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The determinations of the angle α of the unitarity triangle at the B factories are reviewed with
some emphasis on the updated measurement in the B → ρρ decay modes. When combining the
results obtained in the B → ππ, B → ρπ, and B → ρρ modes by both the BABAR and Belle
experiments, a precise measurement of α is obtained: α = (89.0+4.4

−4.2)
◦.

I. INTRODUCTION

A. The angle α

CP violation in the quark sector is explained in the
standard model (SM) through the complex Cabibbo-
Kobayashi-Maskawa (CKM) quark-mixing matrix [1].
A relation due to the unitarity of the CKM matrix,
VudV

∗
ub+VcdV

∗
cb+VtdV

∗
tb = 0, is represented graphically

in the complex plane as the unitarity triangle, shown
in Figure 1.
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FIG. 1: The unitariry triangle and its three angles α, β,
and γ.

The main goal of the BABAR and Belle experiments
is to test the SM explanation of CP violation in over-
constraining the unitarity triangle, by measuring its
sides and its three angles α, β, and γ (also called φ2,
φ1, and φ3 respectively). The angle α = arg(− VtdV ∗

tb

VudV ∗
ub

)
brings into play the two elements of the CKM matrix
which are non real at lowest order: Vtd, involved in
B0B̄0 mixing, whose phase is −β, and Vub, involved
in decays proceeding via a b to u transtion, whose
phase is −γ. So α = π − β − γ can be measured
from CP violating asymmetries in the interference be-
tween mixing and decay in charmless decays of the
neutral B mesons, such as B0 → π+π−, B0 → ρ+ρ−,
B0 → π+π−π0, and B0 → a±1 π∓.
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B. Analyses overview

The BABAR and Belle detectors [2] at the PEP-II
and KEK-B e+e− colliders respectively are very sim-
ilar in design and in performance. Both experiments
have now in hand their final data sample on the Υ(4S)
resonance, about 780 × 106 BB̄ pairs for Belle and
470× 106 BB̄ pairs for BABAR.

The decay modes relevant to measure α have only
pions in the final state. Charged pions are recon-
structed in tracking chambers and identified mainly
with Cherenkov detectors. Neutral pions decay into
two photons reconstructed using the electromagnetic
calorimeter.

The largest background consists of qq̄ (q = u, d, s, c)
continuum events. Event shape variables are used to
separate the jet-like continuum events from the more
spherical BB̄ events. The beam-energy constrained
B-meson mass mB =

√
E2

beam − p2
B and the energy

difference ∆E = EB − Ebeam are powerful kinematic
discriminating variables, peaking respectively for the
signal at the B-meson mass and zero. Ebeam is the
beam energy. EB and pB are the energy and momen-
tum of the reconstructed candidate, all evaluated in
the Υ(4S) rest frame. The discriminating variables
are used as inputs to multi-variable maximum likeli-
hood fits in most analyses presented in this review.

C. Time-dependent CP asymmetry

At the Υ(4S) resonance, BB̄ pairs are produced in
a coherent state. The CP asymmetry is measured as a
function of the difference ∆t between the decay times
of the two B mesons, which in an energy-asymmetric
machine is obtained from the measured distance ∆z
along the beam axis between the two vertices accord-
ing to ∆t = ∆z/βγc. Here c is the speed of light and
βγ, equal to 0.56 in BABAR and 0.425 in Belle, is the
average Lorentz boost of the Υ(4S).

One of the B mesons is fully reconstructed into the
B decay of interest (ππ, ρπ, ρρ, or a1π), while the
other B meson is used to tag its flavor at production
time. Tagging combines different techniques including
the use of semileptonic decays and secondary kaons.

A B0 meson can decay into a given CP eigenstate
f either directly or after having oscillated to a B̄0



2

meson which decays to f . The amplitudes associated
to these two processes are respectively Af and q

p Āf

where q
p ∼ e−2iβ accounts for B0B̄0 mixing. The

resulting CP violation asymmetry as a function of the
proper time difference ∆t can be expressed as:

a(∆t) =
ΓB̄0→f (∆t)− ΓB0→f (∆t)
ΓB̄0→f (∆t) + ΓB0→f (∆t)

= S sin(∆m∆t)− C cos(∆m∆t) (1)

where ∆m is the mass difference between the two neu-
tral B mass eigenstates. The coefficients C = 1−|λf |2

1+|λf |2

and S = 2=(λf )
1+|λf |2 are functions of the ratio of the am-

plitudes with and without mixing λf = q
p

Āf

Af
. C (or

A = −C) measures direct CP violation while S mea-
sures CP violation in the interference between decay
and mixing.

In the simple case of a charmless B0 decay involv-
ing only the b to u tree diagram amplitude, with weak
phase γ, we have λf = e−2iβe−2iγ = e2iα, resulting in
C = 0 and S = sin 2α. A time-dependent analysis of
the CP asymmetry in this mode would give a direct
measurement of α. However other diagrams are in-
volved in charmless decays and in particular the one
loop gluonic penguin diagrams. As the dominant glu-
onic penguin diagram does not carry the same weak
phase as the tree diagram, the extraction of α be-
comes more complex. C is no longer equal to 0 and
S =

√
1− C2 sin 2αeff does not any more measure α

but an effective value αeff .
Additional information is needed to extract α. The

usual method are based on SU(2) symmetry, SU(3)
symmetry, or Dalitz plot information.

D. The isospin analysis

The isospin analysis [3], based on SU(2) symme-
try, allows the extraction of the true value of α by
determining the difference α − αeff . It can be ap-
plied both to the B → ππ and B → ρρ modes with
the advantage in B → ρρ that the ratio of penguin
over tree amplitude is smaller. It relates the ampli-
tudes of all the B → hh (h = π or ρ) decay modes:
A+− = A(B0 → h+h−), A+0 = A(B+ → h+h0),
A00 = A(B0 → h0h0), Ã+− = A(B̄0 → h+h−),
Ã−0 = A(B− → h−h0), and Ã00 = A(B̄0 → h0h0).
Neglecting electroweak penguin diagrams and other
SU(2)-breaking effects and using the fact that the am-
plitude of the pure tree B+ → h+h0 mode is equal to
the one of its charge conjugate process, we obtain the
isospin relations:

A+−
√

2
+ A00 = A+0 = Ã−0 =

Ã+−
√

2
+ Ã00 (2)

FIG. 2: Graphical representation of the isospin relations.

These relations are represented graphically as two
triangles with a common base, shown in Figure 2.
Measuring the length of the sides of the two triangles,
related to the branching ratios of the various modes,
constrains the angle κ+− = 2(α − αeff). As both tri-
angles have two possible orientations, up and down,
the isospin method has a four-fold ambiguity, which
comes in addition to the two-fold ambiguity related
to the fact that only the sine of 2αeff is measured
in the time-dependent analysis of B0 → h+h−. The
four-fold ambiguity can be resolved by measuring the
angle κ00 through a time-dependent analysis of the
color suppressed B0 → h0h0 decay mode.

II. B → ππ DECAYS

The time-dependent CP asymmetry of the B0 →
π+π− decays has been studied by Belle with 1464±65
signal events [4] and by BABAR on the final data sam-
ple with 1394±54 signal events [5]. The measurements
of Sπ+π− and Cπ+π− are summarized in Table I. Both
experiments have observed CP violation in the inter-
ference between decay and mixing in the B0 → π+π−

decays as the Sπ+π− parameter is found different from
0 with a significance of more than 5 σ with a good
agreement between the two experiments. In addition
Belle sees a 5.5 σ effect also for the direct CP vio-
lation parameter Cπ+π− , which is somewhat different
from the BABAR result, at the level of 2 σ, but not
inconsistent with it.

All the B → ππ modes, which are needed to per-
form the isospin analysis, have been measured by
BABAR [5–7] and Belle [8–10]. The results and the
world averages [11] for the branching ratios, as well as
the time-integrated asymmetries are given in Table I.
The branching ratio of B0 → π0π0, whose tree dia-
gram is color supressed, is relatively large, about 30%
of that of B0 → π+π−, thus indicating a large penguin
contamination in B → ππ. The charge asymmetry in
B+ → π+π0 is compatible with 0 as expected.

Using the six observables (the branching fraction of
the three B → ππ modes, Sπ+π− , Cπ+π− , and Cπ0π0)
an isospin analysis is performed to determine the six
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BABAR Belle World average

Result NBB̄ Ref. Result NBB̄ Ref.

Sπ+π− −0.68± 0.10± 0.03 467M [5] −0.61± 0.10± 0.04 535M [4] −0.65± 0.07

Cπ+π− −0.25± 0.08± 0.02 467M [5] −0.55± 0.08± 0.05 535M [4] −0.38± 0.06

Cπ0π0 −0.43± 0.26± 0.05 467M [5] −0.44 +0.62
−0.73

+0.06
−0.04 535M [8] −0.43± 0.25

Aπ+π0 0.03± 0.08± 0.01 383M [6] 0.07± 0.06± 0.01 535M [9] 0.06± 0.05

B(B0 → π+π−) (5.5± 0.4± 0.3)10−6 227M [7] (5.1± 0.2± 0.2)10−6 449M [10] (5.16± 0.22)10−6

B(B+ → π+π0) (5.0± 0.5± 0.3)10−6 383M [6] (6.5± 0.4± 0.5)10−6 449M [10] (5.6± 0.4)10−6

B(B0 → π0π0) (1.8± 0.2± 0.1)10−6 467M [5] (1.1± 0.3± 0.1)10−6 535M [8] (1.55± 0.19)10−6

TABLE I: : Measurements of CP parameters and branching fractions in the B → ππ modes. For each result the statistics
used for the analysis and the reference are given.

unknown parameters and in particular α. For each
value of α, the minimum χ2 in the fit of the isospin
triangles to the measured observables is converted to a
frequentist confidence level (CL), shown in Figure 3.
The already mentionned discrete ambiguities in the
determination of α give several peaks which can be
seen on the plot. The range of values between 11◦
and 79◦ is excluded by Belle at 95% CL and the one
between 23◦ and 67◦ is excluded by BABAR at 90%
CL.

FIG. 3: Constraint on α from the isospin analysis in the
B → ππ modes expressed as 1-CL from (top) Belle and
(bottom) BABAR. (Top) the horizontal solid and dashed
lines correspond to 68% and 95% CL and (bottom) the
dashed line to 90% CL.

III. B → ρρ DECAYS

B → ρρ analyses are experimentally more challeng-
ing than the B → ππ analyses as the final states con-
sist of four pions, including two π0 for the ρ+ρ− mode.
The wide ρ resonance also results in more background.
Finally these vector-vector modes have in principle
three partial waves with mixed CP eigenstates. For-
tunately the B0 → ρ+ρ− mode is nearly 100% longi-
tudinally polarized and consequently it is an almost
pure CP -even state. Besides the B0 → ρ+ρ− branch-
ing ratio is about five times larger than the one of
B0 → π+π−, and the ratio of penguin over tree am-
plitude is smaller. Thus this mode turns out to be
better for constraining α.

A similar time-dependent analysis to that for the
B0 → π+π− mode is performed for B0 → ρ+ρ−,
with the reconstructed masses of the two ρ mesons as
well as their helicity angles θ1,2 as additional observ-
ables, and the fraction fL of longitudinal polarization
as an additional parameter. The angular dependence
of the decay rate is: dΓ

dθ1dθ2
∝ 1−fL

4 sin2 θ1 sin2 θ2 +
fL cos2 θ1 cos2 θ2. Using respectively 576 ± 53 signal
events [12] and 729 ± 60 signal events [13], the Belle
and BABAR experiments have measured the CP pa-
rameters Sρ+ρ− and Cρ+ρ− , given in Table II. The
agreement between the two experiments is good.

The isospin analysis of the longitudinal component
of the B → ρρ modes is then performed. The other
ingredients for this analysis, the branching fraction,
the fraction of longitudinal polarization and the re-
maining CP parameters, for all the B → ρρ decay
modes have been measured by BABAR [13–15] and by
Belle [16–18], as summarized in Table II.

The small value of the B0 → ρ0ρ0 branching ra-
tio compared to the one of the other channels, less
than 5%, shows that the penguin contribution is small
in the B → ρρ modes. The two experiments obtain
somewhat different results for the B0 → ρ0ρ0 mode,
though not inconsistent. While Belle does not see any
significant signal [18], BABAR finds evidence for this
decay [14] based on 99±35 signal events with a signifi-
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BABAR Belle World average

Result NBB̄ Ref. Result NBB̄ Ref.

Sρ+ρ− −0.17± 0.20± 0.06 384M [13] 0.19± 0.30± 0.08 535M [12] −0.05± 0.17

Cρ+ρ− 0.01± 0.15± 0.06 384M [13] −0.16± 0.21± 0.08 535M [12] −0.06± 0.13

Sρ0ρ0 0.3± 0.7± 0.2 465M [14] - 0.3± 0.9

Cρ0ρ0 0.2± 0.8± 0.3 465M [14] - 0.2± 0.9

Aρ+ρ0 −0.05± 0.06± 0.01 465M [15] 0.00± 0.22± 0.03 85M [17] −0.05± 0.05

B(B0 → ρ+ρ−) (25± 2± 4)10−6 384M [13] (23± 4 +2
−3)10−6 275M [16] (24± 3)10−6

B(B+ → ρ+ρ0) (23.7± 1.4± 1.4)10−6 465M [15] (32± 7 +4
−7)10−6 85M [17] (24± 2)10−6

B(B0 → ρ0ρ0) (0.9± 0.3± 0.1)10−6 465M [14] (0.4± 0.4 +0.2
−0.3)10−6 657M [18] (0.7± 0.3)10−6

fρ+ρ−

L 0.99± 0.02 +0.03
−0.01 384M [13] 0.94 +0.03

−0.04 ± 0.03 275M [16] 0.98± 0.02

fρ+ρ0

L 0.95± 0.02± 0.01 465M [15] 0.95± 0.11± 0.02 85M [17] 0.95± 0.02

fρ0ρ0

L 0.75 +0.11
−0.14 ± 0.05 465M [14] - 0.75± 0.15

TABLE II: Measurements of CP parameters, branching fractions, and fractions of longitudinal polarization in the B → ρρ
modes. For each result the statistics used for the analysis and the reference are given.

cance of 3.1 σ taking into account the systematics. As
the decay vertex of the ρ0ρ0 final state can be recon-
structed in contrast to π0π0, a time-dependent analy-
sis is possible. BABAR has demonstrated the feasibil-
ity of such an analysis and given a first measurement
of Cρ0ρ0 and Sρ0ρ0 .

FIG. 4: Distribution of mB in the recent B+ → ρ+ρ0

analysis from BABAR. The points are the data. The solid
curve is the projection of the fit onto mB . The various
components are shown: ρ+ρ0 signal (dashed curve), ρ+f0

(dotted curve), BB̄ backgrounds (dot-dashed curve), and
continuum background (large dashed curve).

The last input to the isospin analysis is the branch-
ing ratio of B+ → ρ+ρ0. The measurement from
Belle, which was the first observation of this decay
[17], was performed on a now small data sample.
BABAR has published recently a new result [15] based

on the final data sample. The B+ → ρ+ρ0 signal
of 1122± 63 events, illustrated in Figure 4, leads to a
branching fraction about 2 σ higher than the previous
result from BABAR with half the statistics. The direct
CP asymmetry is compatible with 0 as expected for
this mode, dominated by a single amplitude.

FIG. 5: Constraint on α − αeff obtained by BABAR from
the isospin analysis in the B → ρρ modes expressed as 1-
CL. The top plot shows the impact of the time-dependent
analysis in B0 → ρ0ρ0: constraint on α − αeff including
the measurements of Cρ0ρ0 and Sρ0ρ0 (solid curve), the
measurement of Cρ0ρ0 only (dotted curve) and none of
them (dashed curve). The bottom plot shows the con-
straint on α − αeff with the new result on B+ → ρ+ρ0

(solid curve) compared to the one with the previous result
(dotted curve). On both plots, the horizontal dashed lines
correspond to 68% and 90% CL.
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The impact of measuring Cρ0ρ0 and Sρ0ρ0 for the
isospin analysis in B → ρρ is shown on the top plot
of Figure 5. Without these two parameters, we have
only five observables for six unknown parameters and
the isospin analysis gives a plateau of degenerated val-
ues for α− αeff . Adding Cρ0ρ0 , we have now as many
observables as unknown and find the four ambiguities
inherent in the isospin analysis. If we also measure
Sρ0ρ0 , which gives seven observables for six unknown,
the isospin analysis is able to favor one single solu-
tion. With the current precision, the discrimination
between the four solutions is however limited. The
overall constraint at 1 σ level was |α−αeff | < 16◦ [14]
last year. This year the new value for the branching
fraction of B+ → ρ+ρ0 from BABAR has increased the
length of the base of the isospin triangles, flattening
them. It results in a better determination of α− αeff

and merges the discrete ambiguities, as illustrated in
the bottom plot of Figure 5. The new constraint at
1 σ level is −1.8 < α− αeff < 6.7◦ [15].

FIG. 6: Constraint on α from the isospin analysis in the
B → ρρ modes expressed as 1-CL from (top) Belle and
(bottom) BABAR with the old result for the branching ra-
tio of B+ → ρ+ρ0 (dotted curve) and the new one (solid
curve). The horizontal lines correspond to 68% and (top)
95% or (bottom) 90% CL.

The outcome of the isospin analysis in the B → ρρ
modes for the determination of the angle α itself is
shown in Figure 6. The top plot from Belle was ob-
tained last year with the value of the branching frac-
tion of B0 → ρ0ρ0 from Belle and the world averages
at that time for the other branching fractions. Choos-
ing the solution consistent with the other CKM mea-
surements, this gave a measurement of α of (92±15)◦.
BABAR had a similar measurement last year using
the measurements of all the B → ρρ modes from
BABAR. The new result for the branching fraction
of B+ → ρ+ρ0 has now improved a lot the precison
on α, as illustrated on the bottom plot of Figure 6.
Choosing again the solution consistent with the other
CKM measurements, the determination of α from the
B → ρρ modes is (92.4+6.0

−6.5)
◦. A future measurement

of this branching fraction by Belle using its large data
sample has the potential to improve further our knowl-
edge of α. At this level of precision, SU(2)-breaking
effects may become non negligible. A possible way out
is to consider other methods to determine α.

An alternative approach to measure α is to use fla-
vor SU(3) symmetry to constrain the penguin con-
tribution in B0 → ρ+ρ− with the longitudinal com-
ponent of the pure penguin B+ → K∗0ρ+ channel
[19]. The latter mode has been measured by Belle
using 275 × 106 BB̄ pairs [20] and by BABAR us-
ing 232 × 106 BB̄ pairs [21] with a good agreement
between the two experiments. It gives the following
world averages: B(B+ → K∗0ρ+) = (9.2 ± 1.5)10−6

and fK∗0ρ+

L = 0.48± 0.08. The method has three un-
known parameters: the ratio of penguin over tree am-
plitudes in B0 → ρ+ρ−, the relative phase between
these penguin and tree amplitudes and α. Taking
SU(3)-breaking effect into account, it gives a good
constraint on α: 83 < α < 106◦ at 1 σ level [13],
as illustrated in Figure 7.

FIG. 7: Constraint on α from the SU(3) analysis of the
B0 → ρ+ρ− and B+ → K∗0ρ+ modes expressed as 1-CL
from BABAR. The horizontal dashed lines correspond to
68% and 90% CL.
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IV. B → πππ DECAYS

The B0 → ρ±π∓ decay is not a CP eigenstate like
π+π− or ρ+ρ−. An isospin analysis would not con-
strain sufficiently the five amplitudes of the B decays
to ρ+π−, ρ−π+, ρ0π0, ρ+π0, and ρ0π+. A better ap-
proach [22] is based on the time-dependent analysis of
the B0 → π+π−π0 decay over the Dalitz plot, using
the isospin symmetry as an additional constraint. As
this B → 3π decay is dominated by ρπ resonances,
its amplitude is a function of well-known kinematic
functions of the Dalitz variables and of the B0 → ρπ
amplitudes. The time-dependent CP analysis of the
B0 → π+π−π0 decay provides enough constraints to
extract α without discrete ambiguities.

The analysis has been performed by BABAR using
375×106 BB̄ pairs [23] and Belle using 449×106 BB̄
pairs [24] corresponding to 2067 ± 68 and 971 ± 42
signal events respectively. The resulting constraints
on α are illustrated in Figure 8: 68 < α < 95◦ for
Belle and 74 < α < 132◦ for BABAR at 1 σ level.

FIG. 8: Constraint on α from the Dalitz analysis in the
B → ρπ modes expressed as 1-CL from (top) Belle and
(bottom) BABAR. On the top plot, the solid (dotted)
curve is obtained with (without) the additional isospin
constraint. The horizontal lines correspond to 68% and
(bottom only) 95% CL.

V. B → a1π DECAYS

The B → a1π modes also allow the measurement
of α. The B0 → a±1 π∓ channel has a high branching
fraction, as measured by BABAR using 218× 106 BB̄
pairs [25] and by Belle using 535× 106 BB̄ pairs [26].
The two results are in good agreement and give a word
average of (32± 4)10−6.

The B0 → a±1 π∓ mode, like B0 → ρ±π∓, is not
a CP eigenstate. Using a quasi-two body approach,
BABAR has performed a time-dependent analysis of
this mode based on 384 × 106 BB̄ pairs [27]. It is
illustrated in Figure 9 by the projection plots onto ∆t
for B0 and B̄0 tags, and the asymmetry between B0

and B̄0 tags. With 608± 52 signal events, it leads to
the measurement of αa1π

eff = (79± 7)◦.

FIG. 9: Projections onto ∆t of the B0 → a±1 π∓ data from
BABAR (points) for (a) B0 and (b)B̄0 tags, showing the fit
function (solid line) and the background function (dotted
line), and (c) the asymmetry between B0 and B̄0 tags.

To constrain α−αeff , flavor SU(3) symmetry can be
used [28]. In addition to B → a1π, the related modes
B → K1π and B → a1K have to be measured. Using
383×106 BB̄ pairs, BABAR has studied the B → a1K
modes [29] and has measured the following branch-
ing fractions B(B0 → a−1 K+) = (16 ± 3 ± 2)10−6

and B(B+ → a+
1 K0) = (35 ± 5 ± 4)10−6. As for

the B → K1π modes, where K1 is a mixture of the
K1(1270) and K1(1400) mesons, they have recently
been measured on a data sample of 454 × 106 BB̄
pairs by BABAR [30]: B(B0 → K+

1 π−) = (31 +8
−7)10−6

and B(B+ → K0
1π+) = (29 +30

−17)10−6. With this last
piece of information, an upper bound on α − αeff of
11◦ at 1 σ can be set. So the measurement of α from
the B → a1π modes is (79± 7± 11)◦.
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VI. SUMMARY

The B → ππ, B → ρπ, B → ρρ, and B → a1π
decay modes give consistent and complementary mea-
surements of α. The plot from the CKMfitter group
[31] in Figure 10 summarizes the constraints on α
obtained by combining the results from BABAR and
Belle, using the isospin analysis in the B → ππ and
B → ρρ modes and the Dalitz plot analysis in the
B → ρπ modes. The contribution from the B → ππ
modes is limited by the large penguin pollution. The
B → ρρ modes give the most precise single measure-
ment. The B → ρπ modes are important to remove
the mirror solution. The current results yield a com-
bined value of α = (89.0+4.4

−4.2)
◦.

FIG. 10: Combined constraint on α expressed as 1-CL.
The individual constraints from the B → ππ, B → ρρ,
and B → ρπ modes (combining BABAR and Belle results)
are shown by the dotted, dot-dashed, and dashed curves
respectively, while the hatched region gives the combined
constraint. The indirect measurement from the global
CKM fit is shown with its error bar.

This direct measurement of α is in good agreement
with the indirect measurement from the global CKM
fit. Direct measurements of α based on SU(3) sym-
metry in the B → ρρ modes and in the B → a1π
modes give also compatible results. The precision on
α has improved with the new result from BABAR on
the B+ → ρ+ρ0 branching fraction. It is now less
than 5%, a precision which seemed out of reach at the
start of the B factories.
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