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Abstract. We present results on the nucleon form factors using two degenerate flavors of twisted
mass fermions on 243×48 and 32×64 lattices with pion masses in the range 290÷485 MeV.

INTRODUCTION

The nucleon form factors are an interesting challenge to lattice simulations as they
are controlled by the spatial extension of the quark-gluon structure. In particular one
can expect a specific sensitivity to the finite volume of the lattice when the pion mass
approaches its physical value. To perform simulations in large physical volumes with the
available computing power one needs relatively large lattice spacings (∼ 0.05÷0.1 fm)
which implies the use of improved action and operators. In this respect twisted mass
fermions [1] is an attractive formulation of lattice QCD since it allows for automatic
O(a) improvement by tuning only one parameter, requiring no further improvements
of the operators. Important physical results are emerging using gauge configurations
generated with two degenerate flavors of twisted quarks (NF = 2) in both the meson [2]
and baryon [3] sectors. An example is the accurate determination, using precise results
in the meson sector, of low energy constants of great relevance to phenomenology.
Currently,NF = 2 simulations are available for pion mass in the range 290÷485 MeV
for three lattice spacingsa < 0.1 fm. In this work we discuss high-statistics results on
the nucleon form factors obtained at one value of the latticespacing corresponding to
β = 3.9.

The action for two degenerate flavors of quarks in twisted mass QCD is given by

S= Sg +a4∑
x

χ̄(x)

[

1
2

γµ(∇µ +∇∗
µ)− ar

2
∇µ∇∗

µ +mcrit + iγ5τ3µ
]

χ(x) , (1)

where we use the tree-level Symanzik improved gauge actionSg. The quark fields
χ are in the so-called "twisted basis" obtained from the "physical basis" at maximal



twist by the transformationψ = 1√
2
[1 + iτ3γ5]χ and ψ̄ = χ̄ 1√

2
[1 + iτ3γ5]. A crucial

advantage is the fact that by tuning a single parameter, namely the bare untwisted quark
mass to its critical valuemcr, physical observables are automaticallyO(a) improved. A
disadvantage is the explicit flavor symmetry breaking. In a recent paper we have checked
that this breaking is small for baryon observables for the lattice spacing discussed
here [5].

To extract the nucleon FFs we need to evaluate the nucleon matrix elements
〈N(pf ,sf )| jµ |N(pi,si)〉, where |N(pf ,sf )〉, |N(pi,si)〉 are nucleon states with final
(initial) momentumpf (pi) and spinsf (si) and jµ is either the electromagnetic current
VEM

µ (x) = 2
3ū(x)γµu(x)− 1

3d̄(x)γµd(x) or the axial currentAa
µ(x) = ψ̄(x)γµγ5

τa

2 ψ(x).
Whereas the matrix element of the axial current receives contributions only from the
connected diagram the electromagnetic one has, in addition, disconnected contribu-
tions. In the isospin limit the matrix element of the isovector electromagnetic current
Va

µ (x) = ψ̄(x)γµ
τa

2 ψ(x) has no disconnected contributions [6]. Therefore in this work
we only evaluate the isovector nucleon FFs obtained from theconnected diagram.

The electromagnetic matrix element of the nucleon can be expressed in terms of the
Dirac and Pauli form factors,F1 andF2 defined as

〈N(pf ,sf )|Vµ(0)|N(pi,si)〉 =

√

m2
N

EN(~pf )EN(~pi)
ū(pf ,sf )Oµu(pi ,si), (2)

Oµ = γµF1(Q
2)+

iσµνqν

2mN
F2(Q

2) (3)

with q = pf − pi the momentum transfer andQ2 = −q2. These are related to the

Sachs electricGE and magneticGM FFs via:GE(Q2) = F1(Q2)− Q2

(2mN)2F2(Q2) and

GM(Q2) = F1(Q2)+F2(Q2).
Similarly, the axial current matrix element of the nucleon〈N(pf ,sf )|Aa

µ(0)|N(pi,si)〉
can be expressed in terms of the form factorsGA andGp with Oµ given by

Oµ =

[

−γµγ5GA(Q2)+ i
qµγ5

2mN
Gp(Q

2)

]

τa

2
.

LATTICE EVALUATION

The nucleon interpolating field can be written in the twistedbasis at maximal twist as
J̃(x) = 1√

2
[1+ iγ5]εabc

[

ũa⊤(x)C γ5d̃b(x)
]

ũc(x). The transformation of the electromag-

netic current,Va
µ (x), to the twisted basis leaves the form ofV0,3

µ (x) unchanged. We use
the Noether lattice current and therefore the renormalization constantZV = 1. The axial
currentA3

µ also has the same form in the two bases. In this case we use the local current
and therefore we need the renormalization constantZA. The value ofZA = 0.76(1) [7]
was determined non-perturbatively in the RI’-MOM scheme. This value is consistent



with a recent analysis [8], which uses a perturbative subtraction of O(a2) terms [9] for
a better identification of the plateau yielding a value ofZA = 0.768(3) [8]. In order
to increase overlap with the proton state we use Gaussian smeared quark fields [10]
for the construction of the interpolating fields:qa(t,~x) = ∑~yFab(~x,~y;U(t)) qb(t,~y) with

F = (1+ αH)n andH(~x,~y;U(t)) = ∑3
i=1[Ui(x)δx,y−ı̂ +U†

i (x− ı̂)δx,y+ı̂]. In addition we
apply APE-smearing to the gauge fieldsUµ enteringH. The smearing is the same as
for our calculation of baryon masses with the smearing parametersα andn optimized
for the nucleon ground state [3]. The present calculation has been performed atβ = 3.9
which, according to the latest analyisis [4], corresponds to a= 0.0790(26) fm. Note that
this value differs from the one used in previous works [3], which explains why the pion
masses in this work are somewhat larger.

In order to calculate the aforementioned nucleon matrix elements we calculate respec-
tively the two-point and three-point functions:G(~q, t f )= ∑~xf

e−i~xf ·~qΓ0
βα 〈Jα(t f ,~xf )Jβ (0)〉

andGµ(Γν ,~q, t) = ∑~x,~xf
ei~x·~qΓν

βα 〈Jα(t f ,~xf ) jµ(t,~x)Jβ (0)〉, where the projection matri-

cesΓ0 = 1
4(1+ γ0) andΓk = iΓ0γ5γk. We create the nucleon atti = 0,~x = 0 (source)

and annihilate it att f /a = 12, ~pf = 0 (sink). We checked that the sink-source time
separation of 12a is sufficient for the isolation of the nucleon ground state bycomparing
the results with those obtained whent f /a = 14 is used [6]. We insert the currentjµ at t
carrying momentum~q = −~pi. In this work we limit ourselves to the calculation of the
connected diagram which in the isospin limit yields the isovector electromagnetic form
factors. This is calculated by performing sequential inversions through the sink so that
no new inversions are needed for different operatorjµ(t,~q). However new inversions are
necessary for a different choice of the projection matricesΓα . In this work, we consider
the four choices given above, which are optimal for the form factors considered here
and construct the ratio

Rµ =
Gµ(Γ,~q, t)

G(~0, t f )

√

G(~pi , t f − t)G(~0, t)G(~0, t f )

G(~0, t f − t)G(~pi , t)G(~pi, t f )

t f−t,t→∞−→ Πµ(Γ,~q) . (4)

The leading time dependence and overlap factors cancel yielding as the plateau value
Πµ(Γ,~q) from which we extract the form factors using the relations

Πµ(Γ0,~q) =
c

2m
[(m+E)δ0,µ + iqkδk,µ ] GE(Q2), Πi(Γk,~q) =

c
2m∑

jl

ε jkl q jδl ,i GM(Q2)

and Π5i(Γk,~q)= ic
4m

[qkqi
2m Gp(Q2)− (E +m)δi,k GA(Q2)

]

, k= 1, · · · ,3, where c=
√

2m2

E(E+m) .

RESULTS AND CONCLUSION

The form factors have been computed atβ = 3.9 andmπ = 290,340,420,485 MeV
with a lattice volume 243 × 48 and are shown on Figs.1-4. The calculation was also
performed in the volume 323×64 for the pion massmπ = 335 MeV in order to quantify
the finite volume effects. As expectedGP is more and more dominated by the pion
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FIGURE 1. Electric form factorGE.

pole approximation (continuous line in Fig.4) as the pion mass approaches the chiral
limit. Though qualitative this approximate pion pole dominance in the space-like region
is a non trivial check of the PCAC hypothesis. The situation isless satisfactory for
GA as shown on Fig.3. As the pion mass is decreased the lattice results have a shape
which does not tend to the phenomenological curve (continuous line in Fig.3). Since the
finite volume effects seem negligible, one may suspect a problem with the continuum
limit. However a nasty combination of finite volume effect and chiral behaviour is not
excluded, as already observed for the parton distributions[11]. The results look better
for the (isovector) electromagnetic form factors. The shape ofGE andGM approches the
phenomenological curves (continuous line in Fig.1,2) as the pion mass is decreased. One
interesting point is thatGM is little affected by finite volume effects, contrary toGE. In
the latter case the comparison of the 243×48 and 323×64 volumes shows a systematic
difference, larger than the statistical errors, which indicates that finite volume effects
need to be instigated before drawing any conclusion about the lattice form factors. The
results at a smaller lattice spacings (β = 4.05,4.2) will be soon available and this will
allow to perform a quantitative analysis of volume effects and chiral extrapolation.
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FIGURE 2. Magnetic form factorGM
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FIGURE 3. Axial form factorGA
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FIGURE 4. Pseudo-scalar from factorGP
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