
High order radiative orretions for unpolarized eletron protonelasti sattering at low Q2E. A. Kuraev, Yu. Bystritsky, S. Bakmaev, and V. V. BytevJINR-BLTP, 141980 Dubna, Mosow region, Russian FederationE. Tomasi-GustafssonDAPNIA/SPhN, CEA/Salay, 91191 Gif-sur-Yvette Cedex, Frane(Dated: May 18, 2008)AbstratWe investigate the e�et of high order radiative orretions in unpolarized eletron proton elas-ti sattering and ompare with the alulations at lowest order, whih are usually applied toexperimental data. We show that higher order terms play a role, starting from values of the mo-mentum transfer squared, Q2, larger than the eletron mass. Partiular attention is devoted to the� dependene of radiative orretions.PACS numbers:
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I. INTRODUCTIONPresently, muh attention is devoted to eletromagneti nuleon form fators (FFs) due inpartiular, to new experimental opportunities to extend their measurement at large momen-tum transfer and/or to ahieve larger preision in the full kinematial region. In partiularthe possibility to apply the polarization method [1℄ allowed a measurement of the eletriFF up to a value of the momentum transfer squared of 5.8 GeV2 [2℄.In reent works [3, 4℄, it was shown that high order radiative orretions (RC) should beproperly taken into aount as they may hange the size of the observables as well as theirdependene on the relevant kinematial variables.In this paper we investigate in detail the e�et of high order radiative orretions, alu-lated by the lepton struture funtion (LSF) method [5℄, and ompare them to �rst orderalulations. We fous in partiular to the region of low momentum transfer. The struturefuntion method was developed in Ref. [5℄ and suessfully applied in di�erent proesses([4℄ and refs therein) and allows to alulate high order RC with a preision of 0.1%.The main ontribution to high order terms, in ep elasti sattering, is due to large log-arithm ontributions, i.e., suh ontributions whih ontain log(Q2)=m2e (me is the eletronmass). One an see that, already at Q2 � 1 GeV2, suh terms beome large (� 15) partiallyompensating the fator �=� whih aompanies the emission of an additional photon.The importane of the low Q2 region is related in partiular to the high preision parityviolating experiments whih ahieve a 10�6 preision on the observables (ppm). A preisedetermination of the eletromagneti FFs is extremely important in order to derease theerror on the strange nuleon FF. Measurements at JLab [6℄ and Mainz [7℄, based either onthe polarization method or on the Rosenbluth separation have been reently done or are inpreparation.In order to extrat preise information on the hadron struture, it is neessary to arefullyorret the eletron blok for the emitted photons. This is espeially true when the exper-iment is not fully exlusive, but also in this ase, radiative orretions have to be appliedwithin the aeptane and the resolution of the detetion.We ompare the e�ets of higher order RC to the alulation of Maximon and Tjon [8℄(partly rederived in Ref [4℄). The work of Ref. [8℄ is based on a �rst order alulation of RC,whih improves the lassial work of Mo and Tsai [9℄, used in most of the analysis odes for2



elasti and inelasti sattering. It will be quoted below as (MT).In Setion I, the LSF formalism is briey realled, and the relevant expressions are givenand disussed. In Setion II the main results will be presented. The di�erent terms willbe ompared in �rst and higher order alulations. In Conlusions we do a brief summary,omment the ontribution of inelasti hannels, and stress the importane of inluding highorder RC in the odes for the experimental analysis.II. FORMALISMThe di�erential ross setion for ep elasti sattering in one photon approximation anbe expressed as a funtion of two kinematial variables, Q2 and �, the four momentum Q2and the polarization � of the exhanged virtual photon, in the form:d�d
(Q2; �) = �M��(1 + �)�red(Q2; �); �red(Q2; �) = �G2M(Q2) + �G2E(Q2); (1)with �M = Z2�2 os2(�=2)4E2 sin4(�=2) ; Q2 = �4EE 0 sin2 �2 ; � = Q24M2 ; 1� = 1 + 2(1 + �) tan2 �2 : (2)where �M is the Mott's ross setion for eletron sattering on point-like partiles, and thenuleon struture is desribed by the form fators, GE andGM . The kinematial variables areexpressed as a funtion of the inident(�nal) eletron energy E (E'), the eletron satteringangle �. Eqs. (1,2) hold for elasti eletron sattering on any hadron, with appropriatevalues of the mass and the harge of the hadron M , Z.It is known [10℄ that the proess of emission of hard photons by initial and satteredeletrons plays a ruial role, whih results in the presene of the radiative tail in thedistribution on the sattered eletron energy. The LSF approah extends the traditionalalulation of radiative orretions [9℄, taking preisely into aount the ontributions ofhigher orders of perturbation theory and the role of initial state photon emission. The rosssetion an be expressed in terms of LSF of the initial eletron and of the fragmentationfuntion of the sattered eletron energy fration:d�LSF (Q2; �) = Z 1z0 dzD(z; �)d~�(Q2z; �z)�1 + ��K� ; with d~�(Q2z; �z) = d�B(Q2z; �z)j1� �(Q2z)j2 ; (3)where d~�((Q2z; �z), in shifted kinematis, is the Born ross setion divided by the orretiondue to the vauum polarization. The z-dependent kinematial variables, taking into aount3



the hange of the eletron four momentum, due to photon emission, Q2z, �z are alulatedfrom the orresponding ones (Eq. ( 2)), replaing the initial eletron energy E by zE, whihis the energy fration arried by the eletron after emission of one or more ollinear photons.We used for simpliity the notation d� for the double di�erential ross setion: d�LSF;B =(d�LSF;B=d
)LSF;B, for Born approximation (B) and radiatively orreted (LSF ). The lowerlimit of integration, z0, is related to the 'inelastiity' ut, , used to selet the elasti data,and orresponds to the maximum energy of the soft photon, whih esapes the detetion:z0 = �� (�� 1) ; (4)where � is the reoil fator � = 1+ (E=M)(1� os �) and y = 1=� is the fration of inidentenergy arried by the sattered eletron. In terms of �, one an write Q2 = 2E2(1� os �)=�.In Eq. (3) the main role is played by the non singlet LSF:D(z; �) = �2 ��1 + 38�� (1� z)�2�1 � 12(1 + z)� (1 +O(�)) ; (5)� = 2�� (L� 1); L = ln Q2m2e ; (6)me is the eletron mass. Partiularly important is the quantity L, alled, large logarithm,whih is responsible for the large size of the term related to the LSF orretion.The integration in Eq. (3) requires a areful treatment, as D(z) has a singularity forz = 1. So the integration of any funtion � gives (see Appendix A in [4℄):I = Z 1z0 D(x)�(x)dx == �(1) �1� �4 �2 ln 11� z0 � z0 � z202 ��+ �4 Z 1z0 dx1 + x21� x [�(x)� �(1)℄ +O(�2): (7)The fator 1+ (�=�)K an be onsidered as a general normalization. It has been alulatedin detail for ep elasti sattering in Ref. [4℄ and the term K is the sum of three ontributions:K = Ke +Kp +Kbox: (8)Ke is related to non leading ontributions arising from the pure eletron blok and an bewritten as [5, 10℄:Ke = ��26 � 12 � 12 ln2 � + Li2(os2 �=2); Li2(z) = � Z z0 dxx ln(1� x): (9)4



The seond term, Kp, onerns the emission from the proton blok. The emission of virtualand soft photons by the proton is not assoiated with large logarithm, L, therefore the wholeproton ontribution an be inluded as a Kp fator:Kp = Z2� ��12 ln2 x� lnx ln[4(1 + �)℄ + lnx�(lnx� �) ln� M24E2(1� )2�+ � � Li2 �1� 1x2�+ 2Li2 ��1x�+ �26 � ; (10)with x = (p1 + � +p� )2, � = p1�M2=E 02 and E 0 = E(1 � 1=�) +M are the satteredproton veloity and energy. The ontribution of Kp to the K fator is of the order of -.2%for  = 0:99, E = 21:5 GeV, Q2=31.3 GeV2 [8℄, and it is almost onstant in �.Lastly, Kbox represents the interferene of eletron and proton emission. More preiselythe interferene between the two virtual photon exhange amplitude and the Born amplitudeas well as the relevant part of the soft photon emission i.e., the interferene between theeletron and proton soft photon emission, may be both inluded in the term Kbox. Thesee�ets are not enhaned by large logarithm (harateristi of LSF) and an be onsideredamong the non-leading ontribution, whih represents an �-independent quantity of theorder of unity, inluding all the non-leading terms, as two photon exhange and soft photonemission.In order to make omparison with existing alulations of RC, it is onvenient to expressthe orretions alulated with the LSF method, Æ in the form:d�LSF (Q2; �) = d�B(Q2; �)(1 + Æ); (11)where 1 + Æ = 1j1� �(Q2)j2 �1 + �2� (L� 1) ���2 ln� 11� z0�� z0 � z202 �+Z 1z0 dz1 + z21� z �d~�B(Q2z; �z)d~�B(Q2; �) � 1��+ ��K:� (12)Let us ompare these di�erent terms with the orresponding alulation from Ref. [8℄,whih has removed or softened some drasti approximations previously used in [9℄. Theinterferene between the box and the Born diagram was inluded (partially within the softphoton approximation) as:Æbox = 2�� Z �� ln � ln� �q2x(2��E)2�+ Li2 �1� �x�� Li2�1� 1�x�� ; (13)5



where �E = E 0(1�) is the maximum energy of the soft photon, allowed by the experimentalset-up. The radiation from the eletron, in the leading order approximation, inludingvauum polarization, was expressed asÆel = �� �136 L� 289 � (L� 1) ln � 4EE 0(2��E)2�� 12 ln2 �+ Li2 �os2 �2�� �26 � : (14)III. RESULTS AND CONCLUSIONSIn the LSF alulation, the main ontribution omes from those terms, whih inludehigher order orretions, whereas all the terms whih do not ontain large logarithm areexpeted to be suppressed and inluded in the K-fator.In Fig. 1 the results for the alulation of di�erent radiative orretions for Q2=0.2 GeV2are shown. Thik lines orrespond to the LSF method and thin lines orrespond to MT [8℄.The solid line is the sum of the di�erent terms. A large di�erene an be already seen atsuh small value of Q2, both in the values and in the slope of the ross setion.Let us ompare the di�erent terms.The orretion from the proton (dash-dotted line) is basially the same, in both alula-tions (Eq. 10). It is small and � independent.For both methods, the largest ontribution is due to the radiation from the eletron.However, in the LSF method, the main orretion is due to the eletron radiation ( dash-dotted line), whereas the orretions from the eletron whih do not ontain large logarithmand are alulated in the Ke fator, whih is small (dashed line), with a small � dependene.The eletron emission from the MT alulation, Eq. (14) is shown as a thin, dashed line,and orresponds to the largest ontribution to RC. In the LSF method, the emission fromthe initial eletron is taken into aount. For the �nal eletron emission, it has been assumedthat the full energy is deteted (for example, if the eletron is deteted in a alorimeter) orthat the eletron energy is not measured at all: in these ases, due to the properties of LSF,the ontribution for �nal emission is unity.For the LSF alulation, here we take Kbox = 0. In Refs. [4, 16℄ it was shown that thisterm was small, and with small � dependene.In the MT alulation, the interferene between the box and the born diagram (thin,blakdash-dotted line) has a positive slope, and a large � dependene (Eq. 13). Therefore it is thisterm whih is responsible for the fat that the slopes of the �nal orretions as a funtion6



of � (thin and thik solid lines ) have opposite signs in the LSF and MT alulations.When applied to the experimental ross setions, this will be reeted in a hange of slopeof the redued ross setion, as a funtion of �, and the eletromagneti FFs extratedfrom the Rosenbluth method will be di�erent. In Ref. [4℄ it has been shown that theLSF orretions ould bring into agreement the FFs extrated by the Rosenbluth and thepolarization methods.In Fig. 2 the di�erent ontributions to RC are shown for Q2=1 GeV2, as a funtion of�. The general behavior of the di�erent terms is essentially similar as in Fig. 1, but thenumerial values of the radiative orretions are larger and the e�et of higher orders moresizable. Numerial values may di�er up to a fator of three, and this fator depends on �and Q2.In Fig. 3 the results are shown in ase of Helium target, at Q2=0.8 GeV2.To summarize, the main di�erene between the size of RC from the two alulationsshould be attributed to the fat that in the present appliation of the LSF method, thepartition funtion of the �nal partile is taken as unity, whih is the ase in an experimentwhere one an not separate events orresponding to an eletron and to an eletron and aphoton with the same total energy. The di�erene between the slopes of the orretions tothe ross setion as a funtion of � depends on the ansatz used to inlude the two photonexhange mehanism.IV. CONCLUSIONSWe have alulated radiative orretions for eletron hadron elasti sattering, at lowQ2, in frame of the LSF method, and ompared to lowest order alulations. Even if aomparison an not be done term by term, as the formalisms are di�erent, we an draw thefollowing onlusions.Radiative orretions by the LSF method are in general of the same sign, negative, butsmaller than for MT, and they have the e�et to inrease the ross setion, when omparedto the alulations at the lowest order. The two alulations should basially agree at thelowest order of PT. The di�erene between the two alulations omes mainly from the fatthat, in this appliation of LSF approah, the ontribution of the �nal emission is unity andthat higher order are taken into aount (in the leading logarithm approximation).7



Let us disuss one of possible soure of non-leading ontributions to elasti-proton sat-tering { the interferene of one and two photon exhange amplitudes. The struture of theproton an be taken into aount by introduing a generalized form fator, whih desribesthe interation of an o�-mass-shell photon with an on-mass-shell nuleon with prodution ofan o�-mass-shell proton or of some inelasti state (set of nuleons, antinuleons, and pions).Arguments of analytiity and gauge invariane an be applied to the Compton amplitude�p ! �p. The integration over the invariant mass of the initial partiles leads to theformulation of "sum rules" and to the statement that the ontributions of one-proton in-termediate state in Compton amplitude and the inelasti ones essentially ompensate eahother [12, 13℄. The relevant ontribution of the interferene of one and two photon exhangeamplitudes an be inluded as a K-fator, and, in the ase of small Q2, it is of the order:K = 1 + �� Q2(3Mp)2 : (15)For these reasons, we neglet this quantity in the present estimation of RC. Moreover, expliitalulations of elasti and inelasti ontributions [14, 15℄, in frame of models, also supportthe statement of the disussed ompensation.The di�erent sign of the slope of RC as a funtion of � omes, in the MT alulation, fromorretions due to the box diagram. We remind that, in this alulation, one photon is softand the other hard, and the orresponding terms are introdued in order to ompensate theinfrared divergene due to soft photon emission. Indeed, it was shown in [11℄ in an exat QEDalulation for e� sattering, that the box ontribution is very small (few thousandth). Onthe other hand, the harge asymmetry, in the reation e++e� ! �++�� an be measurable,of the order of perent, due to the ontribution of soft photon emission. Similar onlusionshold in ase of Helium target.
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FIG. 3: (Color online)Calulation of di�erent radiative orretions for e +4He elasti sattering,at Q2=0.8 GeV2. (notations as in Fig. 1
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