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In high intensity linacs emittance exchange driven by space charge coupling may lead to the well-

known ‘‘equipartitioning’’ phenomenon if the stop band at �k ¼ �? is crossed at sufficiently slow rate.

This Letter is the first experimental evidence of this phenomenon in a high intensity linear accelerator,

here the UNILAC at GSI. Measurements of emittances at the entrance and exit of one drift tube linac tank

comprising 15 lattice cells are taken for a set of transverse and longitudinal tunes. The onset of exchange

on the stop band of previously derived ‘‘stability charts’’ confirms theoretical predictions. The measured

transverse emittance growth also compares well with results from the beam dynamics simulation codes

DYNAMION and TRACEWIN.
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The Universal Linear Accelerator (UNILAC) serves as
injector for the heavy ion accelerator facility at GSI [1]. It
can accelerate all ion species from protons to uranium to an
energy of up to 11:4 MeV=u. In order to cover the wide
range of ion masses, the rf field strengths and the magnetic
quadrupole field strengths can be adjusted depending on
which ion needs to be provided. For the ion 40Ar10þ the full
range of stable transverse zero current phase advances of
up to 180� can be set. This operational flexibility requires
enhanced availability of beam diagnostics devices com-
pared with linacs that need to provide beams of one ion
species only. These two features, along with the stable and
optimized operation of the machine and efforts to mini-
mize initial mismatch, have provided the foundation for
recent successful campaigns for beam dynamics code
benchmarking [2] and for the verification of the 90� space
charge resonance [3,4]. They are equally crucial for the
present experimental study of the space charge induced
4th-order coupling resonance 2�k � 2�? ¼ 0 known as

‘‘resonant equipartitioning’’ or emittance coupling driven
by initial anisotropy [5–8]. The process is collective and
related to the so-called collisionless electrostatic Harris
instabilities in anisotropic uniform plasmas or beams (see
Ref. [9]). Although never demonstrated directly in linac
experiments, avoiding this resonance has become a widely
accepted design constraint for most high intensity linacs
[10–12]. In some other facilities fast crossing is tolerated
[13]. On the other hand, taking advantage of this emittance
coupling by deliberately tuning to the resonance condition
was proposed for the design of radio frequency quadru-
poles [14]. In a related direction the proposal of a priori
‘‘equipartitioned linacs’’ to avoid undesirable emittance
exchange issues was made in Refs. [15,16].

As the longitudinal emittance of the UNILAC is almost
10 times larger than the transverse, the theoretically pre-
dicted emittance coupling should result in a visible in-
crease of the transverse emittance in high current
operation even over a relatively short distance. The experi-
ment was carried out using the first tank of the UNILAC’s
Alvarez-type drift tube linac (DTL) as shown schemati-
cally in Fig. 1. Along this tank ions are accelerated from
1:4 to 3:6 MeV=u using an rf frequency of 108 MHz.
Longitudinal beam focusing is achieved by operating
�30� from rf crest, while transverse focusing uses a quad-
rupolar F-D-D-F lattice. The tank has 63 rf gaps and each
of the 62 drift tubes houses one quadrupole such that the
DTL comprises 15 complete lattice cells. A dedicated
matching section in front of the DTL is used for rms
matched injection into its periodic lattice. Behind the
DTL an additional slit-grid setup for transverse emittance
measurement and a beam transformer for beam transmis-
sion control were used. For the 7.1 mA 40Ar10þ beam the
transverse zero current phase advance �?;o was varied

from 35� to 80�, keeping the longitudinal zero current
phase advance constant at 43�. Accordingly, the depressed

FIG. 1 (color online). Schematic setup of the experiments as
from Ref. [3] (not to scale).
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tune ratio�k=�? was varied from 0.6 to 1.5. The procedure

of setting up the beam up to injection into the DTL includ-
ing the verification of proper rms matching for each value
of �?;o is described in detail in [17]. Using the mismatch

definition of [18] the residual longitudinal mismatch was
estimated as 0.5 and the horizontal and vertical one as 0.1,
respectively. These values are sufficiently low to avoid
transverse rms emittance growth by mismatch, which
was checked by simulation. Beam emittance measure-
ments in front of the DTL revealed normalized rms emit-
tances of 0:15=0:22 mm mrad (horizontal/vertical). The
normalized longitudinal rms emittance was found to be
1:8 mmmrad. Table I shows the resulting transverse tune
depressions as well as the depressed tune ratio for the
applied values of �?;o.

Using these rms emittance values the corresponding
Hofmann stability chart [8] can be created, which has the
given ratio of longitudinal to transverse rms emittances as
free parameter (in Fig. 2 a ratio of 10 is used based on the
average transverse emittances).

The intensity of the blue shaded area in Fig. 2 is pro-
portional to the amount of expected emittance exchange
per unit distance. Note that the main peak is associated—in
the limit of low intensity—with the 4th-order coupling
resonance 2�k � 2�? ¼ 0. Two spurious peaks at 3�k �
�? ¼ 0, respectively 2�k � �? ¼ 0, have negligible ef-

fect [8]. It should be noted that much stronger transverse
tune depression (below 0.5) removes the isolated stop
bands, and emittance coupling results for all tune ratios,
with the exception of very small tune ratios (0:2; . . . ; 0:1),
where the beam becomes increasingly equipartitioned any-
way (it is exactly equipartitioned for a tune ratio approach-
ing the inverse of the emittance ratio [10]).

The beam’s particle distribution in the six-dimensional
phase space at the DTL entrance has been reconstructed as
described in [2] based on the emittance measurements in
front of the DTL. This distribution has been used to cal-
culate the beam’s path within the stability chart with the
simulation code DYNAMION [19]. Figure 2 shows the paths
for various �?;o values. It is noted that the tune trajectory

for �?;o ¼ 44� completely overlaps with the main stop

band, which is fully crossed.
After setting the DTL quadrupoles to the desired phase

advance �?;o horizontal and vertical phase space distribu-

tions have been measured at the DTL exit as shown in
Fig. 3. From the distributions normalized rms emittances
have been extracted. Figure 4 plots the mean of horizontal
and vertical emittance, i.e., ð�rms;x þ �rms;yÞ=2 as a function
of the depressed tune ratio � ¼ �k=�? at the entrance to

the DTL. For � � 0:8 a constant value of the transverse
rms emittance has been measured within the accuracy of
the measurement, which is estimated to be 5%. As �
approaches 1.0 from below, a considerable transverse emit-
tance growth by about 20% with respect to the values
measured for � � 0:8 is observed. For � ! 1:5 the mea-
sured emittance shows a further increase not explained by
the stability chart, while simulation indicates a slight in-

TABLE I. Phase advances at the entrance to the DTL in the
case of zero current and depressed tune ratios for 7.1 mA of
40Ar10þ of an rms equivalent beam with a Kapchinsky-
Vladimirsky distribution.

�?;o (deg) �?=�?;o �k=�?
34.8 0.76 1.55

44.3 0.80 1.14

49.9 0.83 0.98

55.0 0.84 0.87

60.0 0.85 0.79

70.0 0.88 0.65

79.9 0.89 0.56

FIG. 2 (color online). Example of Hofmann stability chart for
emittance ratio 10 and simulated paths of the depressed tunes for
transverse zero current phase advances �?;o of 35�, 44�, 60�,
and 80�.

FIG. 3 (color online). Phase space distributions measured at
the DTL exit for zero current phase advances �?;o of 35�, 44�,
60�, and 80�. Upper panels: horizontal; lower panels: vertical.
The scale is�12 mm and�10 mrad. Fractional intensities refer
to the phase space element including the highest intensity.

PRL 103, 224801 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

27 NOVEMBER 2009

224801-2



crease. This experimental result is in good agreement with
beam dynamics simulations performed with two different
codes, i.e., DYNAMION and TRACEWIN [20]. Experimental
data and simulations agree well on the overall dependence
of the emittance on the tune ratio as well as on the absolute
values. They also reflect the presence of the main stop band
within the stability chart (Fig. 2).

For this reasons we attribute the observed transverse
emittance growth at �k � �? to resonant emittance ex-

change from the longitudinal plane to the transverse plane.
Accordingly, the longitudinal rms emittance should shrink
for the resonance case. The limited space behind the DTL
tank did not allow for measurements of the longitudinal
phase space distribution. Additionally, for intense argon
beams the UNILAC’s total longitudinal emittance at the
DTL entrance exceeds the area of the rf bucket. The
unavoidable rf-bucket overflow causes longitudinal rms
emittance growth during acceleration. This growth is ex-
pected to mitigate the longitudinal emittance shrinking
driven by emittance exchange. As the sum of emittances
is expected to be constant [8] the relative longitudinal
decrease from this source cannot exceed 10%, which
would be hard to measure in any case. Therefore, we
depend on indirect evidence by considering two circum-
stances. (1) Confidence in the results of the applied simu-
lation codes is sufficiently high in order to justify the use of
longitudinal distributions from simulations instead of those
from measurements. (2) Any reduction in rms emittance
should manifest itself as increased phase space density
inside the initial distribution core as long as this core is
small with respect to the rf-bucket area.

We have therefore evaluated the particle current con-
fined within the ellipse having the size of the rms emittance
at the DTL entrance. This evaluation has been done for
each plane separately. To obtain a meaningful value for the
current within a given ellipse area, the ellipse parameters�
and � as well as the ellipse center must be chosen such that

the confined number of particles is at maximum. Figure 5
shows particle distributions from DYNAMION simulations at
the entrance and at the exit of the DTL. Additionally, the
ellipses confining the area corresponding to the rms ellipse
at the DTL entrance are plotted for each plane [in gray
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FIG. 5 (color online). Phase space distributions (u; u0 referring
to the horizontal/left, vertical/center, and longitudinal/right co-
ordinate) corresponding to the �?;o ¼ 60� case from simula-

tions with the DYNAMION code. Top: DTL entrance; bottom:
DTL exit.

FIG. 4. Mean of horizontal and vertical rms emittance at the
DTL exit as a function of the initial ratio of depressed longitu-
dinal and transverse tune � ¼ �k=�?.
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FIG. 6 (color online). Beam current within the initial rms
emittance as a function of position using the DYNAMION code.
Solid lines correspond to the DTL used for the measurements,
while dotted lines indicate results corresponding to a virtually
prolonged DTL.
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(red)]. The amount of particles within these ellipses is a
measure for the phase space density within the distribution
core.

The beam current within the initial rms emittance was
evaluated for each plane as a function of the position along
the DTL beam line. Figure 6 plots the results for four
different tune ratios. In the two transverse planes the core
density decreases along the DTL. The slope of the decrease
increases with the depressed tune ratio. The transverse
decrease is accompanied by the increase of the longitudinal
core density during acceleration as expected from the
beam’s path within the stability chart. This observation is
a strong evidence for emittance exchange from the longi-
tudinal plane to the transverse planes and it agrees very
well with the measurements of transverse emittances. Core
densities at the end of the DTL are plotted in Fig. 7 as a
function of the tune ratio � at the DTL entrance. The final
transverse core density generally decreases as � ap-
proaches 1.0, where it shows a minimum. The longitudinal
density shows the complementary behavior, i.e., a maxi-
mum for �k � �?. In the simulations the DTL was pro-

longed virtually in order to increase the emittance
exchange effect as shown by the dotted lines in Fig. 6.
Comparison of the longitudinal curves for the cases of � ¼
1:5 and for � ¼ 1:1 indicates that the density increase for
� ¼ 1:5 sets in at a later time with respect to the increase
for � ¼ 1:1. This delay follows directly from the paths
within the stability chart showing that the beam related to
� ¼ 1:5 enters the resonance later with respect to the beam
related to � ¼ 1:1.

In summary, we conclude that the experimental obser-
vations jointly with the results from simulations provide
evidence for the existence of resonant emittance exchange
along a high intensity linac. Good agreement was found
with the predictions from the theoretical stability charts,
which are thus experimentally benchmarked as valid de-
sign tools.
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FIG. 7 (color online). Simulated beam currents within the
initial rms emittance at the DTL exit as a function of the initial
ratio of depressed longitudinal and transverse tune �k=�?.
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