   `ecMOK`�isV�Y�VIH�W�Y=L
∆prop

Z�VIJ\H�O~DGFPdIYK`eY�V �

∆prop =
n̂.ro

c
− (n̂.ro)2 − r2o

2cD

t � � �~¢ z

��QTJ\YEipWoj�W�UKQTYK`eH=F:LaVPO4Z\J\ibO�W�Y=O�QTcNZVIJ\H��sW�`eY�V�isD¨W�Z\Z\Y=QPmV`ej�W�HK`bQTc�a^JPV
D � ro

VIHEW�`ecMOK`\isV�LaVIJVm_`b�Ij�V�H�VIYKj�V
LaVI�_`sVIc�HocMFIf�ie`efpV~W�S\isV �

∆prop =
n̂.ro

c
.

t � � � � z

���� ��É�� � Ç�Ê �ÛËuÌ � c¤Z\[MQTH=QTc�VIc�d=[^J\H�V,ie`eS\Y�V,LMW�cMOoisV,d�[lW�jNZxf�Y�W~�^`eH�W�HK`bQTc\cPVIi�LVJ ¦ QTisVI`ei�OKJ\`eH
J\cnj�QTJ\�pVIj�VIc�H�L\FPdIYK`eH2ZlW�Y:isVPO�FPa^JlW�HK`bQTcMO2LaVPO2fhFPQ_L\FPOK`ba^JPVPO2O=QTJMO:isVIJ\Y���QTYKj�VRipW�f�Y�W�c\f�`sVIc\cPV �

d

dp
(gλµ

dxµ

dp
) =

1

2
∂λgµν

dxµ

dp

dxν

dp
.

t � � ��� z

� dI`
p
VPO=HXJ\c«ZlW�Y�W�j��IHKY�V�WI$�cPV�isVNibQTc\f¤LaV�ipW�HKY�W�U¦VPdIH=QT`eY�V�LVJ�Z\[MQTH=QTc LV`���FIY�VIc^HALVJ«H�VIjNZMOAZ\Y=QTZ\Y�V�{�d9V

LaVIYKc\`sVIYuFIH�W�c�Huc�J\i2Z�QTJ\Y�isVPO�Z\[MQTH=QTcMO~� �oc�Z�VIJ\H�FPdIYK`eY�V¤d9VIHKH�VnFPa^JlW�HK`bQTc�OKJMdPd9VPO=OK`e�pVIj�VIc^H�Z�QTJ\Y
xλ =

t, r, θ, φ
tvLMW�cMO.isVPO.dPQ_QTY=L\QTc\cMF9VPO�OKZ\[MFIYK`ba^JPVPO,d9VIc�HKY=F9VPO�O=J\YAisV ¦ QTisVI`ei z-VIc¥O�V�Y�W�Z\Z�VIipW�c�H�a^JPV�isD J\cPVuLaVPO

FPa^JlW�HK`bQTcMO~{�ZlW�Y�V|m<VIjNZ\isVxisDGFPa^JlW�HK`bQTc dPQTYKY�VPOKZ�QTcMLMW�c�Hn¡�ipW�dPQ^QTY=L\QTc\cMF9VxY~{�ZVIJ\H SIHKY�VnY�VIjNZ\ipWTdPF9VxZlW�Y
isD `ec^H=FIf�Y�W�isVALaV�isDGFIcPVIYKf�`sV�� �oc¤W,L\QTcMdRZ�QTJ\Y

θ
�

d

dp
{(1 +

2U

c2
)r2

dθ

dp
} = (1 +

2U

c2
)r2 sin θ cos θ(

dφ

dp

2

),
t � � � ©hz

VIH�Z�QTJ\Y:isDGFIcPVIYKf�`sV

(1 +
2U

c2
)[dr2 + r2(dθ2 + dφ2 sin2 θ)] = (1 − 2U

c2
)c2dt2.

t � � � #^z

  J�Z\Y�VIjN`sVIY�QTY=LVY�V�VIc 2U
c2
QTc VIcnL\FPLVJ\`eH �

(
dr

cdt
)2 = (1 − r20

r2
){1 − 4U

c2
(1 +

r0
r + r0

)}. t � � � &hz

yRW�cMO�d9VIHKH�V,FPa�JlW�HK`bQTc
r0

VPOKH	ipW�LV`bO=H�W�cMd9VkjN`ec\`ej�W�isVNL�D¨W�Z\Z\Y=Q_d=[PVNLaVAisDGQTcMLaV,LVJ ¦ QTisVI`eis����cgZ\Y�VIclW�c�HRJ\c
Z�QTH�VIc�HK`sVIi:LaV�ipWu�vQTYKj�V

U = GM�

r

QTc�ZVIJ\HA`ec�H=FIf�Y�VIY,d9VIHKH�V�LaVIYKc\`b�IY�VuFPa�JlW�HK`bQTc�VIHkHKY=QTJ\�pVIY.J\c�Y�VIH�W�Y=L
VIc^HKY�VNisV.H�VIjNZMOXa^JPVAj�VIHKHKY�W�`eHkisVAZ\[MQTH=QTc�Z�QTJ\YR�pVIc\`eY�U7JMO=a�J�D¨W�J�O�W�H�VIieie`eH�V^VIcgisD¨W�SMO�VIcMd9V�LaV ¦ QTisVI`ei�VIH�VIc
O�W.Z\Y=FPO�VIcMd9V��l®�VIH.V|��VIH.VPO=H:cMQTjNj�F ÒÛçKÒ Ü I ÞOÕB× Ú Ø Ð VIH�� J\H2L\FPdPQTJ\�pVIYKHWVIc

1964
t �EQT`eY.t ¦ [lW�Z\`eY=Q � � �K#^zKz«VIc

dPQTcMO=H�W�H�W�c�H�J\c�Y�VIH�W�Y=L�W�cMQTYKj�W�i8LaV2isD `ecMOKH�W�c�H�LaV:Y�VIH=QTJ\Y�OKJ\YE5VIYKY�V�L�D J\c�O=`ef�clW�i8FIisVPdIHKY=QTj�W�f�cMFIHK`ba^JPVoFIjN`bO
LaVIZ\J\`bO	ipW�¸VIYKY�VA�pVIY=O�J\cPVkZ\ipW�cM�IH�VAdPQTjNj�VAq�VIY=dIJ\Y�V�{VIH�Y=F%�lFPd�[\`�ZlW�Y�d9VIHKH�VXZ\ipW�cM�IH�V���®�VXY�VIH�W�Y=L{VPOKHoLaV
ipW,�vQTYKj�V �

∆Shapiro =
2GM�
c3

ln(1 + cos(θ))
t � � � �hz

M�
VPOKH�`bdI`4ipW�j�WTO=O�V.LVJ ¦ QTisVI`ei"VIH

cos(θ) = r̂�.n̂
VPOKHoisD¨W�c\f�isV¯VIc^HKY�VAisVA�pVPdIH�VIJ\Y�J\c\`eH�W�`eY�V

r̂�
L�D � � :�4r

ªR£   C�W�J ¦ QTisVI`ei¸VIH
n̂
�
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C�WnZ\[lWTO�V�LaVud=[lWTa^JPVuZ\[MQTH=QTc�`ecMdI`bLaVIc^H�VPOKH�VIcMO=J\`eH�V�d~W�ibdIJ\ibF9V�VIc J\HK`eie`bO�W�c�H,ipWnZ�FIYK`bQ_LaVuW�`ecMO=`

a�JPV�ipW¤L\FIYK`e�hF9V�Z\Y�VIjN`b�IY�V�LaV�d9VIHKH�V�j SIj�V�Z�FIYK`bQ_LaV�L\QTc\cMF9VPO,ZlW�Y.isVPO,FIZ\[MFIj�FIYK`bLaVPONY�WTLV`bQ¤LaVuisD    � O
t   JMO=HKY�W�ie`pW�5VIisVPO=dPQTZ�V � W�HK`bQTclW�i
OlWTdI`eie`eH ]\z|��yRW�cMO�d=[lWTa^JPV,`ec�H�VIYK��W�ieisVNLaV.Z\[lWTO�V,isVPO	Z\[MQTH=QTcMOXO=QTc^HRW�ibQTY=O
O=FIisVPdIHK`bQTc\cMFPO�Z\J\`bO�J\cPVo`ej�W�fpV6VPOKH�QTS\H�VIc^JPV�f�Y��Td9VRW�JuibQTf�`bdI`sVIi�LaVoHKY�W�`eH�VIj�VIc�HoOKH�W�cMLMW�Y=L\O:L�D � � :��ª�£   C
t ��VIY=OK`bQTcP&V� � z|�^C:V��MJVm�VIH�isD¤VIYKY�VIJ\Y�OKJ\Y�isV �MJVm�Z�QTJ\Y�ipWkO=QTJ\Y=d9V	dPQTcMOK`bL\FIY=FoO�QTc�H:W�ibQTY=O�QTS\H�VIc^J�VIc�Z\Y�VIclW�c�H
d9VPO���W�isVIJ\Y=O�LMW�cMO	isVPOod~W�YKH�VPO�LVJgdI`sVIi�dPQTYKY�VPOKZ�QTcMLMW�c�H�VPO�VIH	d9VALMW�cMO	d�[lWTa�JPV.`ec^H�VIYK�TW�ieisV,LaVAZ\[lWTO�V���®�VIHKH�V
j�FIHK[MQ^LaV�ZVIYKj�VIH�L�D¨WP�hQT`eY�J\cPV�O=QTJMOKHKY�WTdIHK`bQTc,W�J\H=QTj�W�HK`ba�JPV�LVJR��QTcMLXf�Y��Td9V�W�JXj�WTO=a^JPV�dPQ_L\F�VIH�isDGFIjN`bO=OK`bQTc
cMQTc�Z\J\ibO=F9VRZ�VIJ\HoW�ibQTY=O�SIHKY�VXQTSMO�VIYK�hF9V���WTdI`eisVIj�VIc^H~�

Phase
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������� � �¨© � ®�QTJ\YKS�VXLaVRieJ\jN`b�IY�VkLaV � ¦ £ � � & ¢�� r2& � Z\YK`bO�V�VIc�HKY�V ��¢ VIH�& ¢ �pV �
yRW�cMO.isVud~WTO.LaV(� ¦ £?� � & ¢�� r2& � ipWndPQTJ\YKS�V�LaV�ieJ\jN`b�IY�V�VIc^HKY�V ��¢ VIH & ¢ �pV � VPOKH.Z\Y=FPO�VIc�H=F9V

OKJ\Y�ipWVO�`ef�J\Y�V � �¨©V� � cPVodPQTjNZ�Q�O�W�c^H�V	cMQTc�Z\J\ibO=F9V	OK`ef�c\`�¬ld~W�HK`e�pV~VPOKH�dIipW�`eY�VIj�VIc^H:�^`bOK`eS\isVoOKJ\Y�d9VIHKH�V	dPQTJ\YKS�VVIc�HKY�V,ipW�Z\[lWTO�V ¢ � � � VIH � � ¢�� ��®	D¤VPO=H�LMW�cMORd9VIH�`ec^H�VIYK�TW�ieisV�a^JPV.O�VIY�W¶V|��VPdIHKJMF9V,isD¨W�clW�ie]VO�V¯VIcg`ej�W�fpVIYK`sV^VIH
OKZ�VPdIHKY�W�isVRLaVXd9VIHKH�VXO=QTJ\Y=d9V��

� -/.0- . � � ���¶�¨����� ?��F:=�;B�� 6 �7: 4 <j��>D?NB��7:¢����� 6 �©�!< 4 ���7: 6 �;8�� � ��� ��� � � � � �

®�QTjNj�V.cMQTJMO	isVXj�QTc^HKY�V,ipW O�`ef�J\Y�V � � #�ipW�O=QTJ\Y=d9V.L\FIH�VPdIH=F,¡�ipW�Z�Q�OK`eHK`bQTcxLaV�� ¦ £#� � & ¢�� r2& �
LMW�cMO�ipWkZlW�YKHK`sV�cMQTc�Z\J\ibO=F9V�LaV	ipWAdPQTJ\YKSV�LaV	ieJ\jN`b�IY�V6VIc�HKY�V � � VIH # ¢ �pV ��O�VIjAS\isV�ibFIfh�IY�VIj�VIc�H�FIH�VIcMLVJPV��
qxW�ie[PVIJ\Y�VIJMO�VIj�VIc�HkZ�QTJ\YRisVNibQTf�`bdI`sVIi�O=H�W�cMLMW�Y=L«L�D � � � ¦ ipW��MJVmgL�D J\cPV�O=QTJ\Y=d9VNcPV,Z�VIJ\H SIHKY�V�L\QTc\cMF�a^JPV
ZlW�YAipWn[lW�J\H�VIJ\Y,LVJ�Z\`bduLaV�ipW � ¦ O W�U JMOKH=FuOKJ\YAipWnO=QTJ\Y=d9Vgtsª	Y=Q�O¯VIH.W�is� ��¢�¢ ©hz|�E®�VIHKH�V�VPO=HK`ej�W�HK`bQTc�VPO=H
j�W�ie[PVIJ\Y�VIJMO�VIj�VIc�H�`ecMdPQTYKY�VPdIH�V:Z�QTJ\Y4LaVPO�O=QTJ\Y=d9VPO�FIH�VIcMLVJPVPO�¡�d~W�JMO�V�LaV�ipW�LV`eieJ\HK`bQTc�LVJ �MJVm.O=J\Y�J\cPV �~QTcPV
Z\ieJMO2f�Y�W�cMLaV.a�JPVXipWNipW�YKfpVIJ\Y�LaVRipW � ¦ O�HK[MFPQTYK`ba�JPV�� � cPVXj�FIHK[MQ^LaV,WNFIH=FkL\FI�pVIibQTZ\Z�F9VAZ�QTJ\Y~V|m_HKY�W�`eY�VkisV
�MJVm�L�D J\cPV�O=QTJ\Y=d9V�FIH�VIcMLVJPV��_JPV�ZlW�Y � � � ¦ VIH.Z\ieJMO.ZlW�YKHK`bdIJ\ie`b�IY�VIj�VIc^H�ZlW�Y,c�D `ejNZ�QTYKH�V�a^JPVIi�H=FIisVPO=dPQTZ�V
¡�j�WTO=a^JPVudPQ^L\Fgtv£+VIclW�JML�VIHNW�is� ��¢�¢ �hz|�E®�VIHKH�V�j�FIHK[MQ^LaV�dPQTc��pVIYKHK`eH,isVPO.`ej�W�fpVPO¯VIc �MJVm OKH�W�cMLMW�Y=L�VIc
`ej�W�fpVPO+VIc�`ec^H�VIcMOK`eH=F�t/�MJVm�ZlW�Y�O=H=FIY�WTLV`pW�c8z|�lC:V �MJVmuH=QTH�W�i�L�D J\cPVkO=QTJ\Y=d9V�VPO=H�W�ibQTY=O+VPOKHK`ej�F-VIcnO=QTjNj�W�c�H
isVPO�`ec�H�VIcMO=`eH=FPO�OKJ\Y�H=QTJ\H�V2isDGFIH�VIcMLVJPV	LaV:ipWRO=QTJ\Y=d9V��^C:V��sWTdIH�VIJ\Y�LaV2LV`eieJ\HK`bQTc¶VPOKH�LMW�cMO�d9V�d~WTO�L\F|¬Mc\`8dPQTjNj�V
FIH�W�c�HXipWuY�W�Z\Z�QTYKH�VIc^HKY�VNisV��MJVmxY=F9VIi�VIHAd9VIieJ\`EL\QTc\cMFNZlW�YXisV,ibQTf�`bdI`sVIi�OKH�W�cMLMW�Y=L�{�d9V.��WTdIH�VIJ\YXL\FIZ�VIcMLMW�c�H
S\`sVIcnOKJ\Y2LaV�isDGFIH�VIcMLVJPVALaVRipW,O=QTJ\Y=d9V��
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y�VIJVm¤d~W�YKH�VPO�LaV.isDGFIjN`bO=OK`bQTcxcMQTcgZ\J\ibO=F9VAQTc^HRFIH=FAdPQTcMOKHKYKJ\`eH�VPORLMW�cMO	isVPO	SlW�cMLaVPO � � r # ¢ �pV � VIH
# ¢ r �~¢�¢ �pV �,��C�Wnd~W�YKH�V�VIc�OK`ef�c\`�¬ld~W�HK`e�_`eH=F�LMW�cMOAipW�Z\Y�VIjN`b�IY�V�SlW�cMLaV�VPO=HXZ\Y=FPO�VIc�H=F9V�OKJ\YkipW O�`ef�J\Y�V � � #M�
� cPVXO=QTJ\Y=d9VkS\YK`eieipW�c�H�V�VPOKH:�_`bOK`eS\isVk¡,ipW�Z�Q�OK`eHK`bQTc¤LVJ�Z\J\ibO�W�Yo¡�J\cPVRZ�Q�O=`eHK`bQTcnLaV RA = 228.50◦ ± 0.03◦

{
DEC = −59.43◦ ± 0.03◦
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 PSR B1509

������� � � # � � j�W�fpV,LaV.isDGFIjN`bO=OK`bQTcxcMQTcgZ\J\ibO=F9VNW�J\H=QTJ\Y�LaV�� ¦ £ � � & ¢�� r2& � VIc�HKY�V � � �pV �4VIH # ¢ �pV �.��C:VPO
dPQ_QTY=L\QTc\cMF9VPO	O=QTc�H+VIc ) ��¢�¢�¢ VIH2isVPO2dPQTc^H=QTJ\Y=OWVIc�cMQT`eY�O�QTc�H�d9VIJVm�LaVXw.�G�2� ¦ � ¦

C:VAZ\Y=Q�¬Mi�LaVAd9VIHKH�V.d~W�YKH�V,O�VIibQTcxipW�LV`eY�VPdIHK`bQTc � ��r ¦ � VPO=HoHKY�WTdPF.OKJ\Y	ipW O�`ef�J\Y�V � �¨©V���Ec¤Y=QTJ\fpV
Z�QTJ\Y,Y=F|�vFIY�VIcMd9V�VPOKH,j�QTc^HKY=F�ipWndPQTJ\YKS�V�W�HKH�VIcMLVJPV�Z�QTJ\Y.J\cPV�O=QTJ\Y=d9VuZ�QTcMdIHKJPVIieisV���C�WxO=QTJ\Y=d9V�W�Z\ZlW�Y�W��bH
L\QTcMd�dPQTjNj�VuibFIfh�IY�VIj�VIc�H�FIH�VIcMLVJPV�VIHNO=QTc§QTYK`sVIc�H�W�HK`bQTc�dPQ � cMdI`bLaV�WP�pVPduipWnj�QTYKZ\[MQTibQTf�`sV�dPQTc\c�JPV�LMW�cMO
L�D¨W�J\HKY�VPO�ibQTc\f�JPVIJ\Y=OoL�DGQTcMLaV��

qgW�`bO³VIc.`ej�W�fpVIYK`sV2¡�j�WTO=a^JPV�dPQ^L\F � Z\`�m<VIibO�WTL�U=WTd9VIc�H=O4cPV�O=QTc�H4ZlWTO�`ecML\FIZ�VIcMLMW�c�H=OEOKH�W�HK`bO=HK`ba�JPV|r
j�VIc^H�O�W�JV��LMW�cMOEisV�d~WTO�QT��J\cPVoLV`bOKH�W�cMd9V�O=J\Z�FIYK`sVIJ\Y�V�¡�ipWRH�W�`eieisV	LaV2ipW � ¦ O t

σPSF = 5.7′
z4isVPO�O�FIZlW�Y�VIc�H~�

  Z\Y=�PO,WP�hQT`eY,O=QTJMOKHKY�W�`eH�V�ipW�� ¦ O d9VIc^HKY=F9Vu¡�ipW�Z�Q�OK`eHK`bQTc�LVJ�Z\J\ibO�W�YALMW�cMOAipW�d~W�YKH�V�VIc�OK`ef�c\`�¬ld~W�HK`e�_`eH=Fxt
�hQT`eY O�`ef�J\Y�V � ���hzR`ei�VPOKH.W�ibQTY=O.Z�Q�O=OK`eS\isVuLaV�O�QTjNj�VIYAisVPO.dPQTc�HKYK`eS\J\HK`bQTcMO�L�D J\c§Z\`�maVIi�W�J cMQTY=L§QTJPVPOKH.LVJ
Z\J\ibO�W�Y�VIH�L�D J\c«W�J\HKY�VNW�JgO=JML�VPOKH	Z�QTJ\Y	FI��W�ieJPVIY�ipW�OK`ef�c\`�¬ld~W�HK`e�_`eH=FNLaV.d9VIHKH�V.FIH�VIcMLVJPV���y�VPO	c\`e�pV~W�JVmxLaV
dPQTcV¬8W�cMd9V,LaV�#�VIH � �¨©

σ
O=QTc�HRW�ibQTY=O�HKY=QTJ\�hFPO	Y�VPOKZ�VPdIHK`e�pVIj�VIc�HRLMW�cMO	ipWNZ\Y�VIjN`b�IY�V¯VIH	O�VPdPQTcMLaVkSlW�cMLaV¯VIc

FIcPVIYKf�`sV���CEDGFIH�VIcMLVJPV¯VIH�isDGQTYK`sVIc^H�W�HK`bQTc�V|m\WTdIH�VALaVXipW�O�QTJ\Y=d9VkO=QTc^H	FI��W�ieJMF9VPOWVIcgW�U JMO=H�W�c�H�ipW�d~W�YKH�V-VIc��MJVm
ZlW�Y:J\cPV�f�W�JMO�OK`sVIc\cPV � y�LaVRLaVIJVm�ipW�YKfpVIJ\Y=O2LV`���FIY�VIc�H�VPO.VIH:J\c�W�c\f�isVRLaV�Y=QTH�W�HK`bQTc�ie`eS\Y�V�� ��QTJ\Y2dPQTjNZlW�Y�VIY
W~�pVPd�J\cPV�O=QTJ\Y=d9VuZ�QTcMdIHKJPVIieisV�isVuj SIj�V�W�U JMO=H�VIj�VIc�H�WP�pVPd�J\cPV�O=QTJ\Y=d9VuZ�QTcMdIHKJPVIieisV�LVJ¥d=[lW�jNZ�LaVu�^JPV
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������� � �'& � ��Y=Q�¬Mi8ie`bO�O=F�LaV�ipWkd~W�YKH�V~VIc�OK`ef�c\`�¬ld~W�HK`e�_`eH=F�O�VIibQTc�ipWALV`eY�VPdIHK`bQTc � ��r ¦ ��VIc^HKY�V � � VIHN# ¢ �pV �,�^C�W
dPQTJ\YKSV6VIcnY=QTJ\fpVR`ecMLV`ba�JPVXisV�Z\Y=Q�¬Mi�W�HKH�VIcMLVJ�Z�QTJ\Y:J\cPVXO=QTJ\Y=d9VRZ�QTcMdIHKJPVIieisV��

t �	:� ) � &�& ¢ r2& � � z��vJ\H.V|�=VPdIHKJMF9V��
®�VIHKH�V�O=QTJ\Y=d9V^VPOKH�HKY=�PORS\`sVIc�j�Q_L\FIie`bO=F9V,ZlW�YXJ\cPV,f�W�JMO=OK`sVIc\cPVNO=]^j�FIHKYK`ba^JPVNLaV,H�W�`eieisV

σXTE =
5.85′ ± 0.07′

�V®�VIHKH�VoH�W�`eieisV�VPOKH�VIc�WTdPdPQTY=L�WP�pVPdoipWXH�W�`eieisV�LaV�ipWV� ¦ O�`ecMOKHKYKJ\j�VIc^H�W�isV	LaV
5.75′

� ��QTJ\Y � ¦ £
� � & ¢�� r2& � isVPO�j�VI`eieisVIJ\Y=O2ZlW�Y�W�j��IHKY�VPO2dPQTYKY�VPOKZ�QTcMLaVIc�Ho¡kJ\c�W�c\f�isVRLaVoY=QTH�W�HK`bQTc�LaV

155◦ ± 4◦
VIc�ZlW�YKH�W�c�H

LVJ�cMQTY=L �pVIY=O.isD¤VPOKH~{�J\cPVuipW�YKfpVIJ\Y,O=J\YAisV�f�Y�W�cML¥W�m<V�isV�ibQTc\f�LaV�ipWnLV`eY�VPdIHK`bQTc � ��r ¦ �#LaV
σNO−SE =

7.98◦ ± 0.07◦
VIH	OKJ\Y	isVAZVIHK`eHRW�m<V.LaV

5.90′ ± 0.08′
��®�VIHKH�V.LaVIYKc\`b�IY�V,ipW�YKfpVIJ\Y6VPOKH�HKY=�PO	Z\Y=Q_d=[PV,LaVAd9VIieisV

W�HKH�VIcMLVJPV�Z�QTJ\YkJ\cPV�O�QTJ\Y=d9V�Z�QTcMdIHKJPVIieisV���®	D¤VPOKHAZ�QTJ\Ykd9VIHKH�V�Y�W�`bO=QTc�a^JPVNisDGQTc dPQTcMOK`bL\FIY�VIY�W�J\c\`ba^JPVIj�VIc�H
isD¤V|m_H�VIcMO=`bQTc�O�VIibQTc�isVof�Y�W�cML�W�maV��VqxW�`bO:d9VIHKH�V�ipW�YKfpVIJ\Y�W�Z\ZlW�Y�VIc^H�VXY=FPOKJ\ieH�V�LaV�ipW.dPQTc��hQTieJ\HK`bQTcxLaV	ipWkH�W�`eieisV
Y=F9VIieisVRLaV�ipWNO=QTJ\Y=d9VXW~�pVPdRipW.ipW�YKfpVIJ\Y�LaV�ipW � ¦ O��MCEDGFIH�VIcMLVJPVXY=F9VIieisVXLaV�ipW,O=QTJ\Y=d9V�VPOKH:L\QTcMdXL\QTc\cMF9VXZlW�Y �

σs = (σ2
NO−SE − σ2

PSF )2 = 5.53′ ± 0.07′
t � � � � z

yRW�cMOkipW�LaVIJVmV`b�Ij�V�SlW�cMLaV�VIc�FIcPVIYKf�`sV�ipW�O�QTJ\Y=d9V�O�VIjkS\isV�Z\ieJMOkZ�VIHK`eH�V�W~�pVPd�J\cPV�H�W�`eieisV
σs =

3.52′±0.07′
isV�ibQTc\foLVJkf�Y�W�cMLAW�maV�VIH�d9VEH=QTJTUKQTJ\Y=O�LMW�cMO�ipW:j SIj�V�LV`eY�VPdIHK`bQTc��}yRW�cMO�isVPO�LV`���FIY�VIc^H�VPO5VIYKY�VIJ\Y=O

OKJ\Y�ipWkH�W�`eieisV�j�VIc^HK`bQTc\cMF9VPO�O=QTc^H�`ecMdIieJPVPO:isVPO�VIYKY�VIJ\Y=O2OKH�W�HK`bOKHK`ba^JPVPO:W�`ecMOK`�a�J�D J\cPV6VPOKHK`ej�W�HK`bQTc�f�Y=Q�O�OK`b�IY�V�LaV
isD `ejNZlWTdIH.LaV�isDGFPd=[lW�c^HK`eieibQTc\clW�fpV�LaV�ipWnd~W�YKH�VuW�`ecMOK`�a�JPV�LaV�isD `ec^H�VIY=L\FIZVIcMLMW�cMd9V�LaV�Z\`�m<VIibO,WTL�UKWTd9VIc^H=O¯VIc
��W�`bO�W�c�H:S�QTJ\fpVIY2ipW,f�W�JMO=OK`sVIc\cPVXj�Q^L\FIie`bO=F9VA¡.isD `ec�H=FIYK`sVIJ\YoLVJnZ\`�m<VIi�d9VIc^HKY�W�is�

C¸Vk�sW�`eHRa�JPVAisD¤V|mVH�VIcMOK`bQTc�VIH	isDGQTYK`sVIc^H�W�HK`bQTc�LaVAipW�O�QTJ\Y=d9V.O�QT`eH	dPQTjNZlW�Y�W�S\isV�W~�pVPd,ipW�j�QTYKZ\[MQTibQ�r
f�`sV�QTSMO�VIYK�hF9VuW�JVm�Z\ieJMOASlWTO=O�VPO.FIcPVIYKf�`sVPO,cMQTJMOA`ecMLV`ba�JPV�a^JPV�isDGFIjN`bO=OK`bQTc§QTSMO�VIYK�hF9V�LMW�cMO.cMQTHKY�V�f�W�jNj�V
L�DGFIcPVIYKf�`sV�VPOKH�O=�\Y�VIj�VIc�H�LVJPVkW�Jn�pVIc�H2Y�VIipW�HK`e�_`bOKH�VXLVJ�Z\J\ibO�W�Y~�

Z ��� � -A< >���	�	8+k3�< 	U�u<�>�6l3��2;=< �2+k672+A3@�.< � �-_��2<��
C¸VPOE�sWTdIH�VIJ\Y=O�LaVoLV`eieJ\HK`bQTcuLVJMO�¡�isDGFIH�VIcMLVJPVoLaV�ipWRO=QTJ\Y=d9VoO=QTc�H�Y�VPOKZVPdIHK`e�pVIj�VIc^H�LaV � �¨© ��VIH � � � �

LMW�cMO�ipWAZ\Y�VIjN`b�IY�V6VIH�LaVIJVmV`b�Ij�V�SlW�cMLaV6VIc�FIcPVIYKf�`sV��\C:VPO���W�isVIJ\Y=O�Z�QTJ\Y:LaVPO:FIcPVIYKf�`sVPO:`ec^H�VIYKj�FPLV`pW�`eY�VPO�QTc�H
FIH=F�`ec�H�VIYKZ�QTibF9VPO³VIc�HKY�V�d9VPO�LaVIJVmR�TW�isVIJ\Y=O}�}C:V�OKZVPdIHKY�V�LMW�cMO�ipW:Z\[lWTO�V�cMQTckZ\J\ibO=F9V�W:ZlW�Y�ipW�OKJ\`eH�VEFIH=F�j�VPOKJ\Y=F
VIc�HKY�V � � VIH ��¢�¢ �pV � VIc�J\HK`eie`bO�W�c^H,isV�ibQTf�`bdI`sVIi:OKH�W�cMLMW�Y=L§LaV�HKY�W�`eH�VIj�VIc�H�LaVPO.L\QTc\cMF9VPONL�D � � :��ª�£   C
t ��VIY=OK`bQTc &V� � z|��®�[lWTa^JPV,�TW�isVIJ\YXLMW�cMOXisVPOXLV`���FIY�VIc^H=OX`ec^H�VIYK�TW�ieisVPO-VIc«FIcPVIYKf�`sV�VPOKHXW�ibQTY=ORY�VIcMQTYKj�W�ie`bO=F9V�VIc
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������� � ��� � �4m\dP�PO2LMW�cMO�ipW,d~W�YKH�V6VIc�OK`ef�c\`�¬ld~W�HK`e�_`eH=FkW�Z\Y=�PO�W~�hQT`eY2ie`bO=O=F9V�VIH2O=QTJMO=HKY�W�`eH�V�ipW � ¦ O§d9VIc�HKY=F9VXOKJ\Y
ipW�O=QTJ\Y=d9Vk¡.ipW,d~W�YKH�VXQTYK`ef�`eclW�isV-VIc�HKY�V � � VIH�# ¢ �pV �,�

LV`e�_`bO�W�c^H.ZlW�Y,ipW¤ipW�YKfpVIJ\YNLaVuipW�SlW�cMLaV�VIc§Z\[lWTO�V¶VIH,dPQTYKYK`efhF�LVJ �sWTdIH�VIJ\Y,LaVuLV`eieJ\HK`bQTc���®�V�OKZ�VPdIHKY�V�VPOKH
Z\Y=FPO�VIc�H=F,OKJ\Y2ipW O�`ef�J\Y�V � � � ��� i5VPO=HoWTdPdPQTjNZlW�f�cMF,LVJ¤OKZ�VPdIHKY�Vk��VIZ\Z�Q ¦   � LMW�cMOoisVXj SIj�Vk`ec�H�VIYK��W�ieisV.LaV
Z\[lWTO�V�tvqn`ecPVPQ�VIH�W�is� ��¢�¢ � z|�

C:VAOKZ�VPdIHKY�V � � :��ª�£   C�j�VPOKJ\Y=F�VPO=H2J\cPVXibQT`�LaVkZ\J\`bO=O�W�cMd9VXL�D `ecMLV`bd9V.OKZ�VPdIHKY�W�i
α = −2.12 ±

0.05
VIc¤WTdPdPQTY=LnWP�pVPdkisVPO2j�VPOKJ\Y�VPOo��VIZ\Z�Q ¦   �.�lC:V �MJVm�H=QTH�W�i¸VIc�HKY�V � � �pV ��VIH ��¢�¢ �pV � VPOKH2LaV

0.30 ±
0.02keV cm−2s−1 ��C�W¤ie`ejN`eH�V�OKJ\Z�FIYK`sVIJ\Y�VuHKY=QTJ\�hF9V�VIc�HKY�V � © ¢ VIH ��¢�¢ �pV � `ecMLV`ba^JPV�isD¤V|m_`bOKH�VIcMd9V�L�D J\cPV
d~WTO�OKJ\Y�VNOKZ�VPdIHKY�W�isV.LMW�cMOkd9VIH	`ec^H�VIYK�TW�ieisV�VIc«FIcPVIYKf�`sV���®�VIHKH�V,ie`ejN`eH�VNL\FI�^`sV�¡

2.9σ
LaV,isD¤V|m_HKY�W�Z�QTipW�HK`bQTc�LaV

ipW�ibQT`�LaV�Z\J\`bO=O�W�cMd9VnLMW�cMO�d9V�j SIj�V�`ec^H�VIYK�TW�ieisV{VIc¥Z\[lWTO�V���®�VIHKH�V�d~WTO=OKJ\Y�V�c�D¤VPO=H�ZlWTON�_`bOK`eS\isV�LMW�cMO�isV
O=ZVPdIHKY�VoZ\J\ibO=F+VIH�cPV2Z�VIJ\H�L\QTcMdoZlWTORSIHKY�VoW�HKHKYK`eS\JMFRW�J�Z\J\ibO�W�Y~� � i VPOKH�LaV2Z\ieJMO�dPQTcMOK`bOKH�VIc^H�W~�pVPd�isVPO�Z�QT`ec�H=O
��VIZ\Z�Q ¦   � j�VPOKJ\Y=FX¡N[lW�J\H�VPO�FIcPVIYKf�`sVPO~�

Z ��� ' <
	 �.�:38685=>�+.;=<
	 �2+ ��<�� �2+ 	l<�5=- �A+ /2<�-o6@�A<��]\R" ^ � �-_ `Ja � Z��
®�QTjNj�V�cMQTJMO.isD¨WP�hQTcMO.�^J�isD¤V|m_H�VIcMO=`bQTc�VIH.isDGQTYK`sVIc�H�W�HK`bQTc�LaV�ipWnO=QTJ\Y=d9V�dPQ � cMdI`bLaVIc�HNS\`sVIc¥WP�pVPd

ipW�j�QTYKZ\[MQTibQTf�`sVNLVJn�pVIc^H�Y�VIipW�HK`e�^`bOKH�V.LVJxZ\J\ibO�W�Y	QTSMO�VIYK�hF9VALMW�cMO	isV.L\QTj�W�`ecPV.LaVPO � WP�pVPd,LaVPO	O�W�H�VIieie`eH�VPO
dPQTjNj�V���VIZ\Z�Q ¦   �.{}£ � ¦   R{�QTJA®�[lW�cMLVY�WoW�`ecMO=`ha�J�D¨W~�pVPd�LaVPO�H=FIisVPO�dPQTZVPO��d=[PVIY�VIc �hQ}�kdPQTjNj�V�w.�G�2� ¦ � ¦ �
®�VIHKH�VNFIH�VIcMLVJPV.c�D¤VPOKH6VIcgY�VI��W�cMd=[PV.ZlWTORdPQTjNZlW�HK`eS\isV�WP�pVPd.J\cPV,FIjN`bO=OK`bQTc�dPQTc�HK`ec^JPV�LVJxZ\J\ibO�W�Y~��y~V.Z\ieJMO
isD¨WTdPdPQTY=LjVIc^HKY�V�isVPO,OKZVPdIHKY�VPO � � :��ª�£   C´VIH.��VIZ\Z�Q ¦   � cMQTJMO.`ecMdI`eH�V�¡�Z�VIcMO�VIYNa�JPVud9VIHKH�V�FIjN`bO=OK`bQTc



Ï ÞOÕB× Ú Ü¡Ø Ò S ��� Ü 
 ��Ò �;Ò�� á Ñ~Ú ���BÚ�Ð � Þ¤Õ 
 Ü Ò � á �7Ò Ø� Ú�Ò�� � 
 Ö Ò � Ü ��Ò EJI ë KVL N$OQPjà N%S � & �

Energie (keV)
10

210

)
-2

 c
m

-1
 (

ke
V

 s
2

E×
F

lu
x

-210

-110

 -- BeppoSax

 -- Integral/IBIS

������� � � � � ¦ Z�VPdIHKY�V�VIcnFIcPVIYKf�`sV.L�D � ¦ ª�£ ��VIHoLaVX��VIZ\Z�Q ¦   ��VIc^HKY�V � VIH ��¢�¢ �pV �.�M�QTJ\H�VPO	isVPO+VIYKY�VIJ\Y=O~VIH
ie`ejN`eH�VPO2OKJ\Z�FIYK`sVIJ\Y�VPO�O=QTc^H�L\QTc\cMF9VPOo¡.J\cnc\`e�pV~W�JnLaVXdPQTcV¬8W�cMd9VXLaV �

σ
�

dPQTjNjkJ\cPV^VPOKH�LVJ�W�J�U�VIH	j SIj�V.LVJg�pVIc^H~��C�W�O�QTJ\Y=d9V,W�Z\ZlW�Y�W��bHRLaV.Z\ieJMO	ibFIfh�IY�VIj�VIc�HRZ\ieJMO�S\YK`eieipW�c^H�V�W�J
OKJMLga�J�D¨W�J�cMQTY=L VIHR`ecMLVJ\`eHRJ\c�Y�W�Z\Z�QTYKHXLaV,S\YK`eieipW�cMd9V�LaV � � #M��®�V,Y�W�Z\Z�QTYKH�VPOKHRibFIfh�IY�VIj�VIc^H�VIc«LaVPO=O=QTJMO
LaV�d9VIieJ\`.VPOKHK`ej�F VIc � t ∼ 5

z,W�`ecMOK`�a^J�D¨W�J�¸V �0t ∼ 3.5
z|��®�VIHKH�V�LV`���FIY�VIcMd9V�O~D¤V|mVZ\ie`ba�JPV�ZlW�Y�ipW¤�sW�`eS\isV

Y=FPO=QTieJ\HK`bQTc W�c\f�J\ipW�`eY�VxL�D � ¦ ª�£ �.a^J\`	cPV�Z�VIJ\HuO=FIZlW�Y=FnisDGFIjN`bO=OK`bQTc Z�QTcMdIHKJPVIieisV£VIHudPQTc�HK`ec�JPVg�pVIclW�c^H�LVJ
Z\J\ibO�W�Y�LaV	d9VIieisV	FIH�VIcMLVJPV	LaV�ipWXcMFIS\J\isVIJMO�V��pVIclW�c^H�LVJAU�VIH�QTJ�LVJuH=QTY�V�� � QTJMO�W�ieibQTcMO�j�W�`ec�H�VIclW�c�H2FIHKJMLV`sVIY
isVPO�dPQTcMO=FPa�JPVIcMd9VPO�L�D J\cPV�QTYK`ef�`ecPV�dPQTjNjkJ\cPVRLaVPO�FIjN`bO=OK`bQTcMO � VIH2W�J�¸V ��QTSMO�VIYK�hF9V�LMW�cMO�isV�d~WTO�LaV � ¦ £
� � & ¢�� r2& � VIH2�pVIclW�c�HoL�D J\cNU¦VIH~�

C¸VPOR�MJVm�Y�VIipW�HK`���O:QTSMO�VIYK�hFPO.VIc � VIH�W�J�5V � cMQTJMO�`ecMLV`ba�JPVRL\F U=¡.a�JPV�isVPO�Z�VIYKH�VPO:OK]_cMd=[\Y=QTHKY=QTcMO
L\QTjN`ecPVIc�H2H=QTH�W�isVIj�VIc^H�isVPO:Z�VIYKH�VPO�®�QTjNZ\H=QTcn`ec^�pVIY=O�VPO~�\C�W O�`ef�J\Y�V � � � VIieisV�cMQTJMO2j�QTc�HKY�VRisDGFI�hQTieJ\HK`bQTcxLaV
ipWNibQTc\f�JPVIJ\YRW�Z\ZlW�Y�VIc�H�V,LVJ�U¦VIH2j�VPO=J\Y=F9VAOKJ\YoisVPOoQTSMO�VIYK�TW�HK`bQTcMO	LaVA£�� ¦   (tv�YKJMO=O=QTc\`³VIHRW�is� � ��� �hz|{�LaV
��VIZ\Z�Q ¦   � tvq¤`ecPVPQ-VIH2W�is� ��¢�¢ � z�W�`ecMO=`�a^JPVoL�D � � :��ª�£   CE�M®�VIHKH�V	ibQTc\f�JPVIJ\Y:L\FPdIY=Q��bH:W~�pVPd	isDGFIcPVIYKf�`sVRd9V
a�J\`³VPOKH6VIc�WTdPdPQTY=L«WP�pVPd,J\cgZ\ipWTOKj�WuOKJ\S\`bO=O�W�c^H�J\cxY�V|�vY=QT`bLV`bO=O�VIj�VIc^HXOK]_cMd=[\Y=QTHKY=QTc���yRW�cMO	isV.O=`ejNZ\isV.d~WTO
L�D J\cPV:�_`eH�VPO=O�V�dPQTcMOKH�W�c�H�V	¡	isD `ec�H=FIYK`sVIJ\Y�L�D J\cRU¦VIHELaV:O�VPdIHK`bQTc�V%$�d~WTd9V:J\c\`���QTYKj�V�{hisV:d=[lW�jNZ�j�W�f�cMFIHK`ba�JPVWVIH
ipW�LaVIcMO=`eH=F�O�QTc�H�dPQTcMOKH�W�c�H=OotvdPQTcMO�VIYK�TW�HK`bQTcNLVJ��MJVmkj�W�f�cMFIHK`ba^JPV&VIH�LaV�isDGFIcPVIYKf�`sV}z|��C�W	LV`bOKH�W�cMd9V�j�W�mV`ejkJ\j
W�ibQTY=O�W�HKH�VI`ec�H�V�ZlW�Y�isV�Z\ipWTOKj�W�WP��W�c�H�a^JPVEisVPO�ZlW�`eY�VPO�W�`sVIc�H4Z�VIY=LVJAH=QTJ\H�V�isVIJ\Y4FIcPVIYKf�`sV�L\FPdIY=Q��bH4`ec^�pVIY=O�VIj�VIc�H
Z\Y=QTZ�QTYKHK`bQTc\cPVIi4¡.ipW.Y�WTdI`ecPVkd~W�YKY=FXLaV�isDGFIcPVIYKf�`sVAO�VIibQTc�tQ�4WTd=[MQTibd �P] � � ���T¢ z �

Ljet = (1.69 × 104) βjetsin(θjet)(
B

1µG
)−3/2(

Eγ

1keV
)−1/2 pc

t � � �~� z

C�W O�`ef�J\Y�V � � � j�QTc�HKY�V�a^JPV.isVPORL\QTc\cMF9VPOkO=QTc^HXdPQTjNZlW�HK`eS\isVPOAWP�pVPdNd9VIHKH�V�OK`ejNZ\isVNL\FIZVIcMLMW�cMd9V
VIHXa�JPV.isV,�_`sVI`eieie`bO=O�VIj�VIc^HkLaVPO�ZlW�`eY�VPOXO~DGQTZ��IY�VNL\F UK¡�¡�LaVPORFIcPVIYKf�`sVPOXZ\Y=Q^d�[PVPOkLVJ �pV �,����c�W�U7JMOKH�W�c�HkJ\cPV
ibQT`	LaV¤Z\J\`bO=O�W�cMd9VxL\QTc�H�ipW«ZVIc^H�V{VPO=HuW�ibQTY=O�¬\mVF9Vg¡ −1/2

`ei�VPOKH�W�ibQTY=OuZ�Q�O=OK`eS\isVxWP�pVPdxipW«j�VPO=J\Y�V¤LaV
isDGQTY=L\QTc\cMF.¡�isDGQTYK`ef�`ecPVALaV.dPQTc�HKY�W�`ecMLVY�V.isVkZ\Y=Q^LVJ\`eH

βjetsin(θjet)B
−3/2 �lC¸V:U�VIHoL�D J\cx�pVIc�HRW�VIcnfhFIcMFIY�W�i

J\cPV��^`eH�VPO�O�V�Z\Y=Q^d�[PV�LaV ¢ �'&Rd��_®�VIHKH�V:�TW�isVIJ\Y�VPO=H�L\FPLVJ\`eH�V2L�DGQTSMO�VIYK��W�HK`bQTcMO�L�D¨W�J\HKY�VPO�cMFIS\J\isVIJMO�VPO�dPQTjNj�V2isV
®�Y�W�SV,t ¢ � #hd}z|{ ��VIipW�t ¢ �¨©�r ¢ � � d}z�QTJLVIcMdPQTY�VXª � � � � r ¢ �¨©�t ¢ � � r � d}zEj�W�`bO:FIf�W�isVIj�VIc�H2LaV	OK`ejAJ\ipW�HK`bQTcMO2q¤w	y
Y�VIipW�HK`e�^`bO=H�V�t ¢ �'&Td}z|��tvy�VPC�W�cPVI]LVIHoW�is� ��¢�¢ �hz:W,LaVRZ\ieJMO2j�VPOKJ\Y=FRJ\cPVR�_`eH�VPO=O�VXW�Z\ZlW�Y�VIc^H�VkLaV ¢ �'&,dRLMW�cMO�isV
d~WTOoLaV�� ¦ £#� � & ¢�� r2& � � � cPVAie`ejN`eH�Vk`ecV��FIYK`sVIJ\Y�V.W~�TW�`eH�VIc ��¢�¢ � tsªRW?VIcMO=isVIYWVIHRW�is� ��¢�¢ � z�FIH=FkL\FPdPQTJ\�pVIYKH�V
VIc�j�VPOKJ\Y�W�c^HoisD `ejNZlWTdIH�LaVXisD¤V|�=VIH�y�QTZ\Z\isVIY	O=J\Y2isVXY�W�Z\Z�QTYKHoLaVRS\YK`eieipW�cMd9V.L�D J\cPVXZlW�YKH~VIHoL�D¨W�J\HKY�VALVJ�U�VIH~{
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d9V�Y�W�Z\Z�QTYKH�ZVIYKj�VIHKH�W�c^H�LaV�dPQTc^HKY�W�`ecMLVY�VnisV�Z\Y=Q_LVJ\`eH

βjet cos(θjet)
¡ ¢ � ��� �Ey,D¨W�Z\Y=�PO�isDGFPa^JlW�HK`bQTc � � �~�

Z�QTJ\Y�LaVPO.�TW�isVIJ\Y=ONLaV
βjet

LaV ¢ �¨©{VIH ¢ �'&xisV�d=[lW�jNZ¥j�W�f�cMFIHK`ba^JPV�j�VPOKJ\Y=FLVPOKH�W�ibQTY=ONLaV � � VIH�©�©
µGY�VPO=ZVPdIHK`e�pVIj�VIc^H~��CED `ecMd9VIYKHK`eHKJMLaV�OKJ\Y�ipW�LV`bOKH�W�cMd9V^V|m\WTdIH�VNLVJ«O=]_OKH=�Ij�V.Y�W�UKQTJ\H�VNJ\cPV^VIYKY�VIJ\YXLaV

27%
OKJ\Y

d9VIHKH�V�j�VPOKJ\Y�V��T��c,Z\Y�VIclW�c^H�VIc.dPQTjNZ\H�V�d9VIH4`ec�H�VIYK��W�ieisV:LaV���W�isVIJ\Y4Z�QTJ\Y�isV�d=[lW�jNZNj�W�f�cMFIHK`ba^JPV�ipW	dPQTJ\Z\J\Y�V
O=ZVPdIHKY�W�isV�¡ � � ¢ �pV � L\QTc\cPV2dPQTjNj�V�FIcPVIYKf�`sV2j�W�m_`ejAJ\j LaVPOEFIisVPdIHKY=QTcMO�J\cPV2FIcPVIYKf�`sV�dPQTjNZ\YK`bO�V+VIc�HKY�V # ¢�¢
VIH � © ¢ 5V �,�8��c{V|��VIH�WP�pVPdAipWNY�VIipW�HK`bQTcgOKH�W�cMLMW�Y=LnLaVkisDGFIcPVIYKf�`sVAL�D J\c¤Z\[MQTH=QTcxO=]^cMd�[\Y=QTHKY=QTc{VIcn�vQTcMdIHK`bQTc
LaVXisDGFIcPVIYKf�`sVkLaV�isDGFIisVPdIHKY=QTc¤QTcnW �

Ee,max = 230 (
Eγ

1keV
)(

B

1µG
)−1/2 TeV

t � � � � z
CED¤VPO=HK`ej�W�HK`bQTc�LaV�� W�`ecMOK`:a^JPVuLaVuisDGFIcPVIYKf�`sV�j�W�mV`ejkJ\j0LaVPONFIisVPdIHKY=QTcMO,�sW�`eH�V�W�J\ZlW�Y�WP��W�c�H�cPV

O}D¨W�Z\Z\ie`ba�JPV	ZlWTO�OK`�isDGFIjN`bO=OK`bQTc�[lW�J\H�V�FIcPVIYKf�`sV	QTSMO�VIYK�hF9V�W~�pVPd � � :��ª�£   Cx�_`sVIc�H:LVJ�H=QTY�V�VIH�cMQTc�ZlWTO:LVJ
U�VIH4dPQTjNj�V�`ei_isD¨WoFIH=F�O=J\Z\Z�Q�O=F���qxW�`bO4d9VIHKH�V�[�]_Z�QTHK[M�PO�V�VPO=H�a^JlW�cMLkj SIj�V�Z�VIJ\H�Z\ipW�JMO=`eS\isV��_JkisDGQTYK`sVIc^H�W�HK`bQTc
LaVXipW,O=QTJ\Y=d9VRj�VPOKJ\Y=F9VkW~�pVPd � � :��ª�£   CE�

��cxW�U JMOKH�W�c^H2J\cPVXLV`bOKHKYK`eS\J\HK`bQTc�VIc�ibQT`�LaV�Z\J\`bO=O�W�cMd9VkL�DGFIisVPdIHKY=QTcMO�OKJ\Y2isDGFIjN`bO�OK`bQTc�OK]_cMd=[\Y=QTHKY=QTc
VIHo®�QTjNZ\H=QTc�`ec^�pVIY=O�V�{VisVPO:L\QTc\cMF9VPO:w.�G�2� ¦ � ¦ �VZVIYKjN`eY�VIc^H�LaV�dPQTc�HKY�W�`ecMLVY�VRJ\c�d�[lW�jNZ�j�W�f�cMFIHK`ba�JPVX¡AJ\cPV
��W�isVIJ\YXLaV

17µG
{�d9VNa�J\`"VPOKH6VIc�WTdPdPQTY=L«W~�pVPdNisD `ec�H�VIYK��W�ieisV�LMW�cMO�isVPa^JPVIiEO�V,OK`eHKJPVN��FI��W�ieJMF�¡�ZlW�YKHK`eYkLVJ

�_`sVI`eieie`bO=O�VIj�VIc^H�OK]^cMd�[\Y=QTHKY=QTc�� � cPV��TW�isVIJ\Y�Z\ieJMO4FIisVI�hF9V�LaV���`ejNZ\ie`ba^JPVIY�W�`eH4J\cAcMQTjAS\Y�V:LaV�ZlW�YKHK`bdIJ\isVPO � ¡o©��QT`bO�Z\ieJMO��sW�`eS\isVEj�W�`bO�isD `ecMd9VIYKHK`eHKJMLaV�OKJ\Y�isV�d�[lW�jNZNLaVEZ\[MQTH=QTcMO�ibQ^d~W�i^`ecV� Y�W2Y=QTJ\fpV�Z�QTJ\YKY�W�`eH�O}D¨WTdPdPQTjNj�Q^LaVIY
L�D J\cPVkH�VIieisV�SlW�`bO=O�V��
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INTEGRAL

BeppoSAX

ROSAT

������� � � � � �EO=HK`ej�W�HK`bQTc¤LaV�ipW,ibQTc\f�JPVIJ\YoW�Z\ZlW�Y�VIc^H�VALVJ,U�VIH
Ljet sin(θjet)

VIc���QTcMdIHK`bQTc¤LaV�isDGFIcPVIYKf�`sV��

Z ��� � �-A>�;=+�	l5 2-

��c«dPQTcMdIieJMO=`bQTc�{�ipW�dPQTjNZlW�Y�W�`bO=QTc�LaV,ipWuj�QTYKZ\[MQTibQTf�`sV�LVJ��pVIc�HAW�J«LaVIip¡�LaV ��¢ �pV �?WP�pVPd�LaVPO
QTSMO�VIYK�TW�HK`bQTcMO�¡.Z\ieJMO2SlWTO=O�VPO2FIcPVIYKf�`sVPO	W�`ecMO=`�a�JPVXipW,dPQTJ\Z\J\Y�VkOKZ�VPdIHKY�W�isVkQTSMO�VIYK�hF9VX�pVIY=O � � ¢ �pV � O�QTc�HWVIc
WTdPdPQTY=LxWP�pVPdkisVR�sW�`eH�a�JPV�isDGFIjN`bO�OK`bQTc¤LMW�cMOod9VXL\QTj�W�`ecPVAL�DGFIcPVIYKf�`sVk�^`sVIc^HoL�D J\cNU�VIH�QT��isVXY�V|� Y=QT`bLV`bO=O�VIj�VIc�H
O=]^cMd�[\Y=QTHKY=QTc�LaVPO4ZlW�`eY�VPO�O~DGQTZ��IY�VIc^HELMW�cMO�J\c,d�[lW�jNZNj�W�f�cMFIHK`ba�JPV:dPQTjNZ\YK`bO¬VIc�HKY�V � � VIH4©�©

µG
VIH�d9V�Z�QTJ\Y

LaVPO2�^`eH�VPO=O�VPO.VIc�HKY�V ¢ �¨©¯VIH ¢ �'&Td��8®�VIHKH�V6VPOKHK`ej�W�HK`bQTc¤LaVRd�[lW�jNZnj�W�f�cMFIHK`ba^JPV�VPOKH2LaV�Z\ieJMO.VIcxWTdPdPQTY=LnWP�pVPd
isVPO�j�VPOKJ\Y�VPO�dPQTcTUKQT`ec�H�VPO�LVJ�H=FIisVPO=dPQTZ�V�w	� ¦\¦ VIH�LaV2��VIZ\Z�Q ¦   � a�J\`MZ�VIYKjN`eY�VIc�H�LaV2dPQTc�HKY�W�`ecMLVY�V��¥¡�J\cPV
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�TW�isVIJ\Y:Z\Y=Q_d=[PVkLaV � �
µ
ª,�\yRW�cMO2d9VRd=[lW�jNZ¤isDGFIcPVIYKf�`sVRj�W�m_`ejAJ\j LaVPO2FIisVPdIHKY=QTcMO2� J\H.VPO=HK`ej�F9V6VIc�HKY�V # ¢�¢

VIH � © ¢ ¸V �.�8®�VIHKH�VkFIcPVIYKf�`sVRj�W�m_`ejAJ\j*Z�Q�O�V�LaVXO=FIYK`sVIJMO�VPO�dPQTc�HKY�W�`ec�H�VPO	OKJ\Y:isVPO:j�Q_L\�IisVPO2L�D¨WTdPdPFIibFIY�W�HK`bQTc
LaVkZlW�YKHK`bdIJ\isVNW�JxO�VI`ecxLaVPO�U�VIH=O~� � cPVAWTdPdPFIibFIY�W�HK`bQTc«LaVAH ]_Z�V�OPVIYKjN`�Z�QTJ\YKY�W�`eH	Z�VIYKj�VIHKHKY�V.L�D¨W�HKH�VI`ecMLVY�VNLaVH�VIieisVPOoFIcPVIYKf�`sVPO}�8y�VAZ\ieJMO�isD `ecMLV`bd9V.OKZ�VPdIHKY�W�i�QTSMO�VIYK�hF�VIc �#Z\Y=Q_d=[PV.LVJxZ\J\ibO�W�YWVPOKHoZ\Y=Q^d�[PV,LaV � ����d9Vka^J\`
VPOKH�J\cPVNd~W�Y�WTdIH=FIYK`bOKHK`ba^JPV�LaVPORZ\Y=Q_d9VPO=OKJMORLaV OPVIYKjN`EY�VIipW�HK`e�_`bOKH�V���qgW�`bORisD¨WTdPdPFIibFIY�W�HK`bQTc�W�J«d�[MQ^dNH�VIYKjN`eclW�i
ZlW�Y2d9VRfpVIc\Y�VXLaV�Z\Y=Q_d9VPO=OKJMO.VPO=H.VIcMdPQTY�VXHKY=�PO2dPQTc^HKY�VI�pVIY=O=F��
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ABSTRACT

We present observations with the INTEGRAL/IBIS telescope of the wind nebula powered by the
young pulsar B1509-58 and we discuss the spatial and spectral properties of the unpulsed emission in
the 20 − 200 keV energy band. The source extension and orientation along the northwest-southeast
axis corresponds to the jet emission seen at keV and TeV energies. The hard X-ray spectrum is
consistent with the earlier Beppo-SAX measurements. It follows a power law with a photon index
α = −2.12 ± 0.05 up to 160 keV. A possible break at this energy is found at the 2.9σ confidence
level. The 0.1-100 keV data are consistent with synchrotron aging of pairs in the jet and yield a
magnetic field strength of 22-33 µG for a bulk velocity of 0.3-0.5c. The synchrotron cut-off energy
thus corresponds to a maximum electron energy of 400-730 TeV.
Subject headings: acceleration of particles – gamma rays: observations – shock waves – pulsars: indi-

vidual(PSR B1509)

1. INTRODUCTION

The young radio pulsar B1509-58 is associated
with the supernova remnant MSH 15-52 (G320.4-1.2)
(Seward & Harnden 1982; Manchester et al. 1982). Its
spin parameters (a period of 150 ms and period deriva-
tive of 1.5 × 10−12 s s−1) make it one of the youngest
and most energetic pulsars known, with a characteristic
age τ ∼ 1700 yr and a spin-down power of 1.8 × 1037

ergs s−1. It presents one of the largest magnetic field
strength (1.5 × 1013 G) (Kaspi et al. 1994) recorded for
an isolated pulsar. Recent X-ray and γ-ray images have
revealed a very complex pulsar environment where one
can study several manifestations of pulsar wind nebu-
lae: the shocked wind in an equatorial flow, a powerful
jet, and the interaction and confinement of these wind
features within the surrounding remnant.

ROSAT first detected the wind nebula in X
rays, showing its 17’-long tail extending to the
southeast along a faint ridge of radio emission
(Greiveldinger & Ogelman 1993; Trussoni et al. 1996),
later confirmed by BeppoSAX. The tail length decreases
from 17’ to 8.5’ (at 10 % level of the central nebula inten-
sity) between 1.6 keV and 10.0 keV (Mineo et al. 2001).
High-resolution Chandra images revealed further details
of the non-thermal structure (Gaensler et al. 2002); first,
the axis of the elongated nebula (with a position an-
gle of 150◦ ± 5◦ north through east) which may corre-
spond to the pulsar spin axis; then two northern toroidal
arcs of emission, 17” and 30” away from the pulsar,
that may correspond to wisps in an ion-loaded equa-
torial flow as in the Crab nebula; and a 4’-long bright
collimated feature along the axis which is interpreted as

1 Service d’Astrophysique, CEA Saclay, 91191, GIF sur
YVETTE, France

2 AIM-UMR 7158, CEA Saclay, 91191 Gif sur yvette, France
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a jet with a velocity vjet > 0.2c (Gaensler et al. 2002;
Tamura et al. 1996; Brazier & Becker 1997). The ap-
parent absence of a counterjet sets a lower limit of 5 to
the brightness ratio between the two sides (if two jets are
powered). Doppler boosting can account for this contrast
provided that the jet bulk velocity and its inclination to
the line of sight verify βjetcosθjet ∼ 0.28. The wind car-
ries away at least 0.05% of the pulsar spin down power.

The emission found by H.E.S.S between 280 GeV
and 40 TeV presents a comparable morphology
(Aharonian et al. 2005). The elongated nebula extends
on both sides of the pulsar along the X-ray axis, over
6’ (1 σ level) to the northwest and southeast direction.
The γ-ray spectrum is well fitted by an E−2.27±0.23±0.20

power law and can be explained by TeV electrons up-
scattering the cosmological microwave background and
the ambient interstellar radiation field. Fitting both the
TeV emission and the BeppoSAX one gives a mean mag-
netic field of 17 µG which is in agreement with lower
limits found for the jet in the equipartition assumption
(DeLaney et al. 2006). At a distance of 5.2 ± 1.4 kpc
(Gaensler et al. 1999), the bright part of the X-ray jet,
the longer southeast X-ray tail, and the coincident TeV
one extend from 5 to 30 pc on the sky.

We present observations of the PSR B1509-58 region
obtained with the INTEGRAL/IBIS telescope operating
in the hard X-ray range, describing the morphology and
spectral properties of the emission and comparing them
with the X-ray and TeV data.

2. OBSERVATION AND DATA ANALYSIS

PSR B1509-58 was observed with the IBIS coded aper-
ture telescope onboard the INTEGRAL spacecraft. It
consists of a dual detection layer operating between
∼ 15 keV and 10 MeV, and of a tungstene coded mask
located 3.2m above the detector. The first and pix-
elized detector plane, ISGRI, is composed of 128 by
128 Cadmium–Telluride (CdTe) semiconductor detectors
covering the energy range from ∼ 15 keV to 1 MeV
(Lebrun et al. 2003). Sky images are obtained by de-
convolution of the ISGRI image by the mask pattern.
The resulting angular resolution is 5.7′ (1σ).
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The exposure time of about 1.3 Ms corresponds to ded-
icated observations centered on PSR B1509-58 in 2005,
and of Galactic Plane Scan (GPS) observations from
2003 to 2005. It consists of more than 700 science win-
dows of about 30 mn each. The analysis was done with
the standard INTEGRAL OSA software (version 5.1).

2.1. Phase resolved analysis

In order to study the pulsar wind from PSR B1509-
58 and to reduce contamination by pulsed emission from
within the light cylinder, we have analyzed the data from
the off-pulse phase interval. To extract the light curve,
the photon UTC arrival times were converted into the
solar system barycentre using the pulsar position. Pho-
tons were then folded into 20 phase bins using the ATNF
ephemerides 7. In each phase bin sky images were ob-
tained from standard deconvolution of ISGRI detector
maps. This method provides an automatically back-
ground subtraction and the unpulsed emission is thus
clearly visible.
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Fig. 1.— The B1509-58 pulsar light-curve between 20 and 50
keV.

The resulting light curve is presented in Figure 1. A
significant unpulsed component is clearly seen in the
0.77 − 1.07 phase interval similar to the ones found by
BeppoSAX (Cusumano et al. 2001) that will be used for
the following imaging and spectral analyzes. A detailed
study of the pulsed emission is deferred to another paper
(Hermsen et al., in preparation).

2.2. Imaging extended sources with the IBIS/ISGRI
telescope

As shown in Figure 2, the source detected with
IBIS/ISGRI in the off-pulse emission (17-40 keV) ap-
pears to be slightly extended. In the standard OSA
software, the flux of a point-source is given by the
peak height of the associated Point Spread Function

7 http : //www.atnf.csiro.au/research/pulsar/archive

(Gros et al. 2003). This is, however, incorrect for an
extended source because of the flux dilution over a re-
gion larger than the PSF width. A method has been
developed for extracting the flux and its associated error
of an extended source seen by IBIS and more generally
by any coded mask telescope using the MURA pattern
(Renaud et al. 2006). This method converts standard
flux images into intensity images (ie flux per sky pixel or
per steradian). The total flux is estimated by summing
intensities over the whole source extent. The dilution
factor will be defined as the ratio between the real flux
and the one given by the standard INTEGRAL software.
This factor depends on the source size.

3. RESULTS

3.1. Imaging : an extended source around PSR
B1509-58

Maps of the off-pulse emission have been constructed
in two energy ranges, at 17 − 40 and 40 − 100 keV. The
significance map in the low-energy band is presented in
Figure 2. A bright source is clearly visible at the position
of PSR B1509-58. It is centered on RA= 228.50◦

±0.03◦

and DEC= −59.43◦±0.03◦ and it is fully consistent with
the pulsar location. Figure 3 shows the source radial
profile along the NW-SE axis in the significance map,
together with the profile expected from a point source.
The source appears to be slightly extended and its ori-
entation coincides with the morphology known at other
wavelengths.
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Fig. 2.— Significance image of the off-pulse emission in the 17-40
keV band around PSR B1509-58. The coordinates are in J2000.
The black contours outline the TeV emission as seen by H.E.S.S
(Aharonian et al. 2005).

With coded mask imaging, sky image pixels are not
statistically independent, but two pixels separated by
more than the PSF width (σPSF = 5.7′ ) can be consid-
ered as independent. After subtracting the PSF in the
significance map (see Figure 4) we obtain a confidence
level of 4σ and 2.3σ in the low and high-energy bands
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Fig. 3.— Smoothed profile of the significance map along the NW-
SE axis between 17 keV and 40 keV. The red curve corresponds to
the expected profile in a point source case.

from the two residuals measured along the NW-SE axis.
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Fig. 4.— Smoothed significance map excess after point source
contribution removal between 17 keV and 40 keV. The white con-
tours outline the TeV emission as seen by H.E.S.S. and the blue
ones correspond to Chandra observation. Two excesses visible in
the jet direction (NW-SE) are in global agreement with the H.E.S.S
contours baring in mind the smearing due to the PSF.

The source orientation and extension can be evaluated
by fitting the intensity images with a 2D Gaussian with
separate widths along each axis and a free rotation angle.
To compare with a true point-source the same fit has
been applied to the XTE J1550 source in the same field
of view.

In the low-energy band, XTE J1550 is well fitted by a
symmetrical Gaussian of width σXTE = 5.85′ ± 0.07′. It

is fully consistent with the instrument PSF σPSF = 5.7′.
For PSR B1509-58, the best fit yields an asymmet-
ric Gaussian with a rotation angle of 155◦

± 4◦ from
north through east. Perpendicular to this axis, the
source width of 5.90′ ± 0.08′ is equivalent to that of a
point source. Along the NW-SE direction, the width
σNW−SE = 7.98′ ± 0.07′ suggests that the source ex-
tends over several arcminutes. The apparent source
width results from the convolution of the PSF and
the true source size. The latter is found to be σs =
√

(σ2
NW−SE − σ2

PSF ) = 5.53′ ± 0.07′ along the major

axis. In the energy band from 40 to 100 keV, the source
is smaller with σs = 3.52′±0.07′ along the main axis. All
the quoted errors include the statistical uncertainty and
a crude estimate of the impact of the map binning and
correlation between adjacent pixels obtained by moving
the gaussian location in the fit.

The fact that the source extension and orientation
compare with the morphology seen in X rays and γ
rays, as well as the increased brightness to the southeast,
strongly suggest that the unpulsed emission is dominated
by the wind nebula.

3.2. Spectroscopy : a possible spectral break near 160
keV

The dilution correction factors due to the source extent
with respect to a point source flux are respectively 1.36
and 1.19 in the low and high energy bands. Values at
intermediate energies have been interpolated. The spec-
trum of the off-pulse emission has been measured from
17 keV to 200 keV using the standard spectral analysis,
then divided by the selected phase width, and corrected
for dilution as described above. It is presented in Fig-
ure 5 together with the former BeppoSAX measurements
(Mineo et al. 2001). The INTEGRAL spectrum is well
fitted by an E−2.12±0.05 power law in agreement with the
BeppoSAX and RXTE results (1). The total flux from
17 to 200 keV amounts to 0.30 ± 0.02 keV cm−2 s−1.
The upper limit found in the 130-200 keV bin suggests
a spectral break near 160 keV. This upper limit indeed
deviates at the 2.9 σ level from the extrapolation of the
power-law spectrum in this energy interval. The break
is not visible in the pulsed emission and so cannot be
attributed to the pulsar. It is consistent with the Beppo-
SAX measurements at high energy.

3.3. Discussion and conclusions

The extent and orientation of the unpulsed emission
seen by INTEGRAL/IBIS nicely match the morphology
of the wind nebula and jet seen at keV energies with
ROSAT, Chandra, and BeppoSAX, and at TeV energies
with H.E.S.S. The source width is not consistent with
pure DC emission from the pulsar itself, although a large
contribution cannot be ruled out. There is a close agree-
ment between BeppoSAX and INTEGRAL in spectra an
source elongation. All circumstantial evidence suggests
that the measured hard X-ray emission is dominated by
jet emission. The elongated source appears to be slightly
brighter to the south, with a flux ratio of ∼ 1.4 between
the SE and NW sides. Larger contrasts are found in X
rays (∼ 5) and in TeV γ rays (∼ 3.5), but the difference
may be due to the poorer angular resolution of ISGRI
which cannot separate the central wind components from
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Fig. 5.— Energy flux spectrum of unpulsed emission from the
ISGRI and BeppoSAX data. All error bars and upper limits are
given at the 1 σ confidence level.

the larger scale jet. In the following discussion we will
explore the consequences of a common origin of the 0.1-
160 keV and TeV emissions in the collimated wind flow
or jet along the NW-SE axis.

The relative energy fluxes recorded in X rays and TeV
γ rays indicate that synchrotron losses dominate over
inverse Compton ones (Aharonian et al. 2005). Figure 6
also suggests possible decrease of the jet apparent length,
as seen by ROSAT (Trussoni et al. 1996), BeppoSAX
(Mineo et al. 2001), and now IBIS. In a simple scenario
with a linear jet with constant cross-section and velocity,
thus with uniform magnetic field and density to conserve
the magnetic and momentum fluxes, the maximum dis-
tance Ljet reached by the flow before the pairs burn off

their energy scales as Ljet ∝ E
−1/2
γ (Pacholczyk 1970):

Ljet = (1.69×104) βjetsin(θjet)(
B

1µG
)−3/2(

Eγ

1keV
)−1/2 pc

(1)
Figure 6 shows that the data are consistent with this

simple dependence and that radiative aging is effec-
tive above keV energies. This aging is also consistent
with the spectral turn-over seen in Figure 5. The best

Ljet ∝ E
−1/2
γ fit to the data in Figure 6 gives a measure

of the product βjetsin(θjet)B
−3/2. The jet outflow has

a typical velocity of 0.5c (DeLaney et al. 2006) equiva-
lent to the speed observed in several other wind nebu-
lae (Crab Nebula (0.4c), Vela (0.3c-0.7c), G11.2-0.3 (0.8-
1.4c)). It is consistent with MHD simulations of rela-
tivistic jets (0.5c). A lower limit of 0.3c is inferred from
the Doppler boosting constraint βjetcosζ ∼ 0.28. For
βjet values of 0.3 and 0.5, we find field strengths of 22
and 33 µG, respectively. The large uncertainty in the
pulsar distance implies an additional 27% uncertainty in
B. The spectral cut-off possibly seen at 160 keV then
yields maximum electron energies in the jet of 400 and
730 TeV, respectively.

Ee,max = 230 (
Eγ

1keV
)(

B

1µG
)−1/2 TeV (2)

The field and maximum energy estimates given above
would not apply if the high-energy part of the INTE-
GRAL source is dominated by the toroidal part of the
wind instead of the jet as assumed above, because the
rapid increase of the field strength to equipartition val-
ues in the post-shock flow would cool the particles more
efficiently and the INTEGRAL data would not relate to
the larger scale ROSAT and HESS observations.

Following a leptonic scenario and fitting both syn-
chrotron and inverse Compton radiation, the HESS data
yield a mean field of 17µG (Aharonian et al. 2005) in
reasonable agreement with the above range. Increasing
B to the above values would result in 2 or 3 times fewer
particles in the modelled flow, but the inverse Compton
TeV brightness could still be accomodated owing to the
large uncertainty in the actual infra-red radiation field in
the jet vicinity.

Photon energy (keV)

-110 1 10
210

) 
(p

c)
je

t
θ

si
n

(
je

t
A

p
p

ar
en

t 
je

t 
le

n
g

th
 L 10

Photon energy (keV)

-110 1 10
210

) 
(p

c)
je

t
θ

si
n

(
je

t
A

p
p

ar
en

t 
je

t 
le

n
g

th
 L 10

INTEGRAL

BeppoSAX

ROSAT

Fig. 6.— Estimates of the jet apparent length, Ljetsin(θjet), as
a function of energy.

In summary, the comparison of the morphology of
the wind nebula above 20 keV with lower-energy data,
and the observation of a possible cut-off near 160 keV
are consistent with a simple jet scenario with efficient
synchrotron cooling in a mean magnetic field of order
22 − 33µG and outflow velocities of 0.3-0.5c. The pres-
ence of electrons with still extreme energies of 400-730
TeV at several parsecs from the pulsar places a useful
constraint on the unknown jet acceleration process.

We gratefully thank the Australian Pulsar Timing
Archive for making all the pulsar epehemerides available
to us.
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�,´ ¹ 	½´�� �<¶ �,µ º � Í � � �M³ 	��,µ�Â �(³ �,µ ��� ��µ,µ�� � �,µ
µ � º � Å ��� � �&³ 	 � 	{´0³ � 	��&¶¼¶ � � 	½´ º � º � � ���&³ 	 �(¶ ���Jµ º � Î ¹ �¼¶ �wÃ�Ä��,µ ¹ �(³ 	
� � �¼³ 	��,µ=µ,´��g¶ �&µ;µ�� � ¹ 	
��,µ º · ��� �GµJµ��
�(³
� �&´ � �&³ 	<³ � �(³ � � �¼³Pµ¦Ï 	
� � � 	½´ º � � �,µ � � �Gµ�³ �¸¹ �,µJµ�� 	��&³�	 �&³ � � ³ � � �(¶ º � 	
� À µe¶ �(³ � ´ �,µeµ�� � ´0¶ ��	
���(³PµYÈWÐÒÑ6Ã
Ó ³ � � 	½´ º �YÔM´ �(¶ � 	�� 	
� � ���,µ 	 º �(³ ¹6º � Î ¹ �¼¶ � � �&³�	 �&³ � �Gµ � � � �VÕ&¶ �wÃ �f· �,µ 	����(´�� ¹ � 	�	�� � ����µ �(³DÔM´ �Y³��(´:µ � � �(³Pµ
º ��� �&¶ ��� � � ´0³ � � º:À ¶ ���(³��(¶UÁ�	
�½ÔM´ � � ��� � � 	�	��(³ 	 º · � 	½´ º �����¢¶ �,µ ��� �GµJµ��
�(³Oµ6µ&Á(³ ¹ � � ��	
� �(³ º �(³Pµ ¹ � 	�	�� � � � �
� � 	
����� º � ¹ ��� ¹ �&³ � 	
� � � ��� 	 ¹ �,»<µ �(´:µ¢¶�· �:Á � ��	 � À µ � º · ´0³WÖ�´�� º � �G³ ¹ � � ����,µJµ���Õ&¶ �,» � ��� ��	���	
���(³O³ �&¶ � 	 �-×
¶ �,µ � � � ¹ �,µJµ&´Vµ º � ¹ �(³ � � ¹ 	
���(³ º � � �¼³ �&³�	 ¹ �&´-É º � º � Ís´:µ����(³9Ã � � � � ºVÀ ¶ � � � 	 � ��� �3¶ �½ÔM´ �Xº �-³Pµf¶ � ¹ �(µ º �
Ø � � �¼³ � � º �-³ 	{¶ � � � � � � 	
����� � � 	 � � �¸¹ � � � �&³ 	 �VÕ&µ ��� � � ��� �;Ù=ÈEÈ � 	 �����(³ º � �VÃ

Ú °3®yÛVÜ�°3®yÝÞ²�ß � � ¹ 	
� � ¹ �(³ ���&¶ �W´0³ º ���,µ�	��-³ º �¼³ � � ¹J¹ �&¶ ��� � 	
�
�(³ � � ¹ ���(³ �Gµ � µ ¹ ¶ �(µ � 	�� 	 ��� 	���� � � �
³ �(¶Vµ���� ¹&à Ã¯á � ��µ{â � � à �Gµ�³ � � ��� 	 ���&¶ �,µJµ ��� � º ���9Å � � �-¶ º � � �3´0¶lµ � �,µ3Å � ��â � � ¹ � 	 ��� �3´0¶lµ � ��â �G³ ºg¹ � � ���(³ �M³ 	¼µ
Æ�¾ � 	¼» 	�� ��wÃ¼ÃGÃãÇ 	
� ���G¶	Õ��� �¼³ º 	 ��� �9´:¶lµ � �wÃ�ä ��� � � º � � �&¶ ��� � º �¦µ�� � �3¶ � �(³��-¶lÁ�	
� ¹ �(¶ � � º �&¶ 	�� � ��� 	 ��� � �&¶ � �
¹ � 	½Á �(³ º�� � � ³ � 	
� ¹ ¿ �&¶ º �¼³ 	 � �<µ ��� ¹&à � º â �G³ ºX¹ �(³w¿{³ � º Õ&Á �(³ �¼³ 	����,µ�	��&¶¼¶ � �=Õ �-âåµ ��� ¹&à Ã�á � ��µ � � º �&¶����$µ
Õ ��&³ ��� �3¶ ��� º 	�� 	 � �æØ � � �G³ � � �9´:¶lµ � � �VÕ,µ ��� � � º ÕMÁ5Ù=È�È �-³ º �����(³ º � ��µ�� � ¹ � ¹ � �~Å 	¼µ"Ã ä�	 � � � ���$µ��çÂ �,µ
	 � � � � ��� � 	��(³ ¹ � �¸Å �(³ � ¹�¹ ´�� ��	�� à ³��(âs¶ � º � � �¸Å 	 ��� � � � ³ � 	
� ¹ ¿ �&¶ º � � � � � 	
�&Á 	�� �¸É��3¶ � �¼³ 	 ��� º ��	��
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�������È � º � ¶ ��µ ��	
���(³ º �,µ ��� ��µ,µ����(³Pµ=µ,Á(³ ¹ � � � 	
� �(³ º ´ � �&³ 	 ¹ ���wÔM´ �Xº � Ø � � �¼³ � � èwé��
���	� 
������������������������� �!�#"$���&%��

')(+*-,/.10324(6587:9<; =1.>(@?1(65BA+7�CD,/9E(65�FG.>(+=178H�CD.>5)9E(65JI19/=>5:I1H�CLK�M>(65)?1(&.>CD78H�(@58NO587�P+*Q(&5�CD9R2S,/H�(UTWVO2
?O,E587	2S.>K6(X(65�7:(+.Y([Z\(+7:?1(�5�(+=19E(+*Q(+.37 èwéU] I�KUT>^#9/9E(XI_CU5�5�P6?1()=1.>(�I_A+H8,EC�?1(�?1( ] Ta`Ub � 5@cedB2S9/I�(+H8.f(+7:dJCD9/7
èhgUg `Oihj�(+H87�5�K�M�(+7k2S9<T èhgUg `�l\2S,/.>58,3m�=W; =1.

Ṗ ∼ 1.1×10−14s.s−1 n =1.XK	Mo2S*-IX*G2S0U.>A+78,Em�=>( B ∼ 1.6×1012G(+7�=1.qpS0�(�Kh2SH	2DK+7�A+H8,E5878,Em�=>(�?1(r9<;sCDH�?OH�(�?1(
3.3×105 2S.>5tTUukv�(6K�9E(:wxH	2Sy_( n K6(+787�(�5	CD=1H�K6(�(6587�9<; =1.>(�?1(65�I19/=>5

y1H8,/9/9R2S.37�(65:?1(B.>CD78H�(B032S9R2{zL,E(�2S=|?1(+9RF@?1( èh]U]@} (<~@ToVLCD.|A+*-,E5�58,ECD.�Mo2S=17�()A+.>(+H80U,E(B�e=17�I�CD=1Hr9R2&I1H�(+*-,EP+H�(
�eCD,E5�?1A+7�(6K+7�A6(65�Io2SH�9E(�5	2S7�(+9/9/,/7�(�VLu)VO`B(+. èhg��U� ce��M>CD*-I>5�CD.Q(+7�2S9<T èhg��U� l[TU�)2S.>5�9E(65#2S.1.>A6(65#m3=1,158=1,/vL,/H�(+.37 n
(+9/9E(J��=17:A+032S9E(+*Q(+.37:CDy>5	(+H8v�A6(�?>2S.>5r9E(�?1CD*G2S,/.>(�?1(65�H	26N�CD.>5���*QCD=>5Xcej�,/0U.o2S*-,�(+7�2S9<T èhgU� b�l[T

������� g T èU� u�032S=>K�M>( �D� *G2S0�(�� }f} 9/,E5�5	A6(�Io2SH�=1.>(�032S=>5	58,E(+.1.>(r?1(
15′′ ��� d } n ?\; =1.>(�H�A+0U,ECD.G?1( 4′×4′2S=17�CD=1H�?1(X'B(+*-,/.1032OT�u�?OH�CD,/7�( �1� *G2S0�(�w�dJu:�J�B��u�?\; =1.>()H�A+0U,ECD.�?1(

1′ × 1′
2S=17�CD=1H:?1(X'B(+*-,/.1032

w�(+787�(XA+7�CD,/9E(�2@?1()I19/=>5r=1.�*QCD=1v�(+*Q(+.37�I1H�CDI1H�(&2S=|5�(+,/.|?O=|*-,/9/,E(+=|,/.�7�(+H�587�(+9/9R2S,/H�(UT\VO2@v�,/7�(65	5�(
(6587&I1H�C�K	M>(�?1(

135 km.s−1 (+7@5�CD.�.>CD*�y1H�(�?1( } 2DK	M�(65�7&K6CD*-I1H8,E5-(+.�78H�( èh� (+7Q` ] I_CD=1H@=1.�*-,/9/,E(+=
2S*Xy1,R2S.�7�I1H8,E5:2hv�(6K�=1.>(�?1(+.>5�,/7�A�?1(Qc ] T é{�Jè T � l

m−3 c<w�2SH	2hv�(6CG(+7:2S9<To` ]U] b�l[To�J(�Io2SH�5	2&I1H�C6zO,/*-,/7�A�2S,/.>5�,
m3=>(�9R2Gy�CD.1.>(&K6CD.1.o2S,E5�5	2S.>K6(@?O=f*-,/9/,E(+=f9<;s(+.�v�,/H�CD.1.o2S.�7 n 'B(+*-,/.1032�2SI1Io2SH	2 � 7)v�,/7�(&K6CD*-*Q(&=1.fKh2S.>?O,E?>2S7
,E?1Ah2S9WI_CD=1H�A+78=>?O,E(+H�9E(65�K	M>C�K65�(+.YA+78H	26v�(�?1(65�v�(+.37�5�?1(BI1=19E5�2SHhT

�:A6K6(+*-*Q(+.37)=1.>(&A+78H	2S.10�(&*QCDH8I1M>CD9ECD0U,E(-?1(X9R2G.>A+y1=19E(+=>5�(@?1(�K6(+787�(@A+7�CD,/9E(X��=17BCDy>5�(+H8v�A6(-26v�(6K
9E(G5	2S7�(+9/9/,/7�(q� }Y} c<w�2SH	2hv�(6Cf(+7-2S9<T�` ]U] b�l�I1=1,E5-26v�(6K�wxMo2S.>?OH	2�ce?1(q�\=>Kh2Y(+7&2S9<T�` ]U]-é i���2hv�9ECtv�(+7-2S9<T
` ]U]-é l�c�v�CD,/H � ,/0U=1H�( g T è l[T��)2S.>5@=1.�I1H�(+*-,E(+H-7�(+*-I>5@� }f} ?1A+7�(6K+7	2 ?1(+=Oz¡9ECD.10U=>(65-m3=>(+=>(65-A+7�(+.>?O=>(65
58=1H�I19/=>5J?1(�`O;�5�(+9ECD.f9R2Q?O,/H�(6K+78,ECD. ?1(XI1H�CDIo2S032S78,ECD.¢?O=�I1=19E5�2SHJ(+7B26N32S.37B=1.>(X9/=1*-,/.>CU58,/7�A�?1(�9<;sCDH�?OH�(&?1(
∼ 1029 ergs.s−1 ?>2S.>5)9R2qyo2S.>?1(Q(+.£A+.>(+H80U,E( ] Tab �¤�4¥ (¦~&T\�#;a2S.o2S9/NO5�(-58I_(6K+78H	2S9E(-?1(-K6(65�m�=>(+=>(65B*QCD.378H	2
m3=>(�?1(65�I1H�CLK6(65�58=>5�.>CD.Y78M>(+H8*-,Em�=>(&A+7	2S,E(+.37�F-9<;sCDH8,/0U,/.>(&?1(�K6(XH	26N�CD.1.>(+*Q(+.�7�(+7Jm�=>(X?1(65:Io2SH878,EK+=19E(65B?1(
78H�P65�Mo2S=17�(65�A+.>(+H80U,E(65�?1(J9<;sCDH�?OH�(J?1(Jm�=>(+9Em�=>(65xK6(+.�7	2S,/.>(65�?1(:��(<~§?1(+vD2S,E(+.�7�5t; N-78H�CD=1v�(+HhT1w�(+787�(BA+*-,E5�5�,ECD.
(6587B?O=¢2S= H	2hN�CD.1.>(+*Q(+.37�?O= v�(+.�7)H�(+9R2S78,/v�,E587�(@K	M>C�m�=>AJ¨©=>5�7�(&2hvD2S.�7)9R2q?O,E5	K6CD.378,/.3=1,/7�AG?1(&K6CD.�7	2DK+7hTWu�v�(6K
wxMo2S.>?OH	2 n =1.>(@I_(+78,/7�(Qm3=>(+=>(-K6(+.�78H	2S9E(G(+7�A+032S9E(+*Q(+.�7�CDH8,E(+.37�A6(G5�(+9ECD.¢9R24?O,/H�(6K+78,ECD.�?1(@I1H�CDIo2S032S78,ECD.¡?O=
I1=19E5	2SH���=17�?1A+7�(6K+7�A6(UT�w�(+787�(rm�=>(+=>(�9ECD.10U=>(r?1(r` ]{ª I_CU5�5�P6?1(�=1.>(�9/=1*-,/.>CU58,/7�Ar?1(

1.3±0.2×1029 ergs.s−1
?>2S.>5�9R2Xyo2S.>?1( ] T �{�¤��¥ (¦~&TL�#;sCDH8,/0U,/.>(B?1(�K6(+787�(Jm3=>(+=>(J(6587�2S=D¨«CD=1H�?\; M�=1,�78H�P65�K6CD.378H�Ctv�(+H�5�A6(UT1^�9/9E(:I�CD=1H8H	2S,/7
¬ 78H�(:?O=>()FX=1.X¨8(+7�v�(+.o2S.37�?O=�I1=19E5	2SHrK6CD*-*Q(J?>2S.>5�9E(JKh2D5�?O=|wxH	2Sy_(JCD=4?1(:~#(+9R2&CD=qy1,E(+.4I_CD=1H8H	2S,/7 ¬ 78H�(
?O=>(�2S=|v�(+.37�H�(+9R2S78,/v�,E587�(�2S.1,E5�CD78H�CDI�(XK�M>CLm3=>A�¨«=>587�(�2SI1H�P65�9E()K	M>C�K�7�(+H8*-,/.o2S9<T } 2S,E5�?>2S.>5�7�CD=>5r9E(65�Kh2D5�9R2
5878H8=>K+78=1H�(�CDy>5�(+H8v�A6(X(6587r78H�P65�2S.1,E5�CD78H�CDI_(UT

^#.�,/0U.>CDH	2S.37�?>2S.>5�=1.4I1H�(+*-,E(+Hr7�(+*-I>5r9R2&5878H8=>K+78=1H�()CDy>5�(+H8v�A6(�2hv�(6KXwxMo2S.>?OH	2 n ceK6(+787�(BK6CD*-I�C �
5	2S.37�(�?O=>(qF�=1.|¨8(+7�5	(+H	2�*QCL?1A+9/,E5�A6(G=19/7�A+H8,E(+=1H�(+*Q(+.�7�l�.>CD=>5-26v�CD.>5@A+78=>?O,EAG9<;sCDH8,/0U,/.>(�?1(65&m3=>(+=>(65�v�=>(65
Io2SHQ� }Y} (+7qK6CD.�78H	2S,/.37�9<;sA+.>(+H80U,E(|*G2{zO,/*X=1*?1(65QIo2SH878,EK+=19E(65qN¡?1(+*Q(+=1H	2S.�7hT���; ,/.37�(+H	2DK+78,ECD.®?O=¯v�(+.37
H�(+9R2S78,/v�,E5�7�(�?\; =1.�I1=19E5	2SH�2hv�(6K�9E(�*-,/9/,E(+=q,/.�7�(+H�587�(+9/9R2S,/H�()?1CD.1.>(:=1.>(�0�A6CD*QA+78H8,E(J0U9ECDyo2S9E(:?1(:K�M>CLK:(+.4A+78H	26v�(
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�������È � º � ¶ ��µ ��	
���(³ º �,µ ��� ��µ,µ����(³Pµ=µ,Á(³ ¹ � � � 	
� �(³ º ´ � �&³ 	 ¹ ���wÔM´ �Xº � Ø � � �¼³ � �
K6CD.>5�78,/78=>A6(XK6CD*-*Q().>CD=>5�9E(B*QCD.378H�(�9R2 � ,/0U=1H�( g Ta`Q?1()I19/=>58,E(+=1H�5�5�CD=>5�58NL5�7�P+*Q(65 �

� �k()v�(+.37�H�(+9R2S78,/vL,E587�(�(+7��eH�CD,E?|?O=�I1=19E5	2SH
� �k()v�(+.37�H�(+9R2S78,/vL,E587�(�K	Mo2S=>?|(+7�K	M>C�m�=>A)Io2SHr9E()*-,/9/,E(+=�([zO7�A+H8,E(+=1H
� �k()*-,/9/,E(+=|,/.37�(+H�5�7�(+9/9R2S,/H�(XK�M>CLm�=>A)Io2SH�9E(Bv�(+.37�H�(+9R2S78,/v�,E587�(X?O=|I1=19E5	2SH
� �k()*-,/9/,E(+=|,/.37�(+H�5�7�(+9/9R2S,/H�(�.>CD.�K	M>C�m�=>A
�#;sA+*-,E5	58,ECD.YI1H�Ctv�(+.o2S.37�?1(�K6(65:H�A+0U,ECD.>5:I_(+=17J?1CD.>K&5�CD,/7�v�(+.1,/HB?1(�9<;sA+*-,E5	58,ECD.f5�N�.>K	M1H�CD78H�CD. ?O=

v�(+.�7�K	M>C�m�=>A-5�CD,/7�?1(@9<;sA+*-,E5�58,ECD.�w�CD*-I17�CD.£,/.3v�(+H�5�(G?1(65�A+9E(6K+78H�CD.>5X?O=¢*-,/9/,E(+=£,/.�7�(+H�587�(+9/9R2S,/H�(G(+=Oz£2S=>5�58,
K	M>C�m�=>A65J9E(X9ECD.104?1(�9R2Q?O,E5�K6CD.�78,/.3=1,/7�AQ?1(�K6CD.37	2DK+7�58=1H:9E(�K	Mo2S*-I ?1(XI1M>CD7�CD. 9EC�Kh2S9<T�u�I1H�P65B26v�CD,/H)A6Kh2SH87�A
9<; M�N�I_CD78M>P65�(�?\; =1.>(�CDH8,/0U,/.>(�9/,EA6(�2S=Oz&A+*-,E5�5�,ECD.>5#?1(65�Io2SH878,EK+=19E(65#?O= }f� VXK	M>C�m�=>A n .>CD=>5�.>CD=>5�2S787	2DK	M>(+H�CD.>5
FBK6CD.�78H	2S,/.>?OH�(�9R2:H�A+Io2SH878,/78,ECD.q?1(65�Io2SH878,EK+=19E(65x2S,/.>58,>m3=>(�9E(+=1H#A+.>(+H80U,E(r*G2{zO,/*X=1* ?>2S.>5�9E(�v�(+.37�?O=@I1=19E5	2SHhT
w�(+787�(&A+78=>?1(�I�(+H8*Q(+7878H	2q?>2S.>5�=1.f5�(6K6CD.>?Y7�(+*-I>5:?1(�K6CD*-Io2SH�(+H:9E(65JA+.>(+H80U,E(65B?1(65�Io2SH878,EK+=19E(65)2DK6K6A+9EA+H�A6(65
F4K6(+9/9E(65BI1H�A6?O,/7�(65X?>2S.>5)9E(65B*QA6Kh2S.1,E58*Q(65�?1( � (+H8*-,#H�(+9R2S78,/vL,E587�(UT } 2S,E5JI�CD=1H�K6(+9R2�,/9�(6587B78H�P65B,/*-I_CDH87	2S.37
?1(B?O,E58I_CU5�(+H�?\; =1.4*QC�?1P+9E(J58,/*-I19E(JH�(+I1H�C�?O=1,E5�2S.37r9E(65�A+*-,E5�58,ECD.>5�58NL.>K�M1H�CD78H�CD.|?O=�v�(+.37rK�M>CLm�=>AJ?>2S.>5�=1.>(
0�A6CD*QA+78H8,E(�?1(�K	M>C�Kr(+.-A+78H	2hv�( n 9E(65�58,/*X=19R2S78,ECD.>5�� } d:� A+7	2S.37�y_(h2S=>K6CD=1I-78H�CDI-9ECD.10U=>(65�I�CD=1H�=1.>(�58,/*-I19E(
A+78=>?1(�I1M>A+.>CD*QA+.>CD9ECD0U,Em3=>(UTOwJ;s(6587�?>2S.>5#K6(+7#(658I1H8,/7#m�=>(x.>CD=>5x26v�CD.>5#?1A+v�(+9ECDI1I_A�9E(�*QC�?1P+9E(�I1H�A65	(+.37�A�?>2S.>5
K6(XK�Mo2SI1,/78H�(UT

�X��� �4� "$�����	��� ���:�����_�1�����������8�_�	��
&�����������¦�r�_��%����&� ����� #"$���o�������&� �����
������������ �������

} ¬ *Q(@5h; ,/9�(6587JA+vL,E?1(+.37�m�=>(&9<;a2DK6K6A+9EA+H	2S78,ECD. ?1( � (+H8*-,�.>CD. H�(+9R2S78,/v�,E5�7�(@2S=¢K	M>C�K@(+.¢A+78H	26v�(-.>(
I_(+H8*Q(+7878H	2�Io2D54?\;a2S787�(+,/.>?OH�(¢?1(65qA+.>(+H80U,E(65478H�P65�0UH	2S.>?1(654?1(�9<;sCDH�?OH�( ?1(fm3=>(+9Em�=>(654K6(+.37	2S,/.>(65�?1(f�k(¦~
K6CD*-*Q(&?>2S.>5�9E(65�H�(6587�(65�?1(�58=1I_(+H8.>ChvU2 n K6()7¤N�I_(�?\;a2DK6K6A+9EA+H	2S78,ECD. I�(+=17�.>Ah2S.1*QCD,/.>5:I_(+H8*Q(+7878H�(�2S=Oz�Io2SH �
78,EK+=19E(65X?\;a26v�CD,/H�?1(65)A+.>(+H80U,E(65X58=��G5	2S.37�(65�I�CD=1H�m�=>(&9E(+=1HXA+*-,E5�58,ECD. w�CD*-I17�CD.£,/.�v�(+H�5�(Q5�CD,/7BvL,E58,/y19E(Q2S=Oz
H	2hN�CD.>5Q�@T�ukv�(6K49E(65-K6CD.>?O,/78,ECD.>5Q5�7	2S.>?>2SH�?15Q?1(�5	2S=17Q?1(4�:2S. ¥ ,/.>(�d�=10�CD.1,ECD7 n (+7-I_CD=1H@9E(65-I1H�CDI1H8,EA+7�A65
K6CD.1.�=>(65#?O=@*-,/9/,E(+=-(+.3vL,/H�CD.1.o2S.37�'B(+*-,/.1032-ce?1(+.>5�,/7�A�?1(�Io2SH878,EK+=19E(65

n1ism = 105m−3 n =1.>(x7�(+*-I_A+H	2S78=1H�(
T1ism = 8000K n =1.YK�Mo2S*-I *G2S0U.>A+78,Em�=>(&*QChN�(+. B1ism = 0.6 ± 0.2nT

l n 9E(X�<2DK+7�(+=1HJ?1(&K6CD*-I1H�(65�58,ECD.
 2S=¢K�M>CLK-(+.£A+78H	26v�(Q(65�7JI1H�CLK�M>(G?1(@bOT è T\�)2S.>5�K6(65)K6CD.>?O,/78,ECD.>5X9<; ,/.>?O,EK6(-58I_(6K+78H	2S9�2S787�(+.>?O= ?O=1H	2S.37XK6(
I1H�CLK6(65�58=>5�(6587

αe = (Y + 2)/(Y − 1) = 2.43 n K6()m3=1,W?1CD.1.>()I_CD=1Hr9E(BH	26N�CD.1.>(+*Q(+.�7)w�CD*-I17�CD.Y,/.3v�(+H�5�(=1.¯5�I�(6K+78H�(4?O, Z\A+H�(+.378,E(+9�?\; ,/.>?O,EK6(
αIC = (αe + 1)/2 = 1.71

Txw�(+7-,/.>?O,EK6(�(6587-(+.�2DK6K6CDH�?¯26v�(6K�K6(+9/=1,
78H�CD=1v�A�?>2S.>5r9E(�?1CD*G2S,/.>(�?1(65��§?1(

1.6 ± 0.2
T

�#;sA+.>(+H80U,E(@*G2{zO,/*X=1* (65�7J(+9/9E(&9/,/*-,/7�A6(&Io2SHB9R2QI_(+78,/7�(&7	2S,/9/9E(&?1(�9R2"!hCD.>(@?1(+H8H8,EP+H�(�9E(@K	M>C�KUT_�W(65
I_(+H87�(65@H	2D?O,R2S78,/v�(65-.>(�5�CD.�7@Io2D5@9E(G�<2DK+7�(+=1H-9/,/*-,/7	2S.37q?>2S.>5-K6(�Kh2D5tT���CD=1HQ=1.>(4?O, Z_=>58,ECD.¯?1(4j�CDM1* n (+7
I_CD=1H�=1.>()7	2S,/9/9E(�?1(B9<;sCDH�?OH�(X?1()0UH	2S.>?1(+=1HJ?1()9R2&7	2S,/9/9E(X?1(65�m3=>(+=>(65&c ∼ 0.01pc

l n 9<;sA+.>(+H80U,E(�*G2{zO,/*X=1* (65�7
2S9ECDH�5&K6CD*-I1H8,E5�(q(+.378H�( �U] (+7 gU] ��(<~@Tk�)2S.>5�9R249/,/*-,/7�(q?1(Q��M>CD*-I>5�CD. n ?1(-7�(+9/9E(65XA+.>(+H80U,E(65�I_(+H8*Q(+787�(+.37
2S=Oz¯Io2SH878,EK+=19E(654?1(�H	2hN�CD.1.>(+H4Io2SHq([Z\(+74w�CD*-I17�CD. ,/.3v�(+H�5�(Q¨©=>5�m�=W;a2S= ?1CD*G2S,/.>(Y?1(65GH	2hN�CD.>5G�@T � 9�(6587
*G2S,/.�7�(+.o2S.37B,/.>?O,E58I_(+.>5	2Sy19E(�?1()m�=o2S.378,$#o(+H:9E(&%>=Oz�w�CD*-I17�CD.�,/.3v�(+H�5�(Xv�(+.o2S.37�?1(�K6(Bv�(+.�7:K	M>C�m�=>AUT

�W(xK�Mo2S*-I&9EC�Kh2S9�?1(#I1M>CD7�CD.�(65�7W9/=1,L2D5�5	('!#y1,E(+.�K6CD.1.�=�c } CU5 ¥ 2S9E(+. ¥ C:(+7�2S9<T{` ]U]-é lW(+7�5�(�K6CD*-I�CU5�(
?1(Xm3=o2S78H�(�K6CD*-I_CU5	2S.�7�(65�I1H8,/.>K+,/Io2S9E(65Jm3=1,W5�CD.�7 �

� 9R2|K6CD*-I�CU5	2S.�7�(q?O=£�eCD.>?�?O, Z�=>5�K6CU58*QCD9ECD0U,Em3=>(�26v�(6Kq=1.£*G2{zO,/*X=1* I�CD=1H�=1.>(qA+.>(+H80U,E(q?1(
6.6 × 10−4 eV

(+7�=1.>()?1(+.>58,/7�A�?1(
0.26 MeV.m−3 T

� ?1(+=OzGK	Mo2S*-I�?1(�I1M>CD7�CD.>5�?O=>5x2S=�H	26N�CD.1.>(+*Q(+.37r?1(:9R2)I_CD=>5�58,EP+H�(�F ] T ]U]-é (+7 ] T ]U]�� eV 26v�(6K?1(65�?1(+.>58,/7�A65�?\;sA+.>(+H80U,E(�H�(65�I�(6K+78,/v�(65:?1(
0.33
(+7

0.17MeV.m−3 T
� =1.>(B?1(+H8.1,EP+H�()K6CD*-I_CU5	2S.37�()?O=>(�F�9<;sA+*-,E5�5�,ECD.45�7�(+9/9R2S,/H�(�F ] T � eV I�CD=1H�=1.>()?1(+.>58,/7�AB?1( ] T �D�
MeV.m−3 T
��CD=1H-Kh2S9EK+=19E(+H&9R2f?1(+.>58,/7�A�?1(65@A+9E(6K+78H�CD.>5-?>2S.>5&9E( }f� V£K�M>CLm3=>A n ,/9�(6587X.>A6K6(65	5	2S,/H�(4?\;sA+vD2S9/=>(+H

9<;s((�GKh2DK+,/7�A
ε
?O=�K�M>CLKUT�w�(+787�(G((�GKh2DK+,/7�Aq(6587X?1A(#>.1,E(GK6CD*-*Q(qA+7	2S.37�9R2���H	2DK+78,ECD.¡?1(-9<;sA+.>(+H80U,E(Q,/.>K+,E?1(+.�7�(

78H	2S.>5�*-,E5�(q2S=Oz£Io2SH878,EK+=19E(65&K�M>CLm3=>A6(65&(+7�2DK6K6A+9EA+H�A6(65hT�^�9/9E(q(6587X?1(Q9<;sCDH�?OH�(q?1( ] T ]U]*è I�CD=1H�9E(65XA+9E(6K+78H�CD.>5
?>2S.>5X9E(65)H�(6587�(65�?1(G58=1I�(+H8.>CtvD2OT*):.¢=178,/9/,E5�(+H	2�K6(+787�(-vU2S9E(+=1H�78H	2D?O,/78,ECD.1.>(+9/9E(qI�CD=1H)9E(-K	M>C�KQ(+.�A+78H	26v�(G?1(
')(+*-,/.1032OTo�k2-?1(+.>5�,/7�A�?1(BIo2SH878,EK+=19E(65�(6587:?1CD.>K)?1CD.1.>A6(�Io2SH �
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�������È � º � ¶ ��µ ��	
���(³ º �,µ ��� ��µ,µ����(³Pµ=µ,Á(³ ¹ � � � 	
� �(³ º ´ � �&³ 	 ¹ ���wÔM´ �Xº � Ø � � �¼³ � � èwéUg

dNe

dV dγe
=

(2 − αe)ε

2mec2
n1ismµv

2
psr(γ

2−αe
emax − γ2−αe

emin )−1 c g T è l
C��
µ
?1A658,/0U.>(#9E(�I_CD,E?15k?\; =1.@2S7�CD*Q(:c

2.310−27 kg
l n vpsr

9R2�vL,/7�(65�5�(#?O=�I1=19E5�2SHk(+7�c
γemin, γemax

l
9E(65��<2DK+7�(+=1H�5�?1(��WCDH�(+.�7 !:*-,/.1,/*�=1* (+7�*G2{zL,/*�=1* ?1(65#Io2SH878,EK+=19E(65tT3�#;sA+.>(+H80U,E(:*-,/.1,/*X=1* 5�(+H	2BI1H8,E5�(�A+032S9E(
F è�} (<~ 2S9ECDH�5�m�=>(r9<;sA+.>(+H80U,E(�*G2{zO,/*X=1* K6CDH8H�(658I_CD.>?qFXK6(+9/9E(�?1CD.1.>A6(:9E(�I1H�CLK6(65�58=>5x?1( � (+H8*-,�H�(+9R2S78,/v�,E587�(
c �U]{�¤gU] �k(¦~)l[To�k2-?1(+.>58,/7�A)H�A65�=19/7	2S.37�(X(65�7�?\;s(+.3vL,/H�CD.

1.5 × 10−2 m−3 T
�:=o2S.�7£2S=�v�CD9/=1*Q(¡?\;sA+*-,E5�58,ECD. n .>CD=>5f2S9/9ECD.>5fI1H�(+.>?OH�(¡=1.>(£9/,/*-,/7�(�58=1I_A+H8,E(+=1H�( A+032S9E( F¯9R2

(tailledenotresystme)3 n KU;s(6587QFY?O,/H�( ∼ (0.09pc)3 ∼ 1.23 × 1046m3 T��k2YI1=1,E5�5�2S.>K6(�w�CD*-I17�CD. ,/. �
v�(+H�5�()CDy_A+,/7�?1CD.>KXF �

PIC < V

∫ γemax

γemin

dNe

dV dγe
ĖIC(γe)dγe

c g Ta`�l

(+.®I1H�(+.o2S.�7�=1.>(¢A+.>(+H80U,E( 7�CD7	2S9E(¢?1(654I1M>CD7�CD.>5�K+,/y19E(65|A+032S9E(£F
1.51MeV.m−3 ce5	CD*-*Q(¢?1(

7�CD=17�(65#9E(�K6CD*-I_CU5	2S.�7�(65�I1H�A65�(+.�7�A6(65�I1H�A6K6A6?1(+*-*Q(+.�7�l n CD.GCDy178,E(+.37�K6CD*-*Q(�9/,/*-,/7�(:58=1I�A+H8,E(+=1H�(�=1.>(�vU2S9E(+=1H
?1(

1.3 × 1015 � T�w�(+787�(�vU2S9E(+=1H:(6587J?1( é CDH�?OH�(65J?1(�0UH	2S.>?1(+=1H�5B(+.f?1(65�5�CD=>5J?1(�9R2-I1=1,E5	5	2S.>K6(XCDy>5�(+H8v�A6(
?>2S.>5�9E(:?1CD*G2S,/.>(B?1(65�� c

6.2× 1021 � l[T } ¬ *Q(:5�,�9<;sCD.458=1I1I_CU5	2S,/7x=1.>(J((�GKh2DK+,/7�AB?1( è 2S=4K�M>CLK n K6(Jm�=1,
(6587�(+.�0�A+.>A+H	2S9W9ECD,/.�?\; ¬ 78H�(�9E()Kh2D5 n 9R2&vD2S9E(+=1H�78H�CD=1v�A6(�5�(+H	2S,/7�(+.>K6CDH�(Xb-CDH�?OH�(65�?1(B0UH	2S.>?1(+=1H:(+.|?1(65�5�CD=>5tT
�W(65-A+*-,E5�58,ECD.>5-CDy>5	(+H8v�A6(65-(+.¡� .>(�I�(+=1v�(+.�7Q?1CD.>K�5h;s([zLI19/,Em�=>(+H@Io2SH-?1(q9<;sA+*-,E5	58,ECD. w�CD*-I17�CD. ,/.3v�(+H�5�(
v�(+.o2S.37�?1(65�Io2SH878,EK+=19E(65�?O=|*-,/9/,E(+=�,/.37�(+H�587�(+9/9R2S,/H�(�K�M>CLm3=>AUT

����� � �)�������$���&� �	�J��� �&�&� � �<#"$�	�o�o�	��� �&� ��� �& � � �����&�o� �&� �)������
� � ���
�o�r�_� �o���&�����@��%�������� �&���&� ��� "$��������� ���:�����_�1����� �����8�_�

V�,)9E(65�A+*-,E5�58,ECD.>54� CDy>5�(+H8v�A6(65�.>( vL,E(+.1.>(+.37|Io2D5�?O=®H	2hN�CD.1.>(+*Q(+.37£w�CD*-I17�CD. ,/.3v�(+H�5�( ?O=
*-,/9/,E(+= ,/.�7�(+H�587�(+9/9R2S,/H�(4K�M>CLm3=>AG9E(Q9ECD.10 ?1(Q9R2|?O,E5	K6CD.378,/.3=1,/7�A4?1(qK6CD.37	2DK+7 n ,/9#N 2|?1(Q�eCDH87�(65�K�Mo2S.>K6(65@m�=>(
K6(65)?1(+H8.1,EP+H�(65�I1H�Ctv�,E(+.1.>(+.�7�?O=¢v�(+.37)H�(+9R2S78,/vL,E587�(-K	M>C�m�=>AQ?O=¢I1=19E5	2SHX2S=¢?1(+9RF�?O=¢K�M>CLK-7�(+H8*-,/.o2S9<T�wJ;s(65�7
I�CD=1H�m�=>CD,_.>CD=>5r26v�CD.>5r*QCL?1A+9/,E5�AJ9E(65�A+*-,E5�58,ECD.>5r58NL.>K�M1H�CD78H�CD.>5r?O=4v�(+.37rH�(+9R2S78,/vL,E587�(B?\; =1.4I1=19E5	2SH n K�M>CLm�=>A
Io2SHr9E()*-,/9/,E(+=|,/.�7�(+H�587�(+9/9R2S,/H�(UT

��������� ����� �����d��� � ���� �!� �#"%$  " �(���V�����{� �
�k( %>=1,E?1(�(+. 2S*QCD.374?O=�K�M>CLK�(6587G=1.¯I19R2D58*G2¢H�(+9R2S78,/vL,E587�(|��H�CD,E?¯?\;sA+9E(6K+78H�CD.>5 � I�CU58,/7�CD.>5tTx�W(65

Io2SH878,EK+=19E(65�5�(�?1A+I19R2DK6(+.�7r9E(�9ECD.10@?1(65x9/,/0U.>(65�?1(:K�Mo2S*-I4*G2S0U.>A+78,Em3=>(B(+7�.W;sA+*Q(+787�(+.37r?1CD.>K:Io2D5�?1(:H	26N�CD. �
.>(+*Q(+.37�5�N�.>K	M1H�CD78H�CD.WT�w�CD*-*Q(B.>CD=>5r9<;a26v�CD.>5�v�=|?>2S.>5�9E(65�K	Mo2SI1,/78H�(65r,/.378H�CL?O=>K+78, � 5 n 9ECD,/.|?O=|K+NL9/,/.>?OH�()?1(
9/=1*-,EP+H�( n 9E(65�9/,/0U.>(65@?1(4K�Mo2S*-I 5h;s(+.1H�CD=19E(+.�7Q58=1H@(+9/9E(65�* ¬ *Q(65-(+7&=1.>(45878H8=>K+78=1H�(4(+.¡5�I1,/H	2S9E(42SI1Io2SH	2 � 7hT
w�(+787�(�5878H8=>K+78=1H�(�(6587@,/.>?1A+I_(+.>?>2S.37�(�?1(�9R2Y� CDH8*Q(4([z12DK+7�(�?O=¯K	Mo2S*-I *G2S0U.>A+78,Em3=>(�I1H�CLK�M>(�?1(49<;sA+7�CD,/9E(
(+7�.>(-vU2SH8,E(-m3=>(Q78H�P65�I_(+=�26v�(6K-9<; ,/.>K+9/,/.o2S,E5	CD.¡?1(-9<;a2{z1(-*G2S0U.>A+78,Em�=>(QIo2SH�H	2SI1I_CDH87�F49<;a2{z1(Q?1(-H�CD7	2S78,ECD.
cej�CD0�ChvU2S9EChv èhgUgUg l[To�)2S.>5�K6(+787�(�K6CD.�#>0U=1H	2S78,ECD.fCD.Y2@K6CD*-*Q(�H�(+9R2S78,ECD.�I�CD=1Hr9E(�K	Mo2S*-I�*G2S0U.>A+78,Em�=>( �





Br(r, θ, φ) ' Br0(
r0

r )2

Bθ(r, θ, φ) ' 0
Bφ(r, θ, φ) ' Bφ0

r0

r sin(θ)

c g Tab�l

�)2S.>5JK6(65:A6m�=o2S78,ECD.>5J(+7J?>2S.>5JK6(+9/9E(65JFQv�(+.1,/H n 9<; ,/.>?O,EK6( ] H�(+.�v�CD,E(&2S=Oz|vU2S9E(+=1H�5J?1(65:?O, Z\A+H�(+.37�(65
0UH	2S.>?1(+=1H�5X2S=£K+NL9/,/.>?OH�(-?1(@9/=1*-,EP+H�(UT\u =1.>(@78H�P65B0UH	2S.>?1(Q?O,E587	2S.>K6(-?O=£K+NL9/,/.>?OH�(-?1(@9/=1*-,EP+H�(@9E(-K�Mo2S*-I
*G2S0U.>A+78,Em3=>(r(65�7�?1CD.>K�7�CD7	2S9E(+*Q(+.�7�?1CD*-,/.>A�Io2SH#5	2:K6CD*-I�CU5�2S.37�(r7�CDH8H�C�&<?>2S9E(UT�w�(+787�(�2SI1I1H�ChzL,/*G2S78,ECD.q(6587#F
9R2�yo2D5	(J?1(J.>CD78H�(J*QCL?1P+9E(J(+7�2&A+7�ABK6CD=1H	2S*-*Q(+.37�=178,/9/,E5	AJ?>2S.>5r?1(:.>CD*Xy1H�(+=>5	(65�58,/*X=19R2S78,ECD.>5:2S.37�A+H8,E(+=1H�(65
c(')(+.1.>(+9�(+7xw�CDH�CD.1,/78, èhgU�*) 2Oi3j�(+0�(+9/*G2S.q(+7��W, èhgUg `�l[T3�k2)v�,/7�(65�5	(r(6587#(+9/9E(�58=1I1I_CU5�A6(�H	2D?O,R2S9E(:(+7�?1(rvU2S9E(+=1H
K6CD.>587	2S.37�(XA+032S9E(XF@9R2&vL,/7�(65�5�()?1()9R2&9/=1*-,EP+H�(UT+�:=o2S.37:F@9R2@?1(+.>5�,/7�A�(+9/9E(�(6587�?1(B9R2&� CDH8*Q( �

ρ ' ρ0(
r0
r

)2
c g T ) l
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�� ����È�� º�� ¶ � µ ��	
� �(³ º � µ ��� � µ,µ � �(³Pµ=µ,Á(³ ¹ ��� � 	
� �(³ º ´�� � ³ 	 ¹ � �wÔM´ �Xº � Ø � � � ³ � �

Discontinuité de contact

Choc terminal

Choc en étrave

Milieu interstellaire
Milieu interstellaire choqué

Vent relativiste

Vent relativiste choqué

Pulsar

������� g Ta` �o� .37�(+H	2DK+78,ECD.¢?O=f*-,/9/,E(+=Y,/.�7�(+H�587�(+9/9R2S,/H�(-26v�(6K&9E(�v�(+.�7JH�(+9R2S78,/vL,E587�(�?\; =1.YI1=19E5	2SHB(+.�*QCD=1v�(+*Q(+.�7hT
�k(65�9/,/0U.>(65�(+.�H�CD=10�(X(+7�y19E(+=|H�(+I1H�A65�(+.�7�(+.37�9E(65�9/,/0U.>(65�?1(�K	Mo2S*-I|*G2S0U.>A+78,Em3=>(�?1A[�eCDH8*QA6(65:?O=�I1=19E5	2SHhT

�#;a2{z1(f?1(|H�CD7	2S78,ECD. (6587G9/=1,B58=1I1I_CU5�AY2S9/,/0U.>A 26v�(6KY9R2£?O,/H�(6K+78,ECD.®?O=�*QCD=1v�(+*Q(+.�74I1H�CDI1H�(f?O=
I1=19E5�2SH�?>2S.>5r9E(B*-,/9/,E(+=|,/.�7�(+H�587�(+9/9R2S,/H�(qc<V�I1H8=1,/7�(+7��#M1,/.1.>(+N èhgUgU� io�k2S,k(+7�2S9<T>` ]U]*è l[T>u:,/.>58,\.>CD78H�(BI19R2D58*G2
(+7:?1CD.>K)9<;s(+.>5�(+*Xy19E(�?1(B9R2@0�A6CD*QA+78H8,E(X?1(B.>CD78H�(X58NL5�7�P+*Q(BI�(+=17 ¬ 78H�()5�=1I1I�CU5�A�2{zO,E58NL*QA+78H8,Em3=>(UT
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σ
?1A(#>.1,kK6CD*-*Q(XA+7	2S.�7 �

σ =
B2

µ0ργc2
c g T � l

C��
γ
(6587�9E(��<2DK+7�(+=1H�?1(x�WCDH�(+.37 !r?O=Xv�(+.�7hT{�k(#I19R2D58*G2:(6587�?1CD.>Kx?1CD*-,/.>A�Io2SH�9E(�%>=OzX?1(x��CtN�.�78,/.10

m�=o2S.>?
σ ≥ 1

(+7�Io2SH�9<;sA+.>(+H80U,E(�K+,/.>A+78,Em�=>(�I_CD=1H
σ ≤ 1

T���H�C�K	M>(�?1(65xKh2S9ECD787�(65#I_CD9R2S,/H�(65 n σ ∼ 1000
I_CD=1H#9E(

I1=19E5�2SHx?O=4wxH	2Sy_(rIo2SH�([zO(+*-I19E(UT } 2S,E5x?>2S.>5#9R2B*G2S0U.>A+7�CU58I1M>P+H�(:9ECD,/.37	2S,/.>(J?1(65�CDy>5	(+H8vD2S78,ECD.>5�CD.37x*QCD.378H�A
m�=>(@I_CD=1HJ9E(@* ¬ *Q(-CDyO¨8(+7

σ
?1(+v�(+.o2S,/7�2S9ECDH�5)78H�P65BI_(+78,/7hTkw�(+787�(-K6CD.>K+9/=>58,ECD. (6587Byo2D5�A6(-58=1HB9<; M�N�I_CD78M>P65�(

?\; =1. I19R2D58*G2q58=1y>5�CD.1,Em�=>(&5�(X7�(+H8*-,/.o2S.�7)Io2SH:=1. K�M>CLK�7�(+H8*-,/.o2S9#(+.378H�(&9E(Xv�(+.�7:H�(+9R2S78,/vL,E587�(@(+7J9E(X*-,/9/,E(+=
,/.�7�(+H�587�(+9/9R2S,/H�(UTrw�(�I19R2D58*G2¢(6587q?1(�I19/=>5QK6CD.>58,E?1A+H�AYK6CD*-*Q(|,E?1Ah2S9:2hv�(6K�K6CD*-*Q(�=1.1,Em�=>(�I1H�CLK6(65�58=>5G?1(
?O,E5	58,/Io2S78,ECD.�9E(65�I_(+H87�(65@58NL.>K�M1H�CD78H�CD.WT�VLCD=>5@K6(65&M3NLI�CD78M>P65�(65@9E(65&A+*-,E5�58,ECD.>5-5�N�.>K	M1H�CD78H�CD.�(+7Qw�CD*-I17�CD.
,/.�v�(+H�5�(B2S=G�k(¦~ ?O=�wxH	2Sy�(�.>(rI_CD=1vD2S,E(+.�7x5h;s([zOI19/,Em3=>(+Hxm3=>(rIo2SHx=1.Qv�(+.37�CD=

σ
5�(+H	2S,/7�I1H�C�K	M>(�?1(

3×10−3
ceu�7�CtN32S.q(+7�u:Mo2SH�CD.1,R2S. èhgUg-é l�2S=qK�M>CLK�7�(+H8*-,/.o2S9<T3�B(65�I1H�CLK6(65�58=>5#?1(r?O,E5�5�,/Io2S78,ECD.G5�CD.37x?1CD.>Kr.>A6K6(65�5	2S,/H�(65
I_CD=1H�([zOI19/,Em�=>(+H�K6(-78H	2S.>5«� (+H87�?\;sA+.>(+H80U,E(q?O= %>=Oz£?1(G��ChNL.378,/.10¢2S=Oz£Io2SH878,EK+=19E(65hT�w�CD*-*Q(Q.>CD=>5�9<;a26v�CD.>5
vL=f9E(65:H�(6K6CD.1.>([zO,ECD.>5B*G2S0U.>A+78,Em�=>(65)C��Y9<;a2Sy>5�CDH8I178,ECD.£?\;sCD.>?1(@K+NOK+9ECD78H�CD. I�CD=1H8H	2S,E(+.�7�¨«CD=>(+HBK6(XH�D9E(UTWw�(65
I1H�CLK6(65�58=>5�I_CD=1H8H	2S,E(+.37�5h;sCDI_A+H�(+H�2S=�K	M>C�KJ7�(+H8*-,/.o2S9\* ¬ *Q(BK6CD*-*Q(B9E(J58=10U0�P+H�(Jy�(h2S=>K6CD=1I�?1(J*QC�?1P+9E(65r(+7
KU;s(65�7�5�CD=>5rK6(+787�()M�N�I_CD78M>P65�(�m�=>(B.>CD=>5�2S9/9ECD.>5rI1H�A65�(+.�7�A�.>CD78H�()A+78=>?1(UT>u:,/.>58,\9E(Bv�(+.�7J2S=1H	2S,/7�=1.

σ
0UH	2S.>?

2hvD2S.�7�9E()K	M>C�K�(+7�=1.
σ
I�(+78,/7�F@Io2SH878,/H:?1()K6(�?1(+H8.1,E(+HhT
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w�CD*-*Q(:.>CD=>5#9<;a2hv�CD.>5�vL=q2S=GK	M>C�K�7�(+H8*-,/.o2S9�?1(65�I1H�C�K6(65	58=>5#?O,E5�58,/Io2S78, � 5#78H	2S.>58�eP+H�(+.�7�?1(r9<;sA+.>(+H �
0U,E(�?O= %>=OzG?1(:��CtN�.�78,/.10Q2S=Oz@Io2SH878,EK+=19E(65tT��W(65x*QA6Kh2S.1,E58*Q(65�?1(�78H	2S.>5«� (+H87x(+7x?\;a2DK6K6A+9EA+H	2S78,ECD.45	CD.37x(+.>K6CDH�(
y1,E(+. *G2S9#K6CD.1.3=>5hTkV�=1,/vU2S.37)9<; ,/*-I_CDH87	2S.>K6(Q?1(@K6(@78H	2S.>5«� (+H87B(+7)Io2SH)K6CD.>5�(+H8vU2S78,ECD.£?O= %>=Ozf?\;sA+.>(+H80U,E(@9E(65
?O,E5878H8,/y1=178,ECD.>5#?O=&�<2DK+7�(+=1H#?1(��kCDH�(+.37 !�(+7�?1(�9R2J?1(+.>58,/7�Ar?1(+v�H	2S,E(+.�7�vD2SH8,E(+H#5	(+9ECD.

θ
TS�JCD=>5�I�CD=1H8H8,ECD.>5�A6K+H8,/H�(

?1(B*G2S.1,EP+H�(�0�A+.>A+H	2S9E(�m�=>( �

γ(θ) = γup
TS(η + (1 − η) sin2(θ))

c g T é l
�)2S.>5)K6(+787�(@A6m�=o2S78,ECD.f9E(�Io2SH	2S*QP+78H�(

η
K6CD.�78H�D9E(@9R2QH	2SI1I_CDH87)(+.378H�(@9E(X� 2DK+7�(+=1H)?1(@�WCDH�(+.37 !G2S=

I �D9E(r(+7�FJ9<;sA6m3=o2S7�(+=1HhT��#; ,/.>?O,EK6( up
TS

?1A(#>.1,/7�9R2JvU2S9E(+=1H�?1(
γ
¨«=>587�(�2hvD2S.�7�9E(rK�M>CLKr7�(+H8*-,/.o2S9<TOV�,>9<;sCD.q2D5�58=1*Q(

=1. %>=Oz|(+.�*G2D5�5�(B,E5�CD78H�CDI_()9R2&vU2SH8,R2S78,ECD.Y26v�(6K
θ
?1(

ρ
(6587�?1CD.1.>A6()Io2SH �

ρ(θ) =
ρup

TS

(η + (1 − η) sin2(θ))

c g T � l

C��&(+.>K6CDH�(#,EK+,�9<; ,/.>?O,EK6( up
TS

H�(+.3v�CD,E(�F�9R2�vU2S9E(+=1H�?1(�9R2�?1(+.>58,/7�A\¨«=>587�(�2hvD2S.�7k9E(�K	M>C�KUT{�W(�Io2SH	2S*QP+78H�(
σ
?1A(#>.1,/7rI1H�A6K6A6?1(+*-*Q(+.�7�?1A+I�(+.>?OH	2-2S9ECDH�5�?1(

sin(θ)
*G2S,E5�Io2D5�?1(

η
T>VO2X?1A(#>.1,/78,ECD.�?>2S.>5�.>CD78H�(J*QCL?1P+9E(

K6CDH8H�(658I_CD.>?OH	2QF@5	2&vU2S9E(+=1H:F&9<;sA6m3=o2S7�(+=1HhT
�k(QIo2SH	2S*QP+78H�(

η
?1A+I_(+.>?£I1H8,/.>K+,/Io2S9E(+*Q(+.�7-?O= I1H�CLK6(65�58=>5X?1(Q78H	2S.>5«�e(+H87&(+7�?\;a2DK6K6A+9EA+H	2S78,ECD.WT � 9

(6587�78H�P65�?O,$�GK+,/9E(BF�A+vU2S9/=>(+H�(+7xvD2SH8,E(:58=1,/vD2S.�7x9E(65x*QCL?1P+9E(65hT��B(�I19/=>5xK6(�78H	2S.>5«�e(+H87�.>(�5t;s([Z_(6K+78=>(J5�$1H�(+*Q(+.37
Io2D5&,E5�CD78H�CDI1,Em3=>(+*Q(+.�7Q(+7@=1.>(q?1A+I_(+.>?>2S.>K6(�(+.

θ
?1CD,/7Q2S9ECDH�5 ¬ 78H�(42{¨8CD=17�A6(UT���2SH-([z1(+*-I19E(4?>2S.>5@9E(qKh2D5

?\; =1.>(|2DK6K6A+9EA+H	2S78,ECD.¯Io2SH-H�(6K6CD.1.>([zO,ECD. *G2S0U.>A+78,Em3=>(|K6(4Io2SH	2S*QP+78H�(�5�(+H	2YI1H�C�K	M>(�?1( ] ?>2S.>5Q=1.>("!hCD.>(
?\;sA+Io2S,E5�5�(+=1H #>.1,E(B9E(J9ECD.10-?1(B9<;sA6m3=o2S7�(+=1H�(+7�2S=1H	2�=1.>(JvD2S9E(+=1H�?1( è 2S=OzqI �D9E(65hTL��2SH�H	2S,E5	CD.4?1(B58,/*-I19/,EK+,/7�A
?1CD.>K).>CD=>5 #1z1(+H�CD.>5�K6(BIo2SH	2S*QP+78H�(&F è T

�:=o2S.>?�2S= K�Mo2S*-I£*G2S0U.>A+78,Em�=>(Q,/9�032SH�?1(+H	2|5	245878H8=>K+78=1H�(G2hvD2S.�7�9E(QK�M>CLK-(+7X5�(+H	24?1CD.>KG?1(@9R2
�eCDH8*Q( �

Bφ = Bup
TS sin(θ)

c g T � l
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ρup

TS
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Bup

TS
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w�CD*-*Q(�9E(BI19R2D58*G2@(6587r58=1I1I_CU5�AB,E5�CD78M>(+H8*Q( n ,/.>K6CD*-I1H�(65�58,/y19E(X(+7�?1(BIo2SH	2S*QP+78H�( σ I�(+78,/7�2SI1H�P659E(�K	M>C�K�7�(+H8*-,/.o2S9 n 9R2�I1H�(65�58,ECD.4F)9R2�?O,E5	K6CD.378,/.3=1,/7�A)?1(:K6CD.37	2DK+7�(6587xA+032S9E(BF�K6(+9/9E(J2S=qK	M>C�K:7�(+H8*-,/.o2S9 n K6(+787�(
?1(+H8.1,EP+H�()A+7	2S.37�?1CD.1.>A6(�Io2SHr9R2XI1H�(65	58,ECD.|?1(65rIo2SH878,EK+=19E(65rH�(+9R2S78,/vL,E587�(65�¨«=>587�()26vU2S.37�9E()K	M>C�KB7�(+H8*-,/.o2S9<T ):.
2@?1CD.>K)I_CD=1Hr9R2-?1(+.>58,/7�AX2S=|K	M>C�K)7�(+H8*-,/.o2S9 �

ρup
TS ∼ ρISMv

2
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γup
TSc

2
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γup

TS
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=1.4Io2SH	2S*QP+78H�()9/,/y1H�(Bm3=>(J9<;sCD. #1z1(+H	2�(+7�m�=1,\K6CDH8H�(658I_CD.>?OH	2-2S=q�<2DK+7�(+=1H�?1(B�WCDH�(+.37 !�¨©=>587�()2hvD2S.�7r9E(JK	M>C�KUT
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RTS ∼
√

ĖPSR

4πγup
TSρ

up
TSc
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2hv�(6K

ĖPSR
9E(�7	2S=OzY?1(�I_(+H87�(&?\;sA+.>(+H80U,E(&?O=fI1=19E5	2SHhT���CD=1HB9E(�K�Mo2S*-I *G2S0U.>A+78,Em3=>( n 5	2GvU2S9E(+=1H

?1A+I�(+.>?OH	2Q?1(
σ
(+7�5�(+H	2-?1CD.1.>A6()Io2SH �

Bup
TS = (µ0σγ

up
TSρ

up
TSc

2)1/2 c g T è-è l
C��

σ
7�CD=17:K6CD*-*Q(

γup
TS

(6587r=1.|Io2SH	2S*QP+78H�(X9/,/y1H�(�m3=>(B.>CD=>5�#1zO(+H�CD.>5hT



èt� ` ���������
	
�� ����È�� º�� ¶ � µ ��	
� �(³ º � µ ��� � µ,µ � �(³Pµ=µ,Á(³ ¹ ��� � 	
� �(³ º ´�� � ³ 	 ¹ � �wÔM´ �Xº � Ø � � � ³ � �
� Û �¼ª*¬'�¼°3« Ý¯Û � ªO«�� �½«¥Û�� #�!�°3« �¼°O¬¦®$Û �¼ª*¬'�G© �¼±"¬wÛ
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Γ
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4/3
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Bup
TS

=
ρdo

TS

ρup
TS

=
vup
TS

vdo
TS

=

√
9 + 9σ

1 + 9σ

c g T è `�l
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σ
5�CD=>5�9<; M3NLI_CD78M>P65�()?\; =1.4v�(+.37r=19/78H	2SH�(+9R2S78,/vL,E587�(UT

��CD=1Hr?1(65�vU2S9E(+=1H�5�?1(
σ
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α
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K	M>C�m�=>A65�¨©=>5�7�(�2SI1H�P65�9E(�K�M>CLK�7�(+H8*-,/.o2S9W2S,/.>58,�m3=W;a2S=OzQyo2D5	5�(65�A+.>(+H80U,E(65�C��G9E(�v�,E(+,/9/9/,E5	5�(+*Q(+.37�58NL.>K�M1H�CD78H�CD.
.>(X5h;sCDI�P+H�(BIo2D5tT
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ρTS(α,Emin, Emax)
(6587&=1. �<2DK+7�(+=1H&?1(q.>CDH8*G2S9/,E5	2S78,ECD.¯?1CD.1.o2S.�7&9E(q.>CD*Xy1H�(�?1(qIo2SH878,EK+=19E(65

I�CD=1H:=1.>(XA+.>(+H80U,E(&K6CD*-I1H8,E5�(&(+.378H�(
Emin

(+7
Emax

T�w�(X� 2DK+7�(+=1HJ?1A+I�(+.>?f?O=�Io2SH	2S*QP+78H�(
α
(+7:?1(65J?1(+=Oz

y�CDH8.>(65�(+.|A+.>(+H80U,E(UTo��2SH�K6CD.>5�(+H8vU2S78,ECD.Y?O=�.>CD*Xy1H�(�?1()Io2SH878,EK+=19E(65�CD.f2-2S=�K�M>CLKB7�(+H8*-,/.o2S9 �

ρdo
TS =

∫ Emax

Emin

ρ(E)dE
c g T è ) l

K6(Xm3=1,W?1CD.1.>(

ρ(E) = ρdo
TSK(α,Emin, Emax)E−(2α+1) c g T èh� l

2hv�(6K

K(α,Emin, Emax) =
2α(EminEmax)2α

E2α
max −E2α

min

c g T èwé l
w�CD*-*Q(XI1H�A6K6A6?1(+*-*Q(+.37JI�CD=1Hr9E(XK�M>CLK�(+.|A+78H	26v�( n ,/9k(6587r78H�P65r,/.�7�A+H�(65�5	2S.37J?1()v�CD,/H�58,\9<;a2DK6K6A+9EA �

H	2S78,ECD.£?1( � (+H8*-,�K6(+787�(&� CD,E5BH�(+9R2S78,/v�,E5�7�( n I�(+H8*Q(+7X2S=Oz Io2SH878,EK+=19E(65�?\;a2hv�CD,/H�=1.>(QA+.>(+H80U,E(-58=��G5	2S.�7�(-I_CD=1H
([zLI19/,Em�=>(+H�9E(65:CDy>5�(+H8vD2S78,ECD.>5J?\; � }Y} T>��CD=1HB2hv�CD,/H�=1.Y5�,/*-I19E(�CDH�?OH�(X?1(X0UH	2S.>?1(+=1H n 58,\9<;sCD.f58=1I1I_CU5�(�m�=>(
9<;sA+.>(+H80U,E(r?1(�K6CD=1I1=1H�(�?1(65�I1M>CD7�CD.>5�CDy>5	(+H8v�A65�(+.&� (6587�?1( èh]:¥ (¦~ n (+7�m3=>(x9E(65�vU2S9E(+=1H�5�?1(�j�I�CD=1H σ = 0.1(+7
σ = 0.001

5�CD.37�H�(658I�(6K+78,/v�(+*Q(+.�7x?1( ] Ta`U`).>� (+7 è T �D] .>� ce(+.-=178,/9/,E5	2S.�7�9E(�5�,/*-I19E(�*QC�?1P+9E(�?1(�c(')(+.1.>(+9
(+7:w�CDH�CD.1,/78, èhgU�*) 2�l8l n 2S9ECDH�5�9<;sA+.>(+H80U,E(�*G2{zO,/*X=1* ?1(65rIo2SH878,EK+=19E(65J5�(+H	2S,/7�?1(B9<;sCDH�?OH�(�?1( èh�U] �k(<~ ?>2S.>5�9E(
I1H�(+*-,E(+H�Kh2D5�(+7 )3]U] ��(<~ ?>2S.>5�9E(J5	(6K6CD.>?\TL��;a2DK6K6A+9EA+H	2S78,ECD.Y?1( � (+H8*-,_H�(+9R2S78,/v�,E5�7�(B9/,/*-,/7�()(+9/9E(:9E(65�A+.>(+H80U,E(65
F&?1(65�vD2S9E(+=1H�5r,/.O� A+H8,E(+=1H�(65�F �U] �k(¦~�I_CD=1H

σ = 0.1
(+7 èh] �k(<~§I_CD=1H

σ = 0.001
To�k(65�9/,/*-,/7�(65rH	2D?O,R2S78,/v�(65

I�CD=1HX9<;sA+.>(+H80U,E(G*G2{zO,/*X=1* 5�CD.37@2S,/.>58,#y_(h2S=>K6CD=1I I19/=>5&A+9E(+v�A6(65hTk��CD=1H@?1(65�vU2S9E(+=1H�5X?1(
σ
2D5	5�('!GA+9E(+v�A6(65

∼ 0.1
9E(65@A+.>(+H80U,E(65&*G2{zL,/*�=1* CDy>5�(+H8v�A6(65-5�(+*Xy19E(+.�7@*G2SH80U,/.o2S9E(+*Q(+.37G(+.¯2DK6K6CDH�? 26v�(6K4K6(+9/9E(65&I1H�A6?O,/7�(65

Io2SHr=1.>(�2DK6K6A+9EA+H	2S78,ECD.Y?1( � (+H8*-,\H�(+9R2S78,/vL,E587�(UT>��CD=1H�?1(BI19/=>5��<2S,/y19E( σ n K6()m3=1,\(6587r0�A+.>A+H	2S9E(+*Q(+.�7�9E()Kh2D5r,/9(6587�.>A6K6(65�5�2S,/H�(�?1(�I1H�(+.>?OH�(X=1.>()9/,/*-,/7�(�y1,E(+.YI19/=>5�,/*-I_CDH87	2S.37�(&m3=>(�K6(+9/9E(�?1CD.1.>A6(�Io2SH � (+H8*-,<T ):.|I1H�(+. �
?OH	2@?1CD.>K�?>2S.>5�K6(�Kh2D5�9<;sA+.>(+H80U,E(�*G2{zO,/*X=1* m�=>(BI�(+=17��eCD=1H8.1,/Hr9R2-?O, Z\A+H�(+.>K6(�?1()I_CD7�(+.378,E(+9�2S=Oz4Kh2S9ECD787�(65
I�CD9R2S,/H�(65tTow�(+787�(�?1(+H8.1,EP+H�(�vU2S=17 �

Emax =
B∗Ω2R3

2c
∼ 3.8 × 1014 (<~ c g T èt� l

C��
B∗
(6587x9E(BK	Mo2S*-I�*G2S0U.>A+78,Em3=>(B?1(J9<;sA+7�CD,/9E(Qc

1.6× 1012 '�l n �®(65�7x9E(JH	26N�CD.|?O=�K+NL9/,/.>?OH�(B?1(
9/=1*-,EP+H�(�(+7:c ∼ 11500

¥ *ql�(+7
Ω
9R2)v�,/7�(65�5	(�2S.10U=19R2S,/H�(�?1(rH�CD7	2S78,ECD.�?1(r9<;sA+7�CD,/9E(�c ∼ 26.3

H	2D?��S5+l[TU�#;sA+.>(+H80U,E(
*-,/.1,/*X=1* (65�7�(+9/9E()?1CD.1.>A6(BIo2SHr9R2&H�(+9R2S78,ECD.|?1()K6CD.>5	(+H8vD2S78,ECD.|?1(B9<;sA+.>(+H80U,E(Qc(')(+.1.>(+9k(+7�w�CDH�CD.1,/78, èhgU�*) y�l
(+7rvD2S=17 �

Emin =
3√
18

2α− 1

2α
(γup

TSmec
2)

c g T èh� l

������� � ����� �����d��� ���9� � � �#" $  " �-�O�:�����{� �
¨¢¯¯®y°�� � , ª*¬'�¼°3«¥±eÝ¥Ûæ«�°�¬w®yÛ , ° Ý�� �¼Û

��2�I1H�(+*-,EP+H�(42SI1I1H�C6zO,/*G2S78,ECD.¯?1(-.>CD78H�(G*QCL?1P+9E(G(65�7X9<; M3NLI_CD78M>P65�(q2D?O,R2Syo2S78,Em�=>(UT�j�,E(+.¡m3=>(G9E(
v�(+.37-H�(+9R2S78,/vL,E587�(�I�(+H�?1(�?1(�9<;sA+.>(+H80U,E(�Io2SH-A+*-,E5�5�,ECD.�5�N�.>K	M1H�CD78H�CD.�(+7Gw�CD*-I17�CD.¯,/.3v�(+H�5�(49R2Y9/=1*-,/.>CU58,/7�A
CDy>5�(+H8v�A6(4.>(�H�(+I1H�A65�(+.37�(�m3=W;s(+.�78H�( èh] (+7-` ]

%
?1(49R2YI�(+H87�(4?\;sA+.>(+H80U,E(�7�CD7	2S9E(�?1(�9<;sA+7�CD,/9E( c(')(+.1.>(+9�(+7

w�CDH�CD.1,/78, èhgU�*) 2�l[T�w�(+787�(�M3NLI�CD78M>P65�(X(6587�?1CD.>KX2S=�I1H�(+*-,E(+H:CDH�?OH�(�=1.>()y�CD.1.>(�2SI1I1H�ChzL,/*G2S78,ECD.WT
��2G?1(+=OzO,EP+*Q(�M�N�I_CD78M>P65�(X� 2S,/7�(�(6587�K6(+9/9E(&?\; =1. %>=1,E?1(�,/.>K6CD*-I1H�(65�58,/y19E(UT\w�(+787�(&2SI1I1H�ChzL,/*G2S78,ECD.

v�,E(+.�7)?O=��<2S,/7)m3=W;s(+.f0�A+.>A+H	2S9�=1.>(&vD2S9E(+=1HB?1(
σ
78H�P65BI_(+78,/7�(�(6587)CDy>5�(+H8v�A6(@?>2S.>5J9E(65JH�A+0U,ECD.>5�2S=¢?1(+9RFq?O=

K�M>CLKG7�(+H8*-,/.o2S9<T#w�(+787�(�vU2S9E(+=1H�,/*-I19/,Em�=>(G=1.>(�?1(+.>58,/7�A4K6CD.>587	2S.�7�(�?>2S.>5&9E(�Kh2D5�5�I1M>A+H8,Em3=>(UT��)2S.>5X.>CD78H�(
0�A6CD*QA+78H8,E(�?1()K�M>CLK�(+.|A+78H	2hv�( n 9E(65rH�A6K6(+.37�(65:58,/*X=19R2S78,ECD.>5:� } d:�§([Z\(6K+78=>A6(65Xcej�=>K6K+,R2S.378,/.1,�(+7�2S9<T>` ]U]U� l
CD.37Q*QCD.�78H�A6(65qm�=>(�5�CD=>5QK6(+787�(|M3NLI�CD78M>P65�(�?1(4� 2S,/y19E(

σ
9E( %>=1,E?1(|I�CD=1vU2S,/7GA+032S9E(+*Q(+.37 ¬ 78H�(|K6CD.>58,E?1A+H�A

K6CD*-*Q(),/.>K6CD*-I1H�(65�58,/y19E(UT
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� .>( ?1(65�?1(+H8.1,EP+H�(65�2SI1I1H�C6zO,/*G2S78,ECD.>5�([Z\(6K+78=>A6(65�(6587�K6(+9/9E(¢?\; =1.®I19R2D58*G2¡C�� 9R2�K6CD.3v�(6K+78,ECD.

?1CD*-,/.>(�58=1Hr9R2@?O, Z_=>58,ECD.WT>^�.�([Z\(+7�5�(+9ECD.|9<;sA6m�=o2S78,ECD.�?1(�K6CD.>5	(+H8vD2S78,ECD.�?O= %>=Oz�*G2S0U.>A+78,Em�=>(XCD.�2 �

∇× (
−→v ×−→

B

γ
) = 0

c g T èhg l

VLCD=>5�K6(+787�(-K6CD.>?O,/78,ECD.�9E(-K�Mo2S*-I£*G2S0U.>A+78,Em�=>(G2S=£5�(+,/.£?O=¢v�(+.�7�H�(+9R2S78,/vL,E587�(-(6587)I_(+H8I�(+.>?O,EK+= �
9R2S,/H�(+*Q(+.�7�F-9R2-vL,/7�(65�5�(�?O=�I19R2D58*G2OT�u:,/.>58,W9E(�7�(+*-I>5BKh2SH	2DK+7�A+H8,E5878,Em�=>(&?1(X?O, Z_=>58,ECD.f5�=1H�=1.>(�?O,E5�7	2S.>K6(X�
(65�7�?1CD.1.>A)Io2SH �

Td =
R2

2k⊥

c g Ta` ] l

C��
k⊥
(6587:9E(�K6C�((�GK+,E(+.�7J?1(�?O, Z�=>5�,ECD.�I_CD=1H�?1(65:A+9E(6K+78H�CD.>5J5�(�?1A+I19R2��h2S.�7BI�(+H8I_(+.>?O,EK+=19R2S,/H�(&2S=

K	Mo2S*-I�*G2S0U.>A+78,Em�=>(UTo��CD=1H�=1. %>=1,E?1(X2hN32S.37:=1.>()v�,/7�(65	5�(Bv�K6()K6CL((�GK+,E(+.37B2@I_CD=1HrvD2S9E(+=1H �

k⊥ =
1

3
λ⊥v

c g Ta` è l
C��

λ⊥
(65�7�9E(�9/,/y1H�(�Io2SH�K6CD=1H�5J*QChN�(+.¢(+.378H�(&?1(+=Oz�?O, Z_=>58,ECD.>5J9E(�9ECD.104?1(�9R2Q?O,/H�(6K+78,ECD. H	2D?O,R2S9E( n

I_(+H8I_(+.>?O,EK+=19R2S,/H�(Y2S=¯K�Mo2S*-I *G2S0U.>A+78,Em3=>(UT�^�. èhgUgU� n V�7�(6(+.�y�(+H80£*QCD.�78H	2£?1(4*G2S.1,EP+H�(|5�,/*-I19E(|m3=>(�K6(
9/,/y1H�(�Io2SH�K6CD=1H�5J*QChN�(+.fI�(+H8I_(+.>?O,EK+=19R2S,/H�(-2S=YK	Mo2S*-IY*G2S0U.>A+78,Em�=>(X.>(XI�CD=1vU2S,/7 ¬ 78H�(X58=1I_A+H8,E(+=1HJ2S=fH	26N�CD.
?1(G0U,/H	2S78,ECD.�?1(65�Io2SH878,EK+=19E(65�m�=>(QK6(q5�CD,/7X?>2S.>5�9E(GH�A+0U,/*Q(G?1(@�<2S,/y19E(GCD=¡?1(@� CDH87�(Q?O, Z�=>5�,ECD. c<V�7�(6(+.3y_(+H80
èhgUgU� l[T�):.�2Q2S,/.>58, �

λ⊥ ≤ ρL
c g Ta`U`�l

V�,�9<;sCD.�I1H�(+.>?�K6CD*-*Q(�vU2S9E(+=1H�I_CD=1H:��9E()H	26N�CD. ?1(�9R2Q.>A+y1=19E(+=>5�( n =1.�7�(+*-I>5:Kh2SH	2DK+7�A+H8,E5878,Em�=>(
?\;a2D?Ov�(6K+78,ECD.�5�(+H	2S,/7B2S9ECDH�5B9<;apS0�(@?O= I1=19E5	2SHhT_u:,/.>58,�9E(65JI1H�CLK6(65�58=>5B?O, Z_=>58, �e5B?1CD*-,/.>(+.�7)9E(65:I1H�CLK6(65�58=>5)2D? �
v�(6K+78, � 5�5�,W(+7�5�(+=19E(+*Q(+.37J58, �

Td

T
=

3R2

2λ⊥vT
=

3R

2λ⊥
≤ 1

c g Ta`Ub�l

K6(�m�=1,W?1CD.1.>(�(+.�=178,/9/,E5	2S.�7�9R2@H�(+9R2S78,ECD. g Ta`U` �

ρL ≥ λ⊥ ≥ 3R

2

c g Ta` ) l

��CD=1Hx=1.>(�vD2S9E(+=1H�?1(���?1( ∼ 0.1pc
9E(rH	26N�CD.�?1(�0U,/H	2S78,ECD.G*-,/.1,/*�=1* I_CD=1H#.>A+0U9/,/0�A�9R2)?O, Z�=>5�,ECD.

(65�7x?1(�?1(+=OzGCDH�?OH�(65�?1(�0UH	2S.>?1(+=1H�5�58=1I_A+H8,E(+=1H�5�FB9E(�vD2S9E(+=1HxK6CDH8H�(658I�CD.>?>2S.�7�(JI�CD=1H#=1.>(�Io2SH878,EK+=19E(:?O=��k(¦~
?>2S.>5J=1. K�Mo2S*-If*G2S0U.>A+78,Em3=>(@?1(�9<;sCDH�?OH�(�?1(

1.7nT
c
σ = 0.001

l[T\��CD=1HJ=1.>(XvD2S9E(+=1HB?1(
σ
I19/=>5J0UH	2S.>?1(

σ = 0.1
9E(@H	26N�CD. ?1(@0U,/H	2S78,ECD.�78H�CD=1v�AQ5�(&H	2SI1I1H�C�K	M>(G?1(@9R2�9/,/*-,/7�(-,/.O� A+H8,E(+=1H�(UTk^#.>K6CDH�(-=1.>(&�eCD,E5�9E(-Kh2D5

�<2S,/y19E(+*Q(+.37X*G2S0U.>A+78,E5�A
σ = 0.1

.>(XI_(+=17 ¬ 78H�(�H�(©¨8(+7�A&7�CD7	2S9E(+*Q(+.37hTW�)2S.>5)K6(@?1(+H8.1,E(+H)Kh2D5B9E(65JI1H�C�K6(65�5�=>5
?1(&?O, Z_=>58,ECD. .>(�5�CD.�7:I19/=>5J.>A+0U9/,/0�(h2Sy19E(65)(+7B?1(65B58,/*X=19R2S78,ECD.>5BI19/=>5BK6CD*-I19E([z1(65J?1CD,/v�(+.�7 ¬ 78H�(�([Z\(6K+78=>A6(65hT
�B(:*G2S.1,EP+H�(J0�A+.>A+H	2S9E( n 58,�.>CD=>5�.>CD=>5�K6CD.�7�(+.37�CD.>5r?\;sA+78=>?O,E(+H�9E(65�Kh2D5�C�� σ I_(+78,/7Jc ∼ 0.001

l�9E(65�I1H�CLK6(65�58=>5
?1(X?O, Z�=>58,ECD.�I�CD=1H8H�CD.�7 ¬ 78H�().>A+0U9/,/0�A65�5�=1Hr9E(65rI1H�C�K6(65	58=>5�?1(�K6CD.�v�(6K+78,ECD.WT

�k2G?1(+H8.1,EP+H�(�2SI1I1H�ChzL,/*G2S78,ECD.Y� 2S,/7�(X(6587�K6(+9/9E(X?\; =1. %>=1,E?1(),/H8H�CD7	2S78,ECD.1.>(+9<TWw�(+787�()M3NLI_CD78M>P65�(X(6587
9R2�I19/=>5�?O=1H�(JF�¨©=>5�78,$#o(+HhT3�JCD7�CD.>5\¨«=>587�(�m�=>(rI1H�C�K	M>(�?O=�K�M>CLK�7�(+H8*-,/.o2S9o9R2�v�,/7�(65	5�(r?O=GI19R2D58*G2X(6587#H	2D?O,R2S9E(
(+7�m3=>(�78H�P65#H	2SI1,E?1(+*Q(+.�7�K6(+787�(:?1(+H8.1,EP+H�(:5t;a2S9/,/0U.>(�58=1Hx9R2�?O,/H�(6K+78,ECD.4?1(rI1H�CDIo2S032S78,ECD.�?O=GI1=19E5	2SHhT��W(�%>=1,E?1(
(65�7q?1CD.>KY,/H8H�CD7	2S78,ECD.1.>(+9B?>2S.>5�K6(65�?1(+=Oz !hCD.>(65q(+7�5�(+H	2 2SI1I1H�ChzL,/*QA K6CD*-*Q(Y7�(+9J?>2S.>5q9<;s(+.>5�(+*�y19E(f?O=
5�NL587�P+*Q(UT
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V�,�9<;sCD.�2D5�58=1*Q(:9E( %>=1,E?1(:,/.>K6CD*-I1H�(65�58,/y19E(B(+7�,/H8H�CD7	2S78,ECD.1.>(+9W(+.42hvD2S9_?O=�K	M>C�K:7�(+H8*-,/.o2S9W2S9ECDH�5�9E(
K�Mo2S*-I�?1(�v�,/7�(65�5	()CDy�A+,/7�F@9R2&H�(+9R2S78,ECD.f58=1,/vU2S.37�( �

∇.−→v = 0
(+7 ∇×−→v = 0

c g Ta` � l
w�(@K	Mo2S*-I ?1(&v�,/7�(65�5	(�?1A+I_(+.>? ?1CD.>K-?1(65JK6CD.>?O,/78,ECD.>5�9/,/*-,/7�(65�(+7)58,�9<;sCD. I_CU5�(

ρ1/2v = −∇ΦCD.�2Q2S9ECDH�5 �

∆Φ = 0
c g Ta` é l

��2X5�CD9/=178,ECD.49R2XI19/=>5�0�A+.>A+H	2S9E()F�K6(+787�(:A6m�=o2S78,ECD.�5�(�?1A6K6CD*-I_CU5�(J58=1H�9R2�yo2D5�(:?1(65�Mo2SH8*QCD.1,Em3=>(65
58I1M>A+H8,Em�=>(65hT ):.|I_(+=17�?1CD.>K)9<;sA6K+H8,/H�( �

Φ =
∑

m,n(( r
RTS

)n(Am,nY
c
m,n(θ, φ) +Bm,nY

s
m,n(θ, φ))

+ (RTS

r )n+1(Cm,nY
c
m,n(θ, φ) +Dm,nY

s
m,n(θ, φ)))

c g Ta` � l

C��
n ∈ [0,∞]

(+7
m ∈ [0, n]

TU�JCD=>5#26v�CD.>5�,EK+,O=1.>(�0�A6CD*QA+78H8,E(�2{zO,E58N�*QA+78H8,Em�=>(�(+7�9E(65�K6CD.>?O,/78,ECD.>5
9/,/*-,/7�(65�5�CD.�7�9E(65�58=1,/vU2S.37�(65hTou 9<; ,/.�#>.1, �

lim
r→∞

∇Φ = −ρ1/2
ISMvPSR(cos(θ)−→er + sin(θ)−→eθ )

c g Ta` � l
(+7�I1H�P65�?O=�K�M>CLK)7�(+H8*-,/.o2S9km�=1,W(6587�5�=1I1I�CU5�A)5�I1M>A+H8,Em3=>( �

lim
r→RTS

∇Φ = −ρdo
TSv

do
TS

−→er
c g Ta` g l

�k()I�CD7�(+.�78,E(+9kH�A658=19/7	2S.�7�(6587�?1CD.>K �

Φ = ρ
1/2
ISMvPSRRTS cos(θ)(

R2
TS

2r2
+

r

RTS
) +

R2
TS(ρdo

TS)1/2vdo
TS

r

c g Tab ] l
(+7�9E()K�Mo2S*-IY?1(�v�,/7�(65�5	(JK6CDH8H�(65�I�CD.>?>2S.�7�I_(+=17�5�(B*Q(+7878H�(�5�CD=>5�9R2��eCDH8*Q( �

vr = vdo
TS(ε2/3RTS cos(θ)(

R2
TS

r3
− 1

RTS
) +

R2
TS

r2
)

c g Tab è l
(+7

vθ = vdo
TS(

ε2/3RTS sin(θ)

r
(
R2

TS

2r2
+

r

RTS
))

c g TabU`�l

2hv�(6K
ε = (ρ

1/2
ISMvPSR/(ρ

do
TS)1/2vdo

TS)3/2 T��k2�I1H�(65�58,ECD.¡([zO(+H�K6A6(qIo2SH�9E(q*-,/9/,E(+=¡,/.37�(+H�587�(+9/9R2S,/H�(
A+7	2S.37rA+032S9E(�FX9R2XI1H�(65	58,ECD.�?ONL.o2S*-,Em�=>(�¨©=>587�(B26vU2S.37�9E(BK�M>CLK n K6(JIo2SH	2S*QP+78H�( ε (65�7�?1CD.>KBA+032S9W2S=�H	2SI1I�CDH87FJ9R2BI1=1,E5�5	2S.>K6(

4/3
?1(65#I1H�(65�58,ECD.>5x?ON�.o2S*-,Em�=>(65�(+.�2S*QCD.37x(+7x(+.q26vU2S9o?O=GK	M>C�KUT�w�(�H	2SI1I�CDH87�?1(rI1H�(65�58,ECD.

?>2S.>5X9R2�9/,/*-,/7�(�?1(Q�<2S,/y19E(
σ
A+7	2S.37Q2SI1I1H�C6zO,/*G2S78,/v�(+*Q(+.37G?1( è �Db¡c(')(+.1.>(+9�(+7-w�CDH�CD.1,/78, èhgU�*) 2�l n ε 5�(+H	22S9ECDH�5�I1H8,E5�I1H�C�K	M>(X?1( ] T ) ) To�k2QKh2SH87�(�?1(�K6(XK	Mo2S*-IY?1(�vL,/7�(65�5�(BI_CD=1H�=1.|� 2DK+7�(+=1HJ?1(��WCDH�(+.37 !@?1(

106 (+7
=1.YIo2SH	2S*QP+78H�(

σ = 0.001
(6587JI1H�A65�(+.37�A-58=1HJ9R2 � ,/0U=1H�( g T ) T_��H�CLK�M>(@?O=¢K�M>CLKX7�(+H8*-,/.o2S9�9R2GvL,/7�(65�5�(&5�(+H	2

2SI1I1H�C6zO,/*G2S78,/v�(+*Q(+.37)?1()K �DbOT>^�9/9E(XA+v�CD9/=>(+H	2-0U9ECDyo2S9E(+*Q(+.37J5�(+9ECD. è �{H�9ECD,/.|?1(XK6()K�M>CLKUT
� � ¯®$ÛV±w±'�¼°9«åÝ #)� *¥ª(,  , ª�!9« � ¬'��� #�Û

�JCD78H�(�I1H�CDy19EP+*Q(�,EK+,�(65�7&?1(q78H�CD=1v�(+H-=1.>(q5	CD9/=178,ECD.�?O= K	Mo2S*-I¡*G2S0U.>A+78,Em�=>(|2D?Ov�(6K+7�A�Io2SH@9E(
K�Mo2S*-I¯?1(4vL,/7�(65�5�(�(+.¯26vU2S9�?O=�K	M>C�KUT���;a2{zO(4*G2S0U.>A+78,Em�=>(�A+7	2S.37q2S9/,/0U.>A|FY9<;a2{z1(4?1(qH�CD7	2S78,ECD. 5�(+=19E(�9R2
K6CD*-I�CU5�2S.37�(X2 !6,/*�=178Mo2S9E(�?1()j®5�(+H	2@K6CD.>5�,E?1A+H�A6(�(+7:2S,/.>58,\9<;sA6m�=o2S78,ECD.Y?\; ,/.>?O=>K+78,ECD.f5�(+H	2 �

∇× (−→v ×Bφ
−→eφ) = ∇× (

Bφ

r sin(θ)
)(r sin(θ)−→v ×−→eφ) = 0

c g TabUb�l
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u�v�(6KB9R2@H�(+9R2S78,ECD.�?O=|78H8,/I19E(�I1H�C�?O=1,/7�v�(6K+7�CDH8,E(+9�(+7r9<; M3NLI�CD78M>P65	(�?\; ,/.>K6CD*-I1H�(65�58,/y1,/9/,/7�A&CD.�2 �

∇(
Bφ

r sin(θ)
) ×∇Ψ = 0

c g Tab ) l

C���CD.�2-=178,/9/,E5�AB9E(B�<2S,/7�m3=>( �

∇× (r sin(θ)−→v ×−→eφ) = 0
c g Tab � l

I_CD=1Hr�<2S,/H�(B9R2@58=1y>5878,/78=178,ECD.

∇Ψ = (r sin(θ)−→v ×−→eφ)
c g Tab é l

w�(+787�(q58=1y>5878,/78=178,ECD.�(65�7�78H�P65�=178,/9E(qKh2SH
Ψ
(6587XK6CD.>5�7	2S.37X9E(Q9ECD.10Y?\; =1.>(Q9/,/0U.>(G?1(GK�Mo2S*-IWT�^�.

I1H�(+.o2S.�7J2S9ECDH�5�9E(BI1H�C�?O=1,/7�5	Kh2S9R2S,/H�(�?1( −→eφ
2hv�(6KGc g Tab � l�CD.Y2 �

∂

∂r
(

Bφ

r sin(θ)
)
∂

∂θ
Ψ =

∂

∂θ
(

Bφ

r sin(θ)
)
∂

∂r
Ψ

c g Tab � l

�W(��32DK6CDy1,E(+.Y?1(
(Ψ, Bφ/r sin(θ))

(6587�?1CD.>K�A+032S9�F !hA+H�CQ(+7�.>CD=>5rI_CD=1v�CD.>5:2S9ECDH�5�A6K+H8,/H�(Xm3=>( �

Bφ

r sin(θ)
= f(Ψ, φ)

c g Tab � l

Bφ
A+7	2S.37�,/.>?1A+I�(+.>?>2S.�7r?1(

φ n Bφ/(r sin(θ))
5�(+H	2X?1CD.>K:K6CD.>5�7	2S.37�9E(�9ECD.10@?1(:K	Mo2Dm3=>(:9/,/0U.>(:?1(

K	Mo2S*-IWT
Ψ
I_(+=17 ¬ 78H�(�H�A65�CD9/=Y([zOI19/,EK+,/7�(+*Q(+.37�(+.Y,/.37�A+0UH	2S.37B7�CD=17B?\;a2Sy�CDH�?

∂Ψ/∂r
I1=1,E5J(+.f?O, Z\A+H�(+.>K+,R2S.37

5	(+9ECD.
θ
T
Ψ
(6587�2S,/.>58,k?1A+7�(+H8*-,/.>A�?1(J� 2��6CD.�=1.1,Em3=>(�(+7�(65�7�?1CD.1.>A6(�Io2SH �

Ψ = vdo
TS(R2

TS cos(θ) +
1

2
ε2/3 sin2(θ)

r
(r3 −R3

TS))
c g Tab g l
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BΦ

r sin(θ)
=
Bdo

TS sin(θTS)

RTS sin(θTS)

c g T )3] l

(+7�2S,/.>58, �

BΦ =
Bdo

TSr sin(θ)

RTS
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γ = 106

(+7�?1()Io2SH	2S*QP+78H�(
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T
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^#.�26vU2S9�?O=�K�M>CLK n 9<;sA+.>(+H80U,E(:?1(65#Io2SH878,EK+=19E(65�A+v�CD9/=>(�?O=G� 2S,/7�?1(65�I�(+H87�(65�2D?O,R2Syo2S78,Em3=>(65�(+7#H	2D?O,R2 �

78,/v�(65hTU��CD=1H ¬ 78H�(�(+.G2DK6K6CDH�?G2hv�(6Kr9E(65�I1H�A6K6A6?1(+.37�(65�A6m�=o2S78,ECD.>5 } dJ� n .>CD=>5�2S9/9ECD.>5x2SI1I1H�ChzL,/*Q(+H�9E(65�I�(+H87�(65
2D?O,R2Syo2S78,Em3=>(65BIo2SHBK6(+9/9E(65)?\; =1.f032 !&,E?1Ah2S9�(+7BH�(+9R2S78,/v�,E5�7�(�(+. ([zLIo2S.>5�,ECD.¢2hv�(6K&=1.Y,/.>?O,EK6(-2D?O,R2Syo2S78,Em�=>(-?1(
4/3
TkV�,�9<;sCD.£K6CD.>5�,E?1P+H�(@9E(65BI�(+H87�(65)58NL.>K�M1H�CD78H�CD. y1,E(+.¢I19/=>5B,/*-I�CDH87	2S.�7�(65Xm�=>(�9E(65BI_(+H87�(65Xw�CD*-I17�CD.£,/. �

v�(+H�5�( n ceK6(�m�=1,W(6587r0�A+.>A+H	2S9E(+*Q(+.�7J9E()Kh2D5�I�CD=1H�y�(h2S=>K6CD=1I�?1(�.>A+y1=19E(+=>5�(65�l n 9<;sA+.>(+H80U,E(�^�?\; =1.>(�Io2SH878,EK+=19E(
A+v�CD9/=>(�5�(+9ECD. �

dE

dt
= −1

3
E∇.−→v − 2

3
cγ2(σT

B2 sin(δ)2

2µ0
)

c g T ) `�l

?>2S.>5:K6(+787�(XA6m�=o2S78,ECD.
σT
(6587�9R2-5	(6K+78,ECD.Y((�GKh2DK6(X?1(X��M>CD*-I>5�CD.Y(+7

δ
(6587�9<;a2S.10U9E(X?\; ,/.>K+,E?1(+.>K6(

?1(65WIo2SH878,EK+=19E(65�58=1H�9E(�K�Mo2S*-I&*G2S0U.>A+78,Em�=>(UT{u�v�(6K#=1.>(x?O,E5878H8,/y1=178,ECD.@,E5�CD78H�CDI�(x?1(#Io2SH878,EK+=19E(65
< sin(θ)2> =

2/3
T1^#.�H�A+0U,/*Q()587	2S78,ECD.1.o2S,/H�(B9R2@?1A+H8,/v�A6()K6CD.3v�(6K+78,/v�(

dE/dt
5�(+H	2&A+032S9E(�F −→v .∇E (+7r9E(:7�(+H8*Q( 1

3E∇.−→v5�(+H	2@A+032S9E(XF ] ?O=4�<2S,/7�?1(B9<; M�N�I_CD78M>P65�(),/.>K6CD*-I1H�(65�5�,/y19E(UT�V�=1H�=1.>(B9/,/0U.>(�?1(XK�Mo2S*-IYCD.�2Q?1CD.>K �
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vs
∂E

∂s
= −4E2σTB

2
s

6µ0m2
ec

3

c g T ) b�l

2hv�(6K)5�9<;a2Sy>5�K+,E5�5�(BK+=1H8vL,/9/,/0U.>(B9E(:9ECD.10Q?1(J9R2&9/,/0U.>(B?1()K�Mo2S*-I|(+7
vs =

√
v2
r + v2

θ

9R2XvL,/7�(65�5�(B?1(65
Io2SH878,EK+=19E(65tT �:=o2S.37X2S=£K	Mo2S*-I¢*G2S0U.>A+78,Em3=>(QCD.£2S=1H	2

Bs = Bφ
T_^�.£?O,/vL,E5	2S.37BIo2SH

E2 (+7)(+. ,/.37�A+0UH	2S.�7
CD.f2&9R2@H�(+9R2S78,ECD.�58=1,/vU2S.37�( �

1

E
− 1

ETS
=

1

E∞

26v�(6K 1

E∞
=

∫ s

0

4σTB
2
sds

6µ0m2
ec

3vs

c g T ) ) l

� 9�.>CD=>5)H�(6587�(&*G2S,/.37�(+.o2S.�7@F�?1A+7�(+H8*-,/.>(+HX?15�(+.f� CD.>K+78,ECD. ?1(@?OHhT ):. 24(+. 0�A+.>A+H	2S9�(+.£K6C�CDH �
?1CD.1.>A6(65:58I1M>A+H8,Em�=>(65 n I_CD=1Hr=1.|I19R2S.�CD= φ (6587�K6CD.>587	2S.�7 ds2 = dr2 + (rdθ)2

T ):H

dθ =
−d cos(θ)

sin(θ)dr
dr

c g T )3� l

?1CD.>K

ds = (1 +
r2

sin(θ)2
(
d cos(θ)

dr
)2)1/2dr

c g T )Vé l
� 9�� 2S=17�?1CD.>K@78H�CD=1v�(+HXI�CD=1H)=1.

Ψ
ceKU;s(6587XF4?O,/H�(@I_CD=1H)=1.>(-9/,/0U.>(-?1(-K	Mo2S*-I�l)?1CD.1.>AQ(+7)=1.¢H

?1CD.1.>A�9R2BvU2S9E(+=1H�?1(
θ
(+7�?1CD.>K�?1(

cos(θ)
K6CDH8H�(65�I�CD.>?>2S.�7�(UT�u�v�(6Kr9R2B?1A(#>.1,/78,ECD.4?1(

Ψ
vL=-I1H�A6K6A6?1(+*-*Q(+.37 n

cos(θ)
(65�7�5�CD9/=178,ECD.�?\; =1.>(�A6m�=o2S78,ECD.�I_CD9/N�.>CD*-,R2S9E(X?O=|?1(+=OzL,EP+*Q(�CDH�?OH�(�(+7rvD2S=17 �

cos(θ) =
1

ε2/3(r3 −R3
s)

[rR2
TS − (R4

TSr
2 + 2ε2/3(r3 −R3

TS)(
1

2
ε2/3(r3 −R3

TS) − Ψr

vs
))1/2]

c g T )�� l

u�v�(6K)K6(+787�(�([zOI1H�(65�58,ECD.�?1(
cos(θ)

CD.Y2 �

d cos(θ)

dr
=

1

ε2/3(r3 −R3
s)

(R2
TS

−
(R2

TS2r + 6ε2/3r2(1
2ε

2/3(r3 −R3
TS) − Ψr

vs
) + 2ε2/3(r3 −R3

TS)(3
2ε

2/3r2 − Ψ
vs

))

2 ∗ (R4
TSr

2 + 2ε2/3(r3 −R3
TS)(1

2ε
2/3(r3 −R3

TS) − Ψr
vs

))
)

− cos θ3r2

(r3 −R2
TS)

c g T )3� l

^�7:(+.�#>.Y26v�(6K)9<;s(+.>5	(+*Xy19E(X?1(XK6(65�?1A(#>.1,/78,ECD.>5�CD.Y2

1

E∞
=

∫ r

RTS

4σTB
2
s

6µ0m2
ec

3vs
(1 +

r2

1 − cos(θ)2
(
d cos(θ)

dr
)2)1/2dr

c g T )3g l
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fTS(ETS)dETS = ρdo
TSK(α)E

−(2α+1)
TS dETS = f(E, s, ψ)dE

c g T �U] l
C��

f(E, s, ψ)
(6587)9R2q� CD.>K+78,ECD. ?1(Q?O,E5�78H8,/y1=178,ECD.�?1(@Io2SH878,EK+=19E(65�2S=�5�(+,/.£?1(-9R2�.>A+y1=19E(+=>5�(UT ):H
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� 2DK+7�(+=1Hq?1(��WCDH�(+.�7 !f(+. 2S*QCD.�7�?O= K�M>CLK|I1H�CLK�M>(�?1(
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ABSTRACT

The very hard synchrotron X-ray tails that have been imaged around the nearby Geminga pulsar ?

reveal a relativistic wind from this middle-aged pulsar. Given its spin-down power, space velocity, and
the surrounding interstellar conditions, we can estimate the bow shock system geometry as a function
of the Lorentz factor and magnetization level (σ) of the pulsar wind. We find that Fermi acceleration
at the interstellar bow shock and the subsequent inverse Compton radiation on the local interstellar
radiation field cannot explain the X-ray data, so the tails are produced by synchrotron radiation from
very energetic electrons.

For a weakly magnetized wind (σ ∼ 10−3), a simple force-free model of the velocity and magnetic
fields downstream of the terminal shock shows that particle energies in excess of 320 TeV are required
by the X-ray data and that Fermi acceleration at the terminal shock cannot produce them. These
extreme energies are very close to the full electric potential that Geminga can power across its open
magnetosphere. The combination of the velocity structure and amplification of the magnetic field
advected near the contact discontinuity produce two synchrotron tails that match the shape and flux
recorded in X rays.

For a more strongly magnetized wind (σ ≥ 0.1), the observations require slightly less energetic
(∼ 180 TeV) particles that can be marginally produced by diffusive acceleration at the terminal
shock. One expects a much lower contrast in the synchrotron image behind the pulsar in this case.
Further work is needed to check the level of synchrotron flux from rapidly diffusing particles behind
the pulsar.
Subject headings: Particle acceleration, PWN, Relativistic shocks

1. INTRODUCTION

Pulsars are born with high kick velocities of typically
200-500 km/s ?. At early stages, they have not moved far
from their birth place and their relativistic wind nebulae
are confined by the ambient pressure in the supernova
remnant. By the time they have travelled two thirds of
the remnant expanding size, the local sound speed has
dropped and they move at supersonic speed, driving a
bow shock in front of them. Several examples are known
that still cruise inside their remnant, such as G327.1-1.1
?, IC443 ?, and W44 ?. The high-energy particles form
a synchrotron X-ray tail that lags behind the pulsar as
behind a comet. It can turn into a longer TeV tail where
the ageing particles up scatter the ambient soft photon
field. This is the case behind PSR B1823-13 for instance
??. After several tens of thousands of years, the pulsar
crosses the remnant shell and escapes at supersonic speed
into the interstellar medium, like the Mouse ?, the Black
Widow ?, and Geminga ?. The wind nebula is then con-
fined in a bow shock by the interstellar ram pressure. The
shock shows up in optical images as an Hα Mach cone
as we see behind the Mouse and the Black Widow. The
light is due to collisional excitation and charge exchange
at the bow shock. This cometary morphology strongly
modifies the MHD flow of the relativistic wind by pro-
viding an exit for the kinetic and magnetic energy, and
rather stationary conditions in the pulsar frame. Away
from the complexities of the medium inside a supernova
remnant, this stage can provide very useful constraints
on the wind properties from middle-aged pulsars, espe-

Electronic address: mforot@cea.fr

cially on the origin of their acceleration which is still an
open issue.

As one of the closest pulsars known and still a powerful
γ-ray emitter, therefore an active particle accelerator at
his age of ∼ 0.34 Myr, Geminga appears as an excellent
example to study a bow-shock wind nebula. Two 0.1 pc
long X-ray tails have been found trailing the pulsar ?.
Its optical proper motion ? corresponds to a velocity of
126.5/cos(i) km/s for an inclination i onto the plane of
the sky. The comparison of the tails image with a typical
bow shock geometry suggests an inclination i < 30◦

?, so
we will adopt vpsr = 135 km/s as a characteristic speed.

At a short distance D = 157+59
−34 pc ?, Geminga dwells

in a reasonably well known gas and radiation environ-
ment. The tail image suggests motion at Mach 14 to 20
in a medium with a low atomic density of (0.6− 1.5)105

m−3
?. Indeed, Geminga is not crossing a major local

cloud and the hydrogen column-density of 1.11020 cm−2

measured in its direction is consistent with an ambient
density < 2105 m−3 which is typical of the warm HI
medium. We will therefore adopt an interstellar environ-
ment with a temperature Tism = 8000 K, a mass density
ρism = 2.310−22 kgm−3 (for a mean atomic mass of 1.4),
and the average strength of the local, total magnetic field
Bism = 0.6± 0.2 nT ? around Geminga. The pulsar pe-
riod and period derivative (from the ATNF database)

yield a spin-down power Ėpsr = 3.31027 W, a magnetic
field strength B∗ = 3.3108 T at the stellar poles, and an
angular velocity Ω = 26.5 rad/s. Whereas the pulsed γ
rays steal 1 or 2 % of the spin-down power away, the very
hard E−1.6±0.2 photon spectrum recorded in the tails be-
tween 0.3 and 5 keV amounts to a tiny fraction of the
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rotational power (210−6, ?).
In the case of synchrotron emitting tails, particles with

energies higher than a few hundred TeV should flow down
the wind. Yet, particles accelerated at the bow shock
could up-scatter the ambient soft photon fields to the X-
ray domain. The motivation for this work is to validate
the synchrotron hypothesis and to study where the par-
ticles are with respect to the wind terminal shock (TS)
and interstellar bow shock (BS) by modelling their radia-
tion in the different regions. We also look for constraints
on their maximum energy and their origin in terms of
Fermi acceleration.

2. CONSTRAINTS ON THE SYSTEM GEOMETRY

Interstellar medium

Pulsar

Terminal shock

Shocked interstellar medium

Shocked pulsar wind

Contact discontinuity

Bow shock

Pulsar wind

Fig. 1.— Interaction of the relativistic wind from a supersonic
pulsar with the interstellar medium.

Several groups have carried out hydrodynamic simula-
tions to map the double structure of a bow-shock wind
nebula, with a reverse terminal shock moving into the
wind and a forward bow shock into the surrounding gas
???. The main features are outlined in Figure 1. In
the unshocked wind region located between the pulsar
light cylinder and the terminal shock, the relativistic
wind flows freely outwards and is often assumed to be
’cold’, i.e. to have zero pitch angle and produce no sig-
nificant synchrotron radiation. This silent zone has been
observed inside the inner X-ray ring of the Crab nebula
?. The thermalized shocked wind that flows back from
head to tail can radiate profusely in the shocked field. Its
flow is bounded by a contact discontinuity (CD) which
separates it from the shocked interstellar medium. Pres-
sure balance across the two shocked media is verified in
the simulations. The terminal shock is elongated. It ex-
tends further behind the pulsar than it does in front be-
cause the shocked wind pressure at the back must balance
the quiet interstellar one instead of the much stronger
ram pressure of the front regions. For both shocks and
throughout the paper, we use the subscripts 1 and 2 for
the upstream and downstream media, respectively.

To constrain the system geometry, namely the stand-
off radii of BS, CD, and TS, one needs the compression
ratios of the two shocks which can be obtained from the
MHD jump conditions for a perpendicular shock near the
nose. For the bow shock, the classical jump conditions
in the shock frame (conservation of the mass flux ρ.v

and magnetic flux B.v, of the momentum flux p+ ρv2 +
B2/2µ0, and of the energy flux (p+B2/2µ0).v+(p/(γ−
1) + ρv2/2 +B2/2µ0).v) yield the compression ratio, X ,
as the solution of the following equation:

0=2pB1(γ − 2)X3 −X2[2γp1 + (γ − 1)(pram1 + 4pB1)](1)

+2γX [pB1 + p1 + pram1] − (γ + 1)pram1 (2)

where p1, pB1, and pram1 respectively note the thermal,
magnetic, and ram pressure in the upstream flow, i.e. in
the undisturbed interstellar medium. The gas ratio of
specific heats is γ = 5/3. For the environment properties
and pulsar velocity given in the introduction, we find
X = 3.1 and downstream pressure terms very close to
equipartition in the BS reference frame.

For the terminal shock, the relativistic jump condi-
tions in the shock frame (conservation of the mass flux
Γβn∗ and magnetic flux ΓβB∗, of the momentum flux
Γ2β[γp/(γ − 1) + n∗mc2 + B∗2/µ0], and of the energy
flux Γ2β2[γp/(γ− 1) + n∗mc2 +B∗2/µ0] + p+B∗2/2µ0)
yield the compression ratio, Y , as the solution of the
following equation:

0=Γ1β1 +
σ1

2Γ1
+ Γ1β

2
1σ1(

3

2
− 1

γ
) (3)

+Γ1β1(
1

γ
− 1)(1 + β1σ1).Y

−1 − Γ1

γ
(σ1 +

1

β1
).Y (4)

+
1

γ
(
Y 2

β2
1

− 1)1/2 + Γ1σ1(
1

γ
− 1

2
).Y 2 (5)

The asterisk marks the proper wind reference frame, Γ1

the upstream wind Lorentz factor, β1 = (1 − Γ−2
1 )1/2 its

velocity in c units, and γ = 4/3 the adiabatic ratio for
relativistic material (if TS is strong enough to thermalize
the flow, i.e. σ1 < 1). We have also introduced the
magnetization parameter σ1 of the upstream wind which
is defined as the ratio between the Poynting flux and the
particle energy flux:

σ1 =
B2

1w

µ0ρ1wβ1Γ1c2
(6)

ρ1w and B1w note the upstream wind mass density and
field strength at the shock. A σ value of 10−3 has been
measured for the Crab using different estimators ?. Val-
ues closer to 0.1 have been found for Vela and PSR
B1706-44 ?. So for Geminga, we keep σ1 and Γ1 as free
parameters. The TS compression ratio decreases from
Y = 3 at very low σ1 << 1 to Y = 2.3 at σ1 = 0.1, and
Y = 1.6 at σ1 = 0.5. It is not sensitive to the choice of
wind Lorentz factor as long as it is large. Γ1 values of
order 105−6 are often quoted for pulsar winds.

The pressure balance between the shocked wind and
shocked gas on the front side, and between the shocked
wind and interstellar gas at the rear allows to compute
the TS radii:

RTSi = [
Ėpsr

4πcpi
]1/2 (7)

where the subscript i stands for the front and back. The
front pressure is dominated by the ram pressure ρismv

2
psr

and we find a stand-off distance RTS to the shock of 0.015
pc. The back pressure is dominated by the local magnetic
one and we find TS at 0.077 pc behind the pulsar. It is
consistent with the observed tail length of 0.1 pc. The



èh�-é ���������
	
�� ����È�� º�� ¶ � µ ��	
� �(³ º � µ ��� � µ,µ � �(³Pµ=µ,Á(³ ¹ ��� � 	
� �(³ º ´�� � ³ 	 ¹ � �wÔM´ �Xº � Ø � � � ³ � �
MHD model for PWN bow shocks 3

largest uncertainty on the stand-off distance comes from
the inclination of the proper motion since RTS scales
inversely with space velocity. It would be 25 % smaller
for a 45◦ inclination instead of the 20◦ one we chose.

The stand-off distances to the contact discontinuity
RCD and to the bow shock RBS are then given by:

RBS

RCD
=

X

X − 1

RCD

RTS
=

Y

Y − 1
(8)

As expected from the small excursion of X and Y in equa-
tions 2 and 5, the overall bow shock size and relative
thickness of the two shocked regions are well constrained
once we know RTS . We select σ1 = 0.001 and 0.1 as two
representative values of the potential wind magnetiza-
tion. We restrict ourselves to σ1 < 1 to ensure a ”loud”
shocked wind, with large pitch angles downstream of a
strong enough shock. For 0.001 ≤ σ1 ≤ 0.1, we find
0.022 ≤ RCD ≤ 0.026 pc and 0.032 ≤ RBS ≤ 0.038 pc.
These radii are slightly smaller, but comparable to the
projected half separation of 0.045 pc seen between the
tails.

3. FERMI ACCELERATION AT THE BOW SHOCK

Given the slow pulsar speed compared to a supernova
shock wave, it is obvious that Fermi acceleration at the
bow shock will not reach very high energies, but it can
achieve high enough ones to produce inverse Compton
emission in X rays. The expected spectral index αe =
(X + 2)/(X − 1) = 2.43 for the electrons, thus αIC =
(αe + 1)/2 = 1.71 for the differential photon spectrum
of the inverse Compton emission, is fully consistent with
the X-ray index of 1.6 ± 0.2.

The maximum particle energy is limited by the small
size of the downstream region. Radiative losses are not
the limiting factor in this case. In the Bohm diffusion
limit, one can estimate the maximum energy by limit-
ing the downstream diffusion length to the typical size
available, RBS −RCD, which yields:

EmaxBS

e
≤ 3Y BismvpsrRTS

(X − 1)(Y − 1)
(9)

The values obtained for the 0.001 ≤ σ1 ≤ 0.1 interval
range from 80 to 90 GeV. So, the particles accelerated
at the bow shock can easily up-scatter the interstellar
radiation field to X rays in the Thomson limit. The local
radiation field is reasonably well known ? and composed
of four main components which can be approximated as
the cosmological microwave background with an energy
density of 0.26 MeVm−3, two dust components for a
total of 0.5 MeVm−3, and the stellar radiation with 0.75
MeVm−3.

The electron number density in the shock can be con-
strained by the amount of energy they can draw from
it. The efficiency is defined as the fraction of the incom-
ing energy flux that goes into shock-accelerated particles,
primarily protons. It is customary to quote 10 % efficien-
cies in supernova remnants because power estimates for
Galactic cosmic rays suggest that over 10% of the total
supernova energy must go into cosmic rays. Non-linear
acceleration in modified shocks can achieve much higher
efficiencies, but we do not expect strong modification at
the slow Geminga speed and low BS efficiency. We will
use the traditional 10 % value. The energy flux goes pri-
marily to protons and nuclei. We will use the cosmic-ray

electron to proton ratio e/p ∼ 1% to scale the total elec-
tron budget to an overall ε ∼ 0.001 efficiency. Given the
power-law spectrum produced by first-order diffusive ac-
celeration with the electron spectral index quoted above,
the electron number density scales as:

dNe

dV dγe
=

(2 − αe)ε

2mec2
ρismv

2
psr[γ

2−αe

emax − γ2−αe

emin ]−1 (10)

The maximum Lorentz factor is derived from equation
9 and we take a minimum energy of 1 MeV for the in-
jected electrons, so the resulting density is 1.510−2 m−3

for ε = 0.001 and the selected interstellar and velocity
parameters.

The interstellar electrons flow into the shock and a frac-
tion gets trapped and diffuses up in energy. The charac-
teristic volume of the radiating electrons in this station-
ary shock is V = πR2

BSvpsrτacc(Emax) where τacc(Emax)
represents the acceleration time scale that is necessary
to reach the maximum energy:

τacc(EmaxBS) =
EmaxBS

Ėacc

=
2XEmaxBS

(X − 1)eBismv2
psr

(11)

Using equations 8 and 9, one gets the simple form:

V =
6XY

(X − 1)2(Y − 1)
πR2

BSRTS (12)

which yields volumes of (0.067 pc)3 and (0.079 pc)3 for
σ1 = 0.001 and 0.1, respectively. Given the bow shock
cross section, these volumes extend over 0.1 pc along the
pulsar motion, in good agreement with the observed tail
length.

An upper limit to the inverse Compton flux can be
obtained by integrating the inverse Compton power of
the radiating electrons in the total energy density of 1.51
MeV m−3 of soft photons:

PIC < V

∫ γemax

γemin

dNe

dV dγe
ĖIC(γe)dγe (13)

We obtain upper limits of 1.31015 W and 2.41015 W for
σ1 = 0.001 and 0.1, respectively, which are both six
orders of magnitude below the observed X-ray power
of 6.21021 W. So, taking the real spectrum of the soft
photons and reasonable variations around the choice of
efficiencies and volume cannot explain the discrepancy.
Even though Fermi acceleration can produce the neces-
sary energies and spectrum, and that electrons trapped
downstream of the bow shock would produce the right
inverse Compton image, the emission faintness forces to
reject this possibility and to turn to a synchrotron origin
of the X-ray emission, thus to the presence of extremely
energetic particles.

4. FERMI ACCELERATION AT THE TERMINAL SHOCK

To estimate how extreme these energies can be and
what diffusive acceleration can achieve at the terminal
shock, one needs an estimate of the wind magnetic field.
The fraction of the pulsar spin-down power left as elec-
tromagnetic energy flux at TS gives the upstream field
as:

B2
1w =

µ0Ėpsr

(1 + σ−1
1 )4πR2

TSc
= µ0(

σ1

1 + σ1
)pi (14)
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where pi refers to the confining front or back interstellar
pressure as in equation 7. Because higher fields are more
efficient, both at accelerating particles and radiatively,
we will focus on the higher front magnetic fields in this
section to discuss particle energies and relativistic shock
acceleration.

The hard spectrum recorded by XMM indicates that
the synchrotron emission peaks in energy beyond 5 keV.
Let us choose 10 keV as a potential cut-off energy. The
compressed field downstream of the TS nose reaches 0.22
nT and 1.62 nT for σ1 = 0.001 and 0.1, respectively.
Within RCD all around the pulsar, we can make use of
the Kennel and Coroniti ? solutions for a spherical wind
to give an order of magnitude estimate of the ambient
field in the shocked wind. We will develop a more ac-
curate MHD flow in the next sections. For σ1 = 0.001,
the field increases downstream toward its equipartition
value, but the region is very compact (RCD/RTS = 1.5)
and the field would not increase by more than ∼ 1.5. For
σ1 = 0.1, the field is initially larger, but its downstream
profile is rather flat. This behaviour tends to reduce the
difference between the two σ cases. Therefore, to explain
a synchrotron break above 10 keV, we need maximum
particle energies higher than 400 TeV for σ1 = 0.001 and
above 180 TeV for σ1 = 0.1.

Diffusive acceleration at an ultra-relativistic shock dif-
fers from the classical case by the large anisotropies in the
particle distributions. Upstream particles are confined
near the shock normal and only those in the downstream
frame moving back near the shock normal can outrun
it. The maximum energy attainable for a particle at the
terminal shock in the absence of losses is limited by the
acceleration time scale in the shock frame that should be
less than (RCD −RTS)/c ??:

EmaxTS

e
≤ 3B2wcRTS

2π(Y − 1)
(15)

which corresponds to only 10 TeV for σ1 = 0.001 and to
80 TeV for σ1 = 0.1. Radiative limits to the maximum
energy are much higher.

So, the terminal shock of a strongly magnetized wind,
with σ1 close to 0.1 or higher, can produce energies in
marginal agreement with the observed ones. There is a
little more room to diffuse at the back of TS than at the
front where we have calculated the field strength. Yet
the field should decrease there and reduce the accelera-
tion efficiency. In the case of a weakly magnetized wind
with σ1 close to that found for the Crab wind, diffusive
acceleration cannot apparently account for the observed
particle energies. The shock would then only serve to
randomize the particles and turn on the synchrotron ra-
diation. Both the observed and predicted estimates de-
pending crucially on the true magnetic field strength in
the region, we will develop below a more accurate repre-
sentation of the wind MHD flow, even though admittedly
still very simple. But we hope it captures the essential
properties such as the advected flow and field pile-up
near the contact discontinuity.

5. MODELLING THE MHD FLOW OF THE SHOCKED
WIND

We aim at building a simple analytical MHD model of
the flow downstream of the terminal shock to better ac-
count for the magnetic field strength near the contact dis-
continuity and behind the pulsar in order to explore the

maximum particle energies that can account for the X-
ray emission and the synchrotron flux from the shocked
wind. We have developed a first set of simulations that
have indeed shown that it may be difficult to explain the
latter. These calculations used the field and mass density
at TS given above as a function of σ1, spread this particle
flux into a power-law spectrum, and let the particles dif-
fuse downstream at the Bohm limit in the magnetic flow
drawn from the spherical solutions of Kennel & Coroniti.
This approximation was therefore restricted to distances
less than RCD around the pulsar and did not account
for the velocity turn-over and magnetic compression in
the front regions. The resulting synchrotron flux was
found to be 2 to 3 orders of magnitude lower than the
recorded one, and changing the upstream wind magne-
tization and Lorentz factor did not improve the result.
So, the high-energy particles must be much more slowly
advected with the MHD flow and/or the magnetic field
be amplified. The fact that the highest-energy particle
gyro-radii are larger than the downstream flow size, as we
have seen in the previous section for σ1 < 0.05, strongly
indicates that advection should play an important role.
This is why we need a simple, but realistic model for the
velocity and magnetic fields behind TS in a bow shock
geometry.

5.1. Upstream wind

For this model, we use the pulsar centered spherical co-
ordinates (r, θ, φ) aligned with the pulsar rotation axis.
Upstream of TS, the wind flows with approximately con-
stant radial speed. Its mass density decreases as r−2

?,
and the magnetic field is an Archimedian spiral with the
radial component Br falling as r−2 and the azimuthal
one Bφ as sin θ/r. The magnetic inclination to the ro-
tation axis hardly modifies this picture at the very large
distances of interest (RTS is ∼ 3107 times the pulsar
light-cylinder radius), so we use the asymptotic limit of
an azimuthal field far from the pulsar.

Energy conservation at TS implies that Bφ, the mass
density, ρ, and the Lorentz factor depend on the polar
angle θ ? as:

Bφ(θ) = B1w sin θ (16)

Γ(θ) = Γ1w(η + (1 − η) sin2(θ)) (17)

where η controls the ratio between the Lorentz factor at
the pole and at the equator, in other words σ1 varies
with latitude. For an isotropic mass flux, the latitude
dependence of ρ follows as:

ρ(θ) =
ρ1w

(η + (1 − η) sin2(θ))
(18)

The η parameter depends on the upstream acceleration
process and is not well understood. For simplicity, we
will use η = 1, so the wind density and Lorentz factor
are latitude independent, but not the magnetic field. The
free parameters are again the wind Lorentz factor Γ1

and magnetization σ1, with the requirement that it is
small compared to unity to ensure a strong enough MHD
shock.

For an incompressible and isothermal flow downstream
of the shock, the pressure at the contact discontinuity
equals that at the terminal shock, the last one being
given by the wind ram pressure just upstream of the
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shock by momentum flux conservation across the shock.
The density is thus given by:

ρ1w ∼
ρismv

2
psr

Γ1wc2
(19)

The stand-off distance to TS, the upstream field at the
shock, and the compression ratio are given in equations
5, 7, and 14.

5.2. Downstream wind

To calculate the velocity and magnetic field profiles in
the downstream flow, we need several assumptions. For
low magnetization values, the wind particles carry away
most of the pulsar spin-down power and the shocked wind
radiates only 210−6 of it in X rays. The tails are not
seen in the optical ?. The flow magnetic energy den-
sity is comparable to the CMB energy density for low
σ1 and much larger for larger σ1, so the inverse Comp-
ton losses should not dominate. For all these reasons,
we can assume that the radiative losses are small and
the shocked wind flow is adiabatic. The incompressibil-
ity assumption follows from the choice of low σ. Recent
MHD simulations confirm this assumption ?. Finally,
we consider that the high-energy particles flow with the
shocked medium and do not diffuse. For a magnetic field
perpendicular to the flow velocity, the mean free path
across the field is less than the gyro-radius. The fastest
diffusion timescale corresponds to the Bohm limit, but
we have seen that the mean free paths of the highest
energy particles would exceed the region dimensions.

For an incompressible, irrotational, therefore non-
dissipative flow, the velocity field should follow ∇.v = 0
and ∇× v = 0. It depends on the boundary conditions
and obeys to ρ1/2v = −∇Φ with ∆Φ = 0. For a spherical
terminal shock, the most general solution of this equation
is:

Φ=
∑

m,n

((
r

RTS
)n[Am,nY

c
m,n(θ, φ) +Bm,nY

s
m,n(θ, φ)](20)

+(
RTS

r
)n+1[Cm,nY

c
m,n(θ, φ) +Dm,nY

s
m,n(θ, φ)])(21)

with n ∈ [0,∞] and m ∈ [0, n]. In this axisymmetric
geometry, the boundary condition at infinity implies that

lim
r→∞

∇Φ = −ρ1/2
ismvpsr(cos θer + sin θeθ) (22)

and close to the terminal shock:

lim
r→RTS

∇Φ = −ρ2wv2wer (23)

This leads to the following potential:

Φ = ρ
1/2
ismvpsrRTS cos θ(

R2
TS

2r2
+

r

RTS
) +

R2
TSρ

1/2
2w v2w

r
(24)

Using the definition of the compression ratio Y =
ρ2w/ρ1w = v1w/v2w ∼ c/v2w and the fact that the up-
stream ram pressure ρ1wv

2
1w ∼ ρismv

2
psr in a low σ1 case,

one gets the velocity components:

vr =
c

Y
[Y 1/2 cos θ(

R3
TS

r3
− 1) +

R2
TS

r2
] (25)

vθ =
c sin θ

Y 1/2
[
R3

TS

2r3
+ 1] (26)

The resulting velocity field map is presented in Figure
2 for a Lorentz factor Γ1 = 106 and σ1 ∼ 0.001. Close
to the terminal shock, the wind velocity is ∼ c/3 since
the compression ratio Y reaches its maximum value 3
for low magnetization. It remains highly relativistic over
the whole region observed by XMM. The velocity field in
the tail region behind the pulsar is rather uniform and
cannot account for a sharp tail feature near the contact
discontinuity, nor a hollow region just behind the pulsar.
The velocity is maximum on the sides of TS, from co-
latitudes θ = 70◦ to approximately 150◦.
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Fig. 2.— Map of the velocity field (in m/s) in the shocked
wind of Geminga for an upstream Lorentz factor Γ1 = 106 and a
magnetization parameter σ1 = 0.001.

To solve for the downstream magnetic field, we use the
induction equation:

∇× (v ×Bφeφ) = ∇× (
Bφ

r sin θ
)(r sin θv × eφ) = 0 (27)

with the triple vector product relation and the incom-
pressibility assumption :

∇(
Bφ

r sin θ
) ×∇Ψ = 0 (28)

where we have used the fact that

∇× (r sin θv × eφ) = 0 (29)

to make the substitution

∇Ψ = (r sin θv × eφ) (30)

This is a very useful substitution because Ψ is a stream-
line constant (v.∇Ψ = 0). Taking the scalar product of
eφ with (29) gives :

∂

∂r
(
Bφ

r sin θ
)
∂

∂θ
Ψ =

∂

∂θ
(
Bφ

r sin θ
)
∂

∂r
Ψ (31)

The jacobian of (Ψ, Bφ/r sin θ) is zero, so we can write:

BΦ

r sin θ
= f(Ψ, φ) (32)

BΦ being independent of Φ we can assume that
BΦ/(r sin θ) is constant along a streamline. Ψ can be
solved explicitly by writing out the components and
integrating ∂Ψ/∂r. Differentiation with respect to θ
uniquely determines Ψ as:

Ψ =
c

Y
[R2

TS cos θ +
1

2
Y 1/2(r2 − R3

TS

r
) sin2 θ] (33)
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Bφ is thus given by

BΦ = Y B1w
r sin θ

RTS
(34)

The magnetic field therefore varies with the ratio be-
tween the lateral distance to the axis and the terminal
shock radius. It is maximum all along the contact discon-
tinuity. Its strength is displayed in Figure 3 for a Lorentz
factor Γ1 = 106 and σ1 = 0.001. One can see that the
advected field builds up within ∼ 0.15 pc from the con-
tact discontinuity, preferably behind the pulsar. Values
as high as 0.5 nT are found in this region which corre-
sponds to the tail location. For a synchrotron break in
hard X rays above 10 keV, they imply maximum particle
energies higher than 320 TeV in the wind. The wound-
up field leaves a 0.01 pc wide region with low field along
the axis behind the pulsar.
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Fig. 3.— Map of the magnetic field (in Tesla) in the shocked
wind for an upstream Lorentz factor Γ1 = 106 and a magnetization
parameter σ1 = 0.001.

5.3. Downstream wind energy and synchrotron radiation

Adiabatic losses and synchrotron losses dominate in
the downstream wind. To be consistent with the above
MHD solution, we will approximate the adiabatic losses
as those of a three dimensional relativistic gas with an
adiabatic index 4/3. A more accurate description might
be to assume first invariant conservation with E2 sin2 δ
proportional to B, where δ is the local pitch angle.
Anisotropies can, however, be relaxed by wave turbu-
lent pitch-angle scattering on time scales shorter than
the flow time so that first invariant conservation overes-
timates the anisotropy. For an incompressible flow, the
evolution of a particle energy along a streamline Ψ, av-
eraged over an isotropic distribution of pitch angles, is
governed by:

dE

dt
= −1

3
E∇.−→v − 4

3
σT c

E2

m2
ec

4

B2

2µ0
(35)

for an isotropic distribution of pitch angles and with σT

the Thompson cross-section. For a steady and incom-
pressible flow we obtain:

vs
∂E

∂s
= −2

3
σT c

E2

m2
ec

4

B2
s

µ0
(36)

In this equation s is the curvilinear coordinate and vs =
√

v2
r + v2

θ is the velocity along the streamline. It can be

integrated to lead:

1

E
−

1

ETS
=

1

E∞

with
1

E∞

=

∫ s

0

2σTB
2
sds

3µ0m2
ec

3vs
(37)

E∞ is the maximum possible energy at location (Ψ, s).
The particle spectrum at the terminal shock is assumed

to be a power law with a spectral index αe ∼ 2.2. This
value is predicted from simulations of particle accelera-
tion at relativistic shocks ?? and it is consistent with ob-
served low-energy spectra, for which synchrotron cooling
has not altered the population energy distribution. The
power-law mass spectrum and total mass density are re-
lated by :

ρ2w = K(αe, Emin, Emax)

∫ Emax

Emin

E−αedE (38)

where K(α,Emin, Emax) is the normalization factor and
Emin and Emax are respectively the minimum and max-
imum particle energies.

As we have seen in section 4, it is unlikely that Fermi
acceleration at TS can produce the highest energies re-
quired by the observations for σ1 << 0.1. Following ?,
we will use the total electric potential available across
the open magnetosphere of the pulsar as an upper limit:

Emax = eΦopen =
B∗Ω

2R3

2c
∼ 3.8× 1014 eV (39)

One should note that this value is quite close to the max-
imum energies required by the observations! The mini-
mum energy is then given by energy conservation ?:

Emin =
3√
18

αe − 2

αe − 1
Γ1wmec

2 (40)

From the conservation of the particle number flux and
equation 37, we can obtain the particle distribution func-
tion f(E, s, ψ) anywhere in the shocked wind:

f(E, s,Ψ) =
ρ1wK(αe)

E2
(
1

E
−

1

E∞

)αe−2 (41)

To get the volume energy density, we assume that all the
synchrotron radiation emitted by a particle of energy E
is concentrated at its critical energy ES given by:

ES(E) =
3heBc2E2

4π(mec2)3β
(42)

The volume energy density follows as:

ES .j(ES) = ps[1−(
ES

δs
)1/2 1

E∞

]αe−2(
δs
ES

)(αe−2)/2 W.m−3

(43)
with :

ps =
16πρ1wK(αe)σT cβ

2B2

12m2
ec

4µ0
and δs =

3heBc2

4π(mec2)3β
(44)

After integration along the line of sight, we obtain the
synchrotron map which is displayed in Figure ?? for a
Lorentz factor Γ1 = 106 and σ1 = 0.001. Two tails ap-
pear from the sides of TS and trail behind the pulsar with
little brightness variations along the tails after they have
left the TS vicinity. They result from the combination of
larger velocities on the sides of the terminal shock and of
larger field near the contact discontinuity. Their lateral
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width of ∼ 0.015 pc is quite consistent with the observed
one of ∼ 0.02 pc in X-rays. Their maximum brightness
at TS cannot be resolved by XMM from the pulsar emis-
sion. It is not visible in the Chandra image on the sides of
the inner jet because of the lack of statistics in the short
exposure ?. The total spectrum is shown in Figure ??.
Given the limitations of the present model, it appears to
be consistent with the XMM data, so the field amplifi-
cation near the CD and residence times larger than the
diffusive ones are key to producing the right amount of
emission.
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Fig. 4.— Synchrotron emission map (in Wm−2) integrated along
the line of sight at 4 keV for an upstream wind Lorentz factor
Γ1 = 106 and magnetization parameter σ1 = 0.001.
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Fig. 5.— Synchrotron spectrum for a Lorentz factor γ = 106

and a parameter σ = 0.001.

6. CONCLUSIONS

These analyzes show that inverse Compton emission
from the particles accelerated at the bow shock cannot
account for the X ray flux, so the hard X-ray tails reveal
the presence of very energetic electrons.

For a weakly magnetized (σ ∼ 10−3) wind, particles
with energies higher than 320 TeV are required to ex-
plain a synchrotron cut-off energy above 10 keV in the
average field of 0.5 nT that builds up within 0.01-0.02 pc
of the contact discontinuity. Fermi acceleration at the
terminal shock is not efficient enough to produce these
particles because it is limited by the size of the shocked
region. The Bohm mean free path at the highest ener-
gies is an order of magnitude larger than the wind radial
width. The highest energy particles would also diffuse
out too fast to substantially radiate. We do not expect
them to take advantage of the high turbulence at the
discontinuity to somehow cross it and reach the larger
magnetic field in the shocked interstellar gas because the
images of the Mouse and of the Black Widow do not show
X-ray emission in this part. Their cometary X-ray tails
are clearly confined well inside the bow shock bound-
aries. The lower limit we derive for the highest energies
is very close to the full electric potential available across
the pulsar open magnetosphere. The simple force-free
wind model that has been developed shows that advected
particles with this high-energy cut-off can reproduce the
observations both in flux, as illustrated in Figure ??, and
in shape (Figure ??). It predicts two tails 0.05-0.06 pc
apart, each with a lateral thickness of ∼ 0.015 pc, that
trail on the sides and behind the pulsar. This morphol-
ogy is consistent with the apparent 0.09 pc separation
and 0.02 pc thickness of the X-ray tails.

For larger σ values of order 0.1 or more, Fermi accel-
eration at the terminal shock and Bohm diffusion down-
stream remain marginally possible, although pushed to
their limit. The highest particles energies would be closer
to 180 TeV and the corresponding mean free path com-
parable to the shocked wind radial thickness. Particle
diffusion as well as a more uniform magnetic field dis-
tribution in the shocked flow at large σ would certainly
reduce the contrast between the tails and the region be-
tween them. High-resolution Chandra images are needed
to confirm the tail sharpness. A detailed simulation of
the synchrotron radiation from diffusing charges in the
bow shock configuration is needed to test whether their
synchrotron radiation is bright enough or if they leave
the system too fast. The lack of detectable X-ray signal
between the tails could also serve to test this scenario.
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K6(65�I1H�C�K6(65�5�=>5�2S*QP+.>(+.�7�9E(65rA+9E(6K+78H�CD.>5�F&?1(65�A+.>(+H80U,E(65�I1H�C�K	M>()?1(Jm�=>(+9Em�=>(65�K6(+.37	2S,/.>(65�?1()��(<~@T1�#;sA+78=>?1(
?1(GK6(65�CDyO¨«(+7�5�2�?1(@I19/=>5�?1(65�2SI1I19/,EKh2S78,ECD.>5�?O,/H�(6K+7�(65X?>2S.>5�?1(65�?1CD*G2S,/.>(65�2S=178H�(65�m3=>(@9<;a2D5878H�CDI1M�NL5�,Em3=>(
7�(+9�m3=>(�9R2BI1M3NO58,Em�=>(�?1(65�I19R2D58*G2D5 n 9R2)I1M3NO58,Em3=>(:?1(65�Io2SH878,EK+=19E(65 n 2S,/.>58,�m3=>(r9R2�I1M3NO58,Em�=>(r.3=>K+9EAh2S,/H�(UTO^�.�#>.
2hv�(6K-9<;a26v�P+.>(+*Q(+.�7&?1(@7�A+9E(65	K6CDI�(65)� (+7

γ
?1(@Mo2S=17�(65)H�A65	CD9/=178,ECD.>5�9E(+=1H�5�CDy>5�(+H8vU2S78,ECD.>5�5�CD.�7X?1(@I19/=>5�(+.

I19/=>5�.>CD*�y1H�(+=>5�(65hTO��CD=1H�7�CD=17�(BK6(65�H	2S,E5�CD.>5�K6(65�v�(+.37�5�H�(+9R2S78,/vL,E587�(65�58=>5�K+,/7�(+.�7r2S=D¨8CD=1H�?\; M3=1,\=1.�,/.37�A+H ¬ 7�?1(
I19/=>5:(+.�I19/=>5�0UH	2S.>?�2S=|5	(+,/.�?1(B9R2-K6CD*-*X=1.o2S=17�A�5�K+,E(+.378,$#om�=>(UT

�)2S.>5�K6(+787�(|78M>P65�(�.>CD=>5G.>CD=>5q5�CD*-*Q(65G,/.�7�A+H�(65�5�A654F£K6CD.�78H	2S,/.>?OH�(Y9E(65G*QC�?1P+9E(65�?\;a2DK6K6A+9EA+H	2 �
78,ECD. ?1(4Io2SH878,EK+=19E(65�2S=¯5�(+,/.¯?1(�K6(65GCDyO¨«(+7�5-Io2SHG=1.>(�A+78=>?1(�7	2S.37Q78M>A6CDH8,Em�=>(|m�=W;sCDy>5�(+H8vU2S78,ECD.1.>(+9/9E(UT��k2
K6CD*-I19EA+*Q(+.�7	2SH8,/7�AG?1(&K6(65B?1(+=Oz�7¦NLI�(65B?1(&78H	26vU2S=Ozf(65�7J(65�5	(+.378,E(+9/9E(&I�CD=1HJ9R2Gy�CD.1.>(@K6CD*-I1H�A+M>(+.>58,ECD.£?1(65
.>A+y1=19E(+=>5	(65X?1(&I1=19E5	2SH�5�(+7)?1(65)I1H�CLK6(65�58=>5JI1M3NO58,Em�=>(65�5h; Nf?1A+H�CD=19R2S.37hTW�W(65�.>A+y1=19E(+=>5�(65)I1H�A65�(+.�7�(+.37�7�CD=17
?\;a2Sy_CDH�?Q=1.>(�0�A6CD*QA+78H8,E(�K6CD*-I19E([z1(r� CDH8*QA6(�?\; =1.�¨8(+7#(+7�?\; =1.G7�CDH�(�I�CD=1vU2S.37 ¬ 78H�(:?1A[�eCDH8*QA65x58=1,/vU2S.37#9<;apS0�(
?O=�I1=19E5	2SHX58,xK6(Q?1(+H8.1,E(+H�H�(+.>K6CD.�78H�(G9E(GK�M>CLKG(+.£H�(+7�CD=1H n CD=£y1,E(+.¡2SI1H�P65&26v�CD,/H&78H	26v�(+H�5�AG9R2�K6C�m�=1,/9/9E(G?O=
H�(65�7�(�A+v�CD9/=>(J?>2S.>5�9E(�*-,/9/,E(+=q,/.�7�(+H�587�(+9/9R2S,/H�(UT>V�=1,/vD2S.�7x9R2�H�A+0U,ECD.�K6CD.>58,E?1A+H�A6(:9E(65#I1H�CLK6(65�58=>5�?\;a2DK6K6A+9EA+H	2S78,ECD.
?O, Z\P+H�(+.37hT#w�(65@?1(+H8.1,E(+H�5&I�(+=1v�(+.�7@* ¬ *Q(qCDI_A+H�(+H&5�,/*X=19/7	2S.>A+*Q(+.37Q5�=1H&?1(65�H�A+0U,ECD.>5@58,/*-,/9R2S,/H�(65&H�(+.>?>2S.37
2S9ECDH�5J9E(+=1HJA+78=>?1(X78H�P65J?O,$�GK+,/9E(UT��JCD=>5:I�CD=1v�CD.>5J?O,E5878,/.10U=>(+H)bQ58,/7�(65:I1H8,/.>K+,/Io2S=OzY?\;a2DK6K6A+9EA+H	2S78,ECD.WT\��H�CLK�M>(
?O=¡I1=19E5	2SH&9E(65XIo2SH878,EK+=19E(65&I_(+=1v�(+.37 ¬ 78H�(42DK6K6A+9EA+H�A6(65@2S=Oz Kh2S9ECD787�(65&I_CD9R2S,/H�(65@CD= 9E(q9ECD.10f?1(G9R2�?1(+H8.1,EP+H�(
9/,/0U.>(B?1(:K�Mo2S*-I�CD=1v�(+H87�(UTO^�.378H�(J9E(JK+N�9/,/.>?OH�(J?1(�9/=1*-,EP+H�(J(+7�9E(:K	M>C�K:7�(+H8*-,/.o2S9_9E(�%>=Ozq?1(J��CtN�.�78,/.10-I�(+=17
¬ 78H�(:78H	2S.>5«� A+H�AJ2XK6(65x?1(+H8.1,EP+H�(65�Io2SH�9E(65#H�(6K6CD.1.>([zO,ECD.>5�*G2S0U.>A+78,Em3=>(65�?>2S.>5x9E(�I19R2S.4A6m3=o2S7�CDH8,R2S9<T>w�(65�?1(+=Oz
5�,/7�(65�CD.37xK6CD*-*Q(�58,/0U.o2S78=1H�(�CDy>5	(+H8vD2S78,ECD.1.>(+9/9E(�=1.>(�58,/0U.o2S9>I1=19E5�A�I_CD=1vU2S.37 ¬ 78H�(�K6CD.�78H	2S,/.37�Io2SH#=1.>(�A+78=>?1(
(+.4I_CD9R2SH8,E5	2S78,ECD.WTO��9/=>5�9ECD,/.|2S=�K	M>C�KJ7�(+H8*-,/.o2S9_9E(65�Io2SH878,EK+=19E(65�I�(+=1v�(+.�7�58=1y1,/Hx=1.>(B?1(+H8.1,EP+H�()2DK6K6A+9EA+H	2S78,ECD.
Io2SHX2Sy>5	CDH8I178,ECD. ?1(65)CD.>?1(65�K+NOK+9ECD78H�CD.>5�A+*-,E5�(65BIo2SH)9E(65B,ECD.>5�CD= y1,E(+.£(+.>K6CDH�(@Io2SH)I1H�CLK6(65�58=>5)?1( � (+H8*-,
H�(+9R2S78,/vL,E587�(UT>��CD=1H:K6CD.�78H	2S,/.>?OH�(�K6(65�I1H�C�K6(65�5�=>5r,/9WK6CD.3vL,E(+.37J?1CD.>K�?1(�?O, Z\A+H�(+.378,E(+H�9E(65 !hCD.>(65�A+*-,E5�58,/v�(65hT

��H�CLK�M>(x?O=�I1=19E5	2SH�,/93(6587WI_CU5�58,/y19E(�?1(#K6CD.�78H	2S,/.>?OH�(�K6(65\I1H�C�K6(65	58=>5k(+.XA+78=>?O,R2S.�7�9E(65kI1H�CDI1H8,EA+7�A65�?O=
5�,/0U.o2S9LI1=19E5	AUT � .@?1(65�CD=178,/9E5�9E(65�I19/=>5�I1=1,E5�5�2S.37�5�I_CD=1H�K6(+9R2J(6587�9<;sA+78=>?1(r?1(�9R2�vU2SH8,R2S78,ECD.Q?1(x9R2�I_CD9R2SH8,E5	2S78,ECD.
(+.�I1Mo2D5�(UT�^�.�H	2S,E5�CD. ?1(q9R2�?O,$�GK+=19/7�A�?\; =1.>(�7�(+9/9E(q*Q(658=1H�( n ¨©=>5�m�=W;a2�*G2S,/.37�(+.o2S.37qK6(+787�(�A+78=>?1(�.>(G��=17
2SI1I19/,Em�=>A6(�5�=1H�9E(�wxH	2Sy�(r=1.1,Em�=>(+*Q(+.37�?>2S.>5�9E(65#?1CD*G2S,/.>(65xCDI178,Em3=>( n =19/78H	2)v�,ECD9E(+7 n H	2D?O,ECX(+7�� *QCD=WT��)2S.>5
9E(-?1CD*G2S,/.>(-?1(65BH	2hN�CD.>5

γ n 9R2�?1A+7�(6K+78,ECD.£?\; =1.>(-5�CD=1H�K6(&I�CD9R2SH8,E5	A6(&��=17JI�(+.>?>2S.�7�9ECD.10U7�(+*-I>5),/*-I_CU5�58,/y19E(I_CD=1H|?1(654H	2S,E5�CD.>5�I1H8,/.>K+,/Io2S9E(+*Q(+.�7�7�(6K	M1.1,Em3=>(65hT�^�. ([Z_(+7|2S= ?1(+9RF�?1(£` ]U]¡¥ (¦~ 9R2�9/=1*-,EP+H�(£?1(+vL,E(+.37
?O,$�GK+,/9E(+*Q(+.�7&�eCLKh2S9/,E5	2Sy19E(G(+7�?\;a2S=178H�(65X7�(6K	M1.1,Em3=>(65@5�CD.�7&2S9ECDH�5�H�(6m�=1,E5�(65XI�CD=1H�*Q(65�=1H�(+HX9R2�I_CD9R2SH8,E5	2S78,ECD.
?>2S.>5�K6(-?1CD*G2S,/.>(Q?\;sA+.>(+H80U,E(UT } 2S,E5�26v�(6KQ9<;a26v�P+.>(+*Q(+.37@?1(@7�A+9E(65�K6CDI_(65&w�CD*-I17�CD. K6CD*-*Q(GK6(+9/=1,xF�y�CDH�?
?\; � �J�r^x'B��uJ� n K6(+787�(-A+78=>?1(Q(65�7J*G2S,/.�7�(+.o2S.37�I�CU5�5�,/y19E(UTkw�(65B7�A+9E(65�K6CDI�(65�I�(+H8*Q(+787�(+.�7X(+.£([Z_(+7B0UH	pDK6(GF
9<;a2S.1,E5	CD78H�CDI1,E(q2 !6,/*X=178Mo2S9E(�?1(-9R24?O, Z_=>58,ECD.¡w�CD*-I17�CD.¡(+.378H�(Q?1(+=Oz¢I19R2S.>5�?1A+7�(6K+7�(+=1H�5&?1(-H�(+*QCD.37�(+H@2S=Oz
I1H�CDI1H8,EA+7�A65X?O= K	Mo2S*-I£A+9E(6K+78H8,Em3=>(&,/.>K+,E?1(+.�7�(+7B?1CD.>K-FG9R2qI�CD9R2SH8,E5	2S78,ECD.¢?1(&9<;sCDyO¨8(+7hT�^#. ([Z\(+7B9ECDH�5B?1(&K6(
I1H�CLK6(65�58=>5�9E(65�I1M>CD7�CD.>5�5�CD.37#?O, Z_=>5�A65�I1H8,/.>K+,/Io2S9E(+*Q(+.37�?>2S.>5�9R2J?O,/H�(6K+78,ECD.QI_(+H8I�(+.>?O,EK+=19R2S,/H�(�F:9R2J?O,/H�(6K+78,ECD.
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� � � µ èhg b
?1(@9<;sCD.>?1(QA+9E(6K+78H8,Em�=>(-,/.>K+,E?1(+.37�(UT�u�,/.>58,#(+. *Q(658=1H	2S.37�9R2�*QC�?O=19R2S78,ECD. ?1(@9R2|?O,E5878H8,/y1=178,ECD. ?1(65)I1M>CD7�CD.>5
?O, Z�=>5	A65�5�(+9ECD.�9<;a2S.10U9E(J2 !6,/*�=178Mo2S9_,/9�(6587�2S9ECDH�5�I_CU5�58,/y19E(:?1(�H�(+*QCD.37�(+H�F�9R2)�eH	2DK+78,ECD.�2S,/.>58,_m�=W;aF)9<;a2S.10U9E(J?1(
I�CD9R2SH8,E5�2S78,ECD.WT3wJ;s(6587�?>2S.>5�K6(+787�(rCDI178,Em�=>(�m3=>(�¨6;a2S,1?>2S.>5�=1.&I1H�(+*-,E(+H�7�(+*-I>5�Io2SH878,EK+,/I_ArF:9R2:Kh2S9/,/y1H	2S78,ECD.q?O=
*QC�?1(Xw�CD*-I17�CD.f?1(B9<; ,/*G2S0�(+=1H � j � Vq?\; � �:�r^x')��uJ�#T1�k2-5�(+.>5�,/y1,/9/,/7�A�?1()K6(B*QC�?1(�I�(+H8*Q(+7�F-K6()?1(+H8.1,E(+H
?\; ,/*G2S0�(+H�?1(65�5�CD=1H�K6(65�I_(+H�58,E587	2S.�7�(65��eCDH87�(65�2S,/.>5�,Wm3=>(B?1(65rA+v�A+.>(+*Q(+.37�5:I_CD.>K+78=>(+9E5�7�(+9Wm3=>(B9E(65�'B�:jBTL��2
*QA+78M>C�?1(�?\;a2S.o2S9/NO5�(r?1(65�?1CD.1.>A6(65�v�(+.o2S.37#?1(�K6(+7�,/.>5878H8=1*Q(+.�7#(6587#2D5�5�('!�K6CD*-I19E([zO(UTU��CD=1H#H�A658=1*Q(+H�,/9L�<2S=17
H�(+7�(+.1,/H�m�=W; ,/9k(6587�(65�5�(+.�78,E(+9k?1(�5�CD=>5�78H	2S,/H�(�?1()*G2S.1,EP+H�()78H�P65�I1H�A6K+,E5�()9<;s(+.>5�(+*�y19E(X?1(65�A+v�A+.>(+*Q(+.�7�5:7	2S0U0�A65
K6CD*-*Q(�w�CD*-I17�CD.�*G2S,E5�.>(:9<;sA+7	2S.�7rIo2D5hT �:=o2S.37�FX9R2�I�CD9R2SH8,E5	2S78,ECD. n K6(:*QCL?1(:.>(B5�(+*�y19E(BIo2D5�,/.>?O=1,/H�()?1(
� 2S=>5	5�(65�H�A+I_CD.>5�(65B?>2S.>5�9R2q?O,E5878H8,/y1=178,ECD.¢?1(65JA+v�A+.>(+*Q(+.37�5�?O, Z_=>5�A65hT � 9�?1CD.1.>(&?1(XI19/=>5JI�CD=1HJ=1.>(�5	CD=1H�K6(
I�CD9R2SH8,E5	A6(�F èh]U]

%
=1.��<2DK+7�(+=1H�?1(B*QC�?O=19R2S78,ECD.YI1H�C�K	M>(�?1( ] TabOT

^#. 2SI1I19/,Em�=o2S.37QK6(+787�(�*QA+78M>CL?1(�2S=¡I1=19E5�2SH&?O=�wxH	2Sy_( n 9R2�I_CD9R2SH8,E5	2S78,ECD.¡��=17@A+78=>?O,EA6(�?>2S.>5 é
yo2S.>?1(65X(+.¢I1Mo2D5�( � 9E(65�?1(+=Oz¢I1H�A � I1=19E5�(65qce� è (+7��k`�l n 9E(65�?1(+=Oz¢I_CU587 � I1=19E5�(65X2S,/.>58,�ce� è (+7X��`�lBm�=>(@9R2
!hCD.>(4CSZ � I1=19E5�(¢c )J�xl&(+7@9<; ,/.�7�(+H8I1=19E5�( cej�l[T�^�.�2SI1I19/,Em3=o2S.�7-=1. 7�(6587-587	2S78,E5878,Em�=>(4?1(��J26NL9E(+,/0UM¯2 #>.¯?1(
*Q(658=1H�(+H�9R2�I1H�CDyo2Sy1,/9/,/7�AB?\; =1.>(:7�(+9/9E(J?1A+7�(6K+78,ECD. n =1.>(:I�CD9R2SH8,E5�2S78,ECD.G�e=17�?1A+7�(6K+7�A6(B?>2S.>5x9E(65�I1Mo2D5�(65 )J� n j n
� è (+7��k`OT\^�. H�(+vD2S.>K	M>(Q?>2S.>5)9E(65BI1Mo2D5�(65�� è (+7���` n 9R245	CD=1H�K6(@.>(-5�(+*Xy19E(-Io2D5 ¬ 78H�(@I�CD9R2SH8,E5�A6(UTkw�(+787�(
vD2SH8,R2S78,ECD.¢(6587)(+.£2DK6K6CDH�?£26v�(6K&9E(65)A+78=>?1(65�2S.�7�A+H8,E(+=1H�(65X([Z\(6K+78=>A6(65)(+. CDI178,Em�=>(-2S,/.>58,�m3=W;s(+. =19/78H	2hv�,ECD9E(+7hT
�)2S.>5:9E(@?1CD*G2S,/.>( )J� 9<;a2S.10U9E(@*Q(658=1H�A@(6587BI1H�CLK�M>(@?1(

126◦
K6(@m3=1,�K6CD.�#>H8*Q(@9E(65B*Q(658=1H�(65:� 2S,/7�(65)?>2S.>5

?\;a2S=178H�(65@?1CD*G2S,/.>(65&?1(q9ECD.10U=>(+=1H�5@?\;sCD.>?1(65@I�CD=1H�9E(GI1=19E5�2SH�* ¬ *Q(UT�(+.�H�(+vU2S.>K�M>(�K6(+787�(�vD2S9E(+=1H&(6587@(+.
K6CD.378H	2D?O,EK+78,ECD. 26v�(6K)9<;a2S.10U9E(�?1(BI_CD9R2SH8,E5	2S78,ECD.�*Q(658=1H�A)5�=1H�?1(65�?O,E587	2S.>K6(65�2S.10U=19R2S,/H�(65�I19/=>5�0UH	2S.>?1(65�I_CD=1H
9R2-.>A+y1=19E(+=>5�(&?\;s(+.3vL,/H�CD.

152◦
Toj�,E(+.Ym�=W;a26N32S.�7B=1.>(�H�A65�CD9/=178,ECD.¢2S.10U=19R2S,/H�(X,/.>5�=��G5	2S.37�(�I�CD=1HJ5�A+Io2SH�(+HJ9E(

I1=19E5	2SH-?1(�5	2Y.>A+y1=19E(+=>5�( n 2S=Oz�A+.>(+H80U,E(65G2S=OzOm�=>(+9/9E(65Q(6587-CDy>5�(+H8v�A49<;sCDyO¨8(+7QKU;s(6587GFf?O,/H�(�(+.378H�(Y` ]U]f¥ (<~
(+7 �U]U]�¥ (¦~ n 9E(65@Io2SH878,EK+=19E(65-.>(�I_(+=1v�(+.37Q5�(q78H�CD=1v�(+HGFf?1(�0UH	2S.>?1(65-?O,E587	2S.>K6(65Q?O=�I1=19E5	2SHQFfKh2S=>5�(4?O=
v�,E(+,/9/9/,E5	5�(+*Q(+.37r58NL.>K�M1H�CD78H�CD.WT ):.�CDy>5�(+H8v�(J?1CD.>K:.>CD=>5r2S=>5�5�,�?1(65�H�A+0U,ECD.>5rK6(+.378H	2S9E(65�2S=OzGMo2S=17�(65�A+.>(+H80U,E(65
K6()m3=1,W([zOI19/,Em�=>(+H	2S,/7�9R2@vU2S9E(+=1H�?1(B9<;a2S.10U9E()78H�CD=1v�A6(UT �:=o2S.�7JF&9R2&vU2S9E(+=1H�?1()9R2��eH	2DK+78,ECD.|78H�CD=1v�A6( n (+9/9E(�(65�7
9EA+0�P+H�(+*Q(+.37�58=1I_A+H8,E(+=1H�(B2S=OzGvD2S9E(+=1H�5rFX?1(65�A+.>(+H80U,E(65�I19/=>5xyo2D5�5�(65 n K6(Jm3=1,�(6587r2S,E5�A+*Q(+.37rK6CD*-I1H�A+M>(+.>58,/y19E(
?O=¡� 2S,/7-m�=>(q9E(65@I1H�CLK6(65�58=>5-?\;sA+*-,E5	58,ECD.¯Ff.>CU5-A+.>(+H80U,E(65-5�CD.37-I1H8,/.>K+,/Io2S9E(+*Q(+.�7G.>CD. 78M>(+H8*-,Em�=>(65Q(+7-?1(
K6(��<2S,/7J,/.>?O=1,E5�(+.37)=1.>(&I_CD9R2SH8,E5	2S78,ECD. I19/=>5:0UH	2S.>?1(UT_�k2�?O,E5�5�N�*QA+78H8,E(@CDy>5�(+H8v�A6(@(+.378H�(&9E(65JH�A+0U,ECD.>5)� (+7B�
.>CD=>5-,/.>?O,Em�=>(�I�(+=17 ¬ 78H�(�m3=>(4.>CD=>5Q5	CD*-*Q(65Q(+.¯I1H�A65�(+.>K6(|?\; =1.¯([Z\(+7GKh2S=>5878,Em�=>(UT�w�(+7G([Z\(+7-I�CD=1H8H	2S,/7
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