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General Introduction

« We live on an island of knowledge surrounded by a sea of igno-
rance. As our island of knowledge grows, so does the shore of our
ignorance. »

— John Archibald Wheeler

Trying to convince anyone that neutrinos are interesting can be a challenge. Disclose that
they switch flavour or that they may break charge parity symmetry, excitement isn’t the

standard look you’ll get. Whenever I put forth that they may serve as the gravitational scaffol-
ding that bounds the largest objests in the Universe together ( galaxies and clusters of galaxies
), that boredom, indifference or confusion usually turns into bewilderment, skepticism and awe.
How can the tiniest of particles — so tiny that you’ll need a lead wall a lightyear thick to have
a reasonable chance to stop a single one in its tracks — be so influencial on the largest, literally
astronomical scales ? Disclosing that this is precisely what I am investigating as part of my PhD
research triggers a salve of thoughtful and keen questions, to which I am rarely in the position
to assert that we know anything for sure.

The answer to whether or not these ghost particles could be the long-sought dark matter
really comes down to how massive they are. So why not just weigh them in the laboratory ? The
catch is, neutrinos are ridiculously light. If you were to weigh the combined mass of every neu-
trino that has traversed every human being from birth to death ever since the dawn of mankind,
you would not even get 150 milligrams. How could we measure a mass so small ? Well, the silver
lining is in that very thought experiment. Even though an individual neutrino is light and eva-
sive, they are so numerous in the Universe that they are second only to photons, number-wise.
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On Earthly distances, the effect of their mass is insignificant. On galactic and extra-galactic
distances however, you may have just about enough to influence the gravitational dynamics of
these systems. The key in figuring out their mass is to find a galactic-sized bathroom scales.

As with everything else in astronomy, we can only study the nature and properties of objects
from the light they shine on us. But the Universe is essentially dark, especially in the mostly
empty space in between galaxies, where neutrino mass is expected to matter. The light from
the most distant and most luminous objects in the Universe, produced from accreting super-
massive black holes at the center of galaxies, shines through the tenous gas in the intergalactic
medium, revealing the distribution of this otherwise obscured matter in between galaxies akin
to a streetlight shining through a thick fog. Directing this light onto a prism, unraveling the
different colours that compose it, astronomers learn properties of the foggy foreground from the
frequencies of light it occults from the background light. The absorption features imprinted on
the spectrograph of these background lights are impacted by the mass of neutrinos.

This manuscipt is arranged into 6 chapters. The 1st chapter specifies some general knowledge
about neutrinos and their properties. To study them at the scales of interest, I place them in
the context of cosmology in the 2nd chapter and describe how they impact the formation of
large scale structures in the 3rd chapter. In the 4th chapter, I describe how the intergalactic
“fog” serves as our main observational tool to measure the mass of neutrinos, and how our
data set is constructed. In the 5th chapter, I detail how we compute the expected distribution of
intergalactic matter based on selected cosmological and astrophysical ingredients using numerical
simulations. Chapter 6 compiles the results of the analysis that compares our predictive models
from observations on the mass of neutrinos and whether or not they make up dark matter.
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Neutrinos



6 CHAPITRE 1. Neutrinos

« Neutrino physics is largely an art of learning a great deal by
observing nothing. »

— Haim Harari

Every second you spend reading this thesis, keep in mind there are approximately 65 billion
neutrinos passing through each square centimeter of your body facing the Sun. Almost all

of them are produced in the nuclear reactions occuring in the core of our star, some 150 million
kilometers away. In fact, the speculation and subsequent discovery of neutrinos enhanced our
understanding of the way the Sun burns its Hydrogen fuel : through nuclear reactions. In the
context of physics, nuclear reactions involve two main fundamental interactions : (1) the strong
interaction, which confines quarks, the fundamental particles making up all of matter 1 ; and (2)
the weak interaction, which describes how quarks and leptons interact non-elastically. Without
the latter, protons (11H+) would not be able to fuse into Deuterium (21H+) and Tritium (31H+)
and we most certainly would not be here to appreciate the non-trivial role of neutrinos in the
Universe, despite their seemingly inconsequential significance the first sentence of this paragraph
may suggest.

But stellar cores aren’t the only neutrino factories in the Universe. Weak interactions are
also involved in radioactive decay of certain atomic nuclei, which happen virtually anywhere
there is baryonic matter, but more preponderantly :

• in the Earth’s interior, producing so-called geological neutrinos,

• in upper atmosphere particle’s interactions with cosmic rays, producing so-called atmos-
pheric neutrinos,

• in fission and fusion bombs and nuclear reactors, producing so-called reactor neutrinos,

• in man-made particle accelerators, producing so-called accelerator neutrinos,

• in supernovæ explosions, producing so-called astrophysical neutrinos,

• and finally, in the hot plasma in the early Universe, producing so-called cosmological
neutrinos.

1. hadrons
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Figure 1.1 – Kinetic energy distribution of the β particle (electron or positron) produced in the decay
of a parent nucleus P into a daughter nucleus D. Units are arbitrary. Red curve : neutrinoless β decay
(Eq. 1.1). The position of the quasi-Dirac spectrum is obtained by computing the reaction quotient. Black
curve : continuous spectrum of β decay involving a third particle (Eq. 1.2). Here, ν refers to an electron
neutrino or antineutrino in the β+ and β− decay respectively.

All but the last have been confirmed sources of neutrinos. Cosmological neutrinos produ-
ced after the Big Bang are expected to exist based on our current understanding of particle
physics and our cosmological model, but in far less preponderant quantities. The cosmic neu-
trino background hasn’t yet been detected, but it is estimated that at any given time, there are
approximately 112 neutrinos and anti-neutrinos of each lepton charge (electronic, muonic and
tauic) depending on which charged lepton they interact with via the weak force. Nevertheless,
cosmological neutrinos may be key to solve one of physic’s long-lasting mystery : dark matter.
The role of neutrinos in the context of our cosmological framework is explicited in Chap. 2
and Chap. 3. In this current chapter, I recap the main properties of neutrinos. In Sec. 1.1, I
describe them in the context of weak interactions, and how they can be distinguished into three
different lepton flavours. In Sec. 1.2, I describe the mechanism of neutrino flavour oscillations
with an analogy, and argue why the observation of this phenomenon proves at least one of the
three lepton-charged neutrinos has non-zero mass. In Sec. 1.3, I introduce hypothetical sterile
neutrinos which carry no lepton charge, and may be a more viable candidate particle for the
dark matter in the Universe than their weak-sensitive counterparts.

1.1 Neutrinos in the Standard Model of Particle Physics

1.1.1 Discovery of Neutrinos

Two years following the discovery of the electron in 1897 by Sir Joseph John Thomson,
Hernest Rutherford distinguished two types of radioactive emissions from some atomic nuclei :
alpha decay, where the nuclei emit 4

2He2+ ; and beta decay, in which the nuclei emit an electron 2.
In 1914, however, it became apparent that an important ingredient was missing. In fact, if only

2. or a positron, differentiating between β∓ decays
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a β particle were released from the transmutation of a parent nucleus P into a daughter nucleus
D, i.e.

A
ZP −→ A

Z±1D± + β∓ (1.1)

then the momentum spectrum of the beta particle would be a quasi-Dirac 3 as illustrated by the
red line in Fig. 1.1. However, the momentum spectrum of the β particles were instead continous,
as per the black curve in Fig. 1.1. This suggests either that energy isn’t conserved in β decays or
that the energy of the β particle is shared by an additional unseen particle. This latter remedy,
characterised as desperate at the time, was postulated by Wolfgang Pauli in 1930 in a famous
letter 4 adressed to the community of «radioactive ladies and gentlemen ». He is often quoted
saying to Niels Bohr :

« I have done a terrible thing : I have postulated a particle that cannot be detected. »

Although many PhD students are often brought to make much more terrible assumptions, the
existence of Pauli’s undetectable particle was eventually inferred from weak interactions, the
framework of which was developped by Enrico Fermi only 4 years later. In our current interpre-
tation of β decay, the transmutation of atomic nuclei is enabled by the emission or absorption of
a W± gauge boson which mediates — along with the Z0 boson — the weak interaction. These
bosons are heavier than the nucleons they transmute which in turn make them, according to the
Heisenberg uncertainty principle, very short-lived, with a half life of ∼ 3×10−25 s. As such, this
interaction is deemed short-ranged, hence coined weak interaction. In the case of β∓ decay, the
W boson decays into an electron (or positron) and the additional particle, labelled ν, such that{

A
ZP −→ A

Z±1D± +W∓

W∓ −→ e∓ + ν
(1.2)

whose properties were derived from Enrico Fermi’s newly built theory of the weak interaction
and dubbed the hypothetical particle the neutrino as it must be electrically neutral, and is
very small 5. As it turns out, the particle involved in β− decay of neutrons is actually its conju-
gate anti-particle, the electron antineutrino. Initially, neutrinos 6 were thought to be massless
and virtually undetectable. Nevertheless, neutrinos were discovered in 1956 when nuclear reactor
synthesized antineutrinos by beta decay reacted with protons to produce neutrons and positrons
(Cowan et al., 1956), a reaction known as electron capture (see second expression in Eq. 1.3).
The discovery is attributed to Clyde Cowan and Fredrick Reines who have been awarded the
1995 physics Nobel prize. In the following subsection, I summarize the neutrino’s properties in
the context of the standard model of particle physics.

3. because of Heisenberg’s uncertainty principle, ∆E∆t ∼ ~, it would have some fundamental albeit tiny width
due to the intrinsic uncertainty on the particle’s energy

4. http://www.physics.princeton.edu/~mcdonald/examples/EP/pauli_neutrino_30_english.pdf
5. in the context of particle physics, small refers to its interaction cross section
6. technically speaking, neutrino borrowing of Italian vocabulary, the plural form should be neutrini. However,

to prevent any confusion, I chose to use the anglocentric version, neutrinos

http://www.physics.princeton.edu/~mcdonald/examples/EP/pauli_neutrino_30_english.pdf
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1.1.2 The Standard Model of Particle Physics

1.1.2.1 Neutral Leptons

All fundamental particles are described by a set of quantum numbers, i.e. degrees of free-
dom to fully determine their wave function. In addition to their principal (n), azimuthal (`)
and magnetic (m) quantum numbers, the wave function of a fundamental particle requires the
knowledge of its spin (s) which can either be an integer (bosons) or semi-integer (fermions)
multiple of the Planck action ~. In the Standard Model (SM) of particle physics, fermions with
s/~ = 1/2 can be distinguished between two main types of particles :

• quarks, which are sensitive to all four fundamental interactions : strong, weak, electro-
magnetic and gravitational. They interact with one another via gluons, the carrier boson
for the strong interaction. Due to color confinement, a property of the strong interaction,
quarks cannot be observed directly in isolation, but rather through the composite par-
ticles they constitute :

? baryons, which have 3 valence quarks,

? mesons, which are a combination of a quark and an antiquark.

These two can be distinguished by the computation of the baryon number B = nq − nq̄
which is defined as the number of quarks (each having nq = 1/3) minus the number of
their conjugate anti-quarks (nq = −1/3). As such, baryons have B = 1 whereas mesons
have B = 0. There are 6 different quark flavours, a.k.a. colours, arranged into 3 gene-
rations of hierarchical mass of a positively (Q/e = 2/3) and a negatively (Q/e = −1/3)
charged pair :

? first (light) generation : up (u) and down (d),

? second (medium) generation : charm (c) and strange (s),

? third (heavy) generation : top (t) and bottom (b).

• leptons, which are not sensitive to the strong interaction, and, in the case of neutrinos,
the electromagnetic interaction. There are 6 different leptons, arranged into 3 generations
of hierarchical mass 7 of a negatively charged (Q/e = −1) and electrically neutral pair :

? first (electronic) generation : e and νe,

? second (muonic) generation : µ and νµ,

? third (tauic) generation : τ and ντ ,

7. this is not necessarily the case for the neutrinos
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Figure 1.2 – Schematic space-time diagram representation of the weak interaction involved in the β−

decay. Time flows from left to right. The sinusoidal lines are bosons : gluons in black, confining the quarks
via the strong interaction ; and the W boson in purple. p+ refers to a proton 1

1H+

Leptons are characterized by a lepton number, which is L = 1 for any lepton and L = −1
for any anti-lepton.

1.1.2.2 The Weak Interaction

In laymen terms, the weak force is the interaction involved whenever a quark alters its
flavour. In Fig. 1.2, one of the neutron’s valence quarks’ flavour switches from down (in blue)
to up (in red) — transmutting the composite particle from a neutron to a proton in the process
— the cost of which is the emission of a charged (here negatively charged) W boson. The latter
is short-lived and decays into an electron and an electron-flavoured antineutrino. The Feynman
diagram in Fig. 1.2 illustrates the β− decay reaction described in Eq. 1.2. By reversing the
charge, parity or time operators of one or several of the products or reactants involved, this
Feynman diagram can also describe the electron capture and inverse β decay :


1
0n −→1

1 H+ + e− + ν̄e
e− +1

1 H+ −→1
0 n+ νe

ν̄e +1
1 H+ −→1

0 n+ e+
(1.3)

In all cases, this basic description of the charged current weak interaction illustrates how a
generic quark interacts non-elactically with a generic lepton.
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Figure 1.3 – Left : W decay into a lepton pair (charged and neutral) ` ∈ {e, µ, τ}. Right : W decay
into a quark anti-quark pair.

1.1.2.3 Lepton Flavours

Neutrinos and antineutrinos can be produced by both the W± and Z0 bosons :

W+ −→ e+ + νe W− −→ e− + ν̄e Z −→ νe + ν̄e

W+ −→ µ+ + νµ W− −→ µ− + ν̄µ Z −→ νµ + ν̄µ

W+ −→ τ+ + ντ W− −→ τ− + ν̄τ Z −→ ντ + ν̄τ

(1.4)

A neutrino’s or antineutrino’s lepton flavour is defined as that of the charged lepton with which
it is interacting. The W bosons can also decay into a quark anti-quark pair qq̄. The W decay
channels are summarized in Fig. 1.3. Its decay width, of ∆mW = 2.085±0.042 GeV/c2 (Beringer
et al., 2012), is proportional to the summed probability of all the possible aforementioned decay
channels, and is consistent with 3 lepton charges, hence a total of 3 generations of leptons, either
charged or neutral. In other words, if a fourth neutrino were to be discovered, it wouldn’t have
a lepton charge as it wouldn’t interact with the W bosons, hence making it insensitive to the
weak interaction.

The particle discovered by Cowan, Reines and their collaborators is the electron flavoured
antineutrino. In the early 1940s, an additional neutrino particle was hypothesized : the neu-
tretto, which later became commonly known as the muon flavoured neutrino. It was discovered
in 1962 by Leon Max Lederman, Melvin Schwartz and Jack Steinberger (Danby et al., 1962),
who were awarded the 1988 physics Nobel prize. The third neutrino lepton flavor was hypothe-
sized upon the discovery of the tau (τ−) lepton in a series of experiments at the Stanford Linear
Accelerator Center (SLAC-LBL) from 1974 to 1977 (Perl et al., 1975). The tau neutrino was
discovered in 2000 by the Direct Observation of the Nu Tau (DONUT) collaboration (Kodama
et al., 2001) at Chicago’s Fermilab.

1.1.2.4 Helicity

All particles have angular momentum, which for those described by quantum mechanics 8 is
the vector sum of its orbital momentum and its spin ~j = ~̀+ ~s. Since the orbital momentum is

8. quantum mechanics is often erroneously described as the theory which descibes small systems. What is
implied by small is the characteristic length of the system. However, quantum mechanics can apply to large
systems such as neutron stars, and can not apply to small systems such as a handful of gas molecules. In more
exact terms, quantum mechanics applies to systems whose action is comparable to the Planck constant.
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Figure 1.4 – Clockwise from top left : Left-handed neutrino, left-handed antineutrino, right-handed
antineutrino and right-handed neutrino. The black arrows depict the particle’s linear momentum. Its
direction is inversed by the parity operator π̂ applied from top to bottom row. The red and blue arrows
depict the particle’s spin. Its sign is inversed by the charge conjugation operator ĉ, applied from left to
right columns. The ± subscipts denote the sign of the particle’s helicity. The right or left handedness
illustrates how the arrows materializing the spin of the particles wrap around the pointing direction of
~p, as one’s fingers wrap around the thumb. So far, only the negative helicity neutrino (top left) and
positive helicity antineutrino (bottom right) are observed states in nature and predicted by the SM. The
remaining two states are hypothetical and introduced in the νMSM in Sec. 1.3.

orthogonal to the plane formed from the position and linear momentum, ~̀= ~r×~p, its component
along ~p is zero. Helicity, defined as the projection of spin onto the direction of linear momentum,

ĥ = ~s · ~p

||~p||
(1.5)

is a conserved quantity. Since the spin’s eigenvalues are discrete along an axis, so are those of
the particle’s helicity, which are [[−s,+s]] with s the spin of the particle. As such, fermions with
s/~ = 1/2 can have ±1 helicity. Particles having positive (resp. negative) helicity, i.e. whose
spin is aligned (resp. opposed) to its linear momentum, are commonly refered to as being right-
handed (resp. left-handed). The choice of this nomenclature is motivated by the schematic in
Fig. 1.4.

A particle’s linear momentum is relative to a reference frame, while its spin is invariant.
Therefore, the particle’s helicity, like its linear momentum, depends on the reference frame. Two
observers, one moving slower and the other faster than a moving electron will disagree on the
direction of its linear momentum with respect to their reference frame, and thus disagree on the
electron’s helicity sign.
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In the SM, neutrinos are massless and therefore travel at the speed of light. As a consequence,
there are no observers capable of travelling faster than the neutrino, hence only one of the two
helicity signs is observed. Neutrinos appear to have intrinsically left-hand helicity. In the SM,
the only right-handed neutral leptons are anti-neutrinos. Consequently, the weak interaction
involving neutrinos or anti-neutrinos violates conservation of parity 9.

1.1.3 Why Neutrinos Are Interesting

Neutrinos, despite completing our understanding of β decay and other weak processes, are of
particular interest in particle physics as they hint at the incompleteness of the Standard Model.
The question whether neutrinos are a Dirac or Majorana particle remains to this day unanswe-
red. If the latter is correct, which is plausible since they are electrically neutral, then that could
resolve the issue of their left-handedness. If such is the case, then one would expect to observe
neutrinoless β decay processes, which haven’t been confirmed as of today.

An antiparticle’s wave function is the conjugate of its corresponding particle. In terms of
the charge conjugation operator ĉ,

∣∣∣ψ̄〉 = ĉ |ψ〉. If this identity is applied to a neutrino, then its
conjugate antineutrino would have the same helicity state. Since the left-handed antineutrino
state is currently unobserved in nature, one needs to apply the parity operator to the antineutri-
no’s wave function, which reverse the linear momentum direction but conserves spin orientation,
thereby reversing the helicity (see Fig. 1.4) :

|ν̄〉 = ĉπ̂ |ν〉 (1.6)

Although weak interactions don’t conserve parity, its Hamiltonien Ĥ commutes with ĉπ̂ — also
called CP symmetry preservation — since it is a priori an invariant under this transformation.
As recently as early August 2017, the Tokai to Kamioka (T2K) experiment has announced hints
of a possible CP violation by neutrinos 10. If neutrinos indeed violate CP symmetry, they could
provide a plausible explanation for the lepton (and baryon) asymmetry in the Universe.

On the astrophysical side, if detected in large enough quantities, they can serve as an alter-
native messenger from photons. The short range of their interaction with matter enable them
to travel through dense zones unimpeded, but they also make their detection all the more chal-
lenging. This double-edged sword can nevertheless be useful in probing the Sun’s core or the
central zone of a supernova explosion, which produce massive quantities of neutrinos.

Provided neutrinos have non-zero mass, they could also constitute a candidate particle for
dark matter.

9. the parity operator π̂ mirrors the coordinates of a wavefunction, i.e. π̂ |ψ(~r)〉 = |ψ(−~r)〉
10. http://t2k-experiment.org/2017/08/t2k-2017-cpv/

http://t2k-experiment.org/2017/08/t2k-2017-cpv/
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1.2 Neutrino Masses : Beyond the Standard Model

The properties of neutrinos summarized in the previous section pertain to those derived from
the standard model. However, the latter is incomplete in its description of neutrino mass. In this
section, I explain how we know neutrinos have non-zero mass and how cosmological probes can
assist particle physics in determining the sum of their mass eigenstates.

1.2.1 Lepton Flavour Oscillations

A notable counter-intuitive property 11 of neutrinos is their capacity to alter their lepton
charge. Predicted in 1957 by Pontecorvo (1957, 1958), the first experiment that detected these
neutrino flavour oscillations can be traced back to the 1968 Homestake experiment, in which,
using a chlorine-based detector, Davis et al. (1968) reported a deficit in the flux of solar neutrinos
with respect to the SM prediction. This deficit became known as the solar neutrino problem. Ac-
counting for this solar deficit by flavour oscillations was made definitive in 2001 at the Sudbury
Neutrino Observatory (SNO) in Ontario (Ahmad et al., 2001). Three years prior, the Super-
Kamiokande scintillator based in Japan had gathered evidence for the oscillation of flavours in
atmospheric neutrinos (Fukuda et al., 1998; Kajita, 1999). As such, the 2015 physics Nobel prize
was attributed to both Takaaki Kajita and Arthur B. McDonald for not only the detection of
neutrino flavour oscillations but also evidence for non-zero neutrino masses. Indeed, if neutrinos
were massless as is predicted by the SM, then, like photons, they would propagate at the speed
of light and experience infinite time dilation 12. Since neutrino lepton flavours oscillate, their
time dilation cannot be infinite, and they therefore cannot travel at the speed of light, which
means at least one neutrino eigenstate must have non-zero mass.

To make sense of this rather odd phenomenon, it is useful to regard the lepton charge of the
neutrino as nothing more than that of the charged lepton with which it interacts via the weak
force. The wave function that propagates through space in time is a time-dependent quantum
superposition of mass eigenstates mi = m1,2,3. When interacting, the lepton states ν` = νe,µ,τ
are fixed superposition of those mass eigenstates :

|ν`〉 =
∑
i

U †`i |νi〉 (1.7)

There is no trivial reason why these mass eigenstates should be aligned with the lep-
ton (observed) states. In other words, the mass-flavour mixing matrix U , a.k.a. the Ponte-
corvo–Maki–Nakagawa–Sakata (PMNS), is not diagonal. Since there are three possible lepton
charges, as justified by the decay width of the W boson, it is natural although arbitrary to ex-
pect three different mass eigenstates. If at least one of the eigenstates is different than the other
two, then the superposition would propagate at different rates and lepton flavors are expected
to oscillate.

To illustrate why, it can be useful to consider the coupled pendula in Fig. 1.5. The positions
x1 ad x2 of the similar massesm hanging in a constant gravitational field g from identical lengths

11. oscillations are not inherent to neutrinos ; in fact, there is a misalignment between the propagating quantum
states of quarks and when they partake in strong interactions.
12. since their Lorentz factor γ = (1− (v/c)2)−1/2 →∞
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Figure 1.5 – Setup of the coupled pendula, marked by x1 and x2.

` and linked by a spring of stiffness k from their equilibrium positions, obey
d2

dt2
+
g

`
+
k

m
−
k

m

−
k

m

d2

dt2
+
g

`
+
k

m


x1

x2

 =

0

0

 (1.8)

The coupled pendula system admits 2 normal modes, depicted in Fig. 1.6, which satisfy the
eigenvalue equation,

x± = x2 ± x1 = a± cos (ω±t+ φ±) (1.9)

where ω2
+ = g/` and ω2

− = ω2
+ + 2k/m. The presence of the spring makes the natural frequency

of the inverse mode, in which the masses oscillate with opposite directions, higher than that of
the normal mode, in which the masses swing in unison : ω− > ω+. The generic solution is a
superposition of both of these modes :(

x1
x2

)
=
(

1 1
1 −1

)(
x+
x−

)
(1.10)

Because the two modes oscillate at different frequencies, nudging the left pendulum only
from its equilibrium position will inevitably result in the right pendulum swinging. The less
stiff the spring or the heavier the masses, the more time the left pendulum will swing leaving
the right one relatively unperturbed. After several cycles, the left pendulum’s oscillations will
dampen to a halt, with all the initial momentum transfered to the right one ! The oscillations of
both pendula are plotted on Fig. 1.7.

1.2.2 Neutrino Masses and Mixing

This simple coupled pendula is analogous to neutrino flavour oscillations involving 2 obser-
vation states ` = {e, µ} and 2 mass eigenstates i = {1, 2}. As Fig. 1.8 illustrates, the electron
neutrino produced in β+ decay for instance can be described in mathematical terms as the su-
perposition of the production of eigenstates ν1 and ν2. If one notes θ as the mixing angle between
the two mass eigenstates, then
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Figure 1.6 – The two normal modes of the coupled pendula, oscillating at frequencies ω∓.

Figure 1.7 – Position of the two pendula from their respective rest postitions, as a function of time.
Black curve : x1. Grey curve : x2.
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Figure 1.8 – Feynman diagram of β+ decay, producing an electron-flavoured neutrino, which can be
interpreted as the superposition of two normal modes (here two mass eigenstates).

(
νe
νµ

)
=
(
c12 −s12
s12 c12

)(
ν1
ν2

)
(1.11)

where c12
.= cos θ, s12

.= sin θ. Since cos2 θ + sin2 θ = 1, c12 and s12 can be interpreted as
the interaction probability with each of the eigenstates. Notice the similarity of Eq. 1.11 and
Eq. 1.10. Each of these eigenstates is a normal mode of the coupled pendula, while the lepton
states correspond to the (x1 = xmax, x2 = 0) and (x1 = 0, x2 = xmax) configurations. Since
θ 6= 0, the eigenstates are misaligned and as time elapses, they propagate in space at different
rates. At any given time, the probability of measuring flavour ` is given by the quantity

|〈ν`|ν(t)〉|2 = sin2 (2θ)× sin2
(
L∆m2

4E

)
(1.12)

where E is the energy of the eigenstate, L is the distance travelled from the source, assuming it
is produced in the other state than the one measured, and ∆m2 = |m2

2−m2
1|. The probability of

detecting flavour ` as a function of L/E can be visualized by squaring the curve in Fig. 1.7, in
which one can distinguish two characteristic frequencies. The first right-hand term of Eq. 1.12,
i.e. the intrinsic misalignment of the mass eigenstates, predominates the short-range oscillations ;
whereas the long-range oscillations forming the envelope are governed by the right-most term,
and is determined by the distance from source to target.

Since there are three lepton charges, and at least as much mass eigenstates, then a more
fitting classical analog would be three pendula coupled to each other with three (not two !)
springs. Similar to Eq. 1.11, the 3 mass eigenstates are related to the lepton states via a 3 × 3
mass PMNS mixing matrix,

 ν1
ν2
ν3

 = U1U2U3∆

 νe
νµ
ντ

 (1.13)

It can be decomposed into the 3 rotation matrices between eigenstates νi and νj ,

U1 =

 1 0 0
0 c23 s23
0 −s23 c23

 U2 =

 c13 0 s13e
iδ

0 1 0
−s13e

iδ 0 c13

 U3 =

 c12 s12 0
−s12 c12 0

0 0 1

 (1.14)
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parameter constraint experiment type

sin2 2θ12 0.846± 0.021 Solar : KamLand. Acc : Minos, T2K
sin2 2θ13 0.093± 0.008 Reactor : Daya-Bay, RENO, D-Chooz. Acc : Minos, T2K
sin2 2θ23 > 0.92 Acc : Minos, T2K. Atmospheric
∆m2

sol (7.53± 0.18)× 10−5 eV2 Solar : KamLAND
∆m2

atm (2.44± 0.06)× 10−3 eV2 Atmospheric

Table 1.1 – Current constraints on neutrino parameters. Quoted uncertainties are 1σ when around a
best fit value, and 90% likelihood when lower bound. ∆m2

sol = ∆m2
21 and ∆m2

atm = |∆m2
32| ' |∆m2

31|.
From Nakamura and Group (2010) and Beringer et al. (2012).

and a phase matrix

∆ =

 eiα1/2 0 0
0 eiα2/2 0
0 0 1

 (1.15)

which yields a total of 9 neutrino parameters :

• the mixing angles θ12, θ13 and θ23 ;
• the (squared) mass differences ∆m2

21, ∆m2
31 and ∆m2

32 ; and
• three phases α1, α2 and δ.

For a n×n mixing matrix, involving n detectable states and n mass eigenstates 13, there are n2

real parameters, including n(n − 1)/2 angles and n(n + 1)/2 phases. Not all of the phases are
physical, however. So far, for the SM n = 3 case, neutrino experients typically probe composites
of these parameters, which are grouped in Tab. 1.1. Only δ, α1,2 and the sign of ∆m2

32 remain
unknown (see Sec. 1.2.3).

1.2.3 Mass Ordering

Although neutrino flavour oscillations involve 3 mass eigenstates and 3 lepton measured
states, the measurement probability for the n = 2 case in Eq. 1.12 can be used as an approxima-
tion to the oscillations between νµ ←→ ντ in atmosphere neutrinos, since νe are seldom involved.
It also approximates solar neutrino oscillations, in which νe oscillate into a superposition of νµ
and ντ . These approximations are valid since θ13 � 1 (see Tab. 1.1) and because two of the
eigenstates are similar in mass relative to the remaining third one.

By convention, the mass eigenstates are labelled such that |Ue1|2 > |Ue2|2 > |Ue3|2, implying
that the ν1, ν2 and ν3 have decreasing components of νe in that order. With such convention,
the solar neutrino oscillations are governed by ∆m2

21, as ν1,2 are “ electron-rich ” ; whereas the

13. n = 4 (resp. n = 6) for adding 1 (resp. 3) sterile neutrinos in addition to the left-handed states ; see Sec. 1.3
for motivation
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Figure 1.9 – Normal (left) and inverted (right) neutrino mass ordering. Blue, purple and red correspond
to the νe,µ,τ lepton states and their proportion in the mass eigenstates reflect the PMNS matrix elements.

atmospheric neutrino oscillations are governed by the other two squared mass difference. Ahmad
et al. (2001) established in the SNO experiment that ∆m2

21 > 0. However, it is still unclear to-
day whether m2

3 > m2
2 or m2

3 < m2
1, each case being known as the normal and inverted ordering

respectively, illustrated in Fig. 1.9. To determine the absolute scale of neutrino masses, one can
go about two ways : measure either

• the lightest mass state, which can be deduced from an effective mass m2
β =

3∑
i=1

Ueim
2
i

probed by the products of β decay from tritium 3
1H, attempted by experiments such as

KATRIN (Weinheimer, 2002) ; or

• the sum of all three eigenstates
∑
mν = m1+m2+m3, which is attempted by cosmological

probes such as the Cosmic Microwave Background or, as is the case in this work, the
Lyman-alpha forest.
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1.3 The Minimal Extension with Sterile Neutrinos

1.3.1 Right-Handed Neutrinos

Neutrinos having non-zero mass suggests the need of a finer physical description, or exten-
sion of the SM. Non-zero mass enables the existence of right-handed neutrinos and left-handed
anti-neutrinos, since they do not move at the speed of light. Yet all neutrinos have been observed
with left-handed and all anti-neutrinos right-handed chirality — a relativistic invariant of any
particle. A key unanswered question in particle physics is : can neutrinos and anti-neutrinos be
differentiated just by their chirality, or do right-handed neutrinos and left-handed anti-neutrinos
exist as separate particles ?

1.3.2 The νMSM

One possible extension to the Standard Model is the addition of 3 right-handed neutri-
nos. Dubbed the νMSM, it was originally proposed by Asaka and Shaposhnikov (2005); Asaka
et al. (2005). Such right-handed neutrinos would have no electric charge, no lepton charge, and
no color, making them insensitive to all fundamental interactions aside from gravity, making
them particularily challenging to detect. As such, they are often refered to as sterile neu-
trinos (νs = νi,ii,iii) to distinguish them from their left-handed lepton-flavoured counterparts
(ν` = νe,µ,τ ). Fig. 1.11 recaps these additions to the SM picture.

Figure 1.10 – Assuming there are 3 additional mass eigenstates νi,ii,iii such that mi,ii,iii � m1,2,3, and the
angle between these heavier and lighter states is small, then the lepton-flavoured left-handed neutrinos
of the SM can be thought of as a mixture of preponderantly the lighter eigenstatestates ; whereas the
3 remaining neutrinos are predominantly of the heavier eigenstates, carry no lepton flavour and are
right-handed.

There are no theoretical limitations as to the scale of their rest mass, which can span from
sub-eV to several 1015 GeV (DREWES, 2013). If, however, the masses are of and above the
GeV scale for at least two of the sterile neutrinos, and of the keV scale for the remaining one,
then the νMSM is a particularily attractive model in that it provides a theoretical framework



1.3. The Minimal Extension with Sterile Neutrinos 21

to simultaneously explain

• how neutrinos can get their mass without the Higgs mechanism, through a mechanism
called a seesaw ;

• account for CP violation and the production of more leptons than antileptons (net global
lepton asymmetry) ;

• a candidate particle for the dark matter component of the Universe’s energy density.

The first two are beyond the scope of this work. In this thesis, I investigate whether the
∼keV sterile neutrino is a viable dark matter candidate particle.

1.3.3 Experimental Searches

One way to detect such a right-handed neutrino is indirectly through the products of its
decay into a photon and a left-handed neutrino :

νs −→ ν` + γ (1.16)

The decay products acquire a momentum of ∼ mνs/2 where mνs is the mass of the sterile neu-
trino. X-ray signatures in sterile neutrino rich systems would provide evidence for the decay of
an mνs ∼ keV sterile neutrino.

In the νMSM, the heavier neutrinos can be produced in the early Universe via oscillations
with the lighter lepton-charged neutrinos. If one considers the ν1,2 mass eigenstates in Eq. 1.11
as a light (∼eV) and a heavy (∼keV) eigenstate, and replace νe,µ with either a lepton-charged
or sterile state ν`,s, then one can regard the θ12 angle as the angle between the light and heavy
states. If m2 � m1, as is assumed to be the case, then θ12 � 1 as so is the probability of a
lepton-charged state to oscillate into a sterile one P (ν� → νs) ∝ sin2 2θ12 � 1. The diagonal
elements of the Eq. 1.11 mixing matrix are close to 1. In laymen terms, the sterile states occupy
nearly all of the heavy mass eigenstate while the neutrinos involved in weak interactions are
principally made up of the lighter eigenstate and share very little of the heavy one. The half-life
of a hypothetical sterile neutrino in this context is a function of the active-sterile mixing angle
θ. Detecting X-ray photons from sterile neutrino rich sources would therefore also provide a
measurement of the mixing angle, assuming m1,2,3 � mi,ii,iii.

If right-handed neutrinos can be produced via oscillations from weak-sensitive to weak-
insensitive states, then a deficit in lepton-charged neutrinos is expected, however small. Thus
far, the only tentative evidence for sterile neutrinos comes from an unaccounted for deficit of
reactor neutrinos in Mention et al. (2011), called the reactor anomaly. If, like the solar neutrino
anomaly of the 1960s, it can be conclusively shown that these deficits are caused by oscillations
from an active to a sterile state, then it would be an indirect evidence for the existence of sterile
neutrinos. However, given their momentum and length on which these active-sterile oscillations
would occur, the reactor anomalies would suggest sterile neutrino masses of a few eV.



22 CHAPITRE 1. Neutrinos

Figure 1.11 – Table comprising all fermions (s/~ = 1/2) in the νMSM. The number in the top (resp.
left-side) of each panel is the particle’s mass (resp. electric charge). The only right chirality neutrinos in
the SM are antineutrinos. In the νMSM, each of the lepton neutrinos has a heavy right-handed partner
that has no lepton charge, in yellow. Credit : Alexey Boyarsky.
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2
The Smooth Expanding Universe
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« To see a world in a grain of sand
And a heaven in a wild flower
Hold infinity in the palm of your hand
And eternity in an hour. »

— William Blake, Auguries of Innocence (1950)

As I’ve layed out in the previous chapter, neutrinos are very weakly interacting and quasi-
massless. One could easily rule them out as irrelevant to the field of cosmology. However, in

this current chapter and the next, I lay out how preponderant a role they play on the Universe’s
background density and on the formation of large scale structures. Synthesized in the early Uni-
verse, neutrinos were produced in large enough quantities to essentially constitute an additional
radiation component, along with photons, which I detail in Sec. 2.2. Moreover, neutrinos are thus
far the only fundamental particle we’ve detected that have all four pre-requisite characteristics
of a dark matter candidate : they are stable, electrically neutral, are not sensitive to the elec-
tromagnetic fundamental interaction, and have mass. In Sec. 2.3, I recap the main components
in the Universe : baryons, dark matter, neutrinos and photons ; neutrinos contributing as either
a matter or a radiation component at different epochs. In Sec. 2.1, I introduce the framework of
standard observational cosmology, in which I derive the relevant physical laws from first prin-
ciples. This chapter is heavily influenced by Fundamentals of Cosmology (Rich, 2001), The
Early Universe (Kolb and Turner, 1990), Modern Cosmology (Dodelson, 2003) and many
of my academic notes from lectures including Barbara Ryden’s (Ohio State U.) lectures from
the 2016 cosmology summer school 1 at the ICTP in Trieste, and Éric Gourgoulhon’s (LUTH,
Obs. Paris) lectures on General Relativity 2 at the A&A Masters program 3.

2.1 The Geometry of the Universe

Cosmology, the Logos or inquiry into the world, is by no means a recent endeavor. What I
describe in this section is our current interpretation of the Cosmos we inhabit. The basic axioms
that we rely on are that

• the cosmological principle, i.e. the Universe is spatially homogenous and there are no
special reference frames or observers 4, and

1. http://indico.ictp.it/event/7626/overview
2. https://luth.obspm.fr/~luthier/gourgoulhon/en/master/index.html
3. http://ufe.obspm.fr/Master/Master-2-Recherche/
4. known as the Copernican Principle

http://indico.ictp.it/event/7626/overview
https://luth.obspm.fr/~luthier/gourgoulhon/en/master/index.html
http://ufe.obspm.fr/Master/Master-2-Recherche/
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• general relativity is the correct description of gravity, and

The former is observationally motivated, and it has been proven that the distribution of matter
is statistically homogenous and isotropic to within 10−5 on large enough scales, i.e. beyond a
few Gpc 5. Several missing pieces make our interpretation incomplete, however, since general
relativity isn’t predictive at the singularity of black holes, and because of observational oddities
such as dark energy, the horizon problem etc. Our current incomplete picture rests on the
observation that the Universe is in a perpetual expansion state. In this section, I describe the
general relativity framework in which this observation is interpreted.

2.1.1 The Geometry of Spacetime

It is arguably during the 1930’s that modern cosmology was born. Following Vesto Slipher’s
and Edwin Hubble’s discovery of extra-galactic nebulæ — which many turned out to be entire
galaxies in their own right — it was apparent that the Universe was not a static system. The
consistent redshifting of these objects’ light with their distance from us, regardless of where they
are in the sky, was evidence that the Universe was expanding in a homogenous and isotropic
manner, owing to the observation that there seemed to be no center from which the expansion
was occuring and that the expansion was similar in any direction one looked. Making sense of
this startling observation in the framework of the freshly developped general relativity required
introducing a particular system of coordinates that is unchanging with this expansion. One can
write the physical coordinate of an object as x(t) = a(t)χ with a the scale factor and χ the (time
independant) coordinate of that object in that comoving system. Because of homogeneity, the
scale factor is homogenous in space : a(~x, t) = a(t). The physical velocity can be expanded into
two terms :

dx

dt
=
da

dt
χ+ a(t)

dχ

dt

=
1
a

da

dt
x+ aχ̇

= Hx+ vpec

(2.1)

where the right-most term is the galaxy’s peculiar velocity, i.e. its velocity with respect to the
comoving coordinate system. The left-hand term is known as the Hubble flow. The (logarithmic)
rate of change in the scale factor is known as the expansion rate, also known as the Hubble
function :

H = 1
a

da

dt
(2.2)

2.1.1.1 The Fabric of Spacetime

The isotropic and homogeneous characteristics of the expansion implies, from a mathema-
tical point of view, that only 2 parameters fully determine the geometry of the Universe : the
scale factor a which can only be a (undetermined) function of time because of homogeneity and
a global curvature parameter κ which must be constant because of isotropy. The geometry on
any vector space including the 4-dimensional spacetime of relativistic physics is determined by

5. 1 Gpc = 103 Mpc, where a Mpc is the typical physical distance between two galaxies.
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the dot product ggg. It is the bilinear, non-degenerate symmetric form that verifies

ggg :
Rn × Rn −→ R

(~u,~v) 7−→ ~u · ~v =
n∑
i=1

n∑
i=1

giju
ivj

(2.3)

The form ggg is bilinear in ~u and ~v and so defines a tensor, called the metric tensor on Rn, or
metric for short. Its components 6 gµν are the dot product of the basis vectors (ê1, ê2, . . . , ên)
in which ~u and ~v are expressed :

gij
.= ggg (êi, êj) (2.4)

In Euclidian space, it is always possible to define a unitary orthogonal basis. In this basis, the
components of the metric are therefore the Kronecker symbol because of the orthonormalisation
identities : êi · êj = δij . Because ggg is non-degenerate, the inverse metric exists and its contra-
variant components verify gikgkj = δij where I use the conventional implicit summation over
repeated indices. In relativity, the time component is incorporated along with the spatial coor-
dinates in a 4-vector :XXX = (−ct, ~x), such that the path of any free-falling massless particle has a
null 4-position : XXX2 = 0, which is another way of expressing r = ct where r2 = x2 + y2 + z2. The
dot product is always implicitly performed with respect to the metric. Given the minus sign in
the definition of 4-vectors, the components of the metric tensor in relativity are the Minkowski
symbol ( 6= Kronecker) :

gµν
.= êµ · êν = ηµν =


−1 if µ = ν = 0

1 if µ = ν 6= 0
0 if µ 6= ν

=


−1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

 (2.5)

The negative time component signature apparent in expression 2.5 shows that spacetime is
non-Euclidian contrary to R3 in classical physics. The dot-product is not defined positive in re-
lativity since vectors can have negative 4-distance ds2 = gµνdx

µdxν . I am using the convention
of labelling the indices with greek letters (µ, ν, α, β). Notice the µ = 0 component for time is
expressed in units of c such that the orthogonal basis is unitary. In the framework of cosmology,
it is generally more useful to adopt the opposite convention with respect to general relativity :
with the time component being a positive quantity such that time-like worldlines, i.e. curves in
spacetime linking two causally connected events, are seperated by a positive distance.

2.1.1.2 The Robertson Walker metric

As stated, there is always a system of coordinates in which the components of the metric
tensor can be expressed as Eq. 2.5, at the sacrifice of allowing the coordinate system to not
pertain to an inertial frame of reference. In a Universe that expands uniformly in all directions,
one can find such a comoving coordinate system, introduced at the start of this section. Objects

6. see Appendix B
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moving apart in the Hubble flow (left term of expression 2.1) are at rest in this comoving
coordinate system (vpec = 0). The elemental distance d` in the 3-dimensional hypersurfaces
of spacetime (the purely spatial components of events, labelled by latin indices i, j, k) can be
expressed in spherical coordinates centered on an observer :

d`2 = dr2

1− κr2 + r2dΩ2 (2.6)

where dΩ2 = dθ2 +sin2 θ dϕ2 is the elemental solid angle. The spherical coordinate system cente-
red on an observer is a natural choice in an isotropic Universe, which we assume here in addition
to the Copernican (or ergodic) principle, which states that there is no special observer. Both of
these conditions, known as the cosmological principle, assures spatial homogeneity. From here
onwards, I use spatial homogeneity and isotropy interchangeably with the cosmological principle,
even thought the former is a statement about the global geometry of spacetime while the latter
is its observational consequence. Since the vector propagating time intervals is perpandicular
to all three spatial directions : ê0 · êi = 0, we can consider spatially homogenous and isotropic
hypersurfaces perpandicular to time which have constant global curvature. Because of isotropy,
it is possible to rescale the constant curvature parameter κ such that

κ =


+1 for positively-curved space, like 3-spheres S3

0 for flat space, like Euclidian R3

−1 for negatively-curved space, like 3-hyperboloidal saddles H3
(2.7)

In the first, second and third case respectively, triangles defined between three points have angles
that sum to more, exactly and less than π radians, and the circumference of a circle is more,
exactly or less than π in units of its diameter (see Fig. 2.1).

The simplest metric describing the geometry in a homogenous and isotropic expanding (or
contracting !) Universe is the Robertson Walker metric, a.k.a. the Friedmann Robertson Walker
(FRW) metric. The line element is

ds2 = a2(τ)×
(
dτ2 − d`2

)
(2.8)

where the scale factor is factored out to define a conformal time interval dτ = dt/a(t) which
is the amount of time elapsed in between two events separated by a comoving elemental distance

dχ = dr√
1− κr2

(2.9)

Depending on the global constant curvature of the Universe, the radial and comoving coordi-
nates are linked by

d`2 = γijdx
idxj = dχ2 + S2

κ(χ)dΩ2 (2.10)

where S+1,0,−1(χ) = (sinχ, χ, sinhχ) and γγγ is the metric restricted to spatial coordinates only.
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Figure 2.1 – The three categories of global geometry of a 2-dimensional Universe embedded in a 3-
dimensional manifold. The critical density in its own units Ω is defined in expression 2.63. Credit :
NASA/Hubble, public domain.

2.1.2 Motion Through Spacetime

I’ve described the geometry of the Universe, which is useful in measuring distances between
objects. The dynamics of objects in the Universe is all embeded in the FRW metric, and depends
on whether the object of study is relativistic or not, which I lay out in this subsection.

2.1.2.1 Equations of Motion

Newton’s principle of inertia states that an object’s velocity is constant in an inertial frame
of reference unless acted upon by a force, in which case the amplitude of the force equals the
rate of change in the object’s momentum. In the absence of any exterior interactions, the prin-
ciple of inertia yields the conservation of kinetic energy p2/2m where ~p is the particle’s linear
momentum, which can be written as

∂

∂t

(
p2

2m

)
= ~0 = ~p

∂

∂t
~p (2.11)

In general relativity, the motion of an object through curved (non-flat) space rids of the notion
of a gravitational force. Gravity is essentially a property that emerges from different reference
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frames in a non-uniform metric. To get the equivalent of the point particle’s mass and its equation
of motion, we must define two quantities which are intrinsically defined on the particle’s world
line and do not depend on any observer (not everything is relative in relativity !). Given its
4-position XXX = (x0, ~x), the particle’s 4-velocity and 4-momentum are respectively defined as :

UUU
.= 1
c

dXXX

dt
(2.12)

PPP
.= m

dXXX

dt
=
(
E

c
, ~p

)
(2.13)

where E is the total energy and dt is the particle’s proper time defined as c2dt2 = ds2. These
expressions introduce the particle’s rest mass, m ≥ 0, as defined in the framework of general
relativity, again an intrinsic property independant of any observer. Notice that the 4-velocity is
defined as unitary, and so it follows that

UUU ·UUU = 1 PPP ·PPP = m2c2 (2.14)

Photons obeyPPP ·PPP = 0 and hence are massless 7. Space-like momenta verifyPPP ·PPP < 0 which trans-
lates into negative rest mass for hypothetical tachyons. In the absence of any non-gravitational in-
teractions, the point particle’s 4-momentum is expected to obey an expression similar to Eq. 2.11.
Such an equation, known as the geodesic equation, requires differentiating along all directions
with a proper derivative. In differential geometry, this is the covariant derivative ∇∇∇ which is
defined such that for a given 4-vector xxx = (x0, ~x),

∇∇∇µxν = ∂µx
ν + Γνµαxα (2.15)

where Γ is the Levi-Civita connection 8 on metric ggg and I’ve used the notation ∂µ
.= ∂/∂xµ. The

components of the particle’s 4-velocity, or equivalently its 4-momentum, are linked through the
metric connection via the geodesic equation, which is our sought-out equivalent of Eq. 2.11 :

Pµ∇∇∇µP ν = 0 (2.16)

In terms of the 4-velocity, one can rewrite it to find the more conventional formula linking
the spatial coordinates and their covariant derivatives with the Levi-Civita connection (using
Eqs. 2.15,2.14) :

0 = Uβ∇∇∇βUα

= Uβ∂βU
α + ΓαµνUµUν

= Ẍα + ΓαµνẊµẊν

(2.17)

2.1.2.2 The Expanding Universe

The FRW metric features homothetic symmetries which make it invariant under rescaling of
the following coordinates with the help of a scalar λ ∈ R :

r 7→ λ−1r

a 7→ λa

κ 7→ λ2κ

7. but they have energy
8. see Appendix C
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As such, a can be rescaled by its current value a0 = a(t0) so that the scale factor is a dimensionless
function of time in 0 ≤ a(t) ≤ 1, and both r and 1/

√
κ inherit a dimension of length. As such,

the scale factor has physical meaning only in a positively-curved space, where it is the radius
of the 3-sphere in units of its current radius. In flat space, only its rate of change d ln(a)/dt has
physical meaning, which I’ve introduced in expression 2.2 as the expansion rate. It appears in
one of the non-zero connection given by the Levi-Civita symbols on the spatial part of the FRW
metric (Eqs. 2.8 and 2.10) :

Γi0j =
1
2

3∑
k=1

γik
(
∂γik

∂x0 +
∂γ0k

∂xi
−
∂γ0i

∂xk

)

=
γii

2
∂γii

∂x0

=
ȧ

a
δij

(2.18)

This new time function H(t) .= ȧ/a is an observable quantity that is independant of the spatial
coordinates. It expresses the rate at which any two given astrophysical objects move from one
another 9. It is profound to note that the scale factor is intrinsically linked to the metric. The
homogeneity of the FRW metric assures that the spatial components of the 4-momentum are
divergencefree : ∂iPµ = 0 so that the µ = 0 component of the geodesic equation 2.16 can be
rewritten

E
dE

dt
= −Γ0

ijP
iP j = − ȧ

a
p2 (2.19)

where E/c = P 0 and ~p2 = a2γijP
iP j the particle’s 3-momentum. Eq. 2.19 is the general relati-

vity equivalent of the well-known relation from special relativity

E2/c2 = p2 + (mc)2 (2.20)

with m2 = gµνP
µP ν .

For non-relativistic particles, the rest energy dominates over the kinetic term. Notating
vi = dxi/dt the components of their comoving peculiar velocity, the magnitude of their 3-
velocity is v2 = a2γijv

ivj and so

P i = m
dt

ds
vi = mvi√

1− a2γijvivj
= mvi√

1− v2
(2.21)

For relativistic particles on the other hand, the kinetic energy term is preponderant over mass,
and so EdE = pdp which yields

ṗ

p
=
ȧ

a
= 0 ⇔ p ∝ a−1 (2.22)

for relativistic particles. The photon’s 4-momentum 10 PPP γ = (hν/c,−1,−1,−1) is proportional

9. this, of course, assumes the objects are far enough apart to neglect their local spacetime metric, which is
why it does not apply to systems bound within galaxies such as our solar system
10. the γ index stands for “photon”, not for a spactime component
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Figure 2.2 – illustration of the evolution of radiation and non-relativistic matter energy density with
scale factor. Radiation density decreases as the volume expands, just as for matter, but their associated
wavelength gets stretched as well.

to its frequency ν = c/λ. It follows from Eq. 2.22 that a photon’s wavelength scales as a(t).
Since everything we deduce from the Universe comes from the light emitted by distant luminous
objects, this shift in the photon’s wavelength red-wards as the Universe expands has to be taken
into account as it conceals the expansion rate along its free-falling flight. It is useful to define
the quantity z such that

1 + z
.= λ

λ0
= a0
a(t) > 1 (2.23)

where λ0 is the photon’s wavelength in its proper inertial frame at time of emission t and
λ its wavelength as measured by an observer at time t0 in their frame of reference. Because
a(t) 6 a0 = 1, z is always positive, meaning the photon’s wavelength is always shifted redwards.
As such, z is known as the cosmological redshift. It is a purely observational quantity that does
not require a cosmological model. A photon’s wavelength will be redshifted due to 3 main effects :

• the Einstein effect, i.e. the difference in magnitude of the gravitational field between the
observer and the photon’s source if the gravitational field is strong ;

• the Doppler effect, i.e. the relative peculiar velocity between the source and the observer ;
and
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• the cosmological redshift, which is a pure consequence of the source and the observer
being at different coordinates in a non-inertial reference frame.

In this thesis, I study the light coming from very distant luminous objects, quasars, which I
introduce in Sec. 4.1.1.1. The light is emitted from a disk region around a supermassive black
hole, far from where the Einstein effect can be noticeable. I am working under the assumption
that galaxies and quasars are stationary in the comoving coordinate system. The total redshift
is thus dominated by the cosmological redshift z, and as such I make no distinction between
total and cosmological redshift. For objects in the Hubble flow, the cosmological redshift is linear
with distance at first order. By expanding the scale factor into an infinite series,

a(t) =
∞∑
k=0

(t− t0)k d
ka

dtk
(t0) = a0 ×

[
1 + (t− t0) ȧ

a

∣∣∣∣
t0

+ (t− t0)2 ä

a

∣∣∣∣
t0

+ . . .

]
(2.24)

we can identify the expansion rate as the first order term. The second order term is known as
the acceleration parameter, more often rescaled as äa/ȧ2. For objects close enough so that t− t0
is negligeable with respect to the conformal age of the Universe,

z ' H0 × d (2.25)

where d = (t−t0) in units of c. The current value of this functionH0 = H(t0) is often expressed in
units of 100 km s−1Mpc−1 since the significant digits are not quite precice to this day, depending
on which data set is used. Commonly, h ∼ 0.7 within an uncertainty of ∼ 10 %, where

H(t) = 100 h km · s−1 ·Mpc−1 (2.26)

Since the scale factor is an undetermined function of time, so is its rate of change. When quoting
values for h, unless specified otherwise, it is implicitely assumed to be at current time t0. The 0
subscript is removed for concision purposes as distances and most cosmological parameters are
expressed in terms of h. The evolution of a and h in time depend mostly on the entropy density
of the Universe and thus solving the thermodynamics of the Universe is required at very early
times.

2.1.3 The Warping of Spacetime

As previously stated, what is experienced as a gravitational acceleration by an observer is,
in general relativity, an inertial acceleration that manisfests due to spacetime curvature. The
Newtonian limit is embedded in the so-called Einstein field equations, which quantify the local
curvature of spacetime. In this subsection, I detail what is spacetime curvature and what its
value is in the FRW metric that describes the Universe’s global geometry.

2.1.3.1 Spacetime Curvature

Imagine two travellers starting at the Earth’s equator at different longitudes and both hea-
ding straight North. Even though they are on parallel trajectories, their paths will cross at
the North pole. The angles of the triangle their paths form with the segment seperating their
starting positions on the equator sum to more than π radians. This is due to the non-Euclidian
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nature of the surface of a spherical Earth. If you’ve ever wondered why something was missing
as you flattened the skin of a ripe clementine after you’ve peeled it away from the fruit, you
were not mistaking : there literally is something missing, preventing you from flattening it into
a uniform and uninterupted R2 plane. The curvature of the spherical surface — be it the skin
of a clementine or the Earth’s crust — is intrinsically linked to the connection of its metric ΓΓΓ.
The reason our two travellers met on parallel lines is because the covariant derivatives are only
comutative in flat space. In general relativity, the 4-dimensional spacetime at a point (event)
P is the tangential space at point P of a 5-dimensional manifold M and is usually written as
TP (M). In general, given three vectors, (~u,~v, ~w) ∈ T 3

P (M),

~∇~u~∇~v ~w = ~∇~v ~∇~u ~w +R(~u,~v) ~w (2.27)

where the endomorphism

TP (M) −→ TP (M)
~w 7−→ R(~u,~v) ~w

(2.28)

is linear in ~u and ~v and so defines a tensor, known as the Riemann curvature. It quantifies the
non-commutativity of the covariant derivative. Given the following property of the Levi-Civita
connection (implicit in ∇) :

∇2
~u,~v = ~∇~u~∇~v ~w − ~∇~∇~u~v

~w (2.29)

the Riemann curvature tensor can be identified as

R(~u,~v) = ∇2
~u,~v −∇2

~v,~u (2.30)

To illustrate its purpose, Fig. 2.3 shows the parallel transport of ~w along ~u and then ~v, in
comparison to along ~v and then ~u. If one starts from the North Pole and keeps pointing South
while traveling due South to the equator, then East to a quarter of the circumference of the
Earth and then North again to one’s starting position, his/her final pointing direction will be
π/2 radians off of its original direction. In Euclidian geometry, the Riemann curvature tensor
is zero and transporting ~w along any path will not alter its direction ; the covariant derivatives
are commutative, and the sum of the angles of a triangle is always π radians.

The components of the Riemann curvature tensor can be expressed in terms of the Levi-
Civita connection defined in Appendix C :

Rijk`
.= dxi

(
R(~∂k, ~∂`) ~∂j

)
= ∂kΓi`j − ∂`Γikj + ΓikmΓm`j − Γi`mΓmkj
= gimRmjk`

(2.31)

The curvature R of the vector space being considered is simply the trace of the Riemann curva-
ture tensor. For the 2-dimensional surface of the Earth, the curvature a.k.a. the Ricci scalar 11

is twice the inverse of its radius squared. For the FRW metric,

R = gµνRαµαν = −6
(
ä

a
+
(
ȧ

a

)2
+ 2 κ

a2

)
(2.32)

11. because it appears in the Ricci identity
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Figure 2.3 – The orange arrows all point “southwards”, but since the Earth’s Riemann curvature isn’t
null, the parallel transport of the orange vector along meridians and parallels does not conserve direction.

The Riemann curvature tensor with its first and third indices contracted Rαµαν = Rµν has the
same divergence as the metric tensor ggg from which it is defined. The Einstein tensor, defined
as GGG = RRR −R/2 ggg, is thus divergence free. In fact, it is the only rank 2 tensor made from the
second derivatives of the metric that features this property, which is useful in establishing the
conservation of energy in the framework of general relativity. In order to do so, the warping of
spacetime, encapsulated in the Einstein tensor, must be linked to its source and drain terms.
In a Universe whose geometry is described by the FRW metric, the non-trivial components of
Gµν = gµαGαν are, using Eq. 2.31 and Eq. 2.32 on Eq. 2.8,


G0

0 = 3

( ȧ
a

)2

+
κ

a2


Gij = 2

 ä
a

(
ȧ

a

)2

+
κ

a2

 δij

(2.33)
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2.1.3.2 Source Terms

The source terms for the warping of spacetime must come from the local energy content. The
rank 2 tensor encapsulating the energy of matter is the stress-energy tensor TTT whose general
covariant expressions of its components are moments of the distribution function

Tµν = g

(2π)3

∫
dP1dP2dP3

PµPν√
−gP 0 f(xi, Pj , τ) (2.34)

where (−g)−1/2 = a−4 is the metric’s trace. The distribution function f is the probability of
occupying a given state (~x, ~P , t) in phase space. The number of particles with g spin states in
phase-space volume 12 d3~xd3 ~P = dx1dx2dx3dP1dP2dP3 is given by

dN = g

(2π)3 f(xi, Pj , τ) d3~xd3 ~P (2.35)

The numerical density of particles is therefore the zeroth moment of the distribution function :

n(xi, τ) = g

a4

∫
d3P

(2π)3 f(xi, Pj , τ) (2.36)

At any given time, the distribution function obeys the Boltzmann equation

L [f ] = C [f ] (2.37)

where the Liouville operator L .= d/ds is the derivative along the particle’s worldline and the
collision functionals C encapsulate all collision terms and are determined by particle physics.

The particle’s individual 4-momentum in the FRW metric is

PPP = (ε, ~q) (2.38)

with ~q = qq̂ = a~p = ~p/T where ~p is the particle’s proper momentum as measured by an obser-
ver stationary in the comoving coordinate system and ε(q) = aE = E/T =

√
a2m2 + q2. It is

useful to use ~q and ε instead of ~p and E since these quantities are not redshifted, hence we can
call them the particle’s comoving momentum and comoving energy. We can express the stress
energy tensor’s components in terms of these quantities, respectively the energy density, the flux
of relativistic mass accross the surface normal to xi and the shear stress tensor :



ρc2 = T 0
0 = −

1
a4

∫ d3q

(2π)3 ε f(~x, ~q, τ)

~ϕc2 = T 0
i =

1
a4

∫ d3q

(2π)3 qi f(~x, ~q, τ) = −T i0

Σi
j = T ij =

1
a4

∫ d3q

(2π)3
qiqj

ε
f(~x, ~q, τ)

(2.39)

12. the density of states in a given phase-space is g/h3 or g/(2π)3 in units of ~ = h/2π
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The diagonal elements of the shear stress tensor are known as normal stress a.k.a. pressure
P i exerted on surface normal to xi, while the non-diagonal elements

Σi,j 6=i = σij = 1
2

(
∂vj

∂xi
+ ∂vi

∂xj

)
(2.40)

correspond to shear 3-velocity (~v = d~x/dt) displacement on the surface normal to xj in the xi

direction, known as anisotropic stress. Because the 4-momentum and 4-velocity are linked via
PPP = mc uuu, and since pressure is isotropic (P i = P), one can write the stress energy tensor in
the following tensoral form

TTT = (ρ+ P) uuu⊗ uuu+ Pggg + ΣΣΣ (2.41)

where ⊗ denotes the tensoral product.

In the spatially homogenous and isotropic background, spatial vectors are vanishing, i.e.
~ϕc2 = ~0 and there is no anisotropic stress, i.e. σσσ = 000, hence the stress energy tensor is diagonal
and its contravariant components are

Tµν = ρ [(w + 1)uµuν − wgµν ] (2.42)

which one may recognize as the stress-energy tensor of a perfect fluid of 4-velocity uuu with an
equation of state linking its dynamic pressure P to the energy density :

P = wρc2 (2.43)

The perfect fluid approximation is technically not valid in the sense that the components of
the Universe are not fluids : dark matter for instance does not interact and so cannot define
a pressure on its surroundings. However, in absence of anisotropic stress — which holds true
only in the unperturbed background — the stress energy tensor has the mathematical form of
a perfect fluid a posteriori. In an abuse of language, we can thus treat the components of the
Universe as a perfect fluid at first approximation. The fluid approximation still holds for first
order perturbations, which I describe in the next chapter. However, the perturbed cosmological
fluid is not perfect as it features anisotropic stress.

2.1.3.3 From Einstein to Friedmann

I now postulate (and do not demonstrate !) the Einstein field equations (EFEs), which link the
Einstein tensor to the source terms of curvature. They are a set of 10 highly-coupled non-linear
second-order differential equations whose solutions are the components of the metric tensor :

GGG = 8πG
c4 TTT (2.44)

with G the universal gravitational (or Newton) constant and the source term TTT is the stress-
energy tensor.



2.1. The Geometry of the Universe 37

These field equations can be used to solve for the internal structure of white dwarfs or neu-
tron stars (where the warping of spacetime is significant and a Newtonian description for the
hydrodynamic equilibrium is inadequate), known as the Tolman-Oppenheimer-Volkoff (TOV)
equations. In the framework of cosmology, we make use of the Einstein field equations in the
opposite way : we postulate from the cosmological principle that the metric is the FRW metric
and plug it into the EFEs to extract the conservation laws in the context of an expanding Uni-
verse. For the background, the Einstein tensor is diagonal, and so too must be the stress-energy
tensor. This gets the number of independant field equations down to 4. Because of homogeneity
and isotropy, the 3 spatial ones are redundant and the only 2 independant non-trivial equations
are known as the Friedmann equations, using Eq. 2.33


G0

0 = 8πG T 0
0 ⇒

(
ȧ

a

)2

+
κ

a2 −
8πG

3 ρ = 0

Gij = 8πG T ij ⇒
ä

a
+

4πG
3 (1 + 3w) ρ

(2.45)

These equations are the equivalent of the Poisson and Euler equations of a fluid at rest in a
comoving frame of reference. One can also get the continuity equation by either combining both
Friedmann equations or using Eq. 2.15 on 0 =∇ ·G∇ ·G∇ ·G =∇ · T∇ · T∇ · T =∇∇∇µTµ0 :

ρ̇+ 3(1 + w)Hρ = 0 (2.46)

Integrating Eq. 2.46 to solve for the energy density ρ,

ρ(t) = ρ(t0) a−3(1+w)H(t) (2.47)

The first Friedmann equation along with the equation of state set the time evolution of the scale
factor (heretofor undetermined) :

a(t) = a0 × t
2

3(1+w) (2.48)

The cosmological perfect fluid considered here is not mono-phase. It consists of all known (and
unknown) particles. I conventionally adopt a very coarse-grain approach and consider the cos-
mological fluid as an admixture of two main components :

• relativistic matter, a.k.a. radiation, which consists of all massless bosons including pho-
tons as well as fermions whose ε ' q ; and

• non-relativistic matter, or matter for short, which consists of all partices whose ε ' am.

To obtain the equations of state of these two main components, thereby explicitely determining
the time evolution of the scale factor, we must determine the background temperature Tγ from
the thermodynamics of the Universe.
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2.2 The Thermal History of the Hot Big Bang Model

The momentum of a photon is the frequency of its wave packet in units of ~. The FRW metric
encoding the geometry of the expanding Universe is a troublesome system of coordinates because
it is not linked to an inertial frame of reference. As such, the conservation of energy expressed by
the Friedmann equations only hold for a fluid at rest in the comoving coordinate system. Free-
falling photons (i.e. when not being absorbed), are constantly mobile in this coordinate system.
On distances negligeble with respect to its proper time (its comoving particle horizon), photons
occupy more or less the same comoving coordinate and nothing drastic or unexpected happens.
On distances comparable to its proper time however, the photon’s momentum is drained by
the very geometry of the spacetime in which it is moving, given by expression 2.22. Just as
non-inertial reference frames see the spawning of fake centrifugal forces, the non-inertial nature
of the comoving coordinate system has the consequence of not conserving energy. Energy is
conserved in a fake so-called comoving volume, which can be thought of as the volume that
expands (or contracts) homogenously with a3. This is precisely what the cosmological redshift
entails : a property of comoving observers and not of space. Neglecting the source’s gravitational
potential and its peculiar velocity with respect to the Hubble flow, the wavelength of the photon
as measured by an observer is redshifted by the amount given in the defining relation 2.23. Since
the wavelength of the photon is the inverse of its Boltzmann temperature in units of ~c/kb, it
follows that the background teperature scales inversely with the scale factor.

λ(t) =
~c

kbT (t) ∝ a(t)

⇔

T (t) = T0 ×
a0

a(t) = T0 × (1 + z)

(2.49)

Just as we’ve been introduced to the Friedmann equations as the Navier Stokes equations of a
fluid at rest in the comoving coordinate system, let us venture into the thermodynamics of the
Universe’s contents in a comoving volume (sometimes called a covolume) where the temperature
scales like T (t) ∝ a−1(t).

2.2.1 Maxwell Statistics

Any interaction is maintained as long as its rate Γint � H overcomes the rate of expansion.
This is the condition for any interaction to be at equilibrium in the expanding Universe. When
Γint . H, the interaction can no longer be maintained and the reactants decouple. In this
section, I define all the relevant thermodynamical quantities that define the equilibrium state
of any species thermalized with the background photons. The decoupling and production are
dealt with in Sec. 2.3. The spatial homogeneity and isotropy of the background ensures f is a
function of only the magnitude of momentum and time. Absorbing the time dependance into
the comoving momentum, one can write

f(~x, ~p, τ) = f(||~p||, τ) = f(p, τ) = f(q) (2.50)

When in equilibrium, the distribution function of a particle of temperature T = αTγ will
obey either Fermi-Dirac statistics if it is made of fermions (baryons, neutrinos, and we’ll assume
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dark matter) which feature the “plus” sign in the denominator of Eq. 2.51 or Bose-Einstein
statistics if it is made of bosons (photons) with a “minus” sign :

f0(q) =
1

eα[ε(q)−ξ] ± 1
(2.51)

with T in units of kb and ξ = µ/T the comoving chemical potential, linked to the internal
energy defined in the first principle ( dU = TdS − PdV + µdN ). It translates the fact that to
conserve energy, a change in internal energy will alter the system’s volume dV , its entropy (or
“useful” work) dS and the number of particles dN (if it isn’t conserved). The sum of the che-
mical potentials of reactants equals that of the products in a reaction at chemical equilibrium.
Since conjugate particle-antiparticle pairs annihilate into two photons, the sum of their chemical
potentials must equal that of two photons, which is zero since photon number is not conserved
and can be produced in e− + p+ ↔ e− + p+ + γ for instance. For a chemical potential µν` of a
neutrino of lepton charge `, its lepton-conjugate antineutrino has the opposite chemical potential

µν̄` = −µν` (2.52)

2.2.2 Density and Pressure

The number density (Eq. 2.36), energy density and pressure (the diagonal components of
Eq. 2.34) of radiation and matter at equilibrium are obtained using the equilibrium distribution
function f0 in expression 2.51 :



n =
g

a4

∫ d3q

(2π)3 f0(p)

ρ =
g

a4

∫ d3q

(2π)3 f0(q) × ε(q)

P =
g

a4

∫ d3q

(2π)3 f0(q) ×
q2

ε(q)

(2.53)

and so the stress-energy tensor of the cosmological fluid at equilibrium is fully determined by
Eq. 2.51. All that remains is to delineate whether the two main particular components (matter
and radiation) are fermions or bosons.

? For relativistic matter, with ζ the Riemann Zeta function, the number density, energy
density and pressure are
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

nr =
ζ(3)
π2 gT

3 ×


1 for bosons
3
4 for fermions

ρr =
π

30gT
4 ×


1 for bosons
7
8 for fermions

Pr =
ρr

3

(2.54)

and hence the equation of state of radiation is therefore

wr = 1/3 (2.55)

This applies to photons, neutrinos when kbT > mνc
2, free electrons when kbT > 0.5 MeV and

quarks when kbT > 1 GeV.

? For non-relativistic matter, which includes dark matter, free electrons when kbT < 0.5 MeV,
free protons when kbT < 1 GeV, massive neutrinos when kbT < meff

ν c
2, atoms, molecules, stars,

dust, galaxies, etc : 

nm = g

(
ζ(3)
π2

)3/2

× e−m/T

ρm ' mnm

Pm = nmkbT = ρm
kbT

m
= ρm

〈v2〉
3

(2.56)

Thus the equation of state for non-relativistic matter is

wm '
〈v2〉
3c2 � 1 (2.57)

which I will conventionally approximate to zero. For a Nitrogen gas (N2) at room temperature
for instance, wN2 ∼ 10−12.

2.2.3 Entropy

In my investigation into neutrino mass and neutrino dark matter, I consider neutrinos (either
left-handed or right-handed) and thermal relics which are produced in the early Universe and
relativistic at the time of their respective decoupling. It is useful to introduce the number of
relativistic species in thermal equilibrium with photons gth

? :

gth
? (T ) =

∑
bose

gbose + 7
8
∑
fermi

gfermi (2.58)
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Figure 2.4 – Effective number of relativistic degrees of freedom as a function of temperature. The
numerical values are displayed before and after each phase transition. The solid line corresponds to
g? = gth

? + gdec
? whereas the dotted line corresponds to gs?.

where bosons (labeled ‘bose’) contribute as 1× their number of spin states while fermions (labeled
‘fermi’) contribute as 7/8 their number of spin states to the radiation density (see second line in
Eq. 2.54). One can similarly introduce the number of relativistic species decoupled from photons :

gdec
? (T ) =

∑
bose

gbose

(
Tbose
T

)4
+ 7

8
∑
fermi

(
Tfermi
T

)4
gfermi (2.59)

These two quantities enable one to write the energy density of relativistic species as a Stefan
Laws :

ρr = π2

30 ×
(
gth
? + gdec

?

)
T 4 (2.60)

The expansion of the Universe is often described as adiabatic, which simply expresses that
entropy is conserved, dS/dT = 0. The entropy density s is defined as the sum of entropy densities
of each species label by the index α :

s =
∑
α

ρα + Pα
Tα

= 2π2

45 g
s
?(T )T 3 (2.61)

where gs? is the effective number of degrees of freedom in entropy. The entropy conservation
assures that the entropy density scales as volume : s ∝ a−3, and so the temperature actually
scales as T ∝ gs?−1/3a−1. Any relativistic species decoupling from the background photons alters
the value of gs? and thus the evolution of the background temperature. Fig. 2.4 recaps the value
of gth

? + gdec
? and gs? as a function of temperature.



42 CHAPITRE 2. The Smooth Expanding Universe

2.3 The Energy Content of the Cosmological Fluid

As the general relativity description of the spacetime metric historically engrained into the
roots of modern observational cosmology, there was a divide as to the driving force responsible
for the expansion. One school of thought put forth the steady state model, in which the density
of matter remains unchanged in the expanding Universe due to a steady homogenous creation
of matter. The other school of thought, which would ultimatly prevail, proposed the Hot Big
Bang model, in which the matter density monotonically decreases as the scale factor increases.
Consequently, the Universe was denser and hotter at earlier times, which I detailed in Sec. 2.2. In
this section, I break down the main components of the cosmological fluid that obey Friedmann’s
equations.

2.3.1 Non Particular Components

First shall be specified two components of the cosmological fluid that are not made of par-
ticles, but oddly have a defined energy density : the global curvature of the Universe and the
cosmological constant.

2.3.1.1 Curvature

From cosmological observation, it appears that the Universe has a global flat spatial geome-
try. Setting κ = 0 in the first Friedmann equation defines the cosmological fluid’s critical density
ρcri :

ρcri(t) = 3H2(t)
8πG (2.62)

with today’s value being ρcri,0 = 8.29310−11h2 eV4 (see Appendix A for expressing physical
quantities in units of hp, kb and c). In units of this critical density, the Friedmann equation can
be written in compact form

ρ(t) = Ω(t)× ρcri(t) (2.63)

where the cosmological fluid is an admixture of radiation, non-relativistic matter and a curvature
density

ρκ(t) = − 3κ
8πG

1
a2(t) (2.64)

so that

ρ(t) =
∑

α∈{r,m,κ}
ρα(t) =

∑
α∈{r,m,κ}

Ωα(t) ρcri(t) (2.65)

The curvature density is not a physical quantity. However, from Eq. 2.65, one can interpret it
as the energy density that exceeds or is deficient with regards to the critical value that would
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make the Universe flat. In all that follows, I work under the assumption that κ = 0, and drop
any contribution of ρκ into Friedmann’s equations.

2.3.1.2 Dark Energy or Cosmological Constant

Hubble diagrams of distant objects provided in the late 90’s evidence for a negative value of
the deceleration parameter −äa/ȧ2, which appears under another normalisation as the second
order term in Eq. 2.24. In other words, the expansion of the Universe was not decelerating as
would be the case if the expansion was driven solely by the matter and radiation density ; it was
in fact doing just the opposite.

Because both the Einstein and metric tensors are divergencefree, one can incorporate a so-
called cosmological constant Λ into the Einstein tensor (GGG 7→GGG−Λggg) and verify the Einstein
field equations :

Gµν − Λgµν = 8πGTµν (2.66)

In this context, the Λ scalar is uniform in space (although not necessarily in time) and acts
as a “drain” term in spacetime warping. Another possible interpretation for the accelerated
expansion of the Universe comes from incorportating it into the energy-stress tensor instead :
TTT 7→ TTT + Λggg, making it a “source” term in energy density, called dark energy. In that case, this
additional term can be thought of as a fluid whose equation of state is

wΛ = −1 (2.67)

In other words, the more you compress it, the less dense it gets. Inversely, as the Universe ex-
pands and the cosmological fluid dilates, the dark energy component exerts growing pressure on
its surroundings and drives the expansion ever so further. It goes without saying that there are
currently no known material on Earth displaying such a counter-intuitive property. It is still to
this day unclear which of these two interpretations — as a dark energy in TTT or a cosmological
constant in the EFEs — is correct, if any one of them at all, since both of them involve a stan-
ding mystery as to its nature, behavior and origin.

The total energy density in units of critical density must therefore be written

Ωr + Ωm + ΩΛ = 1− Ωκ (2.68)

with Ωκ = 0 for a flat Universe. This expression introduces the quantity

ρΛ = Λ
8πG (2.69)

which is derived from the Friedmann equations with Eq. 2.66 as the expression of the EFEs. This
quantity being homogenous to an energy density, it follows that in the cosmological constant
interpretation of the acceleration of the Universe’s expansion, Λ has dimentions of the inverse
of a surface. Several cosmological probes either measure independantly or infer ΩΛ ∼ 0.7 today.
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Figure 2.5 – Relative abundance in terms of energy density of the main components of the Universe
today (z = 0).

Throughout this work, I used the value

ΩΛ = 0.69 (2.70)

consistent with the best fitted value from the Planck collaboration’s analysis on the cosmic
microwave background temperature anisotropies. Notice from Eq. 2.69 that the energy density
associated with Λ (or dark energy, which I’ll use interchangeably throughout this thesis) is only
implicitely dependant on time through Λ’s own time dependance. In the benchmark cosmologi-
cal model, Λ is deemed a constant in both space and time, and so ρΛ ∝ a0. In a Λ dominated
Universe, which applies to the current state of the Universe, the first Friedmann equation sim-
plifies to

(
ȧ

a

)2
' ΩΛ (2.71)

which integrates into a(t) ∝ exp
[
H0Ω1/2

Λ t
]
, or, using conformal time, a(τ) ∝ (−τ)−1.

2.3.2 Inventory of Radiation

With the non-particular components of the cosmological fluid out of the way, we can instan-
tiate the relativistic matter population, which in sum total has an energy density of

Ωr,0 = 8.24× 10−5 (2.72)

critical densities. The only relativistic species today are (1) photons from the cosmic micro-
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Figure 2.6 – energy density per unit of frequency of photons in thermal equilibrium as a function of
frequency given by Eq. 2.73 for 3 temperatures. Units are arbitrary.

wave background, (2) massless 13 neutrinos from the cosmic neutrino background, and (3) any
hypothetical light thermal relic ; all three of which I detail in the subsections below.

2.3.2.1 The Cosmic Microwave Background

Up until recombination, the rate of expansion was significantly weaker than the scattering
interaction rate between photons and free electrons H(t)� ΓCompton. This thermal equilibrium
defines its black body temperature Tγ . Since photons have no chemical potential,

nγ(E)dE ∝ E2dE

eE/kbTγ − 1
(2.73)

with dE = hdν the energy interval and ν the photon frequency. The energy density of photons
is therefore proportional to the 4th power of its black body temperature, known as Stefan’s Law

ργc
2 =

∫ ∞
0

EdE n(E) = 8π5

15
k4
b

15h3c3 T 4
γ (2.74)

which is conformal to the expression in Eq. 2.54 for bosons with g = 2 (there are two spin
states). The energy of a photon is inversely proportional to its wavelength λ = ~c/kbTγ ∝ a(t)
which scales as the scale factor. This implies that the evolution of temperature with the scale
factor is

T (t) = T0
a(t) (2.75)

13. by massless I mean any neutrino mass eigenstate lighter than 10−4 eV
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As the Universe expands, the energy density of photons is therefore diluted by this a−1 factor
pertaining to its energy in addition to the a−3 factor pertaining to the dilution of volume, as
illustrated in Fig. 2.2. At any point in time t, the energy density is therefore

ργ(t) = ρ0
γ

(
a0
a(t)

)4
(2.76)

with ργ,0 its current value.

As the background temperature falls below the binding energy of the Hydrogen atom, elec-
trons progressively bound to protons. Once recombination is complete, because of global neu-
trality, there are too few free electrons for photons to scatter off and they free-stream with a
mean free path of c/H(t) in the direction of their last scattering event. Photons are no longer
in thermal equilibrium but their black body distribution of Eq. 2.73 freezes-out and imprints
their former equilibrium spectrum since they effectively do not interact with any species along
their path. As Fig. 2.6 displays, the photon’s energy density distribution retains its black body
spectrum as if it were in equilibrium. As the Universe expands, the temperature falls as Tγ ∼ a−1

which redshifts the T (tLSS) ∼ 13.6 eV/kb of these last scattered photons to microwaves today
T0 ∼ 2.35 × 10−4 eV/kb = 2.7255 K. The black body spectrum measured today is known as
the Cosmic Microwave Background (CMB) radiation. The current value of their energy density
is obtained by setting Tγ = Tγ,0 in Eq. 2.74, which yields ργ,0c2 = 0.2606 MeV in units of
k4
b~−3c−3 ; or, in units of critical density :

Ωγ,0 ' 5.35× 10−5 (2.77)

From the measured redshifting of CMB photons, one can trace back the last scatterings to
having occured when the scale factor was approximately a thousand times smaller than today.
Recombination is not an instantaneous process and the distribution of electrons was not per-
fectly homogenous at the time of the so-called decoupling of electrons and protons from thermal
equilibrium. Therefore small departures or fluctuations from the black body spectrum are ex-
pected in the energy distribution of CMB photons today. These temperature fluctuations serve
as a powerful tool to probe inhomogeneities and anisotropies in the distribution of matter at
z ∼ 1, 050 (some ∼ 380, 000 Gyr after the big bang). Current measurements of these temperature
fluctuations show they are of the order θ = δT/T ∼ 10−5. This will justify treating temperature
perturbations in the next chapter as being linear.

2.3.2.2 The Cosmic Neutrino Background

In the early Universe, neutrinos are kept in thermal equilibrium as long as the rate of weak
interactions (e− + e+ 
 νe + ν̄e) outdoes the rate of expansion. The energy distribution also
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follows a Fermi distribution which defines for each neutrino species a temperature Tν such that

nν(E)dE ∝ E2dE

e(E−µ)/kbTν + 1
(2.78)

with µ the chemical potential. Under the assumption net lepton symmetry in the early Universe,
Eq. 2.78 holds for both neutrinos and anti-neutrinos of each lepton charge, since in that case
µν̄ = 0 = −µν . Each generation of neutrino freezes out of thermal equilibrium consecutively
when the temperature T was such that

Γ = n〈σv〉 ∼ G2
FT

5 ∼
√
GNT 4 ∼ H (2.79)

where GF and GN are the Fermi and Newton constants. Electron neutrinos for instance, which
decouple last, do so when T ∼ 1 MeV. Shortly after, at T ∼ 0.5 MeV, e± annihilation is favou-
red over pair production. Assuming neutrinos were completely decoupled, they remained at that
temperature while the entropy release heated the CMB photons by a factor (11/4)1/3 ' 1.401.
This factor comes from the conservation of the entropy density (see Eq. 2.61 and Fig. 2.4) while
the Universe expands adiabatically, assuming that all the entropy released from the e± annihi-
lation all transfered instantaneously into the photons, which equates[

g?T
3
]

before
=
[
g?T

3
]

after
(2.80)

where gafter
? = 2 because photons are massless fermions, while gbefore

? = 5.5 before annihilation
because there are an additional 2 × 7/8 degrees of freedom for electrons, and another for posi-
trons since both are fermions.

Like photons, once neutrinos decoupled, their energy distribution retained the shape of a
black body spectrum 14 with decreasing temperature Tν ∝ a−1(t). Consequently, after their de-
coupling, neutrinos are throughout conformal times about 40% cooler than CMB photons :

Tν =
( 4

11

)1/3
Tγ (2.81)

Today, the Cosmic Neutrino Background (CNB) has cooled to Tν,0 = (4/11)1/3T 0
γ = 1.9525 K.

Currently, each generation of neutrino – antineutrino pair has an energy density of

ρν,0c
2 = 7

8
π2

15
k4
b

~3c3 × T
4
ν,0 (2.82)

in the massless approximation. The total massless neutrino energy density in units of critical
energy density is therefore

Ων,0 = 1.25× 10−5 ×Nν (2.83)

where Nν = 3 is the number of lepton charged neutrinos and their associated antineutrinos.

14. with regards to the Fermi distribution, not a Bose distribution to which the black body description applies
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Because of lepton charge oscillations in neutrinos, we know that not all three mass eigenstates
are massless, and neither are the νe,µ,τ . We thus expect a departure from this Nν = 3 value,
which assumes their energy density follows Stephan’s Law ρν ∝ T 4

ν like any radiation (modulo
the 7/8 factor for their fermionic nature). In this approximation, the mass only intervenes via its
temperature 15. As such, a meff

ν = 93.14 eV neutrino would have critical energy density assuming
H0 = 100 km s−1Mpc−1. In other words, neutrinos contribute

Ωνh
2 = meff

ν

93.14 eV (2.84)

to the total energy density of a flat Universe. Furthermore, neutrino freeze-out is not an instan-
taneous process. A portion of neutrinos are still coupled to photons as electrons and positrons
pair-annihilate and heat the CMB photons. As a result, this correction is incorporated into
the effective number of neutrino species (neutrino and antineutrino) Neff = 3.046 which would
be 3 in the approximation of instantaneous decoupling of neutrinos from photons. The correct
expression for the neutrino energy density is therefore

ρν

ργ
=

7
8Neff ×

(
Tν

Tγ

)4

=
7
8

(
4
11

)4/3

Neff

(2.85)

2.3.2.3 Extra Radiation

The combined TT+TE+EE+lowP Planck analysis (Planck Collaboration et al., 2015) of the
CMB temperature anisotropies constrain the effective number of stable, relativistic species in
thermal equilibrium in the early Universe to

Neff = 2.99± 0.20 (2.86)

As apparent in Fig. 2.4, neutrinos aren’t the only fermions aside from baryons to be coupled
to photons as some point during the early Universe. Any particle of mass mx and temperature
Tx coupled to photons prior to neutrino decoupling would contribute an additional ∆Neff ∝
(Tx/Tν)4 to the effective number of neutrinos, where

Neff = 3.046±∆Neff (2.87)

These early-decoupled thermal relics as they are generically refered to, have momentum
distributions that obey Fermi-Dirac statistics while in equilibrium, as per Eq. 2.78. However,
their temperature may differ from the neutrino temperature. If one assumes dark matter is made
of these early-decoupled thermal relics, then setting Ωx = Ωdm fixes the departure from Neff via

meff
ν

mx
=
(
Tx
Tν

)3
= (∆Neff)3/4 (2.88)

with meff
ν introduced in Eq. 2.84. The total radiation energy density can therefore be expressed

as a factor of ργ through Neff and its departure from 3.046 :

15. since its energy is the sum of its rest mass energy and its kinetic (thermal) energy
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ρr = ργ + ρν + ρx

= ργ +
7
8

(
4
11

)4/3

Neff ργ +
7
8

(
4
11

)4/3

∆Neff ργ

= ργ ×

1 +
7
8

(
4
11

)4/3

(Neff + ∆Neff)


(2.89)

where the left-hand, middle and right-hand terms are respectively the photon, thermalized (left-
handed) neutrinos and all extra radiation, i.e. either thermalized relics or neutrinos which haven’t
reached thermal equilibrium, which I detail in Sec. 2.3.2.4 below.

2.3.2.4 Sterile Neutrinos

The constraints on Neff (Eq. 2.86) rule out Nν = 4 at the ∼ 5σ level. This means that
if right-handed neutrinos exist, then they must not have reached thermal equilibrium with
photons. There are several ways hypothetical sterile neutrinos could have been produced in the
Early Universe. Because of their coupling to lepton-charged neutrinos, right-handed neutrinos
can be produced e.g. via the oscillation mechanism from an “active” mass eigenstate to a sterile
one. Dodelson and Widrow (1994) showed that this production by oscillation reaches maximum
efficiency when T ∼ 0.1− 0.3 GeV. These sterile neutrinos are not in thermal equilibrium with
photons, in fact they do not interact at all. However, since the distribution of the active states
are Fermi-distributed, it is expected that the distribution function of the sterile states fs closely
resemble one as well :

fs ∝
ϑ

e(E−µs)/Tν + 1
(2.90)

where the rescaling factor ϑ = ∆Neff = sin2 2θ � 1 is related to the active-sterile angle θ.
The DW neutrino assumes that the effective massless degree of freedom g? is constant at T ∼
100 MeV, but as Bozek et al. (2016) point out, this isn’t the case, and even less so the actual
relevant quantity d ln g?/d ln a. Incorporating this contrast with the idealized DW case and
making no assumptions on the initial abundances, Merle et al. (2016) show that the Boltzmann
equation can be written as[

∂

∂T
− κ(T )p ∂

∂p

]
fs(p, T ) = H(p, T )×

[
fDW
s − fs

]
(p, T ) (2.91)

where κ(T )dT = H(T )dt and the H function generically encapsulates all thermodynamics and
production processes involved. Since H varies rather dramatically with neutrino momentum p,
sterile neutrinos produced in oscillations do not feature a re-scaled thermal distribution as is
commonly assumed. To distinguish them from the idealized DW case, we refer to neutrinos pro-
duced in this mechanism as non-resonant ; or NRP 16 sterile neutrinos. Readers should keep
in mind that the actual distribution of NRP νs has lower momenta than DW νs, as is shown in
Fig. 1 of Merle et al. (2016). The NRP fs is characterized by the integral over temperature of
H, which is close to unity to a few percent. In this work, I limit the analysis of neutrino dark
matter to Ly-α forests, which only requires an accuracy at the percent level. In this context,
it is therefore adequate to make the simplifying assumption that the H temperature integral
is ∼ 1 and that the contrast between the quasi-thermal DW distribution and the cooler NRP

16. for “non resonantly produced”
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Figure 2.7 – Left : Distribution function of a mνs = 4 keV sterile neutrino produced via oscillations
in presence of a net lepton asymmetry of L = 1.2 × 10−5 (red solid curve labeled ‘M4L12’). The purely
resonant component is featured in dashed red to distinguish it from the non-resonant component in solid
black. Right : Distribution functions of mνs = 7.1 keV sterile neutrinos produced non-resonantly (dotted
green curve labeled ‘NRP’), resonantly (dashed blue curve labeled ‘RP’) and by the decay of a scalar
field (red and black solid curves).

distribution is negligeable in the scope of my work.

As Shi and Fuller (1999) point out, the production of right-handed neutrinos via oscillations
with the left-handed ones can be significantly boosted if one assumes a net lepton asymmetry in
the Early Universe. The chemical potential term µ > 0 in Eq. 2.90 can reach orders of µ ∼ 10−4.
The resulting distribution function of these resonantly produced sterile neutrions (RPSN)
can end up being highly non-thermal, such as the one featured in red on the left panel of
Fig. 2.7 (also the dashed blue curve on the right panel ), produced in presence of a net lepton 17

asymmetry of L = 1.2×10−5 where L is the numerical density asymmetry of electronic neutrinos
in units of entropy density :

L = |nνe − nν̄e |
s

(2.92)

To be consistent with light element abundances from big bang nucleosynthesis (BBN), this elec-
tronic asymmetry cannot exceed L ∼ 10−3. However, asymmetries 3 orders of magnitude fainter
than that upper limit can produce a significant resonance peak manifest in the distribution func-
tions of RPSN. As such, RPSN are distributed with lower momenta than the quasi-thermally
distributed NRP sterile neutrinos. If one assumes these neutrinos make up the dark matter,
or part of it, then one can produce them with much weaker interaction angles θ for a fixed

17. I assume the lepton asymmetry to be mainly of the electronic charge, although there may be muonic and
tauic charge asymmetries as well.
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Ωνs ∼ Ωdm compared to Eq. 2.90.

In this thesis, I consider left-handed and right-handed neutrinos as dark matter candidate
particles. For the latter, I only consider ones produced via the oscillation mechanism, either in
presence or absence of a net lepton asymmetry at the era of peak production. It should be noted,
nevertheless, that ample other production mechanisms exist, which can all yield non thermal
distributions typically cooler than the NRP case. Aside from the aforementioned NRP and RP
production, neutrinos can be produced by the decay of a scalar field, initially proposed by
Petraki and Kusenko (2008) and investigated by Kaplinghat (2005); Bezrukov and Gorbunov
(2016); Merle et al. (2014). The first numerical results were produced by Merle and Totzauer
(2015). The right panel of Fig. 2.7 features the excess of momenta states populated in this pro-
duction mechanism, where the position of the peak is linked to the scalar field particle’s mass.
Another noteworthy production mechanism is thermal overproduction with a subsequent en-
tropy dilution, first put forth by Bezrukov et al. (2010) and reviewed in King and Merle (2012).
The object of my thesis isn’t to explore the plethera of production mechanisms, however, and I
limit this current discussion to only the main axes of research on this topic.

Regardless of the production mechanism, the integral of the distribution function over all
momenta yields the departure from the effective number of stable relativistic thermalized species
in the early Universe from its fiducial value of Neff = 3.046 :

∫
dq

2π2 q
2fs(q) = 7

8
π2

15 T 4
ν ∆Neff (2.93)

To be consistent with the currently allowed bound on Neff in Eq. 2.86, the value of the normali-
sation parameter ϑ of the NRP sterile neutrinos’ distribution function in Eq. 2.90 must not be
of order unity. Typically, ϑ = sin2 2θ ' 10−7 for a NRP sterile neutrino of rest mass mνs ∼ keV
can account for Ωdm ' 0.26 (see Sec. 2.3.3.2). For a RPSN of the same mass, ϑ ' 10−12 can
yield that same energy density and the same ∆Neff .

2.3.3 Inventory of Non-Relativistic Matter

I now instantiate the non-relativistic matter population, which in sum total have an energy
density of

Ωm = 0.26142 (2.94)

critical densities today, and are subdivided into three categories : (1) everything made of atoms,
including stars, dust and gas, (2) everything that has mass but isn’t made of atoms, dark matter,
and (3) black holes. Leaving aside the third category, I detail the first two in the following two
subsections. When matter is the dominant component in terms of energy density, then the first
Friedmann equation boils down to :

(
ȧ

a

)2
' Ωm = Ωm,0 a

−3 (2.95)
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which integrates into a(t) ∝ t2/3 or equivalently a(τ) ∝ τ2 in terms of conformal time.

2.3.3.1 Baryons and Acoustic Oscillations

To distinguish “regular” matter from dark matter, any system made of atoms is refered to
as baryons. Today, an obvious amount of baryons are bound to gravitational systems such as
stars, planets, etc due to growing density perturbations on very small scales. At larger scales, the
interstellar and intergalactic media consist of hot tenous plasma containing a substancial amount
of baryons from neutral atoms to ionized molecules. At earlier times, when the Universe was
denser and hotter, the distribution of matter and baryons was much more uniform. When the
Universe cools down to the binding energy of Hydrogen, electrons increasingly bind to protons
to form neutral Hydrogen and photons scattering off the remaining free-electrons decreasingly.
This recombination occurs at around zrec ' 1100. Once about 90% of the electrons are bound in
neutral Hydrogen, photons last scatter off their ultimate free electron before free-streaming out
and making the Universe transparent. At the redshift of this last scattering surface, zlss ∼ 1050,
the distribution of baryons is homogenous to within ∼ 10−5. The theory of structure formation
relies mainly on gravitational instability, that is, the idea that in overdense regions, gravitatio-
nal collapse overcomes the expansion. Thus overdensities tend to grow over time. In underdense
regions on the other hand, the expansion is preponderant over their self-gravity and as such
grow more underdense over time.

Before recombination, Thomson scattering between photons and electrons is predominant
and the free-streaming scale of photons is much smaller than the size of the horizon cH−1(z).
Photons and electrons are thus strongly coupled. This is known as the strong coupling limit.
In addition, protons and electrons interact through the Coulomb force. These three types of
particles are coupled and form a unique fluid called the baryon-photon plasma in which density
perturbations evolve like sound waves. A point-like adiabatic perturbation in this baryon-photon
plasma affects the dark matter, baryon, photon and neutrino populations. Neutrinos interact
very weakly and stream away from the initial perturbation due to their high velocity. Dark
matter is only affected by gravity and thus only stands growing at the original position. Because
the baryon-photon plasma is very hot and dominated by photons at this time, it has a strong
pressure compared to its density. The initial overdensity is thus also an initial overpressure. As
the pressure tries to equalize itself with its surroundings, this results in an expanding spherical
sound wave, or acoustic oscillation, with the sound speed in the plasma cs ' c/

√
3. The ba-

ryon and photon perturbation is carried outwards and its density drops as the energy is spread
over the expanding spherical wave as shown in Fig 2.8a.

As the acoustic wave propagates, the neutrinos free stream out and dark matter accumu-
lates in the overall density perturbation. Not only is the DM peak growing, but the width of
the perturbation widens since it attracts additional material from its surroundings. This can
be seen in Fig. 2.8b. Once recombination onsets, baryons decouple from the photons. The tight
coupling limit is no longer valid and photons free stream like the neutrinos initially did at the
onset of the perturbation, as shown on Fig. 2.8c. Photons cool down and their pressure drops as
the decoupling occurs, and thus the acoustic wave decelerates. This process continues until the
photons have completely leaked out of the perturbation, and the sound wave has almost stopped
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(a) Near the initial time, the photons and baryons travel
outward as a pulse.

(b) Approaching recombination, one can see the wake in
the cold dark matter raised by the outward-going pulse
of baryons and relativistic species.

(c) At recombination, the photons leak away from the
baryonic perturbation.

(d) With recombination complete, we are left with a
dark matter perturbation toward the center and a ba-
ryonic perturbation in a shell.

(e) Gravitational instability now takes over, and new
baryons and dark matter are attracted to the overden-
sities.

(f) The gas and dark matter peaks now look alike. The
acoustic peak has decreased in contrast because dark
matter, which has no peak initially, outweighs the gas.

Figure 2.8 – Evolution of the radial fractional mass profile versus comoving radius of an initially pointlike
overdensity located at the origin. The units of the mass profile are arbitrary but are correctly scaled
between the panels. These figures were made by suitable transforms of the transfer functions created by
CMBFAST (Seljak and Zaldarriaga, 1996; Zaldarriaga and Seljak, 2000). Credits : Eisenstein et al. (2007).
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propagating. The remnants are a dark matter perturbation around the origin and a gas pertur-
bation in a shell of about ∼ 150 Mpc (comoving), seen in Fig. 2.8d. However, baryons and dark
matter interact gravitationally thus causing the two perturbations to feedback, i.e. both increase
due to the combined gravitational potential from both components (see Fig. 2.8e). Eventually,
the two perturbations look scarcely dissimilar and the spherical shell of gas has imprinted itself
in the dark matter as the so-called acoustic peak (Fig. 2.8f).

Since these perturbation are small in amplitude, the process just described can be linearly
summed over the whole set of perturbation in the baryon-photon plasma. Galaxy formation
occurs in overdense regions, and although most of it happens at the position of the original fluc-
tuations, there is a tiny excess in the ∼ 150 Mpc regions away from these initial perturbations.
This length scale, originally related to a density excess shortly after recombination, is expected
to also be present in the distribution of matter in the later universe. It can therefore be used
as a standard ruler to probe our cosmological model. This is detected as a single acoustic peak
in the correlation function of galaxies or a series of acoustic oscillations in the corresponding
power spectrum (Eisenstein et al., 2005; Anderson et al., 2013). Using this BAO scale and CMB
anisotropies, we know baryons contribute

Ωbh
2 = 0.022 (2.96)

to today’s critical energy density.

2.3.3.2 Dark Matter

At the beginning of the 20th century, there appeared to be less light emaning from gravitationally-
bound star clusters orbiting distant nebulæ. Initially thought of as a “missing light” problem in
which some material obstructed or occulted the light from these background sources, it became
apparent a few decades later that it was in fact a “missing mass” issue. Indeed, if clouds of gas
or dust in the foreground had absorbed the incoming light, then it should have manifested radia-
ting as a black body at some wavelength. The mass from these luminous sources only accounted
for one fifth of that required for these systems to be gravitationally bound and to reproduce
their velocity dispersions. The other missing four fifths were hypothesized as an additional Dark
Matter (DM), that has mass but neither absorbs nor emits nor scatters off light. In other words,
dark matter is very little if at all sensitive to the electromagnetic interaction.

Although bold at the time, the postulation for the existence of dark matter has thus far
stood the test of time. Other independant observations infer its presence : the non-Newtonian
rotation curves of galaxies for one, but also the anisotropies in CMB temperatures, the BAOs
described in the previous subsection, and gravitational lensing pictured in the right panel of
Fig. 2.9. None of them outright prove its existence. However, dark matter neatly explains these
independant observations. Ever since the advent of computational astrophysics in the 80’s, nu-
merical simulations have been unable to correctly reproduce the formation of structures and
galaxies with “ordinary” matter only. All of the aforementioned cosmological probes for dark
matter point to it having
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Figure 2.9 – Left : Composite optical image of the Bullet cluster, with X-ray in pink and weak gra-
vitational lensing in blue (credit : NASA / STScI ; ESO WFI ; Magellan / U. of Arizona). Right :
Gravitational lensing manifest near the 0024+1654 cluster (credit : HST), distorting the light rays from
a background galaxy, shown as the stretched blue streaks.

Ωdmh
2 = 0.119 (2.97)

of today’s critical energy density. Its nature however, is still unknown. If it is made of elementary
particles, then images like the one in the left panel of Fig. 2.9 suggest it can’t be baryonic matter.
When two galaxy clusters collide, the gas heats and radiates in the X-ray part of the spectrum,
pictured as the pink overlay. The blue overlay points to where most of the mass distribution
lies, as deduced by the gravitational lensing it exerts on the background light (an example of
strong gravitational lensing is provided on the right panel). The pink and blue regions are clearly
disparate, suggesting the area containing essentially all of the mass does not radiate.

Despite the identity of a DM candidate particle still being speculative, it is nevertheless
one of the most preponderant components of the Universe’s energy density, second only to dark
energy. As such, the current benchmark cosmological model is often refered to as the hot big bang
ΛCDM model, where CDM stands for Cold Dark Matter. The “cold” adjective pertains to it
having a narrow (quasi-Dirac) velocity distribution. In Sec. 3.3 in the next chapter, I distinguish
cold dark matter from several non-cold dark matter cosmologies, the reason being that neutrinos
— the only DM candidate particle we’ve discovered — cannot be cold as its velocity dispersion is
to wide. This has a drastic impact on the formation of large scale structures and the distribution
of the intergalactic gas, which I detail throughout this thesis.
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Summary

In an expanding Universe from a Hot Big Bang scenario described by a flat ΛCDM model,
the expansion rate is driven by the energy density of a cosmological fluid through the Friedmann
equations, which consists of three main components (radiation, matter and Λ) each having the
following equations of state :

Component Radiation Matter Dark Energy

Equation of State wr =
1
3 wm = 0 wΛ = −1

Energy Density ρr ∝ a−4 ρm ∝ a−3 ρΛ ∝ a0

Scale Factor a(t) ∝ t1/2 a(t) ∝ t2/3 a(t) ∝ eH0Ω1/2
Λ t

a(τ) ∝ τ a(τ) ∝ τ2 a(τ) ∝ −1/τ

In units of the critical energy density, the first Friedmann equation can be written :

(
H(t)
H0

)2
= Ω0

ma
−3(t) + Ω0

ra
−4(t) + Ω0

Λ (2.98)

This expression explicits the time dependance of the scale factor. Because the energy densities of
these three components evolve distinctly with the scale factor, one can identify three epochs in
the history of the Universe during which the radiation, matter and Λ component dominates the
others chronologically. One can determine when these epochs of domination swith from mainly
radiation to mainly matter and finally to mainly Λ (“matter - radiation equality” and “matter
- Λ equality”) by simply equating

Ωr(t) a(t)4 = Ω0
r a

4
0

Ωm(t) a(t)3 = Ω0
m a3

0

ΩΛ(t) = Ω0
Λ

With today’s values in Eqs. 2.70, 2.72 and 2.94, one can straightforwardly compute that
the cosmological constant dominates the dynamics of the observable Universe from z = 0 to
zΛ ' 0.3. Prior to this redshift, the Universe was dominated by non-relativistic matter (matter
dominated era or MDE) up to zeq ' 3400, prior to which was the radiation dominated era or
RDE. Fig. 2.10 shows the evolution of Ωr, Ωm and ΩΛ with proper time, as well as that of the
scale factor, and materializes the two equalities distinguishing the RDE from the MDE and the
ΛDE.
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Figure 2.10 – Evolution of the radiation, matter and Λ densities in units of critical density with respect
to proper time (dot dashed color curves). The evolution of the scale factor in units of today’s a0 with
proper time is superimposed as the solid black curve.
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« To ask the right question is harder than to answer it. »

— Georg Cantor

In the previous chapter, I’ve introduced the basic framework in which cosmological neutrinos
are treated. Setting aside dark energy, the takeaway message is that the Universe can be

thought of as a bath of interacting particles that expands adiabatically. The challenge that sets
the cosmological fluid apart from a regular self-gravitating fluid is the fact that there is no iner-
tial reference frame in which one can express the conservation of mass or energy and momentum
due to a homogenous and isotropic expansion of all points of space. The trick used to curtail this
oddity is to establish a comoving coordinate system, that is not anchored to any reference frame
at all. This enabled us to relate comoving quantities of the background. This artificial framework
left a rather singular signature : immobile observers in this comoving coordinate system disagree
on the energy of photons, so far the only 1 messengers of objects and processes in the cosmos,
and the amount by which it is redshifted is intrinsically linked to the expanding geometry of
spacetime. Nevertheless, the fluid approximation at rest in this coordinate system enabled us
to greatly simplify the Einstein field equations which link the local curvature of spacetime with
its energy density. We abused these equations to get a general idea of how the entire cosmic
background contents behave globally, which gave us the Friedmann equations, attesting that the
expansion rate and its rate of change are driven by the total energy density content.

The anthropic principle, i.e. the fact that you are presently reading this PhD thesis, points to
the obvious fact that this simplification is incomplete in describing the rich and diverse array of
acoustic, chemical, electromagnetic, and nuclear processes happening around us. The Universe
cannot be uniformely homogenous. To account for structures, large and small, we must look at
what happens to inhomogeneities when they arise. In Sec. 3.1, I lay out the formal statistical
definition of the tool used to probe such inhomogeneities, the power spectrum, and describe
how it can be used to quantify the clustering of large scale structures. I then guide the reader on
how one can deduce its shape, at least on large scales, from linear perturbations theory in the
context of the expanding Universe in Sec. 3.2. This section can be skipped on first reading, as
it is technical and I haven’t made any worthwhile contributions in the theory, besides grouping
together different ideas and condensing books-worth of information into a single dense section.
It is written with the intention of providing a reader longing to grasp the fundamental under-
pinnings of linear perturbation theory and the basics of how a Boltzmann solver code works.
The conventions adopted and argumentation are adapted from and heavily influenced by the
NPAC 2 Master’s advanced lectures on Cosmology by Michael Joyce (LPNHE – Paris VII U.),

1. that is besides gravitational waves and neutrinos
2. http://npac.lal.in2p3.fr/home/

http://npac.lal.in2p3.fr/home/
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Mathieu Langer (IAS – Paris XI U.) and Hervé Dole (IAS – Paris XI U.), Modern Cosmo-
logy (Dodelson, 2003) and References Ma and Bertschinger (1994); Lesgourgues and Pastor
(2006a); Boyarsky et al. (2009); Wong (2011); Pastor (2011); Lesgourgues and Pastor (2012);
Abazajian (2017).

Neutrinos are the lightest 3 known particle having been discovered. Their elusiveness makes
it challenging to weight them in laboratory, accelerator or reactor experiments. The background,
however, has expanded to sufficiently low temperatures that all neutrinos produced in nuclear
reactions in the early Universe have become non-relativistic. Neutrinos are therefore a rather
singular component as they’ve contributed as additional radiation for a substantial portion of
the age of the Universe, contributing to the expansion rate, before their small masses became
relevant enough for them to cluster and behave like a self-gravitating matter component. Because
their non-relativistic transition likely happened some time during the matter-dominated era,
they left a characteristic imprint on the distribution of matter at intergalactic scales that is
dependant on their mass. This small scale signature on the matter power spectrum is therefore
the main observable for constraining neutrino masses in cosmology studied throughout this
work. I characterize the free-streaming length scale of neutrinos and other non-cold dark matter
particles and illustrate how their mass influences the power spectrum at small scales in Sec. 3.3.
I also describe how linear perturbations are solved numerically with some widely-used open-
access Boltzmann codes, which have been used to implement neutrinos and non-cold dark matter
components in the simulations I describe in chapter 5. Indeed, the scales of concern are expected
to be dominated by non-linear effects such as gravitational back-reactions, coupling to other
species, baryon effects, thermal broadening and feedback mechanisms, which limit the predictions
of linear theory. This compels one to consider a more adequate observable in the non-linear
regime : the one-dimensional power spectrum of the Lyman-alpha forest, which I defer to the
next chapter.

3.1 Probing Inhomogeneities & Anisotropies

It is expected that spatial homogeneity and isotropy break down on some scale. However, it
is empirically verified that the Universe is statistically homogeneous and isotropic. Take a look at
the distribution of galaxies on the background figure on page 59 for instance. At first glance, the
cosmological principle holds : the distribution of large scale structures appears to be the same
in whatever direction from the center you look in. In terms of spatial averages, the background
distribution is in practical terms homogenous. But average out the distribution in smaller and
smaller patches anywhere on the map and you may start to notice some dissimilarities from one
patch to another of same dimensions. On really small scales, the distribution could hardly be
more heterogenous : in some tiny patches, you may end up with a bunch of clumps or clusters
of galaxies while in other barely if any. The characterisation of these inhomogeneities as one
averages out over shorter and shorter volumes is grounded in a mathematical concept called the
power spectrum. The wider the patch on which we average, the less of them we can place in our
total available volume. This sampling variance — or cosmic variance — makes our statements
about the largest of scales statistically less robust than on smaller scales since we cannot compare

3. of all particles having a rest mass
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the entire observable Universe to anything else ! This won’t limit our appreciation of the power
spectrum as a powerful tool to probe large scales structures however, since we’ve already settled
the global background evolution.

3.1.1 Power Spectra : Definition

3.1.1.1 Inhomogeneities

To study inhomogeneities in a generic density field ε(~x, t), we can expand it to a mean value
ε̄(t) = 〈ε(~x, t)〉 averaged over a hypersurface of simulatenity at time t and a density contrast δε
in the field, large or small :

ε(~x, t) = ε̄(t) ( 1 + δε(~x, t) ) (3.1)

In the framework of cosmology, we will use conformal time τ = a−1t instead of proper time and
work in Fourier space 4, in which ~∇~x → −i~k and

ε̃(~k, τ) = F [ε(~x, τ)] =
∫

d3x

(2π)3 ε(~x, τ)e−i~k·~x (3.2)

It is clear from Eq. 3.1 that the mean value of the field makes the average of the contrast
null when averaged over a large enough volume. Making the time dependance implicit, we may
characterize the variance in the field, by introducing

〈δε(~k)〉 = 0

〈δε(~k)δε(~k′)〉
.= (2π)3 δ(D)(~k − ~k′)× Pε(~k)

(3.3)

where the Dirac distribution is defined as

δ(D)(~x) =
{

1 at ~x = ~0
0 elsewhere

(3.4)

Pε is known as the auto-correlation power spectrum of field ε, to distinguish it from the cross-
correlation power spectrum of fields ε and η, which is defined as

〈δε(~k)δη(~k′)〉
.= (2π)3 δ(D)(~k − ~k′)× Pεη(~k) (3.5)

It quantifies the contribution of each ~k vector mode to the field’s variance and has the dimensions
of a volume since ~k is the canonical conjugate of a spatial vector. When one considers a finite
volume V with periodic conditions, the power spectrum can be interpreted as

Pε(~k) = lim
V→∞

〈|δε(~k)|2〉
V

(3.6)

Assuming isotropy, the power spectrum does not depend on the direction k̂ = ~k/k but only on
its magnitude k = |~k| : Pε(~k) = Pε(k)

4. this is useful because each mode can be treated as evolving independantly of one another
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Figure 3.1 – Left : Distribution of galaxies within 2.5 × 109 light years of the Milky Way (center).
Credit : 2dF Galaxy Redshift Survey. Right : Matter power spectrum measured at z = 0 using 5 probes.
The solid line is the best fitted ΛCDM model. Credit : Tegmark et al. (2004)

3.1.1.2 Anisotropies

I will also consider fields which only depend on the relative orientation of momentum ~p = pp̂

with mode ~k = kk̂. Noting µ = p̂ · k̂ the cosine of their relative angle, the relative fluctuation or
contrast in field θX = δX/X̄ can be expanded into spherical harmonics

θX(k̂, µ) =
∞∑
`=1

+∑̀
m=−`

aX`m(k̂, µ)Y`m(p̂) (3.7)

where
aX`m(k̂, µ) = (−i)`4π

∫∫
dΩ Y∗`m(p̂)θ̃X(k̂, µ) (3.8)

and ∫∫
dΩ Y`m(p̂)Y∗`′m′(p̂) = δ``′δmm′ (3.9)

The mean value being zero, the variance again defines a power spectrum. Here, the cross-
correlation between X and Y : 

〈aX`m〉 = 0

〈aX`ma
Y,∗
`′m′〉 = δ``′δmm′CXY`

(3.10)

where C` has no dependance on m because of isotropy. X and Y can be scalar modes (e.g.
temperature) or tensor modes (e.g. polarizations + and ×, or E and B).

3.1.2 Matter Power Spectrum

3.1.2.1 Inhomogeneities in the Matter Distribution

As I will detail in the next section, the density field of non-relativistic matter is only sensi-
tive to monopolar perturbations, and so we may define the power spectrum of matter density
contrast at redshift z as

Pm(k, z) = 〈|δm(k, z)|2〉 (3.11)
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where

δm(k, z) =

∑
i∈{cdm,b,ν}

ρ̄i(z)δi(k, z)∑
i∈{cdm,b,ν}

ρ̄i(z)
(3.12)

when neutrinos are massive. The left-hand side of Eq. 3.3 for ε = m is the auto-correlation
function of non-relativistic matter. Since dark matter cannot be detected via electromagnetic
waves, we can only infer its presence indirectly, using its impact on tracers, i.e. massive objects,
commonly galaxies and quasars. It is clear from Eq. 3.3 that the power spectrum of these tracers
and their correlation function ξ(r) are a Fourier Transform pair

ξ(r) =
∫

d3k

(2π)3 P (k) ei~k·~r (3.13)

Because of isotropy, the correlation function is symmetric under rotation meaning it is only
function of the relative position of objects ξ(~r) = ξ(r), or equivalently P (~k) = P (k). The power
spectrum of these biased tracers can be linked to that of the underlying matter distribution by
a real number b ∈ R

Ptracer(k) = b2tracerPm(k) (3.14)

which is specific to the tracer used. When measuring the power spectrum of such a tracer, one
must also take into account redshift distortion due to the peculiar velocity of the tracer which
adds a Doppler shift (either blue-ward or red-ward) which skews the redshift along the line-of-
sight. This anisotropy induced in the power spectrum is characterized by the Kaiser β parameter
(Kaiser, 1987) :

P (k, µ) = (1 + β µ2k)2P (k) (3.15)

Finally, for objects on which we can only probe a density field along a line-of-sight such as
for Lyman-alpha forests (see Sec. 4.1), it is useful to use the unidimensional power spectrum
P1d which is linked to the three-dimensional one by

P1d(k‖) =
∫ d~k⊥

(2π)2 P3d(~k)

=
∫ dk

2π kP (k)
(3.16)

where the mode vector ~k = (k‖,~k⊥) is decomposed into a divergence-free (scalar) and a curl-free
(vector) components. When not explicitely specified, P (k) = P3d(k).

A very useful quantity to grasp the physical meaning of the power spectrum is the variance
per logarithmic k, a.k.a. the dimensionless power spectrum, defined as

∆2(k) .= k3P (k)
2π2 (3.17)
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It is linked to the one-point variance of the density field

ξ(r = 0) = 〈 δ2(0) 〉

=
∫ d3~k

(2π)3 P (~k)

=
∫ dk

2π2 k2P (k)

=
∫

d ln k k3P (k)
2π2

=
∫

d ln k ∆2(k)

To have a finite variance, which we assume to always have in cosmology, we require :

∆2(k) −→
{

0 as k → 0
0 as k →∞

(3.18)

In other words, if the power spectrum is polynomial P (k) ∼ kn, then,

n

{
> −3 as k → 0
< −3 as k →∞

(3.19)

Note that the power spectrum can diverge as k → 0.

3.1.2.2 Link with Real-Space Fluctuations

Let m(V) =
∫
V

d3~r ρ(~r) be the mass in a finite volume V. The normalized mass fluctuation
in volume V is defined as

σ2(V) .= (m(V)− 〈m(V)〉)2

〈m(V)〉2 (3.20)

By substituting the density contrast and the auto-correlation of its field, it is straightforward to
show that

σ2
V =

∫
d3~k P (~k) |WV(~k)|2 (3.21)

where
WV(~k) = 1

V

∫
V

d3~r ei
~k·~r (3.22)

is the Fourier Transform of the following window function

WV(~r) =
{

1/V where ~r ∈ V
0 everywhere else

(3.23)

In the case where V is a sphere of radius R,

WV(~r) = 3
4πR3 H(R− r) (3.24)

where H is the Heavyside function. Computing its Fourier Transform

W̃R(~k) = 3
(kR)3 (sin kR − kR cos kR)
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and assuming a power spectrum of the form P (k) ∼ Akn, the normalized mass function in the
sphere of radius R takes the form

σ2(R) = 9AR−(n+3)
∫ kR

0
d3y yn−6 (sin y − y cos y)2

For n > 1 on one hand, σ2(R) ∝ R−4. For n < 1 on the other hand, the above integral converges
as kR→∞ and

σ2(R) ∝ AR−(n+3)

∝ ∆2(k = R−1)

∝
[
k3P (k)

]
k=R−1

For what follow, we will denote the mass variance within a co-moving radius of R = 8 h−1Mpc
as

σ8
.=
√
σ2(R = 8 h−1Mpc) (3.25)

3.1.3 Angular Power Spectrum of Anisotropies

3.1.3.1 Anisotropies in the Temperature Distribution

Replacing X and Y in expressions 3.7 by the fluctuation in temperature Tγ of CMB photons,

T (p̂, τ) = T̄ (τ) (1 + θ(p̂, τ)) (3.26)

Eq. 3.10 gives the angular auto-correlation power spectrum in temperature fluctuations. The
harmonic modes Y`m quantify the temperature fluctuations on solid angle ∆Ω ∼ π/`. The 00
harmonic is therefore the CMB temperature averaged over the entire sky :

aθθ00 = 2.72548± 0.00057 K (3.27)

as computed in Fixsen (2009). The first harmonic (dipole) ` = 1 is dominated by the solar
system’s relative velocity with respect to the CMB, measured in Lineweaver et al. (1996) to be

a10 = 3.358± 0.023 mK (3.28)

To study the relative importance of the various harmonics, one can look at the variance of the
temperature anisotropies,

〈|θ|2〉 = 1
4π

∞∑
`=2

(2`+ 1)C` (3.29)

using the orthonormalisation relation of the spherical harmonic base. Just as we defined the va-
riance per log k of the matter power spectrum, which related to the variance in density contrast,
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Figure 3.2 – Matter power spectrum at z = 0 and their residual with respect to the standard values of
the ΛCDMmodel, for varying values of the spectral index (top, see definition in Eq. 3.68 and Sec. 3.3.1.1),
expansion rate (middle) and neutrino mass (bottom, see Sec 3.3.3).
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Figure 3.3 – Left : Mollweide projection of the CMB temperature anisotropies taken by the Planck
spacecraft, year 2. Credit : Planck.Right : Angular power spectrum of temperature anisotropies measured
by 5 experiments.

we similarly often consider the quantity

D` = ∆2
θ(`) = `(`+ 1)

2π C` (3.30)

which quantifies the variance in temperature contrast at a give angular scale ` ∼ π/Ω.

3.1.3.2 Link With Matter Power Spectrum

It can be shown that the temperature anisotropy field can be linked to the overdensity field
via

〈θ(~k, p̂)θ∗(~k′, p̂′)〉 = 〈δ(~k)δ∗(~k′)〉 × θ(k, k̂ · p̂)
δ(k)

θ∗(k, k̂ · p̂′)
δ∗(k) (3.31)

which establishes a link between the matter power spectrum and the C` :

C` = 2
π

∫ π

0
dk k2P (k)

∣∣∣∣θ`(k)
δ(k)

∣∣∣∣ (3.32)
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Figure 3.4 – Similar caption to Fig. 3.2 for the temperature fluctuation auto-correlation angular power
spectrum.
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3.2 Linear Perturbations

In this section, I use the Fourier decomposition of small perturbations around mean fields.
In the previous chapter, I related the warping of the spacetime curvature to the stress-energy
tensor. The relevant quantities for the latter are the density, pressure, and temperature, which
we expand into, according to Eqs. 3.1 and 3.2 :

ρ(~x, τ) = ρ̄(τ)
[

1 + δ̃(~k, τ)
]

P(~x, τ) = P̄(τ)
[

1 + $̃(~k, τ)
]

T (~x, τ) = T̄ (τ)
[

1 + θ̃(~k, τ)
]

(3.33)

with |δ|, |$|, |θ| � 1 and bulk velocity uµ = (−ds2)−1/2 dxµ � 1 is already an order 1 term
since we consider the fluid to be quasi at rest in the comoving coordinates xµ. I strongly suggest
the reader to skip all the way to the summary on page 76 unless he/she is interested in the
derivation of linear order perturbations from first principles.

3.2.1 Metric Perturbations

3.2.1.1 Decomposition

Perturbing the metric to first order means considering the following space-time metric :

ggg = ḡ̄ḡg + hhh (3.34)

where ḡ̄ḡg is the metric describing the background, i.e. the FRW metric defined in Eq. 2.8. In
cartesian coordinates, its contravariant components are

ḡµν = a2(t)× ηµν (3.35)

The perturbed metric hhh is such that ||hµν || � 1. In its most general form, its contravariant
components can be written as

hµν = a2(t)× 2
(
ht ~h
~h hshshs

)
(3.36)

The 2 comes from the development at first order (square term). The above expression features
a scalar ht for the time component, spatial vectors ~h and a rank 2 symmetric spatial tensor hshshs.
Vectors can always be decomposed into a curl-free and a divergence-free component, so we may
decompose the vector modes as a radial and a transverse term ~h = ~h‖ + ~h⊥ with

~∇× ~h‖ = ~0

~∇ · ~h⊥ = 0
(3.37)

The first (curl-free) component only requires a single scalar to be determined (its direction). The
second (divergence-free) component has two degrees of freedom since ~h⊥ can be expressed in any
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basis whose vectors are in the plane normal to ~h‖. A similar decomposition applies to the spatial
tensor, which we expand into a radial, a transverse and a tensoral term hshshs = hshshs

‖ + hshshs
⊥ + hshshs

T ,
where

h
‖
ij =

(
~∇i~∇j

3 gij ∇2
)
h
‖
0 where h‖0 ∈ R is a scalar

h⊥ij = ~∇ih⊥j + ~∇jh⊥i where h⊥i are the components of a divergence-free spatial vector
(3.38)

Similar to the vector decomposition, the ‖ and ⊥ components of tensor hhh gives an additional
1 scalar and 2 vector degrees of freedom. Because hhh has to be traceless, this leaves only two
independant degrees of freedom to define the tensoral part of hhhT , which are typically denoted
h+ and h× and correspond to the two polarization states of gravitational waves. This gives us
a total of 9 degrees of freedom, in addition to a scalar degree of freedom hs to which we can
multiply hshshs for a total of 10 :

ht, hs, ~h
‖,

(
~h⊥+
~h⊥×

)
, h
‖
0,

(
h⊥+
h⊥×

)
,

(
hT+
hT×

)

3.2.1.2 Gauge Freedom

At the linear level, rotational modes decouple from the others. We can thus only consider
the scalar degrees of freedom instead of the total 10 : ht, hs, ~h‖ and h‖0. However, of those 4, only
two are physical. The other two depend on our choice of coordinates. This is known as gauge
freedom. In electromagnetism, the electric potential V can be defined with any scalar offset
V + ξ since only the Laplacian (contravariant derivative) is a physical quantity (the electric
charge density ρe) by virtue of the Poisson equation ∇2V = ρe/ε0 = ∇2(V + ξ). For analogous
reasons, only 2 of the 4 scalars enumerated are physical quantities. The other two are mute since
they depend on the choice of a coordinate system. Several gauges can be chosen. One that is
conveniant for first order perturbations is setting ~h‖ = 0 and h‖0 = 0, known as the conformal
Newtonian gauge. Conformal because the time coordinate is conformal time and Newtonian
because the two remaining scalar degrees of freedom correspond to the Newtonian gravitational
potential (such that ∇2ψ = 4πGρ). Because of this, it is conventional to set

ht 7→ ψ

hs 7→ −φ

so that the line element in this perturbed metric in this gauge can be written

ds2 = a2(t)
(
−(1 + 2ψ) dτ2 + (1− 2φ) δijdxidxj

)
(3.39)

In this perturbed metric, the particle’s individual 4-momentum is

PPP = [ (1 + ψ)ε, (1− φ)~q ] (3.40)

with ~q = qq̂ = a~p = ~p/T where ~p is the particle’s proper momentum as measured by an observer
stationary in the comoving coordinate system and ε(q) = aE = E/T =

√
a2m2 + q2. It is useful

to use ~q and ε instead of ~p and E since in absence of metric perturbations (φ = 0 = ψ), these
quantities are not redshifted.
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3.2.1.3 Einstein Equations

We can use the perturbed metric in expression 3.39 to compute the Riemann curvature ten-
sor, its Ricci contraction and the trace, and link the subsequent Einstein tensor to the perturbed
energy-stress tensor

TTT = T̄TT [1 + ΠΠΠ] = (ρ+ P)uuu⊗ uuu+ Pggg + ΣΣΣ (3.41)

with ΣΣΣ the shear stress tensor and ||ΠΠΠ|| � 1, which we can also decompose into scalar, vector
and tensor modes each evolving independantly of one another at linear order. Isolating the scalar
modes only of ΠΠΠ (left-hand terms of Eq. 3.42) and equating them with those of the Einstein
tensor (right-hand terms of Eq. 3.42), one can show that

4πGa2 ρ̄δ̃ = −k2φ̃− 3H
( ˙̃φ+Hψ̃

)

4πGa2 $̃ = ¨̃φ+H
( ˙̃ψ + 2 ˙̃φ

)
+
(
2Ḣ +H2

)
ψ̃ +

k2

3
(
φ̃− ψ̃

)
4πGa2

(
ρ̄+ P̄

)
ϑ̃ = ˙̃φ+Hψ̃

4πGa2
(
ρ̄+ P̄

)
σ̃ = −

k2

3
(
φ̃− ψ̃

)
(3.42)

with ϑ̃ = ~∇ · ~v = −ikiṽi the divergence of the coordinate velocity vi = ẋi and

(
ρ̄+ P̄

)
σ̃
.= −

(
ki

k

kj

k
−
δij

3

)
Σ̃ij (3.43)

the anisotropic stress. All dotted expressions are differentiated with respect to conformal time.
Solving system 3.42 requires linking the left-hand terms to the Boltzmann moments.

3.2.2 Perturbing the Boltzmann Equilibrium

To get the stress-energy tensor terms, we can take its general covariant expression in Eq. 2.34,
this time the metric trace being (−g)−1/2 = a−4(1−ψ+3φ) (= a−4 in absence of perturbations).
Using the comoving momentum and energy we defined in Sec. 3.2.1.2, we can identify using the
quantities defined in expression 2.53 the perturbed energy density, flux and stress as being

T 0
0 = −

1
a4

∫ d3q

(2π)3 ε f(~x, ~q, τ)

T 0
i =

1
a4

∫ d3q

(2π)3 qi f(~x, ~q, τ)

T ij =
1
a4

∫ d3q

(2π)3
qiqj

ε
f(~x, ~q, τ)

(3.44)

The distribution function is tracked by the Boltzmann equation which we can rewrite with the
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comoving quantities :

[
∂τ +

(
~̇x~∇~x

)
+
(
~̇q~∇~q

)]
f = C[f ] (3.45)

Boltzmann Hierarchy

We may decompose f(~x, ~q, τ) = f0(q) + Φ(~x, ~q, τ) into an equilibrium distribution function
f0(q) given by Eq. 2.51 function of q = |~q| only because of homogeneity and isotropy

f0(q) = β

eα(q−ξ) ± 1
(3.46)

and an off-equilibrium perturbation in the distribution function Φ(~x, ~q, τ) such that |Φ/f0| � 1.
In Eq. 3.46 above, ξ = µ/Tν is the comoving chemical potential of the generic particle of
temperature 5 T = αTν and 0 6 β 6 1 is a factor accounting for particles which are not
produced in thermal equilibrium, which is the case for sterile neutrinos. Expanding out the
collisionless Boltzmann equation for non-interacting matter (dark matter, neutrinos), the linear
order corrections follow

∂Φ
∂τ

+ qi

ε

∂Φ
∂xi

+ dq

dτ

∂f0
∂q

= 0 (3.47)

In Fourier space, with ~q = qq̂, ~p = pp̂, ~k = kk̂ and µ = q̂k̂ the cosine of the angle between them
(not the chemical potential !),

∂Φ̃
∂τ

+ i
qkµ

ε
Φ̃ +

[
q ˙̃φ− iεkµψ̃

] ∂f0
∂q

= 0 (3.48)

where the energy gradient term comes from the geodesic equation using the 4-momentum (see
Eq. 2.16) ∂τPα = 1/m ΓαµνpµP ν . For cold dark matter and neutrinos, one can deduce the density
contrast δ̃ and velocity divergence ϑ̃ = ikiṽi from Eq. 3.44 :

n̄δ̃ =
∫ d3q

(2πa)3 Φ̃

n̄ϑ̃ =
∫ d3q

(2πa)3
qkµ

ε
Φ̃

(3.49)

with n̄ = a−3/2π
∫
d3qf0 the mean density. For non-relativistice matter, higher orders of

(q/ε)n>2 are all negligeable, and so only the zeroth and first moments of Eq. 3.48 drive the
perturbations for non-interacting non-relativistic matter : the continuity and Euler equations.
Dropping the tilda symbols,

{
δ̇ + ϑ− 3φ = 0
ϑ̇+Hϑ− k2ψ = 0

(3.50)

5. I use Tν as the reference temperature since photons get reheated by e± pair annihilation, whereas neutrinos
are approximately not
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Since the ~q dependance of Φ̃(k, q, µ, τ) is only function of its relative alignement with the
mode vector, we can decompose it into Legendre series :

Φ̃(k, µ, q, τ) =
∞∑
n=0

(−i)n(2n+ 1) Ψn(k, q, τ) Pn(µ) (3.51)

where the Legendre moments of Φ are

Ψn(k, q, τ) = 1
2(−i)n

∫ +1

−1
dµ Φ̃(k, µ, q, τ) Pn(µ) (3.52)

and
Pn(µ) .= 1

2nn
dn

dµn

[
(µ2 − 1)n

]
(3.53)

are the Legendre polynomials of degree n. The energy density and pressure can both be expres-
sed in terms of moments of the monopole Ψ0, while the dipole Ψ1 and quadrupole moments Ψ2
give the velocity divergence and anisotropic stress respectively :



δ̃ρ =
1
a4

∫ d3q

(2π)3 εΨ0

˜δP =
1

3a4

∫ d3q

(2π)3 ε

(
q

ε

)2

Ψ0

(
ρ̄+ P̄

)
ϑ̃ =

k

a4

∫ d3q

(2π)3 ε

(
q

ε

)
Ψ1

(
ρ̄+ P̄

)
σ̃ =

2
3a4

∫ d3q

(2π)3 ε

(
q

ε

)2

Ψ2

(3.54)

which now closes the system in Eq. 3.42.

Integrating Eq. 3.48 as per the multipolar Legendre expansions of Φ yields the so-called
Boltzmann hierarchy :



Ψ̇0 = −
qk

ε
Ψ1 − φ̇

df0

d ln q

Ψ̇1 =
qk

3ε(Ψ0 − 2Ψ2)−
εk

3qψ
df0

d ln q

Ψ̇n>2 = −
qk

(2n+ 1)ε [nΨn−1 − (n+ 1)Ψn+1]

(3.55)

A Boltzmann solver code like CAMB, truncating the Boltzmann hierarchy at n 6 6 and using
∼ 103 bins of comoving momentum is sufficient to compute the matter power spectrum with
percent level accuracy.
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3.2.3 Vlasov Equations

Linking Systems 3.42 and 3.54 gave the 4 diagonal non-trivial equation equivalents of the
Poisson equation, which simply translates the divergence-free nature of the Einstein tensor, the
general relativity equivalent of the divergence-free nature of the gravitational field in the Newto-
nian limit. These may seem intimidating at first glance, but they simply exhibit how the density,
pressure, velocity divergent and anisotropic stress are linked to the metric, and thereby to each
other. For most species in the Universe, they can be simplified drastically. For non-relativistic
matter, only the monopolar Legendre moment Ψ̃0 from Eq. 3.52 is relevant, and thus there is
neither velocity divergence nor anisotropic stress, as expected, and thus the fourth component in
the 3.42 system shows that the two scalar potentials are equal φ = ψ, which in turn drastically
simplifies the first and second components, which in fact reduce to the Fourier modes of the
Possion equation perturbed at first order on φ and δ

k2

a2 φ̃ = 4πGa2ρ̄ δ̃ (3.56)

and the second Friedmann equation at first order perturbations on P respectively ; which by
some trivial manipulation yields the Euler equation, assuming an equation of state similar to
Eq. 2.43, since $ = wδ. This leaves us yearning for the continuity equation, which can simply
be derived from the zeroth moment of the (collisionless) Boltzmann equation in expression 3.45
and identifying the moments defined in the 3.49 expressions :

∫ d3q

(2π)3a4

{
∂f

∂τ
+ qi

ε

∂xi

∂xi
+ q̇

∂f

∂q
= 0

}

⇒

ṅ+
− iki

a
(nvi) + 3

(
H − φ̇

)
= 0

(3.57)

which yields dτ (n̄a3) = 0 for zero order perturbations (which is what we derived in Ch. 2 for
the background evolution of non-relativistic matter n̄ ∝ ρ̄ ∝ a−3)

δ̇ + ϑ+ 3φ̇ = 0 (3.58)

These are only valid in the case of a non-interacting fluid. Baryons are coupled to photons up
until the freeze-out of baryon acoustic oscillations, and so the collision term C[fb, fγ ] must not
be neglected. One could get the expression from particle physics, setting equilibrium between
baryons and photons via Compton scattering, which leads to the blue term in Eq. 3.62 where
τ̇Compton is the rate of Compton scattering (optical depth) and

1
R

.= 4ργ,0
3ρb,0

(3.59)

and Θ0,1,2 the monopole, dipole and quadrupole Legendre moments for the photon temperature
fluctuations θ.
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Finally, taking the first moment of the Boltzmann equation and identifying the 3.49 expres-
sions and neglecting all superior orders in (q/ε)n>2 yields

∫ d3q

(2π)3a4
qq̂i

ε

{
df

dτ
= 0

}

⇒

J̇ + 4HJ + n ikψ = 0

(3.60)

with J i = nvi the current. This equation has no zero-order part, whereas the first order pertur-
bations for radiation (Jr = ρr) yields

v̇j +Hvj + ik ψ = 0 (3.61)

which is Euler’s linearly-perturbed equation for radiation.

Summary

We’ve derived the fully linearly perturbed Einstein equation in the perturbed FRW metric
in the conformal Newtonian gauge, which allowed us to isolate the evolution of the scalar modes
independantly of the vector and tensor modes. Using the Boltzmann equation, we’ve linked the
Einstein and stress-energy tensors with the set of 4 Einstein Field Equations 3.42 and 3.54.
We’ve also derived the continuity and Euler equations from the moments of the Boltzmann
equation, just as one would do in classical statistical physics to get the Vlasov-Poisson system.
For photons, massless neutrinos and any relativistic dark matter, this whole set of equations is
necessary to solve the linear perturbations in θr and δr.

For non-relativistic matter, the equations simplify drastically and become identical to linearly
perturbing the Vlasov-Poisson equations around density, bulk velocity, pressure and gravitatio-
nal potential for a fluid at rest in the comoving coordinate system. In summary, denoting index
m for non-reltivistic matter and r for massless radiation, and dropping the tilde, each linear
Fourier mode evolves as :



δ̇m + ϑm = −3φ̇

v̇m +Hvm = −ikψ +
τ̇

R
(3i Θ1)

θ̇r + ikµ θr = φ̇− ikµ ψ −τ̇
(
Θ0 − θ + µvb − 1

2P2(µ)Π
)

(3.62)

where the blue term only applies for baryons and photons in the strong coupling limit, and
taking the Einstein equations with no anisotropic stress
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
k2φ+ 3H

(
φ̇−Hψ

)
= 4πGa2 (ρmδm + 4ρrΘ0)

k2 (φ+ ψ) = −32πGa2 ρrΘ2

(3.63)

Keep in mind that to accurately model the evolution of neutrino perturbations to the percent
level, a Boltzmann solver like CAMB or CLASS is necessary to account for the anisotropic stress and
non-vanishing velocity divergence. They use the Boltzmann hierarchy displayed in Eq. 3.55. That
isn’t necessary to get a glimpse of what kind of behaviour to expect from neutrino perturbations.
In what follows, I make use of the simplified Vlasov and Poisson Equations 3.62 and 3.63 to
have a coarse-grain apprehension of the impact of non-cold dark matter on the power spectrum.
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3.3 Solving Neutrino Linear Perturbations

The Code for Anisotropies in the Microwave Background, or CAMB 6 (Lewis et al., 2000) is a
numerical Boltzmann code written in Fortran 90. It is a parallelized line-of-sight integration code
which is widely used (and thus tested) to calculate not only the lensed cosmic microwave back-
ground temperature and polarization spectra but also linear matter power spectra for different
species of particles (in our case baryons, dark matter and sometimes neutrinos). The Cosmic
Linear Anisotropy Solving System, or CLASS 7 (Lesgourgues, 2011) is a newer code similar to
CAMB with additional features such as the option of inputing a non-cold dark matter particle
momentum distribution function, which was crucial for one of the projects I managed, involving
resonantly-produced sterile neutrinos as a cool dark matter candidate particle (see Sec. 3.3.2.4).

3.3.1 Power Spectrum of ΛCDM

3.3.1.1 Initial Conditions

The 10 small perturbation variables (δdm,b,ν , vdm,b,ν , θγ,ν , φ, ψ) obey the set of 10 first-order
differential equations 3.62 3.63. In principle, solving for the perturbations requires initial condi-
tions for all 10 of them. However, in practice, when one assumes conformal times early enough
so that any relevant k mode verify kτ � 1, a lot of simplifications can be taken advantage of to
relate all of the required initial conditions to those on φ alone. Indeed, perturbations which have
a wavelength λ ∼ k−1 at early times very large compared to the length scale at which causal
physics applies (the horizon), all time derivative terms (∝ τ−1) are larger than gradient terms
(∝ k) by a factor of order O(1/kτ) which is large by assumption. Therefore the 8 Boltzmann
equations in 3.62 boil down to only the following 4 8 under this assumption :

Θ̇0,r + φ̇ = 0 r ∈ {γ, ν}

δ̇m − 3φ̇ = 0 m ∈ {dm, b, ν}
(3.64)

All velocity terms are smaller by a O(kτ) factor, as are higher multipolar moments of the
temperature distribution. For the baryon population, the tight coupling limit is valid, meaning
the velocity term is exactly linked to the temperature dipole, set by the large value of τ̇Compton
(see Eq. 3.59) :

vb + 3iΘ1,γ = 0 (3.65)

Combining the Einstein equations (Eq. 3.63) at very early times yield a second-order diffe-
rential equation on the gravitational potential

6. http://camb.info
7. http://class-code.net/
8. massless neutrinos obey the first involving its temperature monopole. The second involving their density

only apply to the massive case

http://camb.info
http://class-code.net/
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τ φ̈+ 4φ̇ = 0 (3.66)

which admits 2 solutions if we assume φ ∼ τp is polynomial : φ ∝ τ−3 + τ0. The first mode
is decaying so even if it is excited at early times, it soon vanishes with respect to the constant
mode. This mode yields φ̇ = 0 ⇒ θ̇ = 0 ⇒ θ = cst, δ = cst, δb = cst and so in summary, if we
equal both massless neutrino and photon temperature monopoles at early times :



Θ0,ν(k, τic) = Θ0,γ(k, τic)
.= Θ0(k, τic)

φ0(k, τic) = 2Θ0(k, τic)

δm(k, τic)− 3Θ0(k, τic) = A

(3.67)

So, solving for perturbations only requires the knowledge of 3 constants : Θ0, φ0 & A, the
last one of which depends on the nature of the primordial perturbations :

• adiabatic perturbations : A = 0

• isocurvature perturbations : A 6= 0

Adiabatic perturbations feature a constant matter-to-radiation ratio everywhere since

ndm
nγ

= n0
dm(1 + δ)

n0
γ(1 + 3Θ0) '

n0
dm
n0
γ

(1 + δ − 3Θ0︸ ︷︷ ︸
0 if adiabatic

)

and likewise for the baryon-to-entropy ratio ηb = nb/nγ . The standard model of cosmology as-
sumes adiabatic scale invariant initial conditions. As such, all perturbations can be solved with
the knowledge of a single function : the primordial power spectrum |φ(~k, τic � τeq)|2 where
kτeq ' 1. It is assumed to follow the expression for the Harison-Zel’dovich initial power spectrum
(set by inflation)

k3
∣∣∣φs,t(~k, τic)

∣∣∣2 ' As,t kns,t−1 (3.68)

where n = 1 for scale invariance and the s and t subscripts stand for the scalar and tensor modes
of perturbations. As I’ve specified earlier in this chapter, I only consider scalar modes. I shall
also mention that I am working under the gaussian assumption, meaning that φ is chosen such
that its variance is its power spectrum |φ|2.

The assumption of decoupled modes at very early times enabled us to set the evolution of
perturbations in density, velocity (and its divergence), temperature multipoles and gravitational
potentials to solely the power spectrum of φ, which is fully determined by an amplitude As and
a spectral index ns for scalar modes, under the axiom that initial conditions are adiabatic and
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Figure 3.5 – Power spectra of the matter distribution at z = 0 in a standard ΛCDM model (thick solid
black curve) and a pure ΛHDM model (thick solid red curve). The CDM transfer function T (k) defined
in Eqs. 3.71,3.72 is the ratio (square rooted) between the CDM power spectrum and that of the scalar
modes of linear perturbations given by Eq. 3.68 (grey dashed curve). The HDM transfer function T (k) is
the (square rooted) ratio between the HDM and CDM power spectra.

scale invariant. The CMB for instance can be fully determined by As, ns, the running of the
scalar spectral index dns/d ln k, the ration of scalar to tensor power spectra r and the optical
depth to reionization τ?. I should mention that although isocurvature pertubations are seldom
used, these lead to

Θ1,r = ivm
3 = − kφ

6aH (3.69)

and so the power spectrum of φ determines each k mode of all perturbations of interest as well.

In Sec. 3.1, I introduced the formal definitions of power spectra for temperature and density
fluctuations in radiation and density distributions. I’ve shown how they relate to the variance in
their field and help quantify inhomogeneities and anisotropies. In the present Sec. 3.3, I detail
how the mass of neutrinos and dark matter particles impact the power spectrum through their
free-streaming.

3.3.1.2 Pure Cold Dark Matter

The power spectrum of dark matter today at τ0 can be linked to the power spectrum of
gravitational potential via the Poisson equation
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Pdm(~k, τ0) .= 〈
∣∣∣δ̃dm(~k, τ0)

∣∣∣2 〉
=
(2

3

)2 ( k

H0

)4
〈
∣∣∣φ̃(~k, τ0)

∣∣∣2 〉
For k modes that enter the horizon during the matter dominated era, i.e. k < keq = 1/τeq,

the current power spectrum of φ is the primordial Harrison Zel’dovich spectrum introduced in
Eq. 3.68. Therefore the dark matter power spectrum today is proportional to

Pdm(k < keq, τ0) ∝ k∆2
φ (3.70)

with δ2
φ ∝ k3〈|φ|2〉 which is scale invariant for ns = 1. DM density fluctuations grow as k at

the largest scales (beyond equality), as displayed in the left part of Fig. 3.5. The black curve
denoting the cold dark matter breaks away from the dotted curve, denoting the limit keq →∞
for Eq. 3.70, at length scales smaller than the equality scale. Larger modes k > keq spend some
amount of time, from τ = k−1 to τeq inside the horizon during the radiation dominated era.
During that time, φ ∝ τ−2 and so the relative suppression in its power spectrum is proportional
to (τ/τeq)4 = (keq/k)4. Hence the dark matter power spectrum asymptotically falls as k−4 for
large k modes on Fig. 3.5. We can define the cold dark matter transfer function T (k) as

Pdm(k) = T 2(k) Pkeq→∞(k) (3.71)

where the right-most term (dashed line in Fig. 3.5) given by Eq. 3.70 assumes no radiation
domination epoch, or equivalently, a Universe forever dominated by non-relativistic matter.
From what I’ve detailed above, the asymptotical behavior of the CDM transfer function is

T (k) =


1 for k 6 keq(
keq

k

)2

for k � keq
(3.72)

3.3.2 Power Spectrum of Pure Non-Cold Dark Matter

To understand the power specturm of non-cold dark matter, I must introduce the phenome-
nology of free-streaming.

3.3.2.1 Free Streaming

Consider the Vlasov equations for non-interacting matter (dark matter, decoupled baryons
and massive neutrinos) taken from Eq. 3.62 (droping the tildas) :

δ̇m + ϑm − 3φ = 0 ϑ̇m +Hϑm − k2ψ = 0

Combining the divergence of the perturbed continuity equation with the perturbed Euler and
Poisson equations leads to a damped harmonic oscillator equation on δ which reads as

δ̈ + 2H δ̇ +
(
k2 − k2

D

) w
a2 δ = 0 (3.73)

The middle term in expression 3.73 is interesting. It is akin to the friction term of a harmonic
oscillator. A particle swinging like a pendulum back and forth between two comoving coordinates
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will appear to be slowing down due to the expansion rate ! The physical damping frequency
(squared) in units of conformal time is

k2
D
a2 = 4πGρ̄

w
(3.74)

which defines a physical damping scale

λD = 2πa
kD

= 2π
√

2
3
w1/2

H
(3.75)

Let us differentiate between two main damping phenomenologies : the Jeans instability and
Landau damping.

Jeans Damping

The equation of state for baryons is simply the squared sound velocity P = c2
sρ, and the

Jeans scale in Eq. 3.74 with w = c2
s sets the critical regime whereabout modes larger or smaller

than kJ/a will either oscillate (with a friction term in an expanding Universe) or grow exponen-
tially. Indeed, the Jeans length is then the ratio between the gravitational dynamic time and the
time scale of propagating pressure waves. This gravitational instability is at the heart of large
scale structure formation. Depending on the order in which scales witness Jeans collapse, one
can distinguish two broad scenarii of structure formation :

• bottom-up : structures of lower characteristic scales undergo gravitational collapse be-
fore coalescing into larger structures, illustrated in the left panel of Fig. 3.6 ;

• top-down : structures of larger characteristic scales undergo gravitational collapse be-
fore breaking apart into smaller structures, illustrated in the right panel of Fig. 3.6.

In practice, the exact large scale structure formation may involve both scenarii. The cha-
racteristic of non-cold dark matter models is that large scales behave like pure CDM with a
hierarchical structure formation, while smaller scales behave like hot dark matter, and involve
the opposite scenario. The phenomenon responsible for this difference in behavior is the free-
streaming scale of the dark matter particles.

Collisionless Damping

Contrary to the Jeans phenomenology, which applies to non-relativistic matter, the radia-
tion populations (photons, hot dark matter, neutrinos) can free-stream out to a characteristic
horizon without encountering any collisions. This collisionless damping a.k.a. Landau damping
a.k.a. free streaming is characterized by an equation of state w = 〈v2

th〉 where vth is the thermal
velocity of the collisionless particle

〈vth〉 '


1 in the relativistic regime

〈q〉
m
∝
T

m
in the non-relativistic regime

(3.76)
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Figure 3.6 – Illustrations of the top-down and bottom-up structure formation. Credit : http://abyss.
uoregon.edu/~js/21st_century_science/lectures/lec27.html

http://abyss.uoregon.edu/~js/21st_century_science/lectures/lec27.html
http://abyss.uoregon.edu/~js/21st_century_science/lectures/lec27.html
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The Landau scale in the ultra-relativistic limit is simply the particle’s causal horizon :
λUR

L ∝ H−1. In the non-relativistic limit, the particle’s momentum decays like the background
temperature and so the horizon scale is suppressed by the scale factor : λNR

L ∝ (aH)−1. Notice
that in the infinitely massive limit, the Landau scale approaches zero λNR

L (m→∞)→ 0, which
is expected for cold dark matter.

For particles becoming non-relativistic during the radiation dominated era, λRDE
L ∝ t1/2 and

so the comoving Landau scale λRDE
L /a is constant. For particles becoming non-relativistic du-

ring the matter dominated era, the Landau scale λMDE
L ∝ t1/3 lengthens with time as expected,

but slower than the Hubble radius and so the comoving Landau scale λMDE
L /a ∝ t−1/3 actually

shrinks over time. Therefore, for particles becoming non-relativistic during the matter domina-
ted era (which is the case for massive active neutrinos), kL passes through a minimum at the
time of transition, i.e. when mν = 〈pν〉 = 3.15 Tν which occurs at

a−1
nr = 1 + znr ' 2× 103 mν

eV (3.77)

and so the mode of transition, corresponding to the maximum comoving free-streaming scale
can be expressed as a function of ωm = Ωmh

2 and the neutrino’s mass

knr ' 0.018 ωm
mν

eV Mpc−1 (3.78)

3.3.2.2 Hot Dark Matter

So far, the benchmark ΛCDM model has been consistently in adequation with nearly all
cosmological observations. In CDM-based numerical simulations, the smallest structures col-
lapse first and hierarchically coalesce into larger structures, in the so-called bottom-up scenario.
It isn’t, however, without its shortcomings. For one, in these purely cold dark matter simula-
tions, the comoving numerical density of dark matter halos increases steeply at small masses :
dn/dM ∝ M−1.9 and consequently yield many more small dark matter halos than larger ones.
Hundreds of ∼ 108M� sub-halos are predicted in the vicinity of the Milky Way, whereas only
a handful have been observed. This may be due to the challenge posed by observing dark mat-
ter rich halos, as it is unclear whether tracers such as stars and gas populate lighter halos as
heavier ones. Furthermore, it has been shown that baryonic processes and non-linear feedback
mechanisms can alter the predicted number of small mass halos to some degree. Another issue
is that CDM predicts cuspy density profiles of individual halos, i.e. a monotonically increasing
density profile at small radii. The observed density profiles of dark matter halos caps at a core
value, making them less “cuspy” than the prediction. Here again, baryonic processes may play
an essential yet non-trivial role in this discrepency.

Nevertheless, these “cuspy core” and “low satellite count” issues can both be accounted for
if one assumes the dark matter candidate particle has a wider velocity dispersion than the CDM
velocity distribution which is ideally as narrow as can be. These non-cold dark matter models
involve additional parameters, the most relevant being the mass of the particle which determines
its thermal velocity and hence its free-streaming horizon. Fig. 3.7 features the distribution of
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Figure 3.7 – Distribution of 7683 baryon gas particles in a comoving volume of (25 h−1Mpc)3 with
differing mass for the dark matter particle, listed in the corner of the panels. The snapshot images are
realized using the Splotch software ; Temperature is represented by the color palette while the intensity
denotes gas density. The top two panels with mdm & 1 keV are considered warm dark matter, with the
top left one being visually indistinguishable from standard CDM (infinite mass limit). The bottom two
panels with mdm . 1 keV are considered hot dark matter and violate the Tremaine-Gunn bound.
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baryon gas (tracing the dark matter distribution) in a comoving volume of one of the hydrody-
namics simulations I performed (see Chap. 5) with different values of the dark matter particle
mass. Predictably, according to Eq. 3.76 and Eq. 3.75, as the DM particle mass decreases, the
free-streaming damping scale increases. As a result, smaller-mass structures in pure hot dark
matter models (in which mhdm . 1 keV) fragment from heavier and larger structures in a top-
down structure formation scenario. As a result, structures on the smallest scales end up forming
considerably later than in the standard CDM case, which is manifest as a cutoff in the matter
power spectrum in Fig. 3.5.

Similarly to the CDM transfer function, it is useful to define a NCDM (here, pure HDM)
matter transfer function Tm(k, z), which is defined as

Pm(k) =
〈∣∣∣∣∣∣∣

∑
α∈m

δρα∑
α∈m

ρα

∣∣∣∣∣∣∣
2〉

(3.79)

=
〈∣∣∣∣∣∣∣

∑
α∈m

δαΩα∑
α∈m

Ωα

∣∣∣∣∣∣∣
2〉

(3.80)

= T 2
m(k)×

〈
|δcdm|2

〉
(3.81)

= T 2
m(k)× Pcdm(k) (3.82)

where Pcdm is given by Eq. 3.71. Fig. 3.8 features the hot and warm (see Sec. 3.3.2.3 for distinc-
tion) dark matter transfer function (squared), which can be approximated by the analytical fit
(Bode et al., 2001)

T (k, z = 0) '
(

1
1 + (β k)2γ

)γ/5
(3.83)

in which Viel et al. (2005) find γ = 1.12 ; and the breaking scale is a function of mass :

β = 0.24
( 1
α

keV
mx

)0.83 ( ωx
0.25× 0.72

)−0.16
Mpc (3.84)

with mx the mass assuming the particle is an early-decoupled thermal relic of temperature
Tx = αTν , and ωx = Ωxh

2 = ωdm. Those values best fitted by Viel et al. (2005) are only valid
for scales k 6 5 h Mpc−1.

Ever since the advent of numerical cosmological simulations in the early 1980’s, neutrinos
were implemented as the dark matter, since they were at the time the only viable candidate in
existence. As apparent from Eq. 3.78, a ∼ eV neutrino free-streams up to ∼ 40 comoving Mpc,
which is several tens of times the extent of a typical galaxy. If neutrinos were the dark matter,
then galaxy formation would be delayed until late cosmological times, as was also deduced from
the early numerical simulations. High redshift quasars, which are hosted by galaxies, represent
direct evidence against this scenario. This means that the 3 lepton-flavored . eV neutrinos
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cannot account for the entirety of dark matter. Either they are only partially so, which I ex-
plore in Sec. 3.3.3, or neutrinos are much more massive than the electron-volt scale. If neutrinos
consititute the dark matter, then it can only be a heavier neutrino mass eigenstate whose exis-
tence has yet to be confirmed. Of course, other theoretical particles other than neutrinos can
be an adequate pure dark matter candidate, so long as its mass is heavy enough so that its
free-streaming horizon does not damp out galactic (and sub-galactic) sized structures. This is
what is still currently under investigation since the early 2000’s, which I lay out in Sec. 3.3.2.3.

3.3.2.3 Warm Dark Matter

Not only are ∼ eV scale particles including left-handed neutrinos unviable DM candidates,
so is any fermion lighter than ∼ 0.5 keV. This is known as the Tremaine-Gunn bound (Tremaine
and Gunn, 1979), which poses that the average phase-space density distribution f̄ of a fermionic
DM particle in a DM-rich system — such as a dwarf spheroidal galaxy satellite — be greater
than the phase-space density of a degenerate Fermi gas. A similar although stronger bound
exists for bosonic dark matter, which can be derived from the Liouville theorem. The distinc-
tion between hot and warm dark matter conventionally occurs at this critical limit. Although
HDM is empirically excluded, fermions heavier than ∼ 0.5 keV can be a WDM candidate, such
as the right-handed neutrino introduced by Dodelson and Widrow (1994). Their free-streaming
horizon is shorter than that of left-handed neutrinos by the same 103 factor, and as such are
at the goldilocks zone in terms of dark matter properties : they are light (hot) enough to damp
small scale structures and thus circumvent the cuspy core and galaxy sattelite count issues ;
all-the-while heavy (cold) enough so that large-scale structures are virtually unaffected by their
free-streaming and are indistinguishable from CDM. The top two panels of Fig. 3.7 illustrate this
dual behavior : CDM-like at large scales while HDM-like at small scales. This is quantified in
the warm to cold dark matter transfer function T displayed in Fig. 3.8, where the WDM power
spectrum is indistinguishable from the CDM one for low values of k. The cutoff materializes the
free-streaming horizon, which occurs at larger values of k as m increases. As such, the heavier
(colder) the WDM particle, the more compatible with CDM and observations. Fig. 3.8 also
shows that kilo-eV WDM particles can be probed by the Lyman-alpha forests power spectrum,
which is the main observable of my work, and which integrates power along k‖ from k scales
greater than that denoted by the vertical black line to k →∞.

As introduced in the above discussions, when particles have relativistic enough velocities,
they free-stream to a horizon scale λFSH effectively unaffected by gravitational potentials. The
matter power spectrum is suppressed below the free-streaming horizon, which is given by

λFSH(t) = a(t)
∫ a(t)

0
da
〈v〉
a2H

(3.85)

where the velocity dispersion 〈v〉 is given by the speed of light during the relativistic regime,
and by 〈p〉/m afterwards. For warm and cool dark matter, this transition takes place during the
radiation dominated era. The associated comoving scale

λFSH(t)
a(t) = 2π

kFSH(t) (3.86)
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Figure 3.8 – Matter power spectrum at z = 0 in a pure WDM cosmology, normalized by that of the
benchmark CDM model, for mνs = 8 × 10−2,−1,0keV. The vertical dot-dashed line signals the lowest k
probed by Lyman-alpha forests.

grows like t1/2 during the relativistic regime, like ln(t) during the non-relativistic regime as long
as radiation dominates, and remains asymptotically constant during matter domination. Finally
the comoving free-streaming horizon today can be estimated from

λ0
FSH
a0

= 2π
k0

FSH
'
∫ anr

0

da

a2H
+
∫ a0

anr

anrda

a3H
, (3.87)

where anr ' 〈p〉0/m is the scale factor at the time of the non-relativistic transition, and 〈p〉0 is
the momentum dispersion today. Distant quasars probe the power spectrum at scales of several
Mpc. They enable putting upper bounds on k0

FSH of keV NCDM particles, which translate into
lower bounds on their mass. The velocity and momentum dispersion requires knowledge of the
explicit distribution function of the particle, which differs from a Fermi-Dirac (thermal) distri-
bution function depending on the production mechanism. Thus the mass bounds are different
for each production mechanism.

Early Decoupled Thermal Relics

In Sec. 2.3.2.3, I introduced early-decoupled thermal relics, which are essentially thermalized
particles that decouple deep within the radiation dominated era while relativistic. Thermal relics
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Figure 3.9 – Linear matter transfer function at z = 2.5 for 5 pure WDM models assuming Ωb = 0.05,
Ωdm = 0.25 and ΩΛ = 0.7. The solid curves labelled ‘numerical’ correspond to a thermal relic of (left to
right) Tx/Tν = 0.5, 0.3, 0.25, 0.226 and 0.2, or equivalently, mx/keV = 0.092, 0.427, 0.728, 1.000 and 1.441
respectively, produced with CAMB. The dotted lines labelled ‘analytical fit’ are from Eq. 3.83.

of masses of a few keV are ideal warm dark matter candidates, and include gravitinos, neutra-
linos and other Weakly Interacting Massive particles (WIMPs). If they make up the entirety of
the dark matter population, then


Ωxh

2 =
meff
ν

93.14 eV

∆Neff =
(
meff
ν

mx

)4/3

=
(
Tx

Tν

)4 (3.88)

Since their momenta are distributed according to a Fermi function, a code like CAMB can straight-
forwardly account for such a dark matter particle by setting Ωcdm = 0, Ων = Ωx, and in-
corporate the mass and temperature of the thermal relic in ∆Neff which can be set via the
nu_mass_degeneracies input parameter. Tab. 5.1 in Sec. 5.1.1.2 recaps all the input parama-
ters for the CAMB software I use to model neutrinos and, in this specific case, thermal relic dark
matter. I check that this procedure reproduces the results from Viel et al. (2005) on the linear
matter transfer function. In Fig. 3.9, I show the outputs of 5 thermal relics as warm dark matter
candidates at z = 2.5, along with the numerical fit from Eq. 3.83, which bears resemblance to
Fig. 1 in Viel et al. (2005).
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Non-Resonantly Produced Right-Handed Neutrinos

Sterile neutrino were originally proposed as dark matter candidates by Dodelson and Widrow
(1994), ‘DW’ herein. In the framework of DW, sterile neutrinos are predominantly produced at
T ∼ 150 MeV(mνs/keV)1/3 when the oscillation production rate is most efficient while not rea-
ching thermal equilibrium (Dodelson and Widrow, 1994; Dolgov and Hansen, 2002; Abazajian
et al., 2001; Asaka et al., 2007). The resulting distribution function can be roughly approxi-
mated by a rescaled Fermi-Dirac distribution (Dolgov and Hansen, 2002), in which case the
average momentum 〈p〉 would be identical to that of active neutrinos. The proper treatment
however, based on the quantum Liouville equation (Asaka et al., 2006) shows that sterile neutri-
nos produced in (non-resonant) oscillations do not feature a re-scaled thermal distribution and
their average momentum is about 10–40% colder depending on sterile neutrino mass (see Fig. 8
in Asaka et al. (2007) or Fig. 6 in Laine and Shaposhnikov (2008a)). To distinguish them from
the idealized DW case, I refer to sterile neutrinos produced via this mechanism as non-resonant
(see Sec. 2.3.2.4 for distinction), or NRP sterile neutrinos.

The requirement Ωνs = Ωdm fixes the θ – mnrp
νs relationship, represented as the upper black

solid line in Fig. 6.12. The flux of photons from the radiative decay channel νs → γνα is a
function of θ and mνs (Pal and Wolfenstein, 1982). Decay lines in astrophysical spectra, or the
lack thereof, thus establishes constraints on these parameters, see Dolgov and Hansen (2002);
Abazajian et al. (2001); Boyarsky et al. (2006,b). Comparing the upper bounds on the putative
dark matter decay flux with currently measured DM abundance, Boyarsky et al. (2006a) and
Boyarsky et al. (2007) yield an upper limit of mnrp

νs ≤ 4 keV for the NRP mechanism. The non-
detection of small-scale damping in the flux power spectrum of the Ly-α forest due to νs free-
streaming has yielded lower bounds consistently above the 4 keV limit with ≥ 5σ (see Tab. 6.2 in
Sec. 6.2.1). If right-handed neutrinos constitute all of dark matter, a growing consensus suggests
they cannot be produced in this oscillation mechanism in absence of a net lepton asymmetry.

3.3.2.4 Cool Dark Matter

The presence of a net lepton asymmetry at temperatures T ∼ 0.1 GeV can significantly
enhance the production of sterile neutrinos from active neutrinos through forward scattering
in dense media (Shi and Fuller, 1999). In a mechanism similar to the MSW 9 effect (Mikheev
and Smirnov, 1985; Wolfenstein, 1978) accounting for the solar neutrino deficit, the excessive
abundance of leptons and their conjugate neutrinos with respect to anti-leptons can yield the
correct DM density Ωdm with weaker mixing angles θ. Shi and Fuller (1999) showed that this
resonant production (RP) yields sterile neutrinos with significantly cooler momenta than the
NRP ones. The resonant momenta depend on the sterile neutrino mass mrp

νs and net leptonic
(assumed electronic) asymmetry L = (nνe − nν̄e)/s in units of entropy density where s ∝ g?T 3.
If the resonance occurs before the QCD phase transition, only the low momenta states are po-
pulated from the quasi thermally-distributed active neutrinos (〈q = p/Tν〉 ' 3.15), resulting in
cooler neutrino and anti-neutrino distribution functions with 〈q〉 ' 1.6.

The left panel in Fig. 2.7 features the distribution functions of mνs = 4 keV sterile neutri-
nos, one (in grey) non-resonantly produced, i.e. in absence of lepton asymetry, and the other
with |nνe − nν̄e |/s = L = 1.2 × 10−5 which yields the coolest distribution function for this

9. Mikheyev-Smirnov-Wolfenstein
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Figure 3.10 – Left : PSD of 5 RPSN models as pure cool dark matter assuming ωdm = 0.1185, for
104 L/nγ = 4.2, 4.6, 7, 8 and 10. These values are chosen to attempt reproducing Fig. 2 of Abazajian
(2014), with adapted definition of the lepton asymmetry parameter. Right : Value of L as a function of
the mixing angle and RPSN mass, using the sterile-dm code. The black solid line corresponds to the
Dodelson Widrow mechanism.

mass. Producing such phase-space distribution (PSD) functions requires a dedicated software
that solves the Boltzmann equation (see Eq. 2.91) for both the sterile neutrino and its asso-
ciated anti-neutrino. While investigating this line of research, I tried to produce the PSD with
the public code sterile-dm 10 by Venumadhav et al. (2016). I was unsuccessful in reproducing
Fig. 2 of Abazajian (2014) in producing the PSD for a mνs = 7.14 keV sterile neutrino with 5
lepton asymmetry parameters. The reason for which I was unsuccessful is that I was unable to
run the code for a given RPSN model with (mνs ,L) for a fixed value of ωdm. The code yields
the resulting value of the lepton asymmetry from the value of the active-sterile mixing angle
θ. There is no analytical relationship between θ and L. To remedy this, I ran the code on a
50 × 50 uniform grid of log10

(
sin2 2θ

)
and log10 (mνs/keV) with ωdm = 0.1185 and report the

resulting values of the lepton asymmetry in the right panel of Fig. 3.10. Not only was the code
not able to converge for certain input values, visible as horizontal white stripes and checkers
on the right-hand side of the parameter space, but even for values on which it converged, the
resulting value of Ωdm was to far off of what was initially set. This is not to say that the code is
troublesome. In fact, it solves the Boltzmann function very accurately by taking into account a
number of subtle thermodynamic phase transitions in the early Universe, and is considered by
many as the state-of-the-art in terms of producing accurate PSDs for RPSN. I did not benefit
of enough time to familiarize myself with the inner workings of the code, and decided to try
another route. I do, however, recommend this code for any future investigation.

I initiated a collaboration with a team of international researchers 11 that are exterior to our
group. Using a Boltzmann solver code described in Laine and Shaposhnikov (2008b); Ghiglieri
and Laine (2015), we were able to produce the distribution functions for 16 masses mνs = 1 keV

10. https://github.com/ntveem/sterile-dm
11. Julien Lesgourgues (TTK – Aachen), Oleg Ruchayskiy (Niels Bohr Insitute – Copenhagen) and Alexey

Boyarksy (Lorentz Institute – Leiden)

https://github.com/ntveem/sterile-dm
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Figure 3.11 – Average momentum per mass 〈q〉/mνs
of the RPSN distribution functions computed in

Laine and Shaposhnikov (2008b) and normalised to the NRP (L = 0) case for each mass (bottom-most
row). Lepton asymmetries are in units of L = (nνe

− nν̄e
) /s. For each mass, the value of L? yielding the

coolest distribution function is easily identifiable.

to mνs = 19 keV with step ∆mνs = 1 keV excluding 12, 15 and 18 keV ; each for 30 unifor-
mely increasing values of L6

.= L/10−6 of step ∆L6 = 1 from L6 = 0 to 25, in addition to
L6 = 50, 100, 120 and 700. I display in Fig. 3.11 the value of 〈q〉/mνs for the entire grid of
16 × 30 RPSN distribution functions at our disposal, all computed using the code descibed in
Laine and Shaposhnikov (2008b); Ghiglieri and Laine (2015). The coolest distribution functions
occur for given values of L and mrp

νs , which I denote L?(mνs). For larger asymmetries than L?

for a given mass, the resonantly boosted forward scattering occurs later than the QCD phase
transition, which yield quasi-Fermi populated momenta states (with weaker mixing angles).

These PSD are then passed down to the CLASS software (see Sec. 5.1.1.2) which computes
the linear matter transfer function from the PSD. This not only enables us to test pure cool dark
matter cosmologies with a set of RPSN models, which I enumerate in List 5.35, but also constrain
the entire relevant (mνs ,L) parameter space using a mapping procedure with C+WDM models,
which I describe in Sec. 3.3.4.2.
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3.3.3 Power Spectrum of Mixed Dark Matter

In Sec. 3.3.2.2, I exposed the arguments that made standard model neutrinos unable to ac-
count for all of dark matter. This isn’t to say that neutrinos aren’t a dark matter candidate, but
rather that if dark matter is made up of particles, then only a portion of the total population can
be neutrinos, or else dark matter would have free-streamed out to intergalactic scales, washing
away any perturbations smaller than these wavelengths. The relevant question is how much of
dark matter do neutrinos make up ? In this section, I assume that dark matter is bi-phasal :

• a non-cold component of relative abundance 0 6 F 6 1

• a cold component of relative abundance 1− F

In this framework, the non-cold to total dark matter ration F constitutes an additional free
parameter to the cosmological model. It interpolates between the pure cold dark matter (F = 0)
and the pure hot dark matter (F = 1) limit cases. In what follows, I show how this parameter
impacts the linear power spectrum. First, in Sec. 3.3.3.1, I assume the non-cold component is
made of a generic hot dark matter particle, such as active neutrinos. Then, in Sec. 3.3.3.3, I
assume the non-cold component is a generic warm (or cool) dark matter particle, such as early
decoupled thermal relics and sterile neutrinos.

3.3.3.1 Cold+Hot Dark Matter

The free-streaming of neutrinos never impacts scales beyond the non-relativistic transition
(k < knr). In the non-relativistic regime, neutrinos are essentially indistinguishable from cold
dark matter and the background evolution. The large-scale portion of the power spectrum is
thus insensitive to the neutrino masses. On the other hand, neutrino power is depleted on scales
within the free-streaming horizon (k > knr) by a factor δν/δcdm which reaches 0 in the k → ∞
limit. The asymptotical behavior of the matter transfer function is thus

T 2
m(k) '

{
1 for k < knr

(1− fν)2 for k � knr
(3.89)

where the neutrino abundance parameter fν is defined as

fν = ρν
ρν + ρb + ρcdm

= Ων

Ωm
(3.90)

The depletion factor of neutrinos within their free-streaming horizon is not exactly the fν
factor in the above expression since neutrino density contrasts issue back-reactions on the evo-
lution of the metric and on all other perturbations. δν does not contribute significantly to the
Poisson equation, however ρ̄ν (assumed to be dominated by non-relativistic neutrinos) fixes the
expansion rate via the Friedmann equation

3
(
ȧ

a

)2
= 8πGa2 (ρ̄ν + ρ̄b + ρ̄cdm) (3.91)
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Figure 3.12 – Matter power spectrum at z = 0 in a mixed C+HDM cosmology, normalized by that of
the benchmark CDM model, for

∑
mν = 0.2, 0.4, 0.8 eV. The vertical dot-dashed line signals the lowest

k probed by Lyman-alpha forests. The matter power spectra of pure WDM displayed in Fig. 3.8 are
superimposed in light grey for comparative purposes.

During the Radiation Dominated Era, the scale factor evolves as a ∝ τ2 and so

δ̈cdm + 2
τ
δ̇cdm −

6
τ2 (1− fν)δcdm = 0 (3.92)

the growing solution of which is

δcdm ∝ a1− 3
5 fν (3.93)

if fν � 1. Given the time during which the growth is suppressed by the 3/5 fν factor, i.e. until
neutrinos become non-relativistic, Lesgourgues and Pastor (2006a) show that the impact on the
matter power spectrum can be approximated by

∆Pm
Pm

' −8fν (3.94)

It turns out that the factor is actually closer to −10fν when accounting for non-linear effects.
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The neutrino density is fixed by the effective mass parameter meff
ν which is Nνmν in the case

of Nν ' 3 degenerate neutrino mass eigenstates mν . In practice, we are sensitive only to the
sum mass

∑
mν and so

ων = meff
ν

93.14 eV =
∑
mν

93.14 eV = Nνmν

93.14 eV (3.95)

Hence the relative suppression in power can be expressed as a linear function of the effective
neutrino mass in the eV and the sub-eV regime :

∆Pm
Pm

' −10 Ων

Ωm
' −0.1mν

eV
Nν

Ωmh2 (3.96)

3.3.3.2 Impact of Mass Ordering

Cosmology is mainly sensitive to neutrino masses through their contribution to the energy
density, i.e., through Ων , and therefore only through the total mass of the eigenstates

∑
mν .

While this is true to a very good approximation for the CMB anisotropy spectrum, the impact
of individual neutrino masses on Large Scale Structures can issue some subtlety. Although the
main effect remains that of the total mass, matter power spectrum measurements have some
sensitivity to individual eigenstate masses because of two effects :

• the detailed evolution of the background density close to the time of the non-relativistic
transition of each species depends on individual masses ;

• and so does the free-streaming scale of each species.

In practice, it is the lepton flavor of neutrinos which differentiates them, each flavor state being
a superposition of oscillating mass eigenstates. Here, I only regard the propagation fo the mass
eigenstates — which is what I refer to as the individual masses — and the relative difference
between them through neutrino oscillations, not the mass of the flavor states which are compo-
site. When the individual masses are varied for the same total mass, the two effects listed above
lead respectively to different amplitude and shape in the small-scale portion of the matter power
spectrum (Lesgourgues and Pastor, 2006b; Lesgourgues et al., 2013).

Throughout this work as well as what was accomplished before I was integrated in this pro-
ject, we assumed the three neutrino species to share a common mass equal to

∑
mν/3. Neutrino

oscillation measurements, however, have shown that the three neutrino species have slightly dif-
ferent masses. Tab. 1.1 in Sec. 1.2.3 recaps the values of ∆m2

sol and ∆m2
atm from a compilation

of atmospheric, solar, reactor and accelerator neutrino experiments The masses can follow a
normal ordering, originally refered to as a normal hierarchy (NH) with two light states and a
heavier one, in which case the minimum total mass is

∑
mν = 0.06 eV. In the case of an inverted

ordering (formerly inverted hierachy, IH), the two heavy states are split by ∆m2
sol and the lighter
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Figure 3.13 – Values of the individual mass eigenstates m1,m2,m3 in eV as a function of
∑
mν =

m1 +m2 +m3 in the ‘normal’ (lavender) and ‘inverted’ (teal) mass orderings. m3 vanishes to a massless
eigenstate below

∑
mν ≤ 0.10 (0.06) eV in the inverted (resp. normal) configuration. Above

∑
mν &

0.4 eV, the two mass orderings are barely distinguishable from the ‘degenerate’ configuration in which
m1 = m2 = m3.

one is separated from the other two by ∆m2
atm ; and the minimum total mass then being 0.10 eV.

As the bounds on
∑
mν close in on the 0.10 eV upper limit where we can distinguish between

normal and inverted orderings, it becomes increasingly critical to test the impact of mass hie-
rarchy on the derived 1D flux power spectrum, which I’ll introduce next chapter. In Sec. 6.3.2.2,
I present the resulting flux power spectra computed numerically with a suite of simulations des-
cribed in Chap. 5 for three cases of

∑
mν = 0.10 eV : normal and inverted orderings as well as

the degenerate mass case. In the first two cases, the mass of each species is determined according
to the squared mass differences of Capozzi et al. (2014). The individual masses in each case are
given in Tab. 3.1.

The linear matter transfer function is displayed in Fig. 3.14. It can be noted that the dif-
ferences in the linear 3D matter power spectrum are at the 0.1% level between normal and
degenerate orderings, and of order 0.3% between inverted and degenerate configurations, quasi
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Figure 3.14 – Relative matter power spectrum at z = 0 in the linear regime with respect to the neutri-
noless CDM benchmark cosmology for 4 configurations of mass eigenstates of

∑
mν = 0.1 eV : a single

(‘solo’) eigenstate in blue, 3 degenerate eigenstates in black, 2 heavy + 1 light eigenstates (‘inverted’) in
lavender, and 1 heavy + 2 light eigenstates (‘normal’) in green.

configuration m1/meVm1/meVm1/meV m2/meVm2/meVm2/meV m3/meVm3/meVm3/meV

solo 100 0 0
inverted 50 49 1
normal 54 24 22

degenerate 33 33 33

Table 3.1 – mass in meV of the three mass eigenstates m1,2,3 from heaviest to lightest for a sum mass
of
∑
mν = 100 meV. The configuration labelled ‘solo’ assumes a single non-zero mass eigenstate and two

massless neutrinos. The ‘normal’ and ‘inverted’ ordering configurations have respectively 2 heavy + 1 light
and 1 heavy + 2 light eigenstates, with mass differences in agreement with recent estimates from neutrino
oscillations. The ‘degenerate’ configuration assumes 3 indiscriminate eigenstates of meff

ν =
∑
mν/3
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Figure 3.15 – Zoom in on Fig. 3.14 on the range 0.1 6 k/h Mpc−1 6 10, with the reference model being
the ‘degenerate’ configuation (instead of the CDM benchmark model).

independently of k scale in the Ly-α forest range. The larger difference in the case of inverted
ordering is explained by the fact that the total mass is essentially shared among two neutri-
nos instead of three for either the degenerate or the NH scenario. In the IH case, the lightest
neutrino remains relativistic until late times : it becomes non-relativistic at around znr ∼ 3
for

∑
mν = 0.1 eV. Thus, it contributes to the background density for longer spans of time,

thereby leading to a slower growth of cold dark matter perturbations and to a stronger ove-
rall suppression of power. In contrast, the NH scenario having three neutrinos of almost equal
masses is closer to the case of three degenerate-mass neutrinos. The slight bump and slope at
10−3 . k/h Mpc−1 . 10−1 relates an excess of power for the inverted compared to the normal
or degenerate cases (and an excess of power of the normal ordering compared to degenerate),
due to the presence of two (or one, respectively) higher-mass neutrinos, causing an earlier non-
relativistic transition and thus a free-streaming damping restricted to smaller scales. Relative
to the degenerate case, the normal ordering (and even more so the inverted ordering) therefore
exhibits an excess of power near knr ∼ 10−3 h Mpc−1. The tail of this peak is the cause of the
slope near k ' 10−2 h Mpc−1 in Fig. 3.14. The effects of individual masses are nevertheless
small, of 0.3% at most.

3.3.3.3 Cold+Warm Dark Matter

A wide class of NCDM dark matter models can be approximated by adding a CDM com-
ponent in addition to, e.g., thermal WDM. Such models start to deviate from CDM at scales
determined by the mass of WDM component, but the overall amount of suppression is controlled
by the warm DM fraction, Fwdm, of the total dark matter. The warm-to-total DM fraction can
thus be defined such that
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Figure 3.16 – 3D linear transfer function for total matter at z = 0 computed by the CLASS software for
mνs

= 5 eV in solid lines and mνs
= 50 eV in dashed lines. Dark teal lines assume a pure WDM model,

and lighter tones of blue display a larger preponderance of the cold (heavier) component over the warm
(lighter) one.

Ωwdm = Fwdm × Ωdm = Fwdm × (Ωwdm + Ωcdm) (3.97)

The solid and dashed transfer functions 12 at z = 0 in Fig. 3.16 feature the free-streaming cutoff
scale for different NCDM masses. As discussed previously, heavier DM particles damp power on
smaller scales, which makes them more consistent with the benchmark ΛCDM model, at least in
the linear regime. In a cold plus warm dark matter model (C+WDM), the smaller the fraction of
the warm component, the colder the overall transfer function as is shown by the lighter colored
lines in Fig. 3.16 reaching an asymptotical plateau when k → ∞ whose height is a function
of the warm-to-cold fraction. For low Fwdm . 5 % ratios, the plateau is well approximated by
1− T (k →∞) ∼ (1− Fwdm) as demonstrated in Boyarsky et al. (2009).

The thermal velocities, i.e. the velocity that defines the kinetic / internal energy, is given by
the distribution function of the particle :∫

d3q f(q) = 〈v〉
∫
d3q

q

ε
f(q) (3.98)

12. T (k) =
√
Pncdm/Pcdm(k)
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mx/keVmx/keVmx/keV 〈vxth〉(z = 30)〈vxth〉(z = 30)〈vxth〉(z = 30) mnrp
νs
/keVmnrp

νs
/keVmnrp

νs
/keV 〈vνth〉(z = 30)〈vνth〉(z = 30)〈vνth〉(z = 30)

1 1.09 km/s 7 0.70 km/s
2.5 0.32 km/s 10 0.49 km/s
5 0.13 km/s 20 0.24 km/s
10 0.05 km/s 30 0.16 km/s

Table 3.2 – thermal velocities at z = 30 for thermal relics and NRP sterile neutrinos as pure WDM

For masses of a few keV, the thermal velocities of WDM particles can be neglected (see Tab. 3.2)
and thus the total dark matter distribution can be treated as a mono-species collisionless fluid in
our hydrodynamical simulations described in Chap. 5 whose linear transfer function is obtained
by setting the DM abundance as Fwdm warm and 1−Fwdm cold. The warm-to-total DM fraction
0 ≤ Fwdm ≤ 1 is therefore an additional free parameter that interpolates between the pure
WDM limit (Fwdm = 1) described above and the benchmark CDM (Fwdm = 0) limit.

3.3.4 Mapping Between Models

3.3.4.1 Mapping between Thermal Relics and Right-Handed Neutrinos

In Sec. 2.3.2.3 and 2.3.2.4, I explicited the distribution functions of the two main types of
NCDM particles I consider throughout this work. Early decoupled thermal relics of mass mx

and temperature Tx on the one hand are Fermi distributed and contribute ∆Neff = (Tx/Tν)4

to the number of stable relativistic species coupled to photons early on in the Universe. NRP
sterile neutrinos, on the other hand, display a quasi-Fermi distribution renormalized by ϑ � 1
and contribute ∆Neff ∝ ϑ. If one assumes that either one of those two make up the entirety of
the dark matter, then given the similarities in their PSDs, one can establish a mapping between
mx and mνs since fixing Ωx = Ωdm = Ωνs essentially normalizes the integral of the distribution
functions over all momenta. Using Eqs. 2.84 and 2.88, one can relate

meff
ν =


ϑ × mνs for sterile neutrinos(
Tx

Tν

)3

×mx for thermal relics
(3.99)

or, equivalently,

Neff =


meff
ν

mνs

for sterile neutrinos(
meff
ν

mx

)4/3

=
(
Tx

Tν

)4

for thermal relics
(3.100)

Using the CAMB software to produce the transfer functions of a thermal relic of mass mx is en-
coded in the ∆Neff it contributes. The same ∆Neff is obtained assuming the dark matter is a
NRP neutrino of mass mνs such that
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Figure 3.17 – thermal velocities of WDM particles at z = 30, for an early decoupled thermal relic (red)
and a non-resonantly produced sterile neutrino (black).

mνs = κ mµ
x/ω

1/3
wdm (3.101)

where ωwdm = Fwdm×Ωdmh
2 is expressed in units of 0.25×0.72. The authors of Viel et al. (2005)

issue κ = 4.43 keV and µ = 4/3 ; whereas the authors of Bozek et al. (2016) issue a mapping
with κ = 3.90 keV and µ = 1.294 by accounting for the non-uniform value of g? throughout
the production mechanism of sterile neutrinos as well as the thermodynamics of the QCD phase
transition. Eq. 3.101 will be used hereafter whenever deriving limits on the mass of thermal
relics and sterile neutrinos.

In Fig. 3.17, I display the value of the thermal velocity of the WDM candidate particle as
a function of its mass. The mapping can be interpreted as is illustrated on this figure. Both
a mx = 1 keV thermal relic and a mνs = 4.46 keV NRP neutrino have a thermal velocity at
z = 30 of 1.09 km/s, and so their free-streaming horizon scales are identical, as are their transfer
functions. A mνs = 1 keV NRP sterile neutrino on the other hand, has a thermal velocity of
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Figure 3.18 – Value of mνs as a function of (keV/mx, Fwdm) in the context of a C+WDM cosmology.

〈v〉(z = 30) = 4.87 km/s.

I would like to attract the reader’s caution when using Eq. 3.101 as it only pertains to the
warm component of the dark matter, not the total population. Hence, when producing C+WDM
models, the mass mapping betweenmx andmνs is a function of Fwdm. Fig 3.18 displays the value
of a NRP sterile neutrino that contributes the same ∆Neff as a thermal relic of mass mx for a
given fraction Fwdm. Notice that, for instance, in the second to last column, a mx = 1 keV relic
maps to a mνs ' 3.9 keV NRP neutrino in the pure WDM case (as is conformal to Eq. 3.101
with the mapping of Bozek et al. (2016)). However, that same mx = 1 keV relic maps to a
mνs ' 10.7 keV NRP neutrino in a C+WDM model with Ωwdm = 5%× Ωdm.

Of course, since RPSN have strongly non-thermal distribution functions, this mapping is
invalid when one tries to relate mx and mrp

νs when L > 0.

3.3.4.2 Mapping between Cool and Warm+Cold

Both C+WDM and RPSN as cool DM feature similar transfer functions up to a certain k
scale. One can thus use both cosmologies to produce a mapping of sorts in between

(
mnrp
νs , Fwdm

)
and

(
mrp
νs ,L

)
assuming F = 1 for the latter and L = 0 for the former.
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Figure 3.19 – 1D linear transfer function for the total matter at z = 0 obtained with the CLASS software
for a DM made of a 4 keV sterile neutrino. The color encodes the warm-to-total fraction 0 ≤ Fwdm ≤ 1,
which ranges from the warmest (pure WDM) to the coolest (CDM) cases. Considering sterile neutrino
pure cool dark matter, the transfer functions for the 0 ≤ L ≤ L? and L? ≤ L ≤ Lmax RPSN are all
contained within the shaded grey region, bounded by the warmest and coolest models, respectively L = 0
(NRP in dark red) and L? = 1.2× 10−5 for mνs

= 4 keV in thick black.

Fig. 3.19 illustrates the correspondance between the coolest RPSN model of 4 keV (L? =
1.2× 10−5) and the 4 keV neutrino produced in absence of a lepton asymmetry that constitutes
∼ 35% of the total dark matter. The correspondance is obtained with a least-square method out
to kmax = 1.35h−1Mpc on the linear transfer function. Because Ly-α forests are a unidimen-
sional probe for the matter distribution, I perform the mapping on the 1D transfer function,
obtained using Eq. 3.16, and with T 2

1d(k) = P ncdm
1d /P cdm

1d . This L − Fwdm mapping enables me
to convert the bounds on (mνs , Fwdm) to bounds on (mνs , L). Fig. 3.20 displays the value of
Fwdm that yields the most similar 1D transfer function for a given mass for all of the 16 × 30
RPSN models we have at our disposal, using the CLASS software with the PSDs from Laine and
Shaposhnikov (2008b); Ghiglieri and Laine (2015). Notice the region corresponding to the lowest
mixture of warm-to-cold fraction (in blue) has the same shape than the region in Fig. 3.11 which
displays the lowest values of 〈q〉/m for a given mass. This is hardly a coincidence, since both
relate to the free-streaming horizon scale.

It is noteworthy to mention that this mapping is done in the linear regime only. In Sec. 6.2.3,
I verify that this mapping holds for the non-linear regime, when computing the power spectrum
with the Ly-α forest, at least on scales probed by our set of data.
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Figure 3.20 – Mapping between
(
mnrp
νs
, Fwdm

)
assuming L = 0 (C+WDM) and

(
mrp
νs
,L
)
assuming

Fwdm = 1 (pure cool dark matter). The numerical values and color code correspond to the value of Fwdm
whose C+WDM 1D transfer function issues the least square with the RPSN 1D transfer function of the
same DM particle mass, as illustrated in Fig. 3.19
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« The light shines in the darkness, and the darkness has not
overcome it. »

— John 1 :5

In the previous chapter, I detailed the impact of neutrino mass on the matter power spectrum.
This was under the assumption that one can linearly perturb the density fields around their

background value. However, since δ increases monotonically due to the attractive nature of the
gravitational interaction, the approximation of linear theory eventually breaks down below some
scale k0. Linear theory remains valid as a perturbative treatment for k < k0 where

k3
0 |δ(k0)|2 ∼ 1

⇔
∆2(k0) ∼ 1
⇔

σ2(1/k0) ∼ 1

For higher k values, the evolution of δ is said to be non-linear. One must explicitely solve the
gravitational interactions between particles with numerical simulations. This is layed out in the
following chapter. In the present chapter, I lay out how the power spectrum can be measured
in the non-linear regime. In Sec. 4.1, I introduce quasi-stellar objects, which are the brigh-
test sources of light in the Universe. The spectrometric properties of their light observed with
Earth telescopes give us valuable information on their environment through their atomic spectral
emission lines. The absorption lines, on the other hand, yield information on the intergalactic
medium in which their light travels. A particular region of interest is the region blueward of the
Lyman-alpha emission line, which entails the redshift and density of Hydrogen absorbers along
the quasar line-of-sight. Known as the Lyman-alpha forest, it is a very active area of research for
both extragalactic astrophysicists and cosmologists. I also introduce the main observable for this
work : the power spectrum of the transmitted flux fraction in the Lyman-α forest of quasars. In
Sec. 4.2, I describe three sets of quasar samples taken from large scale structure surveys, from
which I compute the Lyman-alpha power spectrum.
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4.1 Hydrogen Absorption in the Intergalactic Medium

4.1.1 Quasars and their Absorption Features

4.1.1.1 Quasi Stellar Objects

Quasi Stellar Objects (QSO) a.k.a. quasars are believed to be powered by the accretion of
matter onto Supermassive Black Holes (SMBH) at the center of galaxies. The accression process
is a very efficient energy conversion mechanism, as its ratio is of the order of the compacity
of the central compact object. As such, quasars are the brightest objects in the Universe, as
they can emit more energy than any other known process, chemical or thermonuclear, including
supernovæ. They are considered to be the most luminous members of a more general class of ob-
jects called Active Galactic Nuclei (AGNs). Quasars appear point or star-like in optical images
but spectroscopic observations reveal they are widely different objects in several ways. Their
intrinsic luminosities can reach as high as 1014 L� solar luminosities, but can vary in brightness
at different wavelengths on timescales as short as days or weeks.

Their small size along with these orders of luminosities led to consider gravity as their energy
source immediately upon their discovery in the 1960’s (Matthews and Sandage, 1963). The re-
quired gravitational potential energy can be extracted if quasars contain compact objects with
masses of ∼ 108−9 M� solar masses and sizes about that of the solar system. The gravitational
field of such objects is so strong that the effects of general relativity are dominant in their vi-
cinity. There have been many proposed candidates for such a source of energy. Nowadays, it is
believed that quasars and AGNs are powered by SMBH of billions of solar masses. The radiated
energy we detect from them comes from matter being accreted onto the black hole. The radii
of black holes in AGNs and quasars range from a few solar radii to 20 astronomical units. The
matter surrounding the central black hole is likely to form an accretion disk, in which some
source of viscosity drains the orbiting matter from angular momentum, making it spiral inwards
toward the central black hole. The gas in the inner regions of the disk is expected to be as hot
as 104−6 K, hot enough to account for the thermal component of the continuum radiation at
ultraviolet wavelengths.

One of the most distinctive features of quasars is their large redshifts. The Baryon Oscillations
Sky Survey (introduced later in Sec. 4.2) has detected ∼ 45 quasars with a redshift greater than
5 (Pâris et al., 2014), the farthest detected QSO being being at z = 7.085 (Mortlock et al.,
2011). However, most known quasars have redshifts lesser than z ≤ 2.5, in part because they are
easier to find but also because they are intrinsically more numerous, as quantified by the QSO
luminosity function (Palanque-Delabrouille et al., 2013). The lower redshift limit for quasars
is arbitraily set at z ≥ 0.1 since they become resolvable as galaxies and usually catalogued as
AGNs. In addition to providing our first view of the Universe beyond redshifts z ≥ 5, quasars
are also valuable cosmological probe. Indeed, they are luminous enough to trace the matter
distribution at those very distant scales and very old lookback times. They also entail properties
of the matter distribution along the line-of-sight.
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Figure 4.1 – Top : Optical spectrum of a generic quasar in the BOSS data set in the observed wavelength
λ0. The red line is a spectrum model fitted in the data reduction pipeline, the residuals being in the lower
panel. The region highlighted in blue is the Ly-α forest wavelength range. Bottom : Zoom in on the
Ly-α forest range highlighted in blue in the top panel.
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4.1.1.2 Emission Lines

Quasars emit from gamma and X rays to the hundred-micron far infrared (FIR) wavelengths.
The energy emitted in each band is usually similar, in stark contrast to stars, whose thermal
radiation peak and restrict the emission in wavelength. Most quasars at z ≤ 2.5 are bright in
ultraviolet (UV), a helpful property in distinguishing them from stars in sky surveys, which are
more numerous and usually faint in UV. The continuum emission in quasars appears to arise
from a combination of thermal and non-thermal processes. In any event, the continuum radiation
from quasars demonstrates that some very energetic processes are involved. It can be modeled
by a continuum that follows a power law in wavelength, on top of which there are a number of
emission and absorption features. The width of an emission line is determined by the velocity
dispersion of the gas in the emitting region, where a mixture of infall, rotation and ejection
probably occurs. The widths are consistent with the emission region being at a distance of light
months to a few light-years from a central black hole. The strongest emission lines in quasar
spectra come from Hydrogen, Carbon and Magnesium ions, with lines of Nitrogen, Oxygen, Iron
and other metals also being visible. The observed levels of ionization range from neutral for
Hydrogen and Oxygen to five times ionized Oxygen and even more highly ionized Iron. Several
absorption lines are visible in the spectra in the upper panel of Fig. 4.1.

4.1.1.3 Absorption Lines

Absorption lines were observed in quasars a few years after their initial discovery and were
believed at the time to be quite rare. Nowadays, the study of quasar absorption lines is a major
topic in astrophysics. Depending on the distance of the absorbing gas from the central emission
source of the quasar, absorption lines are said to either be caused by either intrinsic, associated
or intervening systems.

Intrinsic systems arise from either the accretion disk or the collimated jets that run perpan-
dicular to the acretion disk’s plane. An example of an intrinsic system are Broad Absorption
Line (BAL) quasars, whose spectra show very wide absorption troughs blue-wards of the emis-
sion lines. The widths of these absorption features indicate outflow velocities that can exceed
3× 104 km s−1. Associated systems show absorption features from elements such as Hydrogen,
Carbon and Magnesium which are narrower than the emission lines and slightly blue-shifted.
This suggests they arise in the gas of the host galaxy of the quasar or its environment. In-
tervening systems on the other hand, can have significantly lower redshifts than the emission
lines, suggesting they arise from the intergalactic gas exterior to the quasar that lies along the
line-of-sight. In this case, the quasar acts as a background beacon and enables the study of that
intermediary gas, which has provided crucial information about the gas in the early Universe,
from its distribution to its thermodynamic properties.

Depending on the column density of the absorbing gas, intervening systems are themselves
broken down into 3 main categories :

• Damped Lyman-α Systems (DLA), with column densities in excess of 1020 neutral Hydro-
gen atoms per cm2. These manifest as saturations in the absorption, and occurs when the
light travels through a galaxy for instance ;
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• Lyman limit or intermediate systems, with NHi ∼ 1016−20 cm−2, commonly attributed to
the gas present in galaxy halos ; and

• the Lyman-α forest, with NHi ∼ 1012−14 cm−2, attributed to the gas in the IGM.

The Lyman-α forest absorption lines are the most numerous and ubiquitous absorption
features in the spectra of quasars with intervening systems in the foreground. In Sec. 4.1.3.1, I
detail how the Ly-α forest can be used to garner insight on the intergalactic gas.

4.1.2 Absorption in the IGM

4.1.2.1 Characteristics of Light

The equation that governs the interactions between radiation and matter is the transfer
equation

∂Iν
∂t

+
(
c~k · ~∇

)
Iν = 0 (4.1)

which is a balance on the conserved quantity Iν , the specific intensity. It is defined such that
the energy that propagates from point M on surface dΣ during a time interval dt within solid
angle dΩ of direction ~k at frequency ν ± dν is

dEν = Iν dν dt µ dΩ dΣ (4.2)

with µ = ~k ·~n = cos θ. Characterising radiation a priori requires the knowledge of 7 parameters :
position (x, y, z), direction (θ, ϕ), instant in time (t) and frequency (ν). However, in general, not
all these information are necessary. For far enough sources of light where their shape does not
matter all that much, as is the case for distant quasars, the moments of the specific intensity are
sufficient to fully characterise their radiation. The zeroth, first and second moments of Iν with
respect to µ = cos θ are respectively the spectral energy density, the flux and the spectral
radiation pressure density :



uν =
2π
c

∫ 1

−1
dµ Iν =

4π
c
Jν

ϕν = 2π
∫ 1

−1
dµ µ Iν = π Iν

Pν =
1
c

∫ 1

−1
dµ µ2 Iν =

uν

3

(4.3)

where the mean specific intensity is
∫
dΩ Iν = 4π Jν . The flux in Eq. 4.3 is defined such that it

is an implicit function of frequency. A common unit in which the flux of high redshift galaxies
and quasars is expressed in is the Jansky where 1 Jy = 10−26Wm−2Hz−1. The net (bolometric)
flux of a light source is simply ϕ =

∫ ∞
0

dν ϕν . The flux diminishes with distance from the
source, following an inverse square law. The specific intensity, however, is constant along a light
ray unless there is absorption, emission or scattering of the photons along the way. When that
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Figure 4.2 – Layout of the inifinitesimal volume defined in Sec. 4.1.2.2 and the relevant quantities in
the balance of Eν .

is the case, the transfer equation must include source, drain and exchange terms. In this thesis
work, I consider quasars, which I’ve introduced in Sec. 4.1.1.1, as a background source and the
neutral Hydrogen in the forground as an absorber.

4.1.2.2 Optical Depth

Consider an infinitesimal volume of surface area dΣ and depth d` which has a constant
density n of scattering and absorbing particles, illustrated on Fig. 4.2. To balance the spectral
energy dEν(`) and dEν(` + d`) in and out of the volume, one must consider source terms that
produce or drain spectral energy in the infinitesimal volume and exchange terms that produce
or drain spectral energy on the interface dΣ :

dEν(`+ d`)− dEν(`) = d2Esources
ν + dIexchanges

ν dt (4.4)

The volumic source terms consist of emissions and absorptions, d2Esources
ν = d2Eν,e + d2Eν,a,

and define the emissivity εν of the medium and the absorption opacity κν,a such that{
d2Eν,e = εν dV dtdΩdν
d2Eν,a = −κν,ad`dEν(`)

(4.5)

Exchanges with the exterior include scattering photons into and out of the infinitesimal volume :

dIexchanges
ν = dI+

ν,d + dI−ν,d (4.6)

which defines the diffusion coefficient σν :

dI±ν,d = ±σνIνd` = ±Sν,dnd`Iν (4.7)
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When the source light interacts with the foreground, the tranfer equation can thus be ex-
pressed as

dIν
dτν

= Sν − Iν (4.8)

where Sν is the “source function”, the ratio between all gain terms, i.e. the emissivity of the
medium and photons scattering into it, and all drain terms which include the medium’s opacity
and the photons scattering out :

Sν(Iν) =
εν + σνJν

κν + σν
(4.9)

The terms in the denominator define the medium’s absorption + diffusion opacity dτν , a.k.a.
the optical depth

dτν = (κν + σν)d` (4.10)

When integrating along the light’s path, a photon of frequency ν has a survival probability 1

proportional to 1 − e−τν . A short optical depth with respect to the medium’s characteristic
length means the medium is opaque at that frequency. When the optical depth is of the or-
der of the medium’s characteristic length scale, it is considered transparent for that frequency.
CMB photons, which have free streamed from their last scattering at some z ' 1, 050 traverse
the IGM, which is transparent for all the frequency range from their initial optical (yellow) to
their current microwaves. As the first stars, AGNs or some other sources heat up the IGM, it
becomes ionized again at some yet poorly constrained redshift 7 . z? . 20, which corresponds
to when 50% the neutral Hydrogen is ionised. From then to now, the CMB photons can again
Coulomb-scatter off the free electrons, which smear the temperature fluctuations. The analysis
of the temperature power spectrum of the Planck collaboration (Planck Collaboration et al.,
2015) yields a value for this optical depth to reionization of

τ? = 0.066± 0.016 (4.11)

corresponding to a reionization redshift of

z? = 8.8+1.7
−1.4 (4.12)

4.1.2.3 The Lyman-Alpha Absorption

The Lyman series of Hydrogen correspond to the set of UV emission lines due to the electron
transitioning from an excited state n > 2 to the ground state n = 1, with n the principal quantum
number. The Lyman-alpha (Ly-α) and Lyman-beta (Ly-β) are the first and second transitions

1. meaning a probability of not being scattered or absorbed
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of the Lyman series, from the ground n = 1 to the n = 2 (respectively n = 3) states. The energy
of the Lyman series of transitions is determined by the Rydberg formula

hc

λ
= RH ×

(
1− 1

n2

)
(4.13)

where the Rydberg constant RH = 13.6 eV in units of hc. The Ly-α (n = 2 7→ n = 1) and Ly-β
(n = 3 7→ n = 1) transitions thus have UV wavelengths of λα = 121.6 nm and λβ = 102.6 nm
respectively. The Ly-α λ1216 and Ly-β λ1026 emission lines are easily recognisable in the spectra
of quasars. When a photon from the background quasar interacts with the neutral Hydrogen in
the IGM, the electron can, inversely, be excited from its ground state to the n = 2 and n = 3
quantum states, known as the Ly-α and Ly-β absorption respectively. The incoming photon has
energy Eγ

(
1− v‖/c

)
in the reference frame of the neutral Hydrogen atom of velocity ~v = ~v‖+~v⊥

(radial and normal to the photon’s incoming direction). The probability of being absorbed to
n = 1 7→ n = 2 is e−τ with the Ly-α optical depth given by the Beert-Lambert law

dτ = nHi σLyα dr ×

 1 if Eγ
(
1− v‖(r)

c

)
= ELyα

0 else
(4.14)

where σLyα is the Ly-α transition’s cross section and ELyα = 1.02 keV its rest energy (Eq. 4.13).
The radial physical distance is

dr = dz

1 + z

c

H0 ×
√

Ωm(1 + z)3 + 1− Ωm
(4.15)

Since we probe density fluctuations in the Hubble flow, quantities are measured in velocity space
along the line-of-sight. In velocity space, the Ly-α optical depth

τ (v) =
∫ v

0
dv′‖

nHIσLyα (z)
∇v′‖

(4.16)

is actually sensitive to the velocity gradient parallel to the line-of-sight, ∇v‖, and not the abso-
lute value of the velocity.

Neutral Hydrogen in the intergalactic medium (IGM) is present wherever photo-ionization
by the ultraviolet (UV) background is balanced by electron recombination γ + H 
 e− + H+.
The density of neutral Hydrogen (Hi) can thus be obtained by equating the interaction rates of
both reactions and by setting global neutrality (ne = np) :

nHi =
(
σcomb

√
2kb/me

c σion

)
n2
bT
−0.7

nγUV

(4.17)

where σcomb,ion are respectively the recombination and photo-ionization cross-sections and nb,γUV

the baryon and Ultra Violet (UV) photon densities.

4.1.3 The Lyman-Alpha Forest

4.1.3.1 Definition

With light from a distant quasar serving as a background source, their spectra encode the
Ly-α optical depth (Eq. 4.16). The QSO’s observed and intrinsic flux at the λ = (1 + z)× 1216
Å observed wavelength is

ϕobs (λ) = e−τ ϕqso (λ) (4.18)



114 CHAPITRE 4. The Lyman Alpha Forest

Because of cosmological redshift, the rest-frame wavelength of the Ly-α absorption gets red-
shifted from its observed wavelength as the quasar signal travels to Earth in an expanding
Universe. Hence a series of absorption features between the Ly-α λ1216 and Ly-β λ1026 emis-
sion lines in the spectra of high-redshift QSOs that entails the distribution of neutral Hydrogen
along the line-of-sight. This so-called Ly-ααα forest is a widely-used tool to probe density fluc-
tuations at intergalactic scales. It is the blue region highlighted in Fig. 4.1. Ly-α absorption
can still occur redwards of the Ly-β emission line. However, it becomes intermingled with the
Ly-β absorption’s own forest. Disentangling them would require studying their cross-correlation.

To avoid contaminating the power spectrum with astrophysical effects in the vicinity of the
Ly-α and Ly-β emission lines, we define our working Ly-α forest region as the range of the
QSO’s rest-frame wavelengths

1, 040 6 λ0

Å
6 1, 200 (4.19)

i.e. some ∼ 4 × 103 km s−1 away from these emission line peaks. Typically, a zqso = 4 quasar
has a Ly-α forest that spans ∆z ' 0.65. To improve the redshift resolution to ∆z < 0.2, the
Ly-α forest is split into three consecutive non-overlapping equi-length sectors. This ensures that
each of these z-sector lies in one of the spectroscopic arms of the instrument as well as to avoid
parts of the forest that contains Damped Ly-α or Lyman Limit systems.

4.1.3.2 The Transmitted Flux Power Spectrum

Perhaps the most conveniant and widely-used statistical tool to compare observations with
theoretical predictions is the one-dimensional flux power spectrum (Croft et al., 1999). It is
obtained by the Fourier transform of the QSO’s transmitted flux fraction

δϕ(λ) = ϕ(λ)− 〈xϕ〉
〈xϕ〉

= e−τ

e−τeff
− 1 (4.20)

normalized by a mean transmitted flux fraction xϕ = ϕobsserved/ϕemitted which defines an effec-
tive optical depth 〈xϕ〉 = e−τeff .

The flux power spectrum in the Ly-α forest is obtained by deconvolving the power spectrum
of the transmitted flux fraction defined in Eq. 4.20 from the instrumental window function W
after substracting the (white) noise power spectrum, and averaging over the entire set of Ly-α
forest :

PLyα(k) =
〈
|δ̃ϕ(k)|2 − Pnoise(k)

W 2(k)

〉
QSOs

(4.21)

4.1.3.3 Measuring the Power Spectrum in Quasar Spectra

From each of the quasar spectra samples I describe in Sec. 4.2, only the Ly-α forests with
a high signal-to-noise ratio, no broad absorption lines, damped Ly-α or Lyman Limit sys-
tems, and sufficient resolution are selected. Sky lines significantly increase the pixel noise in
the data. Once identified using a method detailed in Lee et al. (2013), the pixels which cover
λ = 5577, 5890, 6300, 6364 and 6864 Å are masked and replaced by the flux averaged over the rest
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Figure 4.3 – Top Left : Observed BOSS quasar spectra in their rest frame wavelength, normalised to the
1280 Å pixel in five different redshift bins. Top Right : Mean transmitted flux fraction as a function of
redshift. Bottom Left : Quasar mean absorption in the Ly-α forest. Bottom Right : Quasar continuum
times the mean transmitted flux fraction.

of the unmasked forest. For the medium-resolution quasar spectra from XSHOOTER described
in Sec. 4.2.2, this bias is negligeable due to the low number of sky lines in this wavelength re-
gion coupled with the resolution of the spectrograph. For the lower resolution spectra fro BOSS
described in Sec. 4.2.1, the bias can reach 15% (at most) at the small k for the 3.5 < 〈z〉 ≤ 3.7
redshift bin containing the strongest sky emission line, Oi λ5577. This bias is corrected for in a
procedure described in Palanque-Delabrouille et al. (2013).

The transmitted flux fraction in Eq. 4.20 is then computed by stacking the selection of Ly-α
forests in their rest-frame using λ0 = λ/(1 + zqso). To do so requires normalizing the unabsor-
bed 2 flux Cqso (λ, zqso), a.k.a. the QSO’s continuum plotted in the lower left panel of Fig. 4.3,
by the value of the flux at ϕ(λ0 = 1280 ± 10 Å) .= ϕ1280

qso to average out the fluctuating Ly-α
absorption. Sky-line-affected pixels are not included when computing this normalisation. Since
the mean quasar continuum is flat in the normalizing region, this rejection of a few pixels does
not bias the mean pixel value. The upper left panel of Fig. 4.3 displays the normalized flux
in 5 redshift bins. Broad quasar emission lines are clearly visible, such as (from blue to red) :
Ly-β λ1026, Ly-α λ1216, Nv λ1240, Siii λ1309, the Cii λ1335 λ1336 doublet, Siiv λ1400, and
Civ λ1549. There are more Hi absorbers along the QSO line-of-sight, which appear blue-wards
of the quasar’s Ly-α emission peak, at higher redshifts since the Universe’s scale factor is smaller

2. outside of the Ly-α forest range, i.e. red-wards of the Ly-α emission line
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and the IGM has a lower ionized fraction. This translates into less transmitted flux at the higher
redshift bins (black and green lines). The quantity ϕ(λ)/( ϕ1280

qso × Cqso(λ) ) corresponds to the
transmitted flux fraction.

The normalized flux fraction defined in Eq. 4.20 is normalized with respect to the mean
transmitted flux fraction at the Hi absorber redshift 〈xϕ〉 (zLyα), featured in the upper right
panel of Fig. 4.3. Its redshift dependance approximates a power law

〈xϕ〉(zLyα) ∝ e−τeff ∝ eAτ (1+zLyα)ητ (4.22)

whose fit Aτ ' 4.6×10−3 and ητ ' 3.3 is in agreement with measurements of the effective optical
depth τeff in Meiksin (2009); Becker et al. (2011). For a pixel of wavelength λ, the corresponding
Hi absorber redshift is infered from zLyα = λ/λLyα + 1 where λLyα = 1215.67 Å. The product
Cqso(λ, zqso)× 〈xϕ〉(zLyα) is assumed to be universal for all quasars at zqso and is illustrated in
the bottom right panel of Fig. 4.3. The normalized flux fraction is thus

δϕ(λ) = ϕ(λ)
〈ϕ〉

− 1 = ϕ(λ)
ϕ1280

qso
× 1
Cqso(λ, zqso)× 〈xϕ〉(zLyα) − 1 (4.23)

where the quantity ϕ1280
qso × Cqso(λ, zqso)× 〈xϕ〉(zLyα) represents the mean expected flux.

4.1.3.4 Uses in Cosmology

From Eq. 4.17, the neutral Hydrogen density is an explicit function of the baryon density nb
and the intergalactic gas temperature. As such, the Ly-α forest is of great interest for cosmology
because it entails information on the neutral Hydrogen content of the IGM. Analytical models
(Bi, 1993; Miralda-Escude and Rees, 1993; Hui and Gnedin, 1997) as well as hydrodynamics
simulation (Cen et al., 1994; Zhang et al., 1995; Hernquist et al., 1996; Croft et al., 1997)
showed that the optical depth is proportional to the Hydrogen density, itself a tracer of the
baryon density through nHi = Aρηb with η ∼ 1.5 − 2.0. The transmitted flux fraction can thus
be written

xϕ = ϕobs
ϕqso

= e−τ = e−Aρ
η
b (4.24)

However, because this coupling is non-linear and the fact that A is poorly known, it is usually
impossible to evaluate the baryon density.

The cross section of the Ly-α transition is very high and the fact that the absorption is not
completely saturated comes from the high ionisation fraction of the IGM, as shown in Gunn
and Peterson (1965). This ionisation comes from the UV photon flux generated by star forming
galaxies and active galactic nuclei and thus depends on the redshift. Moreover, the Universe ex-
pansion induces a diminution of the hydrogen mean density with time, proportional to (1 + z)3.
These two dependencies make the Ly-α forest bias dependent on the redshift.

Consequently, Croft et al. (1998) have suggested a technique for recovering the initial power
spectrum of density fluctuations directly from the fluctuations of the optical depth measured
from Ly-α forest spectra. One can use the Ly-α forest to constrain cosmological parameters,
from Eqs. 4.14, and 4.15. On the one hand, one must use QSO spectra to obtain the power
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Figure 4.4 – One-dimensional matter power spectrum at z = 0 in NCDM cosmologies normalized to
that of the benchmark CDM model. The 3D matter power spectrum ratio are superimposed as the semi-
transparent curves for comparative purposes. The ‘BOSS’, ‘XQ’, and ‘HR’ ticks correspond to the highest
k probed by the 3 types of Ly-α forest data set I use in Sec. 4.2 and Sec. 5.3.3.2. Left : pure WDM for
mνs

= 8× 10−2,−1,0 keV. Right : mixed C+HDM with
∑
mν = 0.2, 0.4, 0.8 eV.

spectrum of the transmitted flux in the Ly-α forest and recover the power spectrum of density
fluctuation. On the other hand, numerical simulations with different input parameters must be
run to extract the power spectrum of mass density fluctuations. Then one can compare the
measured power spectrum with the simulated ones, inferring the best set of input parameters
to reproduce the observations.

Since neutral Hydrogen in the IGM is a (biased) tracer for the (total) matter density fluctua-
tions, Ly-α forests can serve to probe the 101−2 h−1Mpc scales at which neutrino free-stream.
The flux power spectrum is computed along a line-of-sight, and as such the Ly-α forest power
spectrum (when averaging over an entire set of Ly-α forests) is uni-dimensional. In Fig. 4.4, I
feature the linear matter 1D power spectrum computed in the linear regime, which is obtained
from the 3D power spectrum

P 1d
m (k‖, z)

.=
∫

d~k⊥
(2π)2 P 3d

m (k‖,~k⊥, z) =
∫ ∞
k‖

dk

2π k P 3d
m (k, z) (4.25)

I overlay the 3D power spectra which I computed in Chap. 3. The vertical dotted line is the lowest
k scale probed by the Ly-α forest power spectrum. In the 1D case, the highest k value probed by
the different quasar samples I describe in Sec. 4.2. The 1D power spectra of the

∑
mν = 0.2, 0.4

and 0.8 eV are significantly closer to the 1D power spectrum of CDM. Measuring
∑
mν = 0.2 eV

neutrino masses with Ly-α forests requires a precision of about a percent. In Chap. 5, I construct
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the Ly-α power spectrum for these NCDM models, which require solving the hydrodynamics in
the non-linear regime.
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4.2 Measuring the Power Spectrum in Large Scale Structure
Surveys

In this section, I present our measurement of the one-dimensional Ly-α forest power spec-
trum from three quasar samples, each of varying size and resolution. For each, I describe the
spectroscopic survey from which the quasar spectra were obtained. I then briefly recap the main
characteristics of the power spectrum measured with each survey.

4.2.1 Low Resolution Sample

4.2.1.1 The SDSS DR9 survey

The Sloan Digital Sky Survey (SDSS) is a collection of large and deep sky surveys using
the 2.5 m f/5 3 telescope (Gunn et al., 2006) atop Apache Point Observatory (New Mexico,
elevation 2, 788 m) and, since the fourth phase of the project, the 2.5 m f/7.5 Irénée du Pont te-
lescope (Bowen and Vaughan, 1973) atop Las Campanas Observatory (Chile, elevation 2, 380 m)
for the southern hemisphere. Both are Richey-Chrétien altitue-azimuth telescopes with a Gas-
coigne corrector lens that aims at reducing the optical system’s astigmatism. No observations
made with the Irénée du Pont telescope 4(pictured in the right panel of Fig. 4.5) has thus far
been made public by SDSS. The Apache Point telescope 5, on the other hand, has been observing
since the year 2000 (pictured in the left panel of Fig. 4.5). The project consisted of 3 different
survey :

• the Sloan Extension for Galactic Understanding and Exploration 6 (SEGUE),

• the Supernova Survey 7, and

• the Legacy Survey 8.

At the conclusion of the first and second generations in 2008 (SDSS lasting 5 years and
SDSS-II lasting 3 years), the survey consisted of a 11, 663 deg2 photometric survey of in 5 wa-
velength bands along with a spectroscopic survey of 1, 640, 960 spectra, including over 930, 000
galaxies, 120, 000 quasars and 460, 000 stars. The astrometric data from the photometric sur-
vey along with the redshifts measured in the spectroscopic data made it possible to map out a
three-dimensional region of the Universe, all made publicly available in the seventh data release 9

(DR7). This unprecedently large data set has had a consequential impact on our knowledge of
both astrophysics and cosmology, one of the most famous results being the first ever detection
of Baryon Acoustic Oscillations (BAOs, Sec. 2.3.3.1) by Eisenstein et al. (2005) using a sample
of ∼ 46, 000 Luminous Red Galaxies (LRGs), allowing a measurement of absolute distance at

3. the ratio between its focal distance and its aperture
4. https://obs.carnegiescience.edu/dupont
5. http://skyserver.sdss.org/dr1/en/sdss/telescope/telescope.asp
6. http://www.sdss.org/surveys/segue/
7. http://classic.sdss.org/supernova/aboutsupernova.html
8. http://classic.sdss.org/legacy/index.html
9. http://www.sdss.org/dr7

https://obs.carnegiescience.edu/dupont
http://skyserver.sdss.org/dr1/en/sdss/telescope/telescope.asp
http://www.sdss.org/surveys/segue/
http://classic.sdss.org/supernova/aboutsupernova.html
http://classic.sdss.org/legacy/index.html
http://www.sdss.org/dr7
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Figure 4.5 – Left : The Apache Point Observatory’s 2.5 m telescope. Right : The Las Campanas
Observatory’s 2.5 m telescope. Credit : SDSS

z = 0.35 with a precision of 5%.

Directly following SDSS-II, SDSS-III started in 2008 using the same telescope, and consisted
of 4 different surveys :

• the Apache Point Observatory Galactic Evolution Experiment 10 (APOGEE),

• the Multi-object APO Radial Velocity Exoplanet Large-area Survey 11 (MARVELS),

• the Sloan Extension for Galactic Understanding and Exploration 2 (SEGUE-2), and

• the Baryon Oscillation Spectroscopic Survey 12 (BOSS).

BOSS mapped out the distribution of LRGs and quasars to measure the characteristic BAO
scale. It operated from Autumn 2009 to Spring 2014 and has scanned ∼ 10, 000 deg2 of sky on
a footprint that extends both in the northern and southern galactic caps. The instrument com-
prises of two identical spectrographs of resolution power R ∼ 2, 000 that have inherited some of
the technologies developed for the first two generations of SDSS (Smee et al., 2013). Once a list
of targets has been established using photometry, a circular 0.8 m wide 3.2 mm thick Aluminium
plate destined to lie at the focal plane of the Apache Point telescope is drilled with ∼ 1, 000 holes
on which are plugged a bundle of optical fibers to the spectrograph during nights of spectrosco-
pic observations. This enables getting the spectra of several hundreds of objects simultaneously
and with the same observational conditions in wavelengths 3, 600 6 λ/Å 6 10, 500. The fibers
are 180 µm in diameter each and cover a 3′′ area of sky. The entire plate covers a 5 deg2 patch
of sky. Each object is usually observed between 5 and 9 times and so the spectra are co-added
to reduce the signal-to-noise ratio. Our working group in Saclay is involved in the BOSS as well
as its successor, the Extended Baryon Oscillations Spectroscopic Survey (eBOSS) in the fourth

10. http://www.sdss.org/surveys/apogee/
11. http://www.sdss.org/surveys/marvels/
12. http://www.sdss.org/surveys/boss/

http://www.sdss.org/surveys/apogee/
http://www.sdss.org/surveys/marvels/
http://www.sdss.org/surveys/boss/
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Figure 4.6 – Left : Mollweide porjection of the angular footprint of eBOSS in the Earth’s coordinate
system. Right : BOSS and eBOSS surveys outline of their respective depth in redshift. Credit : SDSS-
IV/eBOSS

and current generation of SDSS (SDSS-IV) operating from 2014 to 2020 ; and the Dark Energy
Spectroscopic Instrument (DESI). We are mainly involved in the target selection (Ross et al.,
2012; Raichoor et al., 2017), quasar clustering and measurement of the 2-point correlation func-
tion (Laurent et al., 2016, 2017), the quasar luminosity function (Palanque-Delabrouille et al.,
2016), redshift-space distortions (Guo et al., 2015), and Ly-α forests.

Nowadays, SDSS-IV consists of the second chapter of APOGEE, the aforementionned exten-
sion of BOSS and the Mapping Nearby Galaxies at APO (MaNGA) survey 13. eBOSS (see
Fig. 4.6) uses the same spectrographs and aims at the measurement of the BAO scale at
0.6 6 z 6 2.5, 375, 000 LRGs over 7, 500 deg2 from z = 0.6 to 0.8, 260, 000 Emission Line
Galaxies (ELGs) over 1, 500 deg2 from z = 0.6 to 1.0 and 740, 000 quasars over 7, 500 deg2 from
z = 0.9 to 3.5. As of the most current (12th, 13th) data releases, there are 297, 301 catalogued
quasars (Pâris et al., 2017). For my PhD work, I used the previous quasar catalog from the ninth
data release (Pâris et al., 2012) which comprises 87, 822 quasars detected over 3, 275 deg2.

4.2.1.2 SDSS/BOSS Ly-α power spectrum

The 1D power spectrum had been measured by McDonald et al. (2006) using 3, 035 Ly-α
forests from the seventh data release of SDSS (York et al., 2000; Abazajian et al., 2009). This
DR7 power spectrum was measured in 9 redshift bins from 〈z〉 = 2.2 to 3.8 with step ∆z = 0.2
and in 12 k mode bins from k = 1.41×10−3 to 1.778×10−2 s km−1 of constant logarithmic step
∆ log(k/s km−1) ' 0.1. Here, the quantity is defined as k = 2π/v where v is the wavelength of a
Fourier mode and is measured in km/s. It should not be confused with the spectral wavelength
λ/λ0 = exp [∆v/c]. It was at the time almost 2 orders of magnitude larger than any previously
available data set, with a statistical uncertainty of ∼ 0.6 % on the overall amplitude of the power
spectrum.

In Palanque-Delabrouille et al. (2013), we presented the measurement of the 1D power spec-
trum using 13, 821 Ly-α forests from the parent sample of ∼ 90, 000 quasar spectra of the ninth
data release of SDSS-III/BOSS (Ahn et al., 2012; Dawson et al., 2013; Eisenstein et al., 2011;
Gunn et al., 2006; Ross et al., 2012; Smee et al., 2013), selected for the following criteria on their

13. http://www.sdss.org/surveys/manga/

http://www.sdss.org/surveys/manga/
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Ly-α forest :

• a signal-to-noise ratio per ∆λ/λ = 10−4 pixel greater than 2,

• absence of broad absorption line (BALs) features,

• absence of damped or detectable Lyman-limit systems (DLA), and

• an average resolution in the Ly-α forest of at most 85 km s−1.

We use this Ly-α forest sample to compute the QSO–Ly-α cross-correlation as well as the
Ly-α auto-correlation, which is my line of work. We measure the transmitted flux power spec-
trum in 12 redshift bins from 〈z〉 = 2.2 to 4.4 of step ∆z = 0.2 and in 35 k bin modes ranging
from k = 1.084× 10−3 to 1.9512× 10−2 s km−1 of constant step ∆k = 5.42× 10−4s km−1. To
reduce correlations between neighboring z-bins, we split the Ly-α forest of each quasar spectrum
into up to three distinct redshift sectors. Each sector has a maximum extent of ∆z < 0.2. The
transmitted flux power spectrum |δ̃ϕ(k)|2 is computed separately in each z-sector. We checked
that the resulting power spectrum agreed with that derived from a likelihood approach. Com-
plete details on our selection procedure as well as calibrations, computation of the flux power
spectrum and determination of both statistical and systematic uncertainties are extensively des-
cribed in Palanque-Delabrouille et al. (2013).

Since both 1/k and Pϕ(k) are homogenous to a velocity, the quantity

∆2
1d(k, z) .= k

2π × Pϕ(k, z) (4.26)

is dimensionless. Similarly to the dimensionless matter power spectrum in Eq. ??, it quantifies
the variance per log10 k of the transmitted flux fraction along a line-of-sight. In Fig. 4.7, I dis-
play this adimensional flux power spectrum for both the DR7 (top panel) and our DR9 (bottom
panel) samples. The addition of 3 redshift bins, a more resolute sampling of the k modes and the
shear number of objects in each (k, z) bin make our DR9 sample far better suited to search for
evidence of neutrino masses in the Ly-α forests of quasars. The higher the redshift bin, the more
sparsely populated it is. The highest redshift bins in our survey for instance (〈z〉 = 4.2, 4.4)
only contain a handful of objects, whereas the lowest ones count several thousands. This ex-
plains the larger error bars at all scales for the highest (redest) redshifts, which are dominated
by the statistical uncertainty. The highest k bins at any redshift are dominated by systematic
uncertainties pertaining to the spectrograph resolution. The flux power spectrum quantifies the
absorption of light by the neutral Hydrogen in the IGM. The cosmological scale factor increases
with time, and so decreases with redshift, meaning the physical distance between objects (inclu-
ding neutral Hydrogen distribution overdensities) are smaller the higher the redshift, hence more
Ly-α absorption. Moreover, at lower redshifts, a larger fraction of the IGM Hydrogen is ionized,
and thus there is less neutral Hydrogen absorbing the Ly-α wavelengths. The combination of
these two factors strengthens the overall amplitude of the power spectrum with redshift, which
is visible in both Fig. 4.7 and Fig. 4.9.
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Figure 4.7 – Adimensional Ly-α flux power spectrum measured with SDSS-I and SDSS-II (top) and
SDSS-III (bottom). The color code corresponds to the redshift bin. Error bars are the uncertainty on the
power spectrum (systematic + statistical). In each panel, the other sample is overlayed in semi-transparent
to showcase the gains from the SDSS-II to the SDSS-III sample.
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Figure 4.8 – Left : The Very Large Telescope’s four 8.2 m Unit Telescopes. Right : The XSHOOTER
spectrograph mounted on UT2. Credit : ESO

4.2.2 Medium Resolution Sample

4.2.2.1 The XQ-100 survey

The Very Large Telescope (VLT) is an array of facilities of the European Southern Obser-
vatory 14 located on the Cerro Paranal site in Chile, altitude 2, 635 m. It consists of 4 identical
Ritchey-Chrétien 8.2 m Unit Telescopes, named Antu (UT1), Kueyen (UT2), Melipal (UT3)
and Yepun (UT4), the first of which began observations in Spring 1998. There are also 4 mobile
1.8 m Auxiliary Telescopes which, when operating in conjunction with the UTs, can form an
interferometer (the ESO VLTI) which can resolve a milli-arcsecond.

Mounted on the Cassegrain focus of UT2 lies XSHOOTER (Vernet et al., 2011) ( pictured
in the right panel of Fig. 4.8), an intermediate-resolution spectrograph that can cover, in a
single exposure, wavelengths of 3, 000 6 λ/Å 6 24, 800. It consists of 4 arms, one for aquisition
and guidance, while the other 3 are fixed echelle spectrographs 15 covering different wavelength
ranges :

• UVB, covering the ultraviolet and blue 3, 000 6 λ/Å 6 5, 595 ;

• VIS, covering the visible range 5, 595 6 λ/Å 6 10, 240 ; and

• NIR, covering the near infrared 10, 240 6 λ/Å 6 24, 800.

The instrument is designed to maximize the sensitivity in this spectral range through dichroic
splitting in the 3 spectroscopic arms, and operates at spectral resolutions considered interme-
diate : R = 4− 17× 103, depending on the spectroscopic arm (wavelength range) and the width
of the slit. This is far more resolute than the BOSS spectrographs. However, only a single target
can be observed during an exposure, contrary to BOSS and eBOSS which can simultaneously
split the light from several hundreds of targets in the same patch of sky. A dedicated data

14. http://www.eso.org/public/
15. prism cross-dispersers

http://www.eso.org/public/
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reduction pipeline delivers fully calibrated two-dimensional and extracted spectra over the full
wavelength range.

The XQ-100 project (López et al., 2016) is one of the large programs of the European
Southern Observatory, “Quasars and their absorption lines : a legacy survey of the high-redshift
universe with XSHOOTER released”. It consists of a homogeneous and high-quality sample of
100 echelle spectra of quasars at redshifts z ' 3.5− 4.5, observed with full spectral coverage of
XSHOOTER.

4.2.2.2 XQ-100 Ly-α power spectrum

For our work on the Ly-α power spectrum, we make use of the XQ-100 Science Data Pro-
ducts (SDP) available at http://archive.eso.org/wdb/wdb/adp/phase3_main/form, specifi-
cally the VIS and UVB arms, of resolution 12 km s−1 and 18 km s−1 respectively. The signal-
to-noise ratio per pixel in the Ly-α forest varies from 5 to 60, with an average of ∼ 25. For
comparative purposes, the ∼ 700 BOSS quasars in the same Hi absorption region (z ' 3.0−4.2)
analysed in Palanque-Delabrouille et al. (2013) exhibit a 10−20 times lower signal-to-noise ratio
for a 3 to 5 times weaker spectral resolution compared to the 100 quasar spectra in the XQ-100
survey. Consequently, XQ-100 data allow us to reach down to scales of 7 × 10−2 s km−1 with
the VIS arm which has the better resolution.

We measure the Ly-α power spectra in 70 k bins for 3 redshifts centered on 〈z〉 = 3.200, 3.555, 3.925
following the methodology described in Yeche et al. (2017) and shown in the upper panel of
Fig. 4.9. I overlay the dimensionless power spectra constructed with our best fit models at the
3 nearest redshift bins at which I ran hydrodynamical simulations (z = 3.2, 3.6, 4.0). The raw
power spectrum measured in these bins asymptotically approaches the noise power spectrum
computed as a white noise at small scales. With a pixel size of ∆v = c ∆λ/λ of 20 km s−1 for
the UVB and 11 km s−1 for the VIS arm, the largest modes, determined by the Nyquist-Shannon
limit kNyq = π/∆v, are respectively kuvb

Nyq = 0.16 s km−1 and kvis
Nyq = 0.29 s km−1. Because of

an uncertainty on the correction of the spectrograph resolution, however, we limit our study
to 50, 60 and 70 k bins respectively (corresponding to k ≤ 0.05, 0.06, 0.07 s km−1) for the 3
aforementionned redshifts. This screening ensures the raw power spectrum is always dominant
over the noise power spectrum at these small scales.

4.2.3 High Resolution Samples

4.2.3.1 The WMKO/HIRES spectrograph

The William Myron Keck Observatory 16 (WMKO) is one amongst the several observatories
atop Hawaii’s Mauna Kea volcano, elevation 4, 145 m, and is home to two identical altitude-
azimuth Ritchey-Chrétien telescopes. They are currently amongst the largest optical telescopes
in use today, and the particularity of their 10.0 m primary mirrors are a mosaic of 36 hexagonal
segments. They have a focal distance of 17.5 m, giving them a f/1.75 focal to aperture ratio.
They began operations in 1990 and 1996. Mounted permanently on the right Nasmyth platform
of one of the Keck telescopes rests the High Resolution Echelle Spectrometer, HIRES (Vogt et al.,

16. urlhttp ://www.keckobservatory.org/

http://archive.eso.org/wdb/wdb/adp/phase3_main/form
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Figure 4.9 – Adimensional Ly-α flux power spectra measured with the XSHOOTER spectrograph (top)
and the combined set of quasar spectra obtained from the MIKE and HIRES spectrographs (bottom).
Error bars are the uncertainty on the power spectrum, as reported in their references. The solid lines
correspond to the best fit models from our analysis described in Sec. 5.3.1.
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Figure 4.10 – Left : Close-up view of the 10.0 m primary mirror of the W.M. Keck telescopes. Credit :
WMKO, California Institute of Technology (Caltech). Right : Close-up view of the 6.5 m primary mirror
of the Giant Magellan Teslescopes. Credit : LCO/GMTO.

1994). It is a grating cross-dispersed, echelle spectrograph that spans the 3, 000 6 λ/Å 6 10, 000
wavelength range and attains resolutions of R = 25− 85× 103 depending on the slit of choice.

4.2.3.2 The LCO/MIKE spectrograph

In addition to the aforementioned Irénée du Pont telescope, the Las Campanas Observatory
also houses two 6.5 m Magellan telescopes, Baade and Clay, which saw first light is 2000 and
2002. Each Magellan telescope’s main mirror is a f/1.25 paraboloid made of 7 circular mirrors,
pictured in the right panel of Fig. 4.10. In 2002, the Magellan Inamori Kyocera Echelle (MIKE)
spectrometer (Bernstein et al., 2002) was installed on Clay. It is a double echelle spectrograph
that spans the 3, 350 6 λ/Å 6 5, 000 blue and 4, 900 6 λ/Å 6 9, 500 red ranges.

4.2.3.3 MIKE+HIRES Ly-α power spectrum

The high-resolution LCO/MIKE and WMKO/HIRES spectrographs yield the highest reso-
lution quasar spectra available. Viel et al. (2013) measured the power spectrum is measured
in 4 redshift bins (〈z〉 = 4.2, 4.6, 5.0, 5.4) and 9 k bins spanning down to k ≤ 0.08 s km−1.
In our work on the Ly-α power spectrum, we compute the theoretical power spectrum from
z = 4.6 downwards. Therefore, we can only make use of the two lower z bins for this data set,
which I plot on the bottom panel of Fig. 4.9 along with our best fitted power spectrum at the
corresponding redshifts.
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« The purpose of computation is insight, not numbers. »

— Richard W. Hamming

The Ly-α forest power spectrum is an insightful probe into the intergalactic neutral Hydrogen
gas distribution, which is a tracer for the matter distribution. In Chap. 3, I showed how

non-cold dark matter particles would affect the matter distribution on scale . 101−2 h−1Mpc.
However, the linear perturbations are insufficient to accurately quantify the evolution of the
matter overdensities. To get the short-scale portion of the matter power spectrum, one must
explicitely solve the N-body dynamics governed by the gravitational interaction. To this end, I
describe the code in Sec. 5.1, as well as the generation of initial conditions to set up the positions
and velocities of non-cold dark matter particles accurately. The code also solves the Vlasov or
fluid equations to account for the hydrodynamics of the baryons in our simulation. These are
used to simulate the distribution and thermodynamic state of the intergalactic medium, which is
necessary to construct the observable for my work : the Ly-α power spectrum which I described
in Chap. 4. In Sec. 5.2, I describe the procedure that I use to construct the simulated Ly-α flux
power spectrum from the computation of the effective optical depth. Finally, to constrain the
mass of NCDM particles requires constructing the power spectrum with different cosmological
and astrophysical parameters. I describe the methodology and the hydrodynamics simulations
I ran in Sec. 5.3. All simulations were performed on the Curie supercluster, France’s largest
machine accessible to public research. I encountered many computational challenges along my
research, and I had the privilege to follow special courses and training workshops given by the
TER@Tec company 1, which hosts the machine’s operation and maintenance as well as their
users’ database and customer service. This is by far the field in which I developped the most
skills druing my PhD, from intensive parallel computing and coding machine-specific scripts to
debugging and statistical analysis of simulation outputs.

5.1 Solving the Non-Linear Regime

5.1.1 Initial Conditions

Generating the initial conditions for our whole set of particles (~r,~v) at a specific time t (here
encoded in the cosmological redshift z ∝ a−1) is no trivial task as errors can potentially be
amplified by the simulation.

1. http://www.teratec.eu/

http://www.teratec.eu/
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(a) Random uniform distribution (b) Grid distribution (c) Glass distribution

Figure 5.1 – Three different types of pre-inital particle distribution : randomly (uniform) placed particles,
particles placed on a regular grid and glass distribution.

5.1.1.1 Pre-initial Conditions

In this sub-section, I go through the set of pre-initial conditions for our N-body + SPH
code, i.e. the distribution of ΞΞΞ(tic)

.= (~r(tic), ~v(tic))T representing an unperturbed system. A
pioneering study of pre-initial conditions can be found in White (1994) and a more recent one
in L’Huillier et al. (2014). A legitimate distribution is the so-called glass configuration. It is a
compromise between a grid distribution and a uniform distribution (see Fig. 5.1).

Randomly placing particles following a uniform law strongly suffers from Poisson noise and its
initial power spectrum corresponds to that of white noise. Evolving such a distribution would lead
to the formation of non-linear structures, which should not be the case if no perturbations have
been set yet. Placing the particles on a regular grid implies preferred directions along the axis
that may develop into artefacts, especially at small scale. Currently, the preferred solution is the
aforementioned glass distribution (White, 1994). It is constructed by inverting the gravitational
evolution (as if the force was repulsive) on a randomly seeded Poisson distribution, and removing
large-scale power as in the random distribution and suppressing preferred direction as in the
grid distribution.

5.1.1.2 Initial Power Spectrum

The original quantum density fluctuations that seeded the inhomogeneities and isotropies
can be reproduced by a random Gaussian field in a homogeneous and isotropic space. It is a
(discretized) field φ(~r) with a Gaussian N -point distribution function. Noting ~x = (x1, . . . , xn),
the probability to have x1 = φ(~r1), . . ., xn = φ(~rn) is given by

P (~x) d~x = d~x

2π
√

detC
exp

(
−~xC

−1~xT

2

)
(5.1)

where C is the covariance matrix whose components are Cij = ξ(xi, xj), the 2-point correla-
tion function. C is given by
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C =


σ2 ξ(x1, x2) . . . ξ(x1, xn)

ξ(x2, x1) σ2 ξ(x2, xn)
... . . . ...

ξ(xn, x1) ξ(xn, x2) . . . σ2

 (5.2)

Equivalently, in the Fourier conjugate space, the field can be written as a complex number
φ̃(~k). One can thus uniquely decompose it into an amplitude

∣∣∣φ̃(k)
∣∣∣ and a phase ϕ

φ̃(~k) =
∣∣∣φ̃(k)

∣∣∣ eiϕ (5.3)

where ϕ is uniformly distributed. For each value of k, the amplitude obeys a Rayleigh pro-
bability distribution function :

P (y) dy = y dy

∆2
φ(k)

exp
(
− y2

2∆2
φ(k)

)
(5.4)

where the field’s dimensionless power spectrum ∆2
φ = Pφ(k) × k3/2π = σ2

k is essentially the
variance per log k (see Eq. ??). Consequently, the power spectrum of a Gaussian random field
is sufficient to describe it.

The initial power spectrum just after inflation is given by the Harrison-Zel’dovich expression
in Eq. 3.68. Here,

P (k) = As
(
k

k?

)ns
(5.5)

where k? = 0.05 Mpc is the pivot mode, As
.= P (k = k?) and ns = d lnP (k)/d ln k|k? are

respectively the (scalar) amplitude and spectral index of the primordial power spectrum. Because
it would be to expensive to evolve a system starting at the epoch of inflation, initial conditions
are generated at a much lower redshift z ∼ 10 − 100 with the assumption that the evolution
up to the starting point is linear. Therefore, the initial power spectrum of each species (dark
matter, radiation, baryons, neutrinos) has to be corrected by a transfer function Ti :

Pi(k, z) = As
(
k

k?

)ns
|Ti(k, z)|2 (5.6)

computed by numerical codes like CMBFAST (Seljak and Zaldarriaga, 1996), its successor CAMB
(Lewis et al., 2000), or CLASS (Lesgourgues, 2011). The transfer function of the neutrino and dark
matter intrinsically depend on their phase-space distribution function. For the RPSN models
— assuming dark matter is resonantly-produced sterile neutrinos — the distribution function
is evolved with a Boltzmann solver, the results being provided in Sec. 3.3.2.4. For the warm
dark matter models with thermal relics or non-resonantly produced sterile neutrinos, and mixed
C+WDM, the distribution function is assumed to be a rescaled Fermi distribution (Eq. 2.90).
For the C+HDM model — benchmark CDM with massive active neutrinos — the rescaling
factor is simply 1 since left-handed neutrinos are thermalized. The linear power spectrum is
computed using the CLASS code, which also produces the transfer functions for each species.
Tab. 5.2 details the chosen value of input parameters to the software.
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input parameter C+HDM C+WDM

omega_cdm 1−
(

ΩΛ + Ωb +
Σmν

93.14 h2eV

)
[1− (ΩΛ + Ωb)] × (1− Fwdm)

omega_neutrino
Σmν

93.14 h2eV [1− (ΩΛ + Ωb)] × Fwdm

solo degenerate ordered
massless_neutrinos 2.046 0.0 0.0 3.046
nu_mass_eigenstates 1 3 3 1
massive_neutrinos 1 1 1 1 1 1 1 1
share_delta_neff True True False False

nu_mass_fractions 1 1/3 1/3 1/3
m1

Σmν

m2

Σmν

m3

Σmν
1

nu_mass_degeneracies 1.0 1.015 1.015 1.015 1.015 1.015 1.015 ∆Neff

Table 5.1 – Input values of the CAMB software to implement the two main catagories of non-cold dark
matter cosmologies. The first, second and third columns correspond to the benchmark ΛCDM with
massive active neutrinos, assuming a ‘solo’, ‘degenerate’ and ‘ordered’ configurations (see Sec. 3.3.3.2).
The right-most column assumes a sterile neutrino (’solo’ configuration alone) as the warm component of
dark matter. Note the value of ∆Neff differs if the warm component is a thermal relic (see Eq. 3.100).

For the C+HDM and pure WDM simulations, I use the CAMB software instead, since the
distribution function of thermalized neutrinos and thermal relics is quasi indistinguishable from
a Fermi Dirac distribution, which is internally modeled in the code. When using CAMB, the only
free parameter that sets the distribution function — besides the cosmological parameters Ωdm,
meff
ν , h, etc. — is the departure from the effective number of thermalized neutrino species ∆Neff .

This is done using the nu_mass_degeneracies input parameter in the 2014 version of the code
and onwards, assuming the share_delta_neff boolean variable is set to false. Tab. 5.1 details
how each relevant input parameter is set.

All simulations are tuned to obtained a given σ8 at z = 0. This is done with a python
script 2 that rescales the total matter power spectrum P (k, zi) issued from CAMB or CLASS before
generating the initial conditions such that

P (k, z = 30) = P comp(k, z = 30)×
[

σ8(z = 30)
σcomp

8 (z = 30)

]2
(5.7)

where σcomp
8 is the value of σ8 computed with the CAMB or CLASS code for a chosen cosmological

model, and
σ8(z = 30)× σcomp

8 (z = 0) = σ8(z = 0)× σcomp
8 (z = 30) (5.8)

This renormalization of the linear power spectrum enables us to avoid rerunning the code with
the corresponding initial spectral amplitude As.

The Gadget-3 code does not feature a radiation component. Therefore the massive particle
approximation for the neutrino component must be valid when non-linearly solving the cosmo-
logical perturbations. In all the pure WDM and C+WDM models I investigate, the effective

2. refered to the spnorm script in the pipeline exhibited in Fig. 5.6
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input parameter C+HDM C+WDM

Omega_cdm 1−
(

ΩΛ + Ωb +
Σmν

93.14 h2eV

)
[1− (ΩΛ + Ωb)] × (1− Fwdm)

solo degenerate ordered
N_eff 2.046 0.0 0.0 3.046
N_ncdm 1 3 3 1

m_ncdm Σmν/eV
Σmν

3 eV
Σmν

3 eV
Σmν

3 eV
m1

eV
m2

eV
m3

eV mνs/eV

Omega_ncdm Ων
.=

Σmν

93.14 h2eV
Ων
3

Ων
3

Ων
3

Ων1

3
Ων2

3
Ων3

3 [1− (ΩΛ + Ωb)] × Fwdm

T_ncdm
Tν

Tγ

Tν

Tγ

Tν

Tγ

Tν

Tγ

Tν

Tγ

Tν

Tγ

Tν

Tγ

T

Tγ

Table 5.2 – Input values of the CLASS software similar to Tab. 5.1. The quantity Ωνj refers to the
quantity mj/93.14 h2eV, with j = 1, 2, 3. Note that the non-cold dark matter particle temperature at the
bottom right-most cell differs whether it is a thermal relic (T = Tx) or a sterile neutrino (T = Tν).

neutrino mass meff
ν = mνs is heavy enough to neglect the thermal velocities of the warm particle

at z = 30 with respect to the box size, and so the signature of these particles is entirely encoded
in the density transfer function. For the C+HDM models, the massive active neutrinos have too
light enough masses to neglect their thermal velocities at z = 30. This is where the 2LPTic code
comes in.

5.1.1.3 Initiating Positions and Velocities

To generate an initial overdensity field δ(~r) in a cubic volume of side length L, the standard
procedure is the following :

1/ Generate the amplitude of δ̃(~k) = F [δ(~r)] in each mode k ∈ 2π/L Z+ available in the
box by drawing a random variable ς ∈ ]0, 1] from a uniform distribution and setting∣∣∣δ̃(k)

∣∣∣ = σk
√
−2 ln ςk (5.9)

2/ Generate the phase ϕ by drawing from a random distribution ;

3/ Compute the inverse Fourier transform of
∣∣∣δ̃(k)

∣∣∣ eiϕ to recover the overdensity in real-
space ;

4/ Apply the overdensity field computed in the previous steps to the unperturbed glass dis-
tribution 〈ρ〉 described in Sec. 5.1.1.1 to obtain the density field ρ(~x) = 〈ρ〉(~x) (1 + δ(~x)).
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The initial particle distribution in position and velocity ΞΞΞi(zic) is then retrieved using the
Zel’dovich approximation (Zeldovich, 1970; Shandarin and Zeldovich, 1989). For each particle
i ∈ [[1, n]],

ΞΞΞi(t) =
(
~ri(t)
~vi(t)

)
=

 ~xi −D(t)

−
dD
dt

(t)

 ∇φ(~xi) (5.10)

where ~ri is the new position of particle i initially sitting at ~xi (as determined by the pre-initial
distribution), ~vi its peculiar velocity, D(t) is the growth rate of linear density fluctuations and
φ is the gravitational potential generated by the density field. The expression of D(t) depends
on the chosen cosmology. The Zel’dovich approximation corresponds to the first order of the
Lagrangian perturbation theory. A code that generates ΞΞΞ(zic) in this approximation is N-GENic
developped by Volker Springer and directly compatible with Gadget. For computational me-
mory purposes, I use this code when running simulations with a very large particle count, i.e.
N = 1024, 1600, 2048 where N3 is the number of particles for each species. For more accurate
initial conditions, especially for low starting redshifts, the approximation can be pushed to se-
cond order (Scoccimarro, 1998; Crocce et al., 2006; L’Huillier et al., 2014). This is done with
the 2LPTic 3 code. I run all simulations with N = 192, 768 with this code. The choice of second
order precision initial conditions is motivated by the discussion in Crocce et al. (2006) and in-
cluding neutrinos as a new particle type (Rossi et al., 2014). The choice of a rather low redshift
zic = 30 (instead of zic = 100 typically) to start the non-linear solving is to reduce Poisson noise
(Ali-Haimoud and Bird, 2012; Bird et al., 2012).

5.1.2 Sampling Variance

The effective size of our simulation box is chosen such that it corresponds to roughly the
largest k mode measured in the Ly-α data. Therefore, we expect a sampling variance to ma-
nifest on the largest scales. To estimate its contribution to the simulation uncertainties, I run
5 simulations in the best-guess configuration, i.e. the benchmark cosmological model, each ha-
ving a different seed for generating the initial conditions with 2LPTic. Fig. 5.2 provides a visual
inspection of the density and temperature fields of the baryon population for all five seeds. I
compute the 1D Ly-α flux power spectrum averaged over each seed : 〈Pϕ(k, z)〉Ξj . For each mode,
I compute the variance σP,Ξj (k, z) of each individual run with respect to the averaged power
spectrum (see Fig. 5.3). As expected, this test shows an excess of variance at small k, compared
to the uncertainty measured within each run. Since no redshift dependance is observed, I model
this variance reduced by the average power spectrum averaged over all redshifts (black triangles
in Fig. 5.3) by a function of the form

σP
〈P 〉

(k) .=
〈
σP (k, z)
〈P (k, z)〉

〉
z

' αvar + βvar e
−γvar k (5.11)

The values we fit for the constants are αvar = 0.004, βvar = 0.023 and γvar = 356.6. This
additional variance is added in quadrature to the simulation statistical variance.

3. http://cosmo.nyu.edu/roman/2LPT/

http://cosmo.nyu.edu/roman/2LPT/
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Figure 5.2 – Visual inspection of the 7683 baryon gas temperature and density, encoded by color and
intensity respectively, in a comoving volume of 100 (h−1Mpc)3 using the Splotch software. Each panel
corresponds to a different seed ΞjΞjΞj , j ∈ [[1, 5]] when generating the initial position and velocity of all
the particles in the simulation. The first seed value in the upper left panel is our reference seed for all
simulations used in the analysis.

5.1.3 The Gadget Code

5.1.3.1 Smoothed Particle Hydrodynamics : Baryons

To describe the evolution of baryons in our simulations, we require the equations of motion
which are grouped in the Vlasov-Poisson system in Eq. 5.12. For a gas particle of mass density
ρ, internal energy per unit mass ε, exerting pressure P, in motion at peculiar velocity ~v in a
gravitational field φ in an expanding volume,
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Figure 5.3 – Sampling uncertainty as function of k and z (color code) for the power spectrum averaged
over the 5 different seeds. The average accross the 13 redshift bins at each k is given by the black triangles,
and the black curve is the best fit of the form given in Eq. 5.11. The small grey dots are the BOSS data
statistical uncertainty for comparison.



∂t ρ+ ~∇ · (ρ~v) = 0

∂t ~v +
(
~v · ~∇

)
· ~v + ~∇ (P/ρ+ φ) = ~0

∂t ε+
(
~v · ~∇

)
(ε+ P/ρ+ φ) = 0

∇2φ = 4πG a2 δ

(5.12)

The first (continuity) equation expresses the conservation of mass. The second and third
Euler equations stem from the conservation of momentum and energy respectively and can be
obtained from simplifying the Einstein equations. The last equation is the Poisson equation,
where ρ = ρ̄(1 + δ) and a is the scale factor. In the context of cosmology, gases obey a polytropic
equation of state of the form

P ∝ ργ (5.13)

with γ the adiabatic index, or heat capacity ratio (5/3 for a monoatomic gas, 7/5 for a diato-
mic gas). Discretizing these equations are a computational challenge. A popular method to solve
them in the Lagrangian framework is Smoothed Particle Hydrodynamics (SPH). The general
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idea is to approximate the density profile around a particle of gas by the Gingold Monaghan
Lucy estimator (Gingold and Monaghan, 1977; Lucy, 1977) :

ρ(~r) =
N3∑
i=1

mi W (xi, `) (5.14)

where ` is a smoothing length scale, xi = |~r−~ri|/` the reduced distance to particle i and W
a weighing kernel. The typical choice for the smoothing scale, which governs the decrease of the
W function with distance, is the radius of the sphere within which the mass remains constant
(Springel and Hernquist, 2002). The smoothing kernel must be positive, symmetric, unitary 4

by virtue of the conservation of mass (
∫
d3~r ρ(~r) =

∑
imi), have a flat core (dW/dx|x=0 = 0)

so that the density isn’t strongly altered by a small displacement of a neighboring particle, and
decrease smoothly. The issue with the most natural choice for W , i.e. the Gaussian kernel

Wgauss(xi, `) =
e−x

2
i

`3π
√
π

(5.15)

is that its infinite range makes it too computationally expensive. It is far more advantageous
to neglect the interaction between two particles a few smoothing length scales away from one
another. Nowadays, a popular choice for a smoothing kernel is the cubic spline (Monaghan,
1985), illustrated in Fig. 5.4 :

Wcube(xi, `) = 1
π
×


1 + x2

i (−
3
2 +

3
4xi) for 0 6 xi < 1

1
4(2− xi)3 for 1 6 xi < 2

0 for xi > 2

(5.16)

The details of the calculations can be found in Price (2012a). More complete reviews and
discussions of SPH can be found in Monaghan (1992), Monaghan (2005), Rosswog (2009), Sprin-
gel (2010) and Price (2012b). Grid based codes like RAMSES (Teyssier, 2002) or ENZO (The Enzo
Collaboration et al., 2013) which are using adaptive mesh refinement (AMR), solve the hydro-
dynamical equations using the Godunov scheme (Godunov, 1959) extension in which data are
no longer approximated by piecewise constant functions but rather piecewise linear functions
(van Leer, 1979) or piecewise parabolic functions (Colella and Woodward, 1984; Woodward and
Colella, 1984).

5.1.3.2 N-body : Dark Matter and Neutrinos

When neutrinos become non-relativitic, i.e. when T ∼ meff
ν , their kinetic energy becomes

comparable and increasingly subsidiary to their rest mass and one can use a point particle
approximation to fully describe their motion. Such is the case for any dark matter particle,
hot warm or cold, once they’ve gone non-relativistic. The main difference between dark matter
particles including neutrinos with baryons is that they are poorly or non-interacting. The SPH
treatment described above does not apply to these particles. In the simulations I operate, I

4. its integral over space must be 1
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Figure 5.4 – Gaussian and cubic spline kernels defined in Eq. 5.15 and 5.16, as functions of the distance
to a particle : x = |~r − ~ri|/` reduced by the smoothing length. The Gaussian kernel is multiplied by `3,
while the cubic spline is normalized such that `3 ×Wgauss(0) = Wcubic(0) for illustrative purposes.

explicitely distinguish active sub-eV neutrinos from cold dark matter particles for the sole rea-
son that the velocity distribution of the former cannot be neglected. The thermal velocities of
neutrinos is taken into account from their mass, which fully determines their distribution given
their energy density Ων since they are assumed to be thermalized. In simulations where Σmν is
explicitely non-zero, the simulation comoving volume contains an additional N3 neutrinos for a
total of 3 × N3 particles. For simulations investigating non-cold dark matter cosmologies, the
WDM particle is non-relativistic in the Matter Dominated Era and at z = 30 it is reasonable
to adopt the point particle approximation as well. For pure WDM and cool DM, the thermal
velocities are negligeble (see Tab. 3.2) and it is un-necessary to include the additional neutrino
population in 2LPTic and Gadget. For C+WDM, the warm component’s velocity with respect to
the cold is negligeable as well and so the dark matter component is treated as a mono-fluid whose
transfer function is given by Fig. 3.16, without the need of including the additional neutrino
component in the simulations. Only the C+HDM simulations require involving the neutrino
component since their thermal velocities not only aren’t negligeable but are of the order several
103−4 km/s for eV scale neutrinos, as is relayed in Tab./ 5.3. In that case 2LPTic requires not
only the transfer function of the massive neutrinos but generates the velocity distribution as
well, making the total number of particles in the simulation 3 × N3 instead of 2 × N3 for the
other 3 projects (C+WDM, WDM, cool DM) as well as the benchmark CDM.

Solving the N-body problem comes down to numerically solving the Poisson equation in
system 5.12. Doing so for each and every particle would be too costly, despite being exact. The
Gadget code uses a tree-PM algorithm, which stands for hierarchical tree and particle mesh. The
tree is used to compute the interactions between particles on short scales after dividing the overall
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∑
mν/eV

∑
mν/eV

∑
mν/eV 〈vνth〉(z = 30)〈vνth〉(z = 30)〈vνth〉(z = 30)

0.8 6.08× 103 km/s
0.4 12.17× 103 km/s
0.2 24.34× 103 km/s
0.1 48.67× 103 km/s

Table 5.3 – thermal velocities at z = 30 for left-handed neutrinos incorporated in our C+HDM simula-
tions

distribution of particles into a hierarchy of groups. In each group, the gravitational interaction
is computed on all particles in that group. At the next level of hierarchy, the gravitational
interaction between those distant groups is computed on their barycenters ; iteratively so until
the code has reached the single node at the tree trunk. The advantage of the hierarchical tree
is that it is relatively accurate compared to other methods, and the level of precision can be
explicitely specified by the user. The particle mesh method on the other hand is performed on
large scales. It maps the particles on a uniform grid and solves for the gravitational potential
via the Poisson equation in Fourier space before differentiating the potential at the particle’s
positions. The advantage of that method is its speed. Gadget uses both methods to solve the
N-body problem for N3 dark matter particles and N3 neutrino particles when specified, in
addition to solving the full set of hydrodynamics equations in system 5.12 using SPH for N3

baryon particles. The concept of "particle" in this context is a bunch of particles occupying the
same phase-space volume, of several solar masses depending on the resolution.

5.1.3.3 Code Description

GADGET-3 (GAlaxies with Dark matter and Gas intEracT) is a massively parallel tree-SPH
code written in ANSI C for cosmological simulations, originally developed by Volker Springel and
collaborators (Springel et al., 2001; Springel, 2005). It uses the standardized message passing
interface (MPI) along with several open-source libraries (GSL 5, FFTW 6). Gravitational interac-
tions are computed via a hierarchical multipole expansion using the standard N -body method,
and gas-dynamics are followed with smoothed particle hydrodynamics (SPH) ; collisionless dark
matter and gas are both represented by particles.

Since its original version (Gadget-1), the code underwent a series of improvements and op-
timizations over several years (Gadget-2 and 3), to maximize the work-load balance and the
efficiency in memory consumption and communication bandwidth. In what follows, we briefly
describe the key features of the code.

Gadget-3 follows a collisionless fluid with the standard N -body method, and an ideal gas
with smoothed particle hydrodynamics (SPH). The code solves simultaneously for the dynamics
of the collisionless component and of the ideal gas, both subject to and coupled by gravity in
an expanding background space. The N -body implementation only differs from other cosmolo-
gical codes by the accuracy of the gravitational field computation. A number of further physical
processes have also been implemented in Gadget-3, from radiative cooling/heating physics to

5. http://www.gnu.org/software/gsl/
6. http://www.fftw.org/

http://www.gnu.org/software/gsl/
http://www.fftw.org/
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non-standard dark matter dynamics, star formation and feedback. Fig. 5.5, presents the evolu-
tion of a filament with redshift and in Fig. 5.2 I show the image of a snapshot rendered with
Splotch 7. Such renderings can be used for both visual inspection before quantitative analysis
(which was useful several times) as well as for public outreach and education. I’ve made several
∼ 30 second motion picture sequences which I’ve presented at the Paris Palais de la Décou-
verte 8 for outreach and presentation of our computational endeavor at the cosmological group
in Saclay, as well as a ∼ 2 minute motion picture sequence in 3D as part of the public outreach
movie “L’Univers Recalculé”.

Several optimization strategies have been added in Gadget-3. These include a Peano-Hilbert
space decomposition, a massively parallel version of the Fast Fourier Transform library, the
possibility of splitting the simulation data across several files (to facilitate and speed-up the
input/output process), and the fact that the code can be run on an arbitrary number of pro-
cessors. In its current version, Gadget-3 is highly efficient in memory consumption (it allocates
up to 80 bytes per particle) and communication bandwidth, is versatile and flexible, accurate
and fast. Another important aspect is the scalability of the code, i.e. its performance when the
number of processors is increased, which has currently been tested up to 16, 000 cores.

We started all our simulations at zic = 30 with initial conditions based on second-order
Lagrangian perturbation theory(Crocce et al., 2006), and adopted the same gravitational sof-
tening for the different species considered (i.e. gas, dark matter, stars), which however varies
with the length of the box and the size of the mesh chosen. Specifically, we set the gravitational
softening length to 0.8 h−1kpc for the simulation having 25 h−1Mpc boxsize and N = 768, while
the softening is 3.25 h−1kpc for the other two runs, i.e. the 25 h−1Mpc boxsize and N = 192
and the 100 h−1Mpc boxsize and N = 768. We used the ‘QUICKLYA’ routine in Gadget-3 to
simulate the Lyman-α forest, assuming the gas of primordial composition with a helium mass
fraction of Y = 0.24. We neglect metals and the evolution of elementary abundances, as well
as feedback processes and galactic winds. Along the lines of Viel et al. (2010), we adopted a
simplified criterion for star formation : all gas particles whose overdensity with respect to the
mean is above 1000 and whose temperature is less than 105 K are turned into star particles
immediately.

7. http://www.mpa-garching.mpg.de/~kdolag/Splotch
8. http://www.palais-decouverte.fr/fr/accueil/

http://www.mpa-garching.mpg.de/~kdolag/Splotch
http://www.palais-decouverte.fr/fr/accueil/
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Figure 5.5 – Slice of baryon and dark matter snapshots (2.5 h−1Mpc depth), at three different redshifts,
extracted from a simulation with 1923 particles per type in a 25 (h−1Mpc)3 box. As expected, there are
very few differences between the distributions for the two types of particles. Color represents particle
number density. Out-of-scale densities (whether underflow or overflow) are white.
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Figure 5.6 – Simulation workflow. Orange triangles are user-specified inputs. Green inverted triangles are
software outputs. Green circles are Gadget snapshot files. Black boxes are open-source codes used in our
pipeline, while purple boxes are codes internal to the SDSS collaboration and python scripts generated
for our specific usage. Some parts of the pipeline are only used in specific cases, specified near the small
circles.

5.2 Constructing the Ly-α Forest

5.2.1 Workflow Pipeline

A detailed assessment of our methodology is extensively provided in Borde et al. (2014);
Palanque-Delabrouille et al. (2015) and reviewed in Palanque-Delabrouille et al. (2015), along
with all other simulation specifics including the assessment of code performance and systematics.
In Fig. 5.6, I lay out the workflow of our simulations. As mentionned in Sec. 5.1, I use the
CLASS software for generating the matter power spectrum and transfer functions of all species
at z = 30 in the case of RPSN as cool dark matter, since it requires the particle’s phase space
distribution function (labelled ‘PSD’) produced by our collaborators, Oleg Ruchayskyi, Alexei
Boyarsky and Julien Lesgourgues. For all other cosmological models I investigate, be it pure
WDM, C+WDM, C+HDM or any other not involving any NCDM, I use the CAMB software
instead since the distribution functions are trivial and are computed internally. The ‘cosmo’
and ‘astro’ labels refer to a set of cosmological (Sec. 5.3.1.1 and 5.3.1.3) and astrophysical
parameters (Sec. 5.3.1.2). The power spectra at z = 0 are also generated, and the ‘spnorm’
script re-normalizes all the power spectra and transfer functions from the specified value of σ8,
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Figure 5.7 – Temperature and density of the 106 sampled particles in 2 of our 13 snapshots. The low-
temperature and low-density portion of the distribution corresponds to the IGM, on which we fit the
power-law amplitude and index in Eq. 5.18.

as per Eq. 5.7 in Sec. 5.1.1.2. There are N3 dark matter particles treated with N-body and N3

baryon particles treated with SPH, as detailed in Sec. 5.1.3.2 and Sec. 5.1.3.1 respectively. As
discussed in Sec. 5.1.1.2, when involving sub-eV left-handed neutrinos as the hot component of a
C+HDM cosmology, an additional N3 non-interacting particles are generated with the transfer
function of massive neutrinos Tν(k, z = 30) and their thermal velocities. The positions and
velocities of the particles are generated with the 2LPTic software, except if N exceeds 1, 024
in which case I use the N-GENic software instead for ressource and memory reasons. The ‘seed’
label refers to the integer that seeds the random drawing of the phase ϕ in 5.3, and can be
tweeked to generate different initial conditions, used for quantifying the sampling variance in
our simulations. The result is a Gadget snapshot (output file) at z = 30, which is then used
to run the entire N-body + SPH section of the code described in Sec. 5.1.3.3, from which 13
snapshots are extracted at ∆z = 0.2 steps from z = 4.6 to z = 2.2. The present section details
the remainder of the pipeline, from which I use those Gadget snapshots to construct the Ly-α
flux power spectrum.

5.2.2 Extracting the Power Spectrum

The Gadget-3 snapshots contain various fields among which the position ~x and velocity ~v
for dark matter, gas particles and neutrinos if present. It also contains fields that are specific to
the SPH treatment of gas particles : internal energy U , density ρ, electron fraction Ne, hydrogen
fraction NH and the smoothing length `. I use these fields to extract two samples :

• a subsample of particles to study the temperature-density relation.

• a line of sight sample to compute the effective optical depth
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5.2.2.1 The IGM

For each particle the temperature is derived with the formula

kbT = (γ − 1) U × mH
1
4 +XH ×

(
3
4 +Ne

) (5.17)

with mH the mass of the Hydrogen atom and XH the Hydrogen fraction by mass. The IGM
thermal state is sparsely known at those times, and so to remain on the safe side, the IGM is
treated as a monoatomic gas and the evolution its temperature as a z-dependant function of
density is usually modeled by a simple power law

T (ρ, z) = T0(z)× (1 + δ)γ(z)−1 (5.18)

In absence of a clear consensus on the heating history of the IGM, we took the T (ρ) mea-
surements from Becker et al. (2011) assuming γ = 1.3 as our central model, and we chose a
wide variation around these values so that other recent measurements (Garzilli et al., 2012;
Lidz et al., 2010; Schaye et al., 2000) fall into the explored range. The evolution with redshift
of γ(z) and T0(z) in our simulations is therefore designed to reproduce the T (ρ) measurements
presented by Becker et al. (2011) through an adaptation of the cooling routines in the simulation
code. Thus we only need to fix those two parameters at a given redshift, in our case z = 3.0,
which corresponds to the central redshift of our study. In practice, we do not set T0(z = 3) and
γ(z = 3) but instead use two internal code parameters, AMPL and GRAD, that alter the amplitude
and density dependence of the photo-ionization heating rates, such that εf = AMPL× δGRAD × εi
where the ε’s are the heating rates and δ the density contrast. T0 and γ are evaluated after
the simulations have run, by fitting a linear regression on the low temperature and low density
region of the T − δ spread in our 106 particles sample, shown in Fig. 5.7. Given the bijective
correspondence between (T0, γ) and (AMPL, GRAD), we prefer to keep on quoting T0 and γ since
these parameters have a physical meaning and can be compared to other studies.

5.2.2.2 The Effective Optical Depth

The line-of-sight sample, on the other hand, uses a ray-tracing algorithm to compute the
Hi density on 105 lines-of-sight (LOS) whose origin and axis are randomly drawn, following
the traditional procedure in one-dimensional flux power studies (Croft et al., 2002; Gnedin and
Hamilton, 2002). For each pixel of each LOS, I derive the density ρ, temperature T , peculiar
velocity v and optical depth τ , all for H i using the SPH equation :

A(r) =
∑
i

mi
Ai
ρi
Wcube (|~r − ~ri| , `i) (5.19)

where for each particle indexed by i, A is any of the aforementioned scalar quantities, ~r a position
in the cube, ` the smoothing length, andWcube the 3D cubic spline kernel introduced in Eq. 5.16.
These LOS are not mock spectra, in the sense that they do not match any properties (such as
noise, resolution, metals absorption, . . .) of observational data. The quantity I am particularly
interested in is the optical depth for H i, from which I then compute the mean transmitted flux
for each pixel as I describe below.
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The extraction of these scalar quantities in each pixel of the LOS sample serves to construct
the flux power spectrum, defined as the Fourier transform of the flux density contrast δϕ =
ϕ/〈ϕ〉 − 1, from the effective optical depth τeff where the continuum (reference) flux is defined
as 〈ϕ(z)〉 ∝ e−τeff(z). The effective optical depth is affected mainly by the rate of ionization of
Hydrogen in the IGM by stellar wind and supernovae feedbacks, as well as additional poorly-
understood baryonic effects. At this stage, we fix the photo-ionization rate by rescaling the
transmitted fluxes at each redshift in order to have the effective optical depth follow the empi-
rical power-law

τeff(z) = Aτ × (1 + z)η
τ

(5.20)

When investigating the impact of the optical depth power-law index ητ and amplitude Aτ in
Eq. 5.20, we do not run the Gadget section of the code anew, as these two astrophysical para-
meters are set in the post-processing part of the simulation pipeline.

5.2.3 Splicing Method

5.2.3.1 Requirement

The minimal requirements for the resolution and box size of our simulations pertain to the
largest currently-available spectroscopic survey : SDSS-III/BOSS (Dawson et al., 2013). Those
requirements are in part determined by the resolution of the spectrograph and the extension of
the Lyman-α forest data (see Chapter 4). In addition, because the 1D power spectrum results
from an integral over the 3D power spectrum up to k = ∞ (see Eq. 4.25), the resolution of
the simulation has to be of the size of the smallest structures in the transverse direction. For
structures in local hydrostatic equilibrium, this would be the Jeans scale, of order ∼ 0.1 Mpc
at z = 3. The difficulty resides in the fact that in the SPH approach, over-dense regions are
sampled with a much higher spatial resolution than on average ; while under-dense regions on
the other hand might not necessarily be in local hydrostatic equilibrium. A convergence test was
performed to ensure that the simulations do resolve the relevant structures in Borde et al. (2014).

The largest k mode available is determined by the Nyquist-Shannon limit : kNyq = π/∆v.
The survey’s constant pixel width ∆v = c∆λ/λ = 69, 20, 11 km s−1 for the SDSS pipe-
line (Bolton et al., 2012) and the VLT’s UVB and VIS arms respectively, and so kNyq =
0.045, 0.16, 0.29 s km−1 respectively. The spectrograph resolution requires modeling a correction
factor via a window function, which preponderatly affects the largest modes. We therefore limit
our analysis to kNyq/4.

The smallest k mode we can probe is set by the portion of the Ly-α forest that extends
between the Ly-α λ1216 and Ly-β λ1026 emission lines. The exploitable Ly-α forest is actually
smaller than the separation of those two emissions due to their respective widths. In addition,
instrumental constraints often make the first and last theoretical modes very difficult to obtain
with reasonable precision from data. McDonald et al. (2006) used the 1041 < λ0/Å < 1185
region, which corresponds to ∆v ' 4 × 104 km s−1 and kmin = 1.6 × 10−4s km−1. However,
they restricted their analysis to kmin = 1.4× 10−3s km−1 and kmax = 1.8× 10−2s km−1. Using
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the most recent Ly-α BOSS data from DR9, the 1D power spectrum was computed from forest
lengths corresponding to a third of the total available range. This enabled restraining the red-
shift span to at most ∆z = 0.2 (see Chapter 4). As a consequence, the lowest mode is set to
kmin ' 1.0× 10−3s km−1.

In summary, when using BOSS data, we consider simulations that cover the range 10−3 6
k/(km/s)−1 6 2×10−2, corresponding to 0.1 6 k/(Mpc/h)−1 6 2 at z ' 3. When using XQ-100
data, we can extend the maximum mode to 5 − 7 × 10−2 s km−1, depending on the redshift
(see upper panel of Fig. 4.9). The high resolution of the MIKE and HIRES data sets make it
possible to exploit a kmax = 8× 10−2 s km−1 point. In anticipation of future surveys, I’ve adap-
ted the pipeline to compute the flux power spectrum in the range 10−3 6 k/(km/s)−1 6 10−1,
corresponding to 0.1 6 k/(Mpc/h)−1 6 10 at z ' 3.

On the numerical simulations side, the two relevant parameters that determine the available k
range are the length of the box L which determines the smallest exploitable k ; and the N/L ratio
(which can be interpreted as the resolution cube-rooted) which determines the largest exploitable
mode. It is worthy to note that in currently used algorithms such as SPH or Adaptive Mesh
Refinement (AMR) in which the resolution emulates the density, so-to-speak, particle spacing
in regions of interest will be significantly smaller than L/N . However, to remain on the safe
conservative side, I still limit the maximum mode to this approximation. When evolving N3

particles in a box of volume L3, our available range of exploitable modes is thus

2π
L

= kmin 6 k 6
kNyq

4 = 1
4

2πN
2L (5.21)

Therefore, the theoretical minimum requirement for a simulation to reproduce the BOSS DR9
data precision is a box of about 100 h−1Mpc with ∼ 1003 particles of each type. Convergence
tests were performed in Borde et al. (2014) to refine these requirements. In particular, they
showed that many more particles were needed to achieve the required resolution, to the tail end
of N = 3072. Fig. 5.8 displays the flux power spectra of a generic simulation (in the best guess
configuration) in all 13 redshift bins. I’ve pinpointed the minimum and maximum k modes that
bound our analysis for the L = 25 h−1Mpc and L = 100 h−1Mpc box sizes as a function of
redshift. The highlighted region is where we interpolate the power spectrum in the adequate
array of k values to compare to SDSS/BOSS data.

5.2.3.2 Splicing Principle

A (L/h−1Mpc, N) = (100, 3072) hydrodynamics simulation is computationally expensive to
run on a tier-1 supercluster like Curie, MareNostrum, Hazel Han, etc. The many simulations
required to perform our analysis (of the order 101−2) would be inefficient to the point of imprac-
tical. To circumvent this resource and time dilemna, I make use of a splicing technique described
in McDonald (2003) and first applied in Borde et al. (2014); Palanque-Delabrouille et al. (2015).
I use it to infer the flux power spectrum of the equivalent to a (100, 3072) simulation from a
combination of three lesser ones : a scaled-down (25, 768) to provide high resolution on small
scales (labelled HR for ‘high resolution’), a large-box low-resolution (100, 768) for large scales
(labelled HL for ‘high L’), and a small-box low-resolution (25, 192) to bridge the preceding two
at intermediate scales (labelled TR for ‘transition’). In addition to saving considerable time and
resource consumption, this splicing technique loopholes around the limits of the software and
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Figure 5.8 – Dimensionless flux power spectrum of the benchmark CDM model, from redshift z = 2.2
to 4.6 (color coded). The L = 100 (25) h−1Mpc simulations are relevant only in the

(
kmin

100(25), k
Nyq
100(25)/4

)
range respectively, which overlap in the central region. The highlighted segments are the modes in the
BOSS DR9 Ly-α forest power spectrum range.

packages we utilize in our pipeline.

While a (100, 3072) hydrodynamics simulation would require ∼ 5× 106 CPU hours, the HL-
HR-TR trio set only consumes ∼ 105 CPU hours in total. The bridging of these 3 power spectra
into their equivalent power spectrum is illustrated in Fig. 5.9 and goes as follows. Let us adopt a
more general notation and write the HL-HR-TR set as (L,N), (L/4, N) and (L/4, N/4), which is
used to infer the power spectrum of an equivalent (L, 4N) simulation. Notice the HR simulation
has the correct resolution but lacks in volume by a factor 43 = 64. The idea is to correct for its
small size with the help of the HL simulation, which has the correct size but lacks in resolution
by that same 43 = 64 factor. To perform the bridging, we make use of the TR simulation which
has the same resolution as HL while having the same volume as the HR. As visible in Fig. 5.8,
the minimum and maximum modes for the small and large box size simulations distinguish
between 3 regimes :

• Below k 6 kmin
L/4, only HL is relevant. Consequently, we have no choice but to set the

finalized power spectrum of the (L, 4N) to that of the (L,N) simulation and correct for
its low resolution by a k-independant factor evaluated at kmin

L/4 :

P (L,4N)
ϕ (k 6 kmin

L/4) = P (L,N)
ϕ (k 6 kmin

L/4) × P
(L/4,N)
ϕ

P
(L/4,N/4)
ϕ

∣∣∣∣∣
k=kmin

L/4

(5.22)
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Figure 5.9 – Schematic of the 3 simulations used in the splicing method, rendered with the Sploth
software.

where the dependance on z is implicit in all quantities, including kmin
L/4(z).

• Above k > kNyq
L /4, only HR is relevant. Similarly, we have no choice but to set the

finalized power spectrum of the (L, 4N) to that of the (L/4, N) simulation and correct
for its small size by a k-independant factor evaluated at kNyq

L /4 :

P (L,4N)
ϕ (k > kNyq

L /4) = P (L/4,N)
ϕ (k > kNyq

L /4) × P
(L,N/4)
ϕ

P
(L/4,N/4)
ϕ

∣∣∣∣∣
k=>kNyq

L /4
(5.23)

• In the intermediate range, kmin
L/4 6 k 6 kNyq

L /4, both HL and HR can be exploited. This
time, the correction factor is k-dependant and

P (L,4N)
ϕ (kmin

L/4 6 k 6 k
Nyq
L /4) = P (L/4,N)

ϕ (k) × P
(L/4,N)
ϕ (k)

P
(L/4,N/4)
ϕ (k)

(5.24)

Tab. 5.4 explicits the values of (L/h−1Mpc, N) for each of the spliced set of simulations
destined to model their corresponding ’exact’ simulation.
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exact run splicing trio residual average

HL HR TR
(L,N)(L,N)(L,N) (L,N/4)(L,N/4)(L,N/4) (L/4, N/4)(L/4, N/4)(L/4, N/4) (L/4, N/16)(L/4, N/16)(L/4, N/16) ∆P (k, z)/P (k, z)

(100, 1600) (100, 400) (25, 400) (25, 100) ∼ 3%
(100, 1024) (100, 256) (25, 256) (25, 64) ∼ 3%
(100, 2046) (100, 512) (25, 512) (25, 128) ∼ 2%
(100, 3072) (100, 768) (25, 768) (25, 192)

Table 5.4 – First column : ‘exact’ simulation. Second, third and fourth columns : ‘HL’, ‘HR’ and ‘TR’
splicing trio corresponding to the exact run it emulates. Last column gives the average value of the
residual averaged over k and z. Note the (100, 3072) simulation has never been run, and so the splicing
residual is extrapolated from the lower resolution simulations.

5.2.3.3 Residuals

This procedure introduces an additional simulation uncertainty, which is encoded in the re-
sidual between the spliced power spectrum with respect to the exact power spectrum r(k, z) =
∆ϕP (k, z)/Pϕ(k, z). I’ve managed to adapt the pipeline to successfully run the ‘exact’ simu-
lations for N = 1024, 1600 and 2048, which required switching from 2LPTic to the NGENic
software, parallelizing the Gadget code on ∼ 8, 000 of the Curie machine’s thin nodes and all
the associated ressource/memory careful re-allocation, producing the output files in 256 sepe-
rate files and adapting the Extract code to read and write from each of these files on Curie’s
extra-large nodes. At the time I ran the (100, 2048) simulation, which consumed approximately
∼ 5× 105 CPU hours, it was the largest and most resolute simulation of its kind (using SPH).
Not only did it require 2 failed attempts before succeeding, but our ressource allocation by PRACE
restricted us to only exploit 5 redshift snapshots : z = 2.2, 3.0, 3.4, 4.0 and 4.4. Fig. 5.10 displays
the splicing residual for three of these redshifts. The N = 1024 and N = 1600 runs were useful
not only in characterizing the k and z dependance of the splicing residuals at these resolutions,
but definitely served as useful and insightful preliminary practice, during which many compu-
tational ressources were spent, but many valuable lessons were learned.

The splicing residuals are modeled by lines in all three sectors defined in the previous subsec-
tion. Since all of our data sets fall below the kNyq

100 /4 ∼ 0.1 s/km, we only fit our line parameters
in the two lower regimes, distinguished from one another by the pivot scale kmin

L/4(z). In the
intermediate regime, where the splicing correction factor is k-dependant, the residuals are mo-
deled by a flat line (zero slope), which is expected since the k-dependance appears in both the
numerator and denominator of Eq. 5.23, and so the residuals between the HL and exact simula-
tions are expected to be simply offset by a quasi-constant factor. In the large-scale portion (low
k), i.e. below the pivot scale, the residuals follow a steeply declining line whose slope flattens
with redshift, which here again is expected from the expression in Eq. 5.22. Since the interme-
diate regime offset and the lower regime line intersect at the pivot scale, which is fixed, we only
require 2 degrees of freedom to characterize the residuals : the slope dr/dk and the offset r(kp, z) :
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Figure 5.10 – Splicing residuals for the N = 2048 run at z = 2.2 (top, blue), z = 3.4 (middle, purple)
and z = 4.4 (bottom, red). Left-hand panels are zooms on the highlighted regions, which is the range
relevant for BOSS. The error bars correspond to simulation shot noise.


r(k 6 kp, z) =

dr

dk
(z)× (k − kp) + r(kp, z)

r(k > kp, z) = r(kp, z)

(5.25)

where kp = kmin
25 is the (z-dependant) pivot scale. This model is an improvement upon the one

used previously, where the accuracy of the splicing technique was estimated from less resolved
simulations and modeled by a single redshift-independent linear function of k over all modes.
Our working group applied this new model of the splicing residuals to the work published in
Palanque-Delabrouille et al. (2015), and all subsequent works, e.g. Baur et al. (2016); Yeche
et al. (2017); Armengaud et al. (2017); Baur et al. (2017).
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Figure 5.11 – HR (left) and HL (right) simulations used to splice the power spectrum into the equivalent
of an N = 2048 (top) and N = 3072 (bottom) resolution. Baryon temperature and density is rendered
by the Splotch software. Note the stark difference in contrast from one resolution to the other, despite
all having the same seed.
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Figure 5.12 – Illustration of the required grid for a second-order Taylor expansion in a two-dimensional
parameter space.

5.3 Cosmology with the 1D Power Spectrum

5.3.1 Methodology

We evaluate the variations of the flux power spectrum with our standard set of parameters
~x around our central (herein best guess) model ~x0 using a second-order Taylor expansion :

f(~x0 + ∆~x) ' f(~x0) (5.26)

+
∑
i

∂f

∂xi

∣∣∣∣∣
~x=~x0

∆xi (5.27)

+ 1
2
∑
i

∑
j

∂2f

∂xi∂xj

∣∣∣∣∣
~x=~x0

∆xi∆xj (5.28)

+O
(
|∆~x|3

)
(5.29)

In addition to our central model ~x0, each parameter xi in our simulation grid requires running
2n additional simulations for the ±∆xi first-order terms (second row of Eq. 5.26) and n (n− 1) /2
simulations for the second-order cross-terms (third row of Eq. 5.26), where n is the number
of parameters. With this lattice, all derivatives are approximated to second order except the
cross derivatives which are approximated to first order. This approximation is justified by the
fact that the parameters are reasonably decoupled, and it allowed us to reduce the CPU time
consumption since second-order cross derivatives would require additional n(n−1)/2 simulations.
The parameters at hand, i.e. the components of ~x, are of three categories which I describe
promptly below. Their central and step values are recaped in Tab. 5.5.
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parameter x0,ix0,ix0,i ∆xi∆xi∆xi

cosmological
h = 0.675 ± 0.05

Ωm = 0.31 ± 0.05
σ8 = 0.83 ± 0.05
ns = 0.96 ± 0.05

non-ΛCDM / neutrino
dns/d ln k = 0.00 ± 0.02
Neff = 3.046 ± 1.000∑
mν/eV = 0.0 + 0.4, 0.8

keV/mx = 0.0 + 0.2, 0.4

astrophysical
T z=3

0 /103K = 14.0 ± 7.0
γz=3 = 1.3 ± 0.3

Aτ/10−3 = 2.5 ± 2.0
ητ = 3.7 ± 0.4
z? = 12.0 ± 4.0

Table 5.5 – central (middle row) and step (right-most row) values of each parameter in our Taylor grid.

5.3.1.1 Cosmological Parameters

We investigate the impact on the flux power spectrum of four cosmological parameters based
on the central values and 68% CL bounds from the Planck collaboration best fit :

• the current expansion rate H0 in units of 100 h km s−1Mpc−1 ;

• the total (baryon + neutrino + dark) matter density Ωm in units of critical energy density ;

• σ8, the variance in the matter density fluctuations at 8h−1Mpc (see Eq. 3.25) ;

• the spectral index ns
.=

dPs

d ln k

∣∣∣∣∣
k=k?

of the primordial power spectrum of scalar modes of

perturbations.

We chose the range of variation for these parameters so as to include other recent constraints
from the Wilkinson Microwave Anisotropy Probe seven years data (Komatsu et al., 2011), the
South Pole Telescope data (Hou et al., 2014) and the SuperNova Legacy Survey three year data
(Conley et al., 2011; Sullivan et al., 2011), thus taking into account the fact that results from
Planck for H0 (resp. Ωm) are low (resp. high) compared to other measurements. Central values
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Figure 5.13 – Correlation matrix of the cosmological parameters, spectral index running, and thermal
relic dark matter mass using Ly-α + H0 + CMB + BAO data set (see Sec. 5.3.3.2 for definition), with
free (top right triangle) and fixed (bottom left triangle) running in our likelihood analysis.

at redshift z = 0 and step range for each of the cosmological parameters are given in the first
tier of Tab. 5.5.

5.3.1.2 Astrophysical Parameters

We also investigate the impact on the flux power spectrum of five astrophysical parameters
controlling the IGM thermal state and re-ionization history :

• T z=3
0

.= T (δ = 0, z = 3) the mean IGM temperature at z = 3 (see Eq. 5.18) ;

• γ(z = 3) the IGM temperature density index at z = 3 (see Eq. 5.18) ;

• Aτ .= τeff(z = 0) the effective Ly-α optical depth at z = 3 (see Eq. 5.20) ;

• ητ .=
dτeff

d ln z

∣∣∣∣∣
z=3

the effective Ly-α optical depth redshift index at z = 3 (see Eq. 5.20) ;

• z? the redshift where reionization fraction is 50%.

As introduced in Sec. 5.2.1, the relationship between the mean temperature of the IGM and
the matter density is explicited in Eq. 5.18. For a given simulation, we measure T z=3

0 and γz=3
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by building, for each redshift z, the T − ρ diagram from our sample of 106 particles, shown in
Fig. 5.7. In the low density and low temperature region where the IGM lies, a linear fit of ln(T )
as a function of ln(δ) allow us to determine T0(z) and γ(z). The parameter γ(z) is monotoni-
cally and smoothly decreasing with redshift, whereas T0(z) presents two regimes with a break
at z ∼ 3. The latter distribution follows notably well the measurements of Becker et al. (2011).
As a consequence, in Palanque-Delabrouille et al. (2015), we fixed the redshift dependences to
those measured in the simulations, and we let free two global parameters T0 and γ.

Currently, we release the shapes of T0(z) and γ(z) whose evolution with redshift we model
by power laws :

T0(z) = T z=3
0

(
1 + z

4

)ηT

γ(z) = γz=3
(

1 + z

4

)ηγ (5.30)

This model no longer requires one but two parameters to describe γ : its value and its redshift
index at z = 3 :

ηγ = dγ

d ln z

∣∣∣∣
z=3

(5.31)

For the mean IGM temperature at ρ = ρ̄, it requires three parameters instead of one : its value
at z = 3 as well as its redshift index below and above a break at z = 3 :

ηT±
.= dT0
d ln z

∣∣∣∣
z≶3

(5.32)

In summary, we use five parameters to model the IGM temperature : T z=3
0 , ηT−, ηT+, γz=3

and ηγ which we float in our fit procedure and constrain using our particle sample of our hy-
drodynamics simulations. As explained in Sec. 5.2.2.1, we only require (AMPL, GRAD) as input for
our simulations, which have the direct correspondance with the quoted values of

(
T z=3

0 , γz=3) in
Tab. 5.5. The following two parameters, Aτ and ητ , introduced in Eq. 5.20, serve as renorma-
lizing paramaters of the Ly-α effective optical depth derived in each pixel of the LOS sample I
trace. Therefore there is no need to run the SPH+Nbody part of the pipeline when computing
the terms with these parameters off from their central values.

Finally, the hydrogen reionisation history will alter the pressure smoothing scale of the IGM
gas, particularly at redshifts approaching the tail-end of the reionisation at z ∼ 6 − 8 (?). The
effect of the redshift to reionization z? on the flux power spectrum is quasi-degenerate with the
effect of free-streaming of thermal dark matter relics of mass mx = 2.5 and 5 keV, used in our
grid of simulations, as is apparent on Fig. 5.14. Our central model is centered on z? = 12, which is
nowadays considered to be an unrealistically large value. In a first approach, I run the complete
hydrodynamic simulations which have a reionization redshift steps of ∆z? = ±4, and construct
the flux power spectrum for all the first and second order terms in the Taylor expansion. We
must account for the degenerate effect of reionization redshift — especially for the pure WDM
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Figure 5.14 – 1D Ly-α power spectra at redshifts z = 4.0, 3.2 and 2.2 normalized to the benchmark
central model Pϕcdm(k) = Pϕz?=12(k) with the exception of the solid black line which is normalised to the
more realistic z? = 8.

and C+WDM studies — and to do so requires modeling the evolution of the flux power spectrum
with z?. In a second approach, I computed, in addition to the z? = 12 central model, the flux
power spectra with z? = 8, 9, 15 and 16, and use them to build a systematic nuissance parameter
which accounts for the reionization redshift which I later describe in Sec. 5.3.2.1.

5.3.1.3 non-ΛCDM and Neutrino Parameters

We investigate the impact of massive active neutrinos as C+HDM (a.k.a. ΛCDMν) on the
flux power spectrum by running

∑
mν as simulation parameter. Our best guess central model

is centered on a neutrinoless pure CDM flat Universe (
∑
mν = 0). Neutrino masses must be

strictly positive. Therefore the first-order terms in the Taylor expansion are computed with∑
mν = 0.4 eV, while the cross terms are computed with

∑
mν = 0.8 eV.

To investigate the mass of sterile neutrinos mνs or thermal relics mx as pure warm dark mat-
ter, the relevant parameter is the inverse of mass (which is proportional to the thermal velocity,
or the free-streaming length). The mass mapping between both models can be used as a bijection
to enable us to directly convert our bounds on mx into bounds on mnrp

νs without the need to
run additional simulations. The best guess configuration is at keV/mx = 0, and since masses
must be positive, the first order and cross terms are computed at keV/mx = 0.2, 0.4 respectively.

I also produced simulations with Neff = 3.046 ± 1.000 and all the associated cross-terms
to investigate whether the 1D Ly-α forest power spectrum can detect evidence of additional
thermalized neutrino species (such as the tentative existance of eV scale sterile neutrinos hin-
ted to by reactor experiment anomalies). More realistically, we make use of the computed power
spectrum to check for correlations with other cosmological parameters, or a combination of them.

Finally, as we pointed out in Palanque-Delabrouille et al. (2015), our best fit issues a slight
inconsistency of 2.3σ on the spectral index ns with respect to the Planck collaboration best fit.
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It is likely this tension be aliviated through a yet poorly-understood systematic in our Ly-α
data. In the off chance that our value holds, it could constitute evidence for non-zero running
on the spectral index, nrun = 2 × dns/d ln k, which appears in the first-order expansion of the
initial scalar power spectrum

Ps = As
(
k

k?

)ns+ dns
d ln k ln

(
k
k?

)
(5.33)

where k? = 0.05 Mpc−1 is the pivot scale of the CMB. To test non-zero nrun models, I produced
the flux power spectrum with dns/d ln k = 0.00±0.02 and ±0.04, with the cross terms computed
with the 0.02 step size.

5.3.1.4 Off-Grid

In addition to the simulation grid parameters, collected in

~x =
(
meff
ν , h,Ωm, σ8, ns,

dns
d ln k ,Neff , z?, T

z=3
0 , γz=3, Aτ , ητ

)T
(5.34)

where meff
ν = mnrp

νs is the mass of NRP sterile neutrinos as pure warm dark matter particles,
and meff

ν =
∑
mν is for massive active neutrinos as C+HDM ; we also run off-grid simulations

where we set ~x = ~x0 for the investigation into C+WDM and RPSN as pure cool dark matter
cosmologies.

For RPSN models, meff
ν is set to the mass of the keV scale sterile neutrino mrp

νs and the
lepton asymmetry parameter that boosts its production at early times L6 is cast as an additional
independant input parameter. The 8 simulations I run with RPSN as pure cool dark matter are :

M3L16?

M4L12?

M6L6
M6L9?

M7L8?

M8L4
M8L8?

M13L6?

(5.35)

with the nomenclature of M ≡ mrp
νs and L ≡ L6 and the star superscript denoting a coolest

RPSN model for that specific mass.

For C+WDM, meff
ν is set to the thermal relic mass mx (or rather, its inverse so that the best

guess model is at 0) and I input the relative dark matter fraction of the warm component Fwdm as
an additional independant parameter. Tab. 5.6 recaps the 28 off-grid models for the C+WDM
project. No cross-terms are computed for either of C+WDM or RPSN projects. Rather, the
constraints are obtained by scanning the

(
mrp
νs ,L6

)
and

(
meff
ν , Fwdm

)
parameter spaces.

5.3.2 Fitting Parameters

Ensuing the complete simulation pipeline illustrated in Fig. 5.6, we have at our hands a set
of Ly-α power spectra and IGM temperature - density power laws in 13 redshift bins for each
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warm component abundance thermal relic mass
FwdmFwdmFwdm keV/mxkeV/mxkeV/mx

1.00 0.1
0.2
0.3
0.4
0.7

0.75 0.3
0.4

0.50 0.1
0.2
0.4
0.7

0.30 0.05
0.7
1.0

0.20 0.1
0.2
0.4
1.5

0.10 0.1
0.2
0.4
0.7
1.0
1.5

0.05 0.1
0.2
0.3
0.4

Table 5.6 – (mx, Fwdm) values of our 28 C+WDM models, off-grid from our Taylor expansion. All other
parameters are set to their central values in the middle column of Tab.5.5.
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Figure 5.15 – Same as Fig. 5.13 for the astrophysical parameters.

parameter value in Tab. 5.5, as well as the ones listed in Tab. 5.6 and Eq. 5.35 for the C+WDM
and RPSN projects exclusively. Our fitting procedure, described in Sec. 5.3.3 below, searches
for the optimal values of the parameters just mentionned. In this current section, I go over the
set of nuisance parameters which are also fitted in addition to the cosmological, astrophysical
and NCDM parameters. There are sub-divided into 3 distinct categories, which I detail in the
following subsections.

5.3.2.1 IGM Thermal State

As in most optically-thin hydrodynamics simulations, the ionizing (UV) background causes
the Hydrogen to quickly become highly ionized. This is qualitatively inaccurate since reionization
processes are non-instantaneous and operate inhomogeneously in space due to density contrasts.
Although hydrodynamics simulations are required to tackle this shortcoming self-consistently,
our study is concerned with modeling the Ly-α forest at z < 5, well after reionization processes
have completed. The redshift at which the UV background onsets, however, affects the Jeans
smoothing scale of the baryon gas (Gnedin and Hui, 1998) in a manner similar to the free
streaming scale of warm dark matter particles. Altering the reionization redshift z? impacts the
amount of time that gas pressure has to suppress small-scale density fluctuations. It is therefore
necessary to explore different thermal histories of the IGM in order to lift the degeneracy between
Jeans smoothing scale and WDM free streaming scale. Fig. 13 of (McDonald et al., 2005) shows
that an increase in the redshift of reionization from z? = 7 to 17 suppresses the Lyα flux power
spectrum in the largest k-modes present in the BOSS data (k ∼ 0.02 skm−1) by about 1% at z =
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2.1 and 4% at z = 4.0. Given the reduced range allowed for z? by recent Planck measurements,
these shifts are reduced to percent-level at most. We implement another multiplicative nuisance
parameter C?(k) in our likelihood to take into account the effect of z? on the IGM thermal
history. This parameter is given by

C?(k) = α?(z) + β?(z)k + γ?(z)k2 , (5.36)

where α?, β?, and γ? are taken from (McDonald et al., 2005) and interpolated with respect to
the central model to our range of redshift. They are in agreement with the impact of z? I derived
from the hydrodynamics simulations I ran (after this approach, as a secondary, complementary
one).

Since the redshift of reionization is treated as a nuisance parameter in the fit, we add a
z? = 9.0 ± 1.5 prior to our likelihood. The central value and range of this prior are defined in
order to encompass the most recent measurements of the redshift of reionization : 10.5±1.1 from
WMAP9+BAO+H0 Hinshaw et al. (2013), 9.9±1.8 from Planck TT temperature data at all mul-
tipoles and LFI-based polarization data at low (` < 30) multipoles (PlanckTT+‘lowP’) Planck
Collaboration et al. (2015), 10.0 ± 1.7 when also including the ` > 30 HFI polarization data
(PlanckTTEE+‘lowP’) Planck Collaboration et al. (2015). The latter constraints were revised to
8.11±0.93 and 8.24±0.88 respectively in the latest incarnation where the ‘lowP’ likelihood was
replaced with the ‘SIMlow’ likelihood that includes the HFI-based polarization for ` ≤ 20 Planck
Collaboration et al. (2016). Values ranging from 7.8 to 8.8 are obtained by the Planck collabora-
tion for a given choice of CMB temperature and polarization data set, when varying the model
of reionization adopted Planck Collaboration et al. (2016).

5.3.2.2 Instrumental Noise

We model a possible redshift-dependent correction to the spectrograph resolution with the
multiplicative factor

Creso = e−(αreso+βreso(z−3))×k2 (5.37)

where αreso and βreso are allowed to vary around a null value with a Gaussian constraint of
σ =

(
5kms−1)2. We also quantify the uncertainty in each 12 redshift bins of the data by multi-

plicative factors αnoise
〈z〉 where 〈z〉 = 2.2, 2.4, ..., 4.4. This totals 14 free parameters accounting for

data uncertainty and spectrograph resolution in our likelihood.

5.3.2.3 Other Astrophysical Nuisance Parameters

The hydrodynamics simulations I describe in Sec. 5.1 are used to compute the 1D Ly-α flux
power spectrum from a neutral Hydrogen field. A number of astrophysical feedback processes
are poorly quantitatively today and require the addition of systematics. We model the impact
of feedbacks from Active Galactic Nuclei (AGN) and Supernovæ(SN) on the Ly-α transmitted
flux by implementing the multiplicative factors

Cfeedback
AGN (k) = (αAGN(z) + βAGN(z)× k)× αfeedback

AGN

Cfeedback
SN (k) = (αSN(z) + βSN(z)× k)× αfeedback

SN

(5.38)
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Figure 5.16 – Same as Fig. 5.13 for the instrument noise parameters

where the αAGN,SN and βAGN,SN coefficients are derived from Viel et al. (2013). An additional
parameter is implemented to account for fluctuations in the intensity of the ionizing background,
commonly referred to as UV fluctuations. Similar to Gontcho A Gontcho et al. (2014), we
implement an additive correction proportional to the transmitted flux power spectrum at pivot
point kp = 0.009 s km−1, CUV, which is k-independent but evolves with redshift proportionally
to the power spectrum. Finally, we account for any damped Lyman-alpha (DLA) systems we
might not have removed in our pipeline by introducing a k-dependent multiplicative correction
(see McDonald et al. (2005) for justification of the analytical form)

CDLA(k) =
( 1

15, 000 k − 8.9 + 0.018
)
× 0.2× αDLA (5.39)

where αDLA is free to vary in the likelihood fit.

5.3.3 Likelihood

Given the large number of parameters in the fit, we use a frequentist approach for our
likelihood analysis. In Palanque-Delabrouille et al. (2015), Bayesian credible intervals were also
derived and showed excellent agreement with those from the frequentist approach (Yèche et al.,
2006; Planck Collaboration et al., 2014).
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Figure 5.17 – Same as Fig. 5.13 for our set of additional nuisance parameters.

5.3.3.1 Confidence Levels

We identify the minimal value of χ2 using the MINUIT package James and Ross (1975),
letting all parameters free. We set a confidence level (CL) on any parameter θi (out of n) by
minimizing the χ2 function on all remaining n−1 parameters for each scanned value of θi. To set
confidence levels on a hypersurface of 2 parameters (θi, θj), the χ2 minimization is performed
on the n− 2 remaining parameters. Assuming all experimental errors are normally distributed,

CL(θi, θj , ..., θn) = 1−
∫ ∞

∆χ2(θi,θj ,...,θn)
dx fNdof (x) (5.40)

fNdof (x) = e−x/2 x
Ndof

2 −1
√

2Ndof Γ(Ndof/2)
(5.41)

where Γ(z) =
∫ ∞

0
dx xz−1e−x is the gamma function. 1σ, 2σ and 3σ confidence levels I quote

on parameter θi or (θi, θj) correspond to a χ2 value with respect to the minimum value of
∆χ2(θi) = 1, 4 and 9 and ∆χ2(θi, θj) = 2.30, 6.18 and 11.83 respectively.

5.3.3.2 Data

The Ly-α flux power spectrum obtained with our simulations for ourcosmological models
are fitted with the data set I detailed in Sec. 4.2. In Palanque-Delabrouille et al. (2015,?); Baur
et al. (2016), we used the Ly-α power spectrum in the 12 redshift bins of the SDSS DR9 sample
set, which I hereafter label ‘BOSS’ or ‘SDSS’ data set, and re-transcribed in the left panel of
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Figure 5.18 – Left : Dimensionless Ly-α power spectrum measured with SDSS DR9 (BOSS). The solid
lines are the best-fit models derived with our likelihood analysis in each (color-coded) redshift bin.Right :
Ly-α power spectrum measured with the XQ-100 (triangles) and MIKE+HIRES (square) quasar samples,
overlayed with the BOSS DR9 sample (circles) for comparison.

Fig. 5.18. In Yeche et al. (2017); Baur et al. (2017); Armengaud et al. (2017), we also make
use of higher-resolution data sets. Specifically, I include the Ly-α power spectrum measured
at the 〈z〉 = 3.925, 3.555 and 3.200 redshifts using the 100 medium-resolution quasar spectra
from the XShooter spectrograph (which I label ‘XQ-100’ or ‘XQ’ in all subsequent discussions),
and/or the handful of high-resolution quasars from the MIKE and HIRES spectrographs (label
‘MIKE+HIRES’ or ‘HR’ in all that follows) limitted to the 〈z〉 = 4.2 and 4.6 redshift bins since
we lack snapshot outputs for the 〈z〉 = 5.0 and 5.4. These two additional data sets are displayed
in the right panel of Fig. 5.18.

Ly-α forests poorly probe certain cosmological parameters such as the expansion rate H0.
We therefore also include the χ2 derived from Planck data on the CMB. We use the central
values and covariance matrices available in the official Planck repositories 9 for the cosmological
parameters (σ8, ns, Ωm, H0, nrun). Doing so also enables to aleviate the degeneracies between
parameters, such as Ωm and σ8 with

∑
mν for instance. For each parameter, we assume a Gaus-

sian CMB likelihood with asymmetric 1σ errors that we estimate on either side of the central
value from the 1σ lower and upper limits, thus accounting for asymmetric contours. We valida-
ted this strategy in Palanque-Delabrouille et al. (2015), where we showed that it gave similar
results to a Markov-Chain Monte-Carlo approach based on the full likelihood. I refer to the
CMB temperature auto-correlation power spectrum fitted by Planck as ‘Planck TT’, the low-
multipole HFI-based polarization data up to ` 6 29 as ‘lowP’, and the ` > 30 polarization cross

9. http://wiki.cosmos.esa.int/planckpla2015/index.php/Main_Page
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Figure 5.19 – Mollweide projection of the CMB temperature anisotropies measured with the Planck
spacecraft (top left). Clockwise from top right : temperature, E mode polarization auto-correlation and
their cross correlation power spectra, with the best fit model in solid red. Credit : Figure from http:
//www.insu.cnrs.fr/images/10841, adapted from Planck Collaboration et al. (2015).

and auto-correlation as ‘TE’ and ‘EE’. These angular power spectra are displayed in Fig. 5.19.

Finally, the Baryon Acoustic Oscillations (BAO) scale, illustrated in Fig. 5.20, is also im-
pacted by cosmological parameters. We therefore make use of measurements of the BAO scale
by 6dFGS Beutler et al. (2011), the main galaxy sample of SDSS Ross et al. (2014), the BOSS
LOW-Z sample Anderson et al. (2014) and the CMASS DR11 sample Anderson et al. (2014).
This data set is labeled ‘BAO’ herein.

http://www.insu.cnrs.fr/images/10841
http://www.insu.cnrs.fr/images/10841
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Figure 5.20 – The redshift-space correlation function of the SDSS Luminous Red Galaxy (LRG) sample
from Eisenstein et al. (2005). The magenta line shows a pure CDM model (ωm = 0.105) which lacks the
acoustic peak. The green, red and blue lines are models with ωb = 0.024 for the baryon density and,
respectively, ωm = 0.12, 0.13 and 0.14. The BAO peak is visible at ∼ 100 h−1Mpc. Credit : Figure from
Silvestri and Trodden (2009), adapted from Eisenstein et al. (2005).
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« One should never try to prove anything that is not almost
obvious. »

— Alexander Grothendieck

Implementing non-cold dark matter particles in our simulations was no trivial task, and
constituted a significant fraction of my PhD. Nonetheless, the Ly-α group in Saclay is now

fully implicated on the international stage when it comes to investigating hot, warm, cool and
cold dark matter cosmologies. When I was introduced to the Ly-α group in Saclay early in my
PhD, it was already well involved in the investigation of constraining sub-eV neutrino masses
in the context of a cold+hot dark matter cosmology (a.k.a. ΛCDMν). Our working group had
already published the tightest constraints to date on

∑
mν (see Palanque-Delabrouille et al.

(2015)). I contributed to further improving those constraints by modeling several systematic
uncertainty levels which I’ve described in Chap. 5. I detail the most up-to-date constraints on∑
mν obtained in the final section of this chapter. Once familiar with our methodology described

in Sec. 5.3.1, I chose to investigate three projects in addition to the aforementioned C+HDM :
sterile neutrino dark matter as a candidate particle for a (1) purely WDM, (2) mixed C+WDM
and (3) purely cool DM. These topics of research were new to the Saclay group and I carried
most of the work from the preliminary bibliographical status to contacts with experts in the
field, and finally their implemention into the simulation pipeline to produce the results stated in
this manuscript. In this chapter, I lay out the results on all four of these projects. In each one,
I quote constraints from the Ly-α forest power spectrum using our BOSS DR9 sample as well
as in combination with higher resolution data sets, i.e. XQ-100, MIKE and HIRES. In all four
projects, the bounds on non-CDM particle mass we obtain are amongst the most competitive to
date. Finally, in each project, I lay the main caveats and bottleneck issues that require further
investigation.

6.1 Standard Cold Dark Matter Cosmologies

6.1.1 Cosmological Parameters

In this section, I issue the most up-to-date results on cosmological parameters constrained
with the Ly-α forest power spectrum in the context of a benchmark ΛCDM model. Fig. 6.2
shows the computed flux power spectra of h = 0.625, Ωm = 0.26, ns = 0.91 and σ8 = 0.78 in
three distinct redshifts, normalised to the best guess values of h = 0.675, Ωm = 0.31, ns = 0.96
and σ8 = 0.83. Each power spectrum is normalised to its corresponding value of σ8 at each
redshift. The best-fitted values in our analysis described in Sec. 5.3.1 along with their 68% C.L.
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Figure 6.1 – Schematic workflow of the 4 non-cold dark matter projects I investigate, along with the
relevant parameters involved. The non-cold to cold dark matter ratio differentiates between pure dark
matter (Fncdm = 1) and mixed dark matter (Fncdm < 1) cosmologies. In the former, the warm and cool
dark matter projects are distinguished by the value of the net leptonic asymmetry parameter. In the
latter, the cold plus warm and cold plus hot dark matter projects are distinguished by the rest mass scale
of the effective neutrino mass.

are grouped in Tab. 6.1, when using the Ly-α power spectrum in addition to an expansion
rate value of H0 = 67.3 ± 1.0 km s−1 Mpc−1 (Ly-α + H0, see Sec. 5.3.3.2). The left-hand co-
lumn uses the flux power spectrum from BOSS DR9, which covers velocity-space modes up to
k ∼ 2 × 10−2 s/km. The right-hand column features our fitted parameters when using both
the BOSS DR9 flux power spectrum with that of the XQ-100 sample in 3 redshift bins, which
cover scales down to k ∼ 7 × 10−2 s/km. All cosmological parameters with the exception of
the spectral index are consistent with the values obtained by the Planck collaboration on the
temperature auto-correlation power spectrum on the cosmic microwave background.

6.1.2 Running on the Spectral Index

Our best-fit value on the spectral index is ns ' 0.939 ± 0.010, which we measure at k '
0.7 Mpc−1 with the Ly-α forest. This value is at a 2σ tension with the value obtained from
Planck, ns ' 0.97 measured at k = 0.05 Mpc−1, which is arguably significant. This tension
could be the result of a yet unaccounted-for systematic in our approach. It could also be a ∼ 3σ
detection of non-zero running on the spectral index, dns/d ln k > 0, see Eq. 5.33.

We can estimate the value of dns/d ln k from the difference of scale factors at the CMB and
Lyα pivot scales listed in the previous paragraph. Given the definition of running of Eq. 5.33,
and the values of ns determined separately from CMB and Lyα data, we estimate dns/d ln k
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Figure 6.2 – Relative difference in flux power spectrum with respect to the central best guess model
(black line) which is set at ~xcosmo

0 = (h = 0.675,Ωm = 0.31, ns = 0.96, σ8 = 0.83)T . Clockwise from top left
panel : ∆xi = −0.05 value on h,Ωm, ns and σ8 (i.e. lower step value in Tab. 5.5). Statistical uncertainty
on Pϕ(k) is encoded in the shade thickness. The redshift dependance is featured in the dark blue, light
blue and teal curves which correspond to z = 2.2, 3.4 and 4.6 respectively. The ‘SDSS’ and ‘XQ100’ ticks
refer to the highest data k mode in each survey.
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parameter Ly-α + H0

SDSS/BOSS DR9 SDSS + XQ-100

h 0.673± 0.010 0.671± 0.010
Ωm 0.293± 0.014 0.279± 0.011
σ8 0.831± 0.031 0.797± 0.023
ns 0.939± 0.010 0.956± 0.007

T z=3
0 /103K 8.9+3.8

−4.0 12.8± 3.1
ηT0
z<3 −2.9± 0.5 −2.0± 0.5
ηT0
z>3 −4.4± 1.1 −2.2± 0.8
γz=3 0.9± 0.1 0.9± 0.2
ηγ 0.8± 0.5 −0.3± 0.5
Aτ/10−3 2.5± 0.1 3.0± 0.1
ητ 3.73± 0.02 3.66± 0.01
fSiiii/10−3 5.9± 0.4 5.5± 0.4
fSiii/10−3 0.7± 0.5 0.7± 0.4

Table 6.1 – Best fitted values and their 68% C.L. of all our parameters using Ly-α + H0 data only
(BOSS alone and BOSS+XQ-100)

to be approximately −0.02. This is in agreement with the best-fit value −0.0178+0.0054
−0.0048, thus

confirming that running is indeed detected in this work mostly from the different levels of ns in
CMB and Lyα data, and thus mostly from a first order measurement of the Lyα power spec-
trum. Any unidentified systematic uncertainty that would resolve the tension on ns would thus
simultaneously annihilate our detection of dns/d ln k.

Ly-α and CMB data being relevant on different scales, I will distinguish two cases in the
upcoming sections on non cold dark matter when combining Ly-α data with CMB ; the first
fixing the running on the spectral index to its best fitted value ; the other letting the running be
a free parameter in the likelihood analysis. The latter reconciles the different values of ns mea-
sured at small (with Ly-α) and large (with CMB) scales. The small discrepancy on ns between
Ly-α and CMB measurements, and the subsequent detection of nrun at ∼ 3σ, were extensively
discussed in Palanque-Delabrouille et al. (2015). This “free running” configuration, however, is
to be considered with caution. The detection of running is driven by the different values of ns
measured on large and small scales. As was explained in Palanque-Delabrouille et al. (2015), the
determination of ns in Ly-α data is prone to systematic effects in the measurement of the flux
power spectrum, such as modeling of the spectrograph resolution or contributions from SN or
AGN feedbacks, UV fluctuations, etc. The measure of ns in Ly-α data is a delicate task that
could still be affected by an unaccounted-for systematic.

Although I judge this discrepancy in ns to be mentionworthy, our research has shown that
allowing for running does not affect the limit on

∑
mν obtained for the C+HDM project (see



172 CHAPITRE 6. Constraints on Neutrino and Non-Cold Dark Matter Particle Mass

8σ
0.65 0.7 0.75 0.8 0.85 0.9

 s
  n

0.91

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1
 Planck (TT+lowP) 

  0 + Hα Ly-
 + Planck (TT+lowP)  α Ly-

8σ
0.65 0.7 0.75 0.8 0.85 0.9

 s
  n

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1  Planck 

  
0

 (BOSS+XQ-100) + Hα Ly

 (BOSS+XQ-100) + Planck  α Ly

Figure 6.3 – 68% and 95% C.L. in (ns, σ8) using different data sets.

Sec. 6.3.2), and ns shows no distinctive correlation with the mass of warm dark matter in the
pure and mixed WDM projects (see Sec. 6.2.1 and 6.3.1) as I will detail shortly. Furthermore,
when adding the XQ-100 data to our Ly-α forest power spectrum, the value we obtain on ns
falls within one standard deviation of the value measured by Planck on the CMB, as is apparent
in Fig. 6.3.

6.1.3 Astrophysical Parameters

Because of a sparse data on the IGM thermal state, the values for T z=3
0 and γz=3 in our

simulation parameter grid were allowed to vary by large steps. When using higher resolution
Ly-α data with XQ-100 in addition to BOSS, our best fitted value on the IGM background
temperature (at δ = 0) is significantly larger (T z=3

0 ' 1.5× 104 K) than when using BOSS only
(T z=3

0 ' 1.0× 104 K), visible in Fig. 6.4. This ∼ 50% discrepency suggests that the decrease in
power in the Ly-α forest power spectrum in the right panel of Fig. 5.18 can be accounted for by
a warmer IGM, as suggested in Garzilli et al. (2015), and not necessarily by the free-streaming
effect of a non cold dark matter particle which is expected to also cutoff power in the high-k
region of the power spectrum. It is visible on both panels of Fig. 5.18 that the power spectrum
measured by BOSS DR9 does not probe those lower scales at which the power suppression
manifests, and as such can allow for much more freedom over IGM thermal histories.

Nevertheless, the astrophysical parameters are in good agreement when fitting with BOSS
only and XQ-100 only, the largest difference being on T0 at the 1.7σ level (T z=3

0 = (8.9± 3.9)×
103 K for BOSS only, (21.4± 6.0)× 103 K for XQ-100 only). All parameters are correlated and
so it isn’t straightforward to interpret this difference between the two surveys. Fig. 6.4 features,
for instance, the strong anti-correlation between T0 and γ. As a result, a low value of γ pushes
T0 to high values. In the C+HDM analysis, the likelihood is built in such a way as not to be
too sensitive to underlying assumptions on IGM parameters, which we here treat as nuisance
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Figure 6.4 – 68% and 95% C.L. in the
(
T z=3

0 , γz=3) plane using BOSS DR9 only (orange) and
BOSS+XQ-100 (green) for our Ly-α+H0 data sets.

parameters. The shapes of T0(z) and γ(z) are let free in the maximization of the likelihood as
explained in Sec. 5.3.1.2.
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Figure 6.5 – Relative difference in flux power spectrum with respect to the central best guess model
(black line) for keV/mx = 0.2 (left) and 0.4 (right). Uncertainty on Pϕ(k) is encoded in the shade
thickness. Color encodes redshifts z = 2.2, 3.4 and 4.6. The ‘SDSS’ and ‘XQ100’ ticks refer to the highest
data k mode in each survey.

6.2 Pure Dark Matter

In this section, I detail the results we obtain on the mass of dark matter particles in the
context of two projects I explored. The first, presented in Sec. 6.2.1, incorporates sterile neutrinos
(and thermal relics) as a pure WDM particle. In the second, presented in Sec. 6.2.2, I allowed for
lepton asymmetries to boost the production of neutrinos as a pure cool dark matter candidate
particle.

6.2.1 Warm Dark Matter

Establishing constraints on WDM candidate particle masses using the Ly-α power spectrum
was done in many studies previous to my own ; e.g. Viel et al. (2005, 2006); Seljak et al. (2006);
Viel et al. (2008); Boyarsky et al. (2009); Viel et al. (2013) amongst others. The lower bounds
on WDM mass in each of these works is summarized in Tab. 6.2.

6.2.1.1 Limits with BOSS Data only

Using our hydrodynamics simulations with keV/mx > 0 into our analysis, we obtain com-
petitive lower limits on WDM mass. With Ly-α+H0 data (BOSS DR9), our 95% C.L. are
mx > 4.09 keV for thermal relics and mνs > 24.4 keV for non-resonantly-produced sterile neu-
trinos, as shown in the first part of Tab. 6.4. The fitted values of the nuisance parameters are all
well within the expected range. The IGM nuisance parameters, the corrections to our model of
the splicing technique and of the spectrograph resolution are all compatible with no correction
at the 1σ level. The additive corrections to the estimate of the noise power spectra range from
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Table 6.2 – Summary of Ly-α constraints on NRP neutrino mass according to the data set used. Quoted
lower bounds are the 95% confidence level. Tension with the upper bound from X-rays is expressed in
standard deviations in the right-most column. Simulation resolution refers to the quantity N

L/Mpc .
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Data set SDSS/BOSS XQ-100 SDSS+XQ SDSS+XQ+HR

mx/keV 4.09 2.08 4.17 4.65
mnrp
νs /keV 24.4 10.2 25.0 28.8

Table 6.3 – Lower bounds on a pure warm dark matter mass in units of keV, in the case of a thermal
relic (first row) and a non-resonantly produced sterile neutrino (second row). All bounds are 95% CL
using the ‘Ly-α + H0’ data.

−9% to +19% with median at −2.5% and negligible correction in the redshift bins where the
noise dominates over the signal (i.e. at low redshift). The IGM temperature parameters have
large error bars and are thus poorly constrained by this data set. Their values are within 1−2 σ
of typical measurements (see e.g. Becker et al. (2011)). Optical depth amplitude and index have
consistent best-fitted values with those of our C+HDM case (see 6.3) published in Palanque-
Delabrouille et al. (2015) (a.k.a. ΛCDMν) although the uncertainty ranges are larger by a factor
of 2 and 4 respectively : Aτ = (25.0± 2.6)× 10−4 and ητ = 3.728± 0.074 (68% C.L.).

Our bounds on WDM mass were the most stringent at the time they were published in Baur
et al. (2016). This was due in part to our large data sample and in part to our modeling of the
flux power spectrum.
Modeling-wise, we benefited from an unprecedentedly large resolution for our SPH numerical
simulations thanks in particular to or use of the splicing technique. Throughout my research,
I’ve also contributed to greatly reducing several systematic effects which I’ve detailed in the
previous chapter : the accuracy of the splicing method and the model of its residual by a scale-
dependent feature, the quantification of the sampling variance, the modelling of the IGM by a
broken power-law, and a better accounting of the Hydrogen reionization history.

Data sample wise, we benefited from a considerably larger Ly-α forest sample (∼ 14, 000
in SDSS-III compared to ∼ 3, 000 in SDSS-I), two additional redshift bins (z = 4.2 and 4.4),
and probing slightly lower scales ; k 6 0.020 s/km in SDSS-III compared to k 6 0.018s/km in
SDSS-I. We also carefully modeled the instrumental noise levels in each redshift bin and the
uncertainty in the spectrograph resolution. As illustrated in Fig. 6.5, the damping of small-scale
perturbations due to free-streaming is more prominent at higher redshifts. As such, bounds on
WDM particle mass are better constrained at higher redshifts, despite observations being more
challenging. To quantify the beneficial impact of having two higher redshifts in our analysis,
despite each one being very sparsely populated, we run our analysis by dropping both 〈z〉 = 4.2
and 4.4 bins and obtain the bounds listed in the second row of Tab. 6.4 labeled ‘z ≤ 4.1’ :
mx > 2.97 keV and mνs > 16.1 keV (95% C.L.) which are 30% less stringent than our bounds
obtained with our full set labeled ‘z ≤ 4.5’.

6.2.1.2 Spectral Index Running

In addition to Ly-α forests, cosmic microwave background and baryon acoustic oscillations
are other formidable probes to constrain cosmological parameters. These observations cannot
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Figure 6.6 – 68% and 95% C.L. with regards to 1keV/mx and the 4 cosmological parameters in our grid.
Blue contours depict the Ly-α + H0 bounds using BOSS DR9 data only. Red and purple contours are
established by adding low-` polarization, temperature and E auto and cross-correlation power spectra
from Planck and measurements of the baryon acoustic oscillations scale, with the spectral index running
nrun fixed to 0 (red) or allowed to vary (purple) and fitted as a free parameter in our multidimensional
analysis.
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Data set Lower bound on
mx

keV

(
mnrp
νs

keV

)
Ly-α + H0 (z ≤ 4.5) 4.09 (24.4)
Ly-α + H0 (z ≤ 4.1) 2.97 (16.1)

no running with running
Ly-α + H0 + CMB (TT + lowP) 2.96 (16.0) 4.26 (25.7)
Ly-α + H0 + CMB (TT + lowP+ TE + EE) + BAO 2.93 (15.8) 4.12 (24.6)

Table 6.4 – 95% C.L. lower bounds on thermal relic mass mx, in keV, obtained with three data confi-
gurations. When Ly-α (BOSS DR9) is combined with other datasets, the limit is derived with (right) or
without (left) running of the spectral index. In each case, the corresponding NRP sterile neutrino mass
(in keV) is given in parentheses (see Eq. 3.101).

directly probe the small scales at which WDM plays a role, and are therefore not expected
to provide a direct constraint on the mass of a WDM particle. However, they can impact our
constraint on WDM mass through the correlation of mwdm with other cosmological parameters
that are better constrained by CMB and BAO probes. We thus also include the Planck TT,
lowP, TE and EE as well as measurements of the BAO scale (see Sec. 5.3.3.2).

Although these additional sets have contributed to establish competitive constraints on the
sum of the masses of (standard) neutrinos

∑
mν (see Sec. 6.3.2) and the effective number of

neutrino species Neff Rossi et al. (2015), they deteriorate our limit on WDM mass, which I’ve
explicited in the last two rows of Tab. 6.4, in the column labelled ‘no running’. This is the
consequence of two factors : the tension on ns measured with Ly-α forest and the CMB on one
hand, and the fact that our limit on the WDM mass is looser with increasing values of ns on the
other hand (see the light tilt of the 2σ contour in the lower left panel of Fig. 6.6). Combining
CMB data increases the value of ns and thus loosens our limit on mx. We measure no significant
correlation between the value of running on the spectral index, which is set by the comparison
of ns on large and small scales, and the value of mwdm set by the shape and redshift-dependence
of the power spectrum on scales probed by Ly-α data.

In the last two rows of Tab. 6.4, I explicit the constraints on WDM mass obtained in the
‘no running’ and ‘with running’ configurations, which denote the cases in which the value of the
spectral index running is either taken as fixed to zero or as a free parameter respectively. As
expected, our limits on WDM mass when running is allowed to vary are similar to the limits
that were derived from Ly-α data alone, since the effective value of ns on small scales is then
determined by Ly-α data (and not by CMB data as in the ‘no running’ case). We list in Tab. 6.4
the constraints obtained for all three configurations (Ly-α+H0, Ly-α+Planck with no running
of ns and Ly-α+Planck allowing for a running of ns) to illustrate the impact of the value of ns
on the sensitivity of our analysis.

Figure 6.6 displays the 68% and 95% C.L. bounds in the ‘with running’ (purple) and ‘no
running’ (red) configurations in the (keV/mx,Ωm), (keV/mx, h), (keV/mx, σ8) and (keV/mx, ns)
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Figure 6.7 – Confidence intervals between the WDMmass (left) and the primordial spectral index (right)
with the reionization redshift, given the same configurations as Fig. 6.6. The apparent lack of correlation
is addressed in the text. The z ≤ 4.1 (resp. 4.5) configuration corresponds to taking the first 10 (resp. all
12) redshift bins from our data set (BOSS DR9 only).

planes. The contours for the Ly-α+H0 + CMB configuration are very similar to those for Ly-
α+H0 + CMB + BAO (featured in the figure). The above discussion on the impact of spectral
index running still holds true in the 2D case. More importantly, no significant correlation bet-
ween our set of cosmological parameters and WDM mass is manifest, which conforts us in the
interpretation that a small-scale power deficit in our simulated power spectrum would be due
to the free-streaming of DM particles as opposed to a combined effect of Ωm, H0, σ8 and/or ns.

6.2.1.3 IGM Thermal History

One of the main challenge we face in establishing credible constraints on pure WDM particle
mass is the uncertainty on the reionization history of the Universe. The redshift at which the
ionizing UV background affects the Jeans smoothing scale of the baryon gas (Gnedin and Hui,
1998) in a manner similar to the free streaming scale of warm dark matter particles. I’ve illus-
trated this potential degeneracy in Fig. 5.14. Fig. 13 of McDonald et al. (2005) shows that an
increase in the redshift of reionization from z? = 7 to 17 suppresses the Lyα flux power spectrum
in the largest k-modes present in BOSS data (k ∼ 0.02 s km−1) by about 1% at z = 2.1 and
4% at z = 4.0. In the present situation, however, the correlation between z? and mx is strongly
reduced for several reasons :

• our best-fitted value on mx ventures nearby the benchmark CDM model, showing no
significant departure from keV/mx = 0, which was explictely verified ;

• the data points with the highest statistical significance lie at low redshift where the cor-
relation is the lowest ; and
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• the many nuisance parameters that are fitted along with the cosmology and IGM para-
meters also contribute to absorbing the correlation.

More generally, these nuisance parameters render z? to have relatively small correlations
with all cosmological and astrophysical parameters. The strongest residual correlation is with
the primordial spectral index ns, at the ∼ 20% level, which is expected since the effect of alter-
nate values of ns on the flux power spectrum is a shift in the slope with respect to spatial scales.
This slight correlation is manifest in the right panel of Fig. 6.7, where the semi-major axis of the
quasi-elliptical Ly-α contours deviates slightly from vertical. The correlation is damped when
taking CMB data into account as it probes a k range distinct from Ly-α forest data.

Our best-fit value for the redshift of reionization is z? ' 8.2 using BOSS data only. The best-
fit value shifts to z? ' 8.8 and 8.4 in the fixed and fitted nrun Ly-α+H0+CMB configuration
respectively, and to z? ' 8.8 and 8.5 when BAO is also included, all consistent to within one
standard deviation from the CMB constraint. As discused above, we detect no strong correlation
between z? and mx, as shown on the left panel of Fig. 6.7. We can quantify this statement using
its global correlation coefficient, defined as the correlation between z? and the linear combina-
tion of all other parameters which is most strongly correlated with it. We find that the global
correlation coefficient for z? is 60%. This correlation is due to the fact that several other nuisance
parameters in our fit encompass — even partially — the effect of the IGM thermal history on
the transmitted flux power spectrum, namely the splicing residual pivot offset rε(k = kp, z) and
slope drε/dk(z) (see Eq. 5.25), as well as the uncertainties due to the redshift-dependence of the
spectrograph resolution αreso and βreso.

6.2.1.4 Warm Dark Matter or Warmer IGM?

It has been recently argued in Garzilli et al. (2015) that the small-scale cutoff in the po-
wer spectrum can be accounted for by a warm IGM rather than a warm DM particle. The
temperature-density power-law defined in Eq. 5.18 is a crude first-order assumption as the
power-law intercept T0 (z) and exponent γ (z) are poorly constrained. T0 may not be a mo-
notonic function of redshift at z & 5. An extended apprehension of the thermal state of the IGM
and its history is crucial in carrying out investigation in the lower velocity-space k segments of
the Ly-α flux power spectrum. In our likelihood computation, we allow the IGM temperature-
density relation to obey two distinct power laws, above and below a z = 3 break. No degeneracy
between IGM temperature at z = 3 and WDM mass is manifest, as is illustrated in Fig. 6.8. Im-
plementing the 〈z〉 = 4.2 and 4.4 bins into our multidimensional analysis tightens our bounds on
WDM mass and lowers T0 (z = 3) from ∼ 14, 000 to ∼ 10, 000 Kelvins. The temperature-density
index γ (z = 3) remains unaltered. On all accounts, the issues raised in Garzilli et al. (2015)
do not apply to the redshift and velocity-space ranges that we probe with BOSS alone. Our
model of the IGM thermal state, although generic, is not the predominant limiting factor in the
establishment of our bounds on WDM mass, as is apparent in Fig. 6.8. Our result is primarily
limited by the sheer size and low resolution of our Ly-α power spectrum data sample.
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Figure 6.8 – 68% and 95% C.L. bounds using the Ly-α + H0 (BOSS only) configuration on keV/mx

with degeneracy on the two parameters modeling the evolution of IGM temperature with density input
in our simulationss : mean background temperature T z=3

0 (left) and index (right) γz=3. Blue (resp. pink)
contours correspond to the likelihood taking all 12 redshift bins (labelled ‘z ≤ 4.5’), in comparison with
excluding 〈z〉 = 4.2 and 4.4 (labelled ‘z ≤ 4.1’).

6.2.1.5 Adding the Higher Resolution Power Spectrum

To better probe the cutoff scale caused by the particle free-streaming, we make use of the
higher resolution data sets introduced in Sec. 5.3.3.2. For the XQ-100 data set, where the power
spectrum is measured down to k ∼ 0.07 s km−1 at z = 4.0, we are very sensitive to the effect of
z?. Adopting a method similar to the study of reionization by McDonald et al. (2005), we model
the effect of reionization over the power spectrum using our 5 hydrodynamics simulations with
z? = 8, 9, 12, 15 and 16. We introduce a nuisance parameter representing z? which is let free in
the likelihood computation with a constraint of z? = 9.0 ± 1.5. The central value and range of
this external constraint are defined in order to encompass the most recent measurements of the
redshift of reionization Hinshaw et al. (2013); Planck Collaboration et al. (2015, 2016).

Using only the XQ-100 Ly-α forest power spectrum, along withH0 = 67.3±1.0 km s−1Mpc−1,
yields a 95% C.L. lower bound of mx > 2.08 keV on thermal relics and mνs > 10.2 keV
on NRP sterile neutrinos. These bounds are roughly twice looser than the bounds obtained
using BOSS DR9 alone. However, combining both XQ-100 and BOSS DR9 Lyα forest power
spectra, the 95% C.L. limit is slightly improved compared to the one from BOSS DR9 alone :
mx > 4.17 keV. The 99% C.L. bounds are significantly improved, increasing from mx > 2.74 keV
for BOSS DR9 alone to mx > 3.10 keV for the combined BOSS+XQ-100 data set. The reason
of this improvement is illustrated in the right panel of Fig. 6.9, which shows the χ2 profile
function of keV/mx for the two data set configurations (BOSS alone and BOSS+XQ-100). Ad-
ding XQ-100 visibly increases its steepness but shifts the minimum’s position into the physical
(keV/mx > 0) region. This accounts for the small improvement of the 95% C.L bound and
the considerable improvement at higher significance (3σ or more). Fitting the χ2 profile by
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Figure 6.9 – χ2 profile with respect to keV/mx

∆χ2(keV/mX) = χ2
min + (keV/mx − keV/mx,min)2/σ2 + α · (keV/mx − keV/mx,min)4, the σ pa-

rameter provides an estimator of the statistical sensitivity on keV/mX . The addition of XQ-100
allows us to reduce σ from 0.15 to 0.12, representing a 25% gain in statistical sensitivity.

Although we believe that a Gaussian constraint with a sigma of 1.5 on z? allows us to en-
compass the range of allowed z? from CMB results (in particular Hinshaw et al. (2013); Planck
Collaboration et al. (2015, 2016)), we released the constraint on z?, allowing for a wider variation
range, to study the impact on the warm dark matter mass bound. The effect is small : increasing
σ to 2.5, the 95% C.L. limit on mx decreases from 4.17 keV to 3.90 keV.

Finally, adding XQ-100 to BOSS data, we do not observe any significant change in either the
IGM temperature T0(z = 3) or its index γ(z = 3) as a function of matter density. To investigate
the hypothesis of a warmer IGM suggested in Garzilli et al. (2015), additional Lyα forest data
at higher redshifts (z ≥ 4.5) is needed to better study this hypothesis.

The analysis presented in Iršič et al. (2017) shows that the combination of the XQ-100 and
HIRES/MIKE datasets can significantly improve the limit on mx. Indeed, the two datasets have
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different degeneracies between astrophysical and cosmological parameters that are disentangled
when both data sets are combined, thanks to the higher resolution of the HIRES and MIKE
spectrographs. In principle, adding the HIRES/MIKE Ly-α power spectrum to the combined
BOSS DR9 + XQ-100 should improve our bounds. As was mentioned in Sec. 5.3.3.2, we can only
make use of the two lowest redshift bins of the HIRES/MIKE data set (z = 4.2 and 4.6) since our
hydrodynamics simulations do not go beyond the z = 4.6 snapshot from Gadget. The Ly-α+H0
bounds we obtain using SDSS+XQ+HIRES/MIKE are mx > 4.65 keV and mνs > 28.8 keV
(95% C.L.). The fit of the χ2 profile by a quadratic regression demonstrates a reduction of σ
from 0.123 to 0.105 and finally to 0.093 when we add successively the z = 4.2 and z = 4.6
redshift bins of the high-resolution HIRES/MIKE data, representing a gain of respectively 17%
and 13% in statistical sensitivity. In total, the statistical sensitivity gain with respecto to BOSS
alone is 60%. The reason this substancial gain isn’t reflected in our 95% C.L. bound is once
again due to the minimum χ2 position shifting from the keV/mx < 0 (unphysical) region to the
keV/mx > 0 physical region. Our limit on mx is in agreement with the recently published bound
mx > 5.3 keV established in Iršič et al. (2017). The main bottleneck issue WDM studies investi-
gated by Ly-α forests face is incorporating the upper-most redshift bins from the high-resolution
surveys and account for both the degeneracy of the WDM particle’s free-streaming scale with
both the Jeans length scale affected by the reionization redshift and the warmth of the IGM.
This represents a substancial effort in both the observational front as well as the computational
front, and specifically the modeling of the IGM’s thermal history. Such improvements are beyond
the scope of my PhD work, although I hope to have the opportunity to further investigate this
area of research in the future.

6.2.2 Cool Dark Matter

The results on the pure WDM project I issued in the previous section assumes a generic
warm dark matter particle. I’ve differentiated between an early-decoupled thermal relic, whose
phase-space distribution function is a Fermi distribution ; and a sterile neutrino produced in the
early Universe by oscillations with the active neutrino masses. In Sec. 3.3.2.4, I’ve introduced
the case of sterile neutrino production being boosted by a non-zero net lepton asymmetry in
the early Universe. Resonantly produced sterile neutrinos (RPSN) as dark matter candidates
are of particular interest these days since there is tentative evidence of the decay of a 7.1 keV
dark matter particle into 3.55 keV neutrinos from the stacked X-ray spectra of galaxy clusters
(Bulbul et al., 2014; Boyarsky et al., 2014). The X-ray flux (or lack thereof) also constrains
the mixing angle of the sterile neutrino mass eigenstate and the other sub-eV mass eigenstates,
sin2 2θ. From the bounds on mνs established in the previous section, if sterile neutrinos are the
sole component of dark matter, then the un-boosted oscillation mechanism cannot account for
the observed dark matter density, as manifest on the top black line in Fig. 6.12. So far, the most
viable and straightforward production mechanism that allows for the available mixing angles
is the aforementined resonance production introduced by Shi and Fuller (1999). Investigating
RPSN as pure dark matter is thus evidently worthwhile. Futhermore, no Ly-α forest power
spectrum involving RPSN as cool dark matter had been produced with the full non-linear SPH
treatment as of yet. I incorporated the 8 RPSN models listed in Eq. 5.35 in Sec. 5.3.1.4 into
our hydrodynamics simulations. In the present section, I detail the results from our analysis
using the BOSS and BOSS+XQ-100+MIKE/HIRES data sets, with all the previously discussed
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caveats applying.

6.2.3 Mapping between C+WDM and RPSN as cool DM

If one assumes ∼ keV sterile neutrinos account for dark matter, then one can thus expect
either one of these 4 following possibilities :

• the sterile neutrino constitutes the entirety of dark matter (Fwdm = 1) and is produced
in absence of a net leptonic asymmetry (L = 0) ;

• the sterile neutrino constitutes 0 ≤ Fwdm < 1 of the total dark matter and is produced
in absence of a net leptonic asymmetry (L = 0) ;

• the sterile neutrino constitutes the entirety of dark matter (Fwdm = 1) and is produced
in presence of a net leptonic asymmetry in the early Universe L > 0 ;

• the sterile neutrino constitutes 0 ≤ Fwdm < 1 of the total dark matter and is produced
in presence of a net leptonic asymmetry in the early Universe L > 0.

In Sec. 6.2.1, I explored the first of these 4 listed scenarios. The conclusion is that, to be
consistent with Ly-α forest data from SDSS-III, the pure WDM sterile neutrino has to be more
massive than 24.4 keV with 95% likelihood 1. This lower bound is at 12σ tension with the upper
bound issued by X-ray data, set at 4 keV. Scenario 1 has thus been strongly disfavored. Search
for keV sterile neutrino DM has shifted to scenarios 2 or 3, which I investigated in two seperate
projects : RPSN as cool dark matter which I comment in this current section ; and the C+WDM
project which I defer discussion to Sec. 6.3.1.

In Sec. 3.3.4.2, I described a mapping procedure between the free-streaming scale of RPSN
and C+WDM models. This procedure involved the 1D linear transfer function of matter pertur-
bations. This helped me guide my choice for the eight RPSN models chosen to run the SPH por-
tion of the simulations, given that non-linear and baryonic effects were to be expected. Fig. 6.10
displays the resulting flux power spectrum (normalised by that of the best guess simulation) for
the M8L8? simulation in black, along with several C+WDMmodels from Tab. 5.6 featuring simi-
lar free-streaming scales. In the top left panel in Fig. 6.10, the linear power spectra of the M8L8?

(in thick black) is shown along with the closest matching linear matter T1d(k) of a C+WDM
model assuming mνs = 8 keV, which occurs for a warm-to-total DM fraction of Fwdm = 25% (in
thin black). As illustrated in Fig. 3.19, this linear transfer function correspondance is adequate
up to some k scale, beyond which the corresponding C+WDM model T1d(k) breaks away from
its comparative RPSN model to an asymptotical plateau (T1d(k →∞) ∝ (1− Fwdm) > 0). For
most values of mνs explored in this work, this breakaway k is beyond the scales probed by our
Ly-α forest data set, which I’ve materialized on the other three panels in Fig. 6.10. I illustrate
the negligible impact of differences in the linear 1D transfer function beyond the breakaway
scale by overlaying three C+WDM models that exhibit similar T1d on large scales but with
significant (almost an order of magnitude) difference on the lowest scales. The differences in the

1. the lower bound is relaxed to 16.0 keV when adding CMB data
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Figure 6.10 – Power spectra of the (mνs/keV = 8, L6 = 8) simulation normalized to the best guess
configuration, along with the (keV/mx = 0.3, Fwdm = 100%), (keV/mx = 0.4, Fwdm = 50%) and
(keV/mx = 1.5, Fwdm = 10%) models. Top Left : 1D Linear matter power spectra ratio produced
by CLASS. Clockwise from Top Right : Flux power spectra ratio produced by our hydrodynamical
simulations at redshifts z = 4.6, 3.4 and 2.2. Shades encode simulation uncertainties (dotted lines for best
guess).
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RPSN model SDSS SDSS+XQ+HR

M4L12? 3.06 σ > 4σ
M6L6 3.13 σ > 4σ
M6L9? 2.0 σ 3.3 σ
M7L8? 1.9 σ 3.1 σ
M8L4 2.7 σ > 4 σ
M8L8? 1.5 σ 2.5 σ

Table 6.5 – Tension in standard deviations of the Pϕ(k) produced with 6 of our 8 hydrodynamics
simulations in the RPSN configurations (column 1) with respect to the ‘SDSS only’ (second column) and
combined ‘SDSS+XQ+HR’ (third column) data sets. I only show the configurations that fall between 1σ
and 4σ.

non-linear regime measured by the flux power spectra are within the statistical uncertainties of
the simulations, almost an order of magnitude smaller than data uncertainties on similar scales.
We thus expect no significant deviation, on the scales probd by our data sets, between the ori-
ginal RPSN hydrodynamics simulation (thick black) and its matching C+WDM one (thin black).

I use the interpolated χ2 levels in the (keV/mx, Fwdm) plane featured in Fig. 6.14 and trans-
pose it into the (mνs/keV,L6) plane using the mass mapping procedure described in Sec. 3.3.4.2
and the χ2 values obtained by the 8 RPSN models. The resulting likelihood 2D function is fea-
tured in Fig. 6.11. I compare the χ2 obtained using the RPSN power spectrum computed with
our SPH simulations with that of its corresponding C+WDM model obtained with our mapping
procedure in the linear regime, which Fig. 6.10 illustrates for the M8L8? model. This cross-check
between linear and non-linear mapping is done for both sets of data, SDSS/BOSS alone (‘SD-
SS’) and combined with VLT/XShooter, Keck/HIRES and LCO/MIKE (‘SDSS+XQ+HR’). A
systematic shift at the level of 0.2σ is observed in the first case, and of 0.5σ in the second, with
the RPSN simulation showing a smaller χ2 (better agreement with the data) than its C+WDM
matching counterpart. The better agreement for SDSS-only is consistent with a better match
of the transfer function on large scales. The results I present in Fig. 6.11 and hereafter for the
RPSN models are corrected for this systematic shift.

6.2.3.1 Constraints on Mass and Mixing Angle

Fig. 6.11 displays the 1σ, 2σ and 3σ confidence level contours in the (mνs , L) plane using
our SDSS/BOSS Ly-α data (left panel) or the full SDSS+XQ+HR data (right panel). The
tension in standard deviations with these two data sets is reported in Table 6.5 for the 4 re-
levant RPSN models for which I ran hydrodynamical simulations. A lepton asymmetry during
the era of RPSN production in the early Universe boosts the oscillation frequency from ac-
tive to sterile neutrinos, thus enabling ample production of dark matter sterile neutrinos with
weaker mixing angles θ. Fig. 6.12 displays the quantity sin2 2θ as a function of mνs assuming
Ωdmh

2 = 0.26142× 0.6752 ' 0.119 and values of the lepton asymmetry parameter in the range
0 ≤ L ≤ 7 × 10−4. The black lines in Fig. 6.12 display the relation between mass and mixing
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Figure 6.11 – Constraints on (mνs
, L) obtained by the mapping described in Sec. 6.2.3. Color encodes

the values of the likelihood function described in Sec. 5.3.1. Gold squares map the 8 RPSN models we
ran with our hydrodynamics simulations. Left : SDSS/BOSS data only. Solid curves are 1, 2 and 3σ CL
using all 12 redshift bins, while the dashed curves materialize the contours when excluding the 2 highest
redshift bins (z = 4.2 and 4.4) in the likelihood. Right : Combined SDSS (all 12 redshift bins) + XQ +
HR data sets.

angle for eight values of the primordial lepton asymmetry shown along each black curve (in units
of 10−6). The L6 = 0 thick line corresponds to non-resonant production. Values above L & 10−3

are inconsistent with Big Bang nucleosynthesis (BBN). For sin2 2θ & 10−7, dark matter is over-
produced. The region excluded by the Ly-α SDSS/BOSS data at the 3σ CL is shaded in blue.
The dashed blue line indicates the limit using the 10 lowest redshift bins only, excluding z = 4.2
and 4.4. Values leftward of the red line are inconsistent with the Ly-α BOSS (12 bins) + XQ100
+ MIKE/HIRES data at ≥ 3σ level, assuming the suppression observed in the high resolution
data is due to the thermal effects in the IGM (see discussion in Garzilli et al. (2015)).

As expected from the white stripe visible on the right panel of Figs. 3.11 and 3.20, the co-
olest RPSN models, which occur for L = L?(mνs), feature the longest free-streaming length and
are more consistent with Ly-α forest data than other values of L. This is manifest on Fig. 6.11
(left panel) as a horn-like valley in the χ2 map, which extends to sterile neutrino masses around
∼ 7 keV in the right-hand panel. This area is of particular interest since it matches the range of
masses and mixing angles for which the 3.55 keV X-ray signal reported in Bulbul et al. (2014);
Boyarsky et al. (2014, 2015) can be interpreted as photons emitted by the decay of a 7.1 keV
right-handed neutrino. Although this region exhibits a ∼ 3σ tension with the SDSS+XQ+HR
Ly-α data, two caveats should be considered. First, IGM thermal histories impact the small
scales (0.02 ≤ k/s km−1 ≤ 0.07) probed by these high-resolution data. Although we mar-
ginalize over 5 parameters to describe the thermal history (as explained above), more general
models (non-monotonic temperature evolution for instance) could loosen our constraint. Second,
the flux power spectrum exhibits large gradients with respect to the RPSN parameters around
the “horn" region, where the interpolation procedure is thus more delicate. Therefore, because of
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Figure 6.12 – Constraints from Ly-α forest in the RPSN (mνs
, sin2 2θ) parameter space. The iso-L

contours are displayed in black along with the corresponding value of L6. Gold squares indicate the set
of parameters for which we computed the Pϕ(k) by solving the non-linear hydrodynamics. The black dot
with error bar denotes the right-handed interpretation of the 3.55 keV X-ray line in the stacked spectra
of galaxy clusters, for which we used mνs

= 7.14 ± 0.07 keV and sin2 2θ = 4.9+1.3
−1.6 × 10−11 as reported

in Boyarsky et al. (2014). The blue (resp. red) shade encompasses models excluded by over 3σ by the
SDSS-only (resp. SDSS + XQ + HR) Ly-α forest power spectrum. The absence of monochromatic X-ray
lines (apart from the 3.55 keV signal) translate into upper bounds in sin2 2θ(mνs) : the green shade are
models inconsistent beyond 3σ with a compilation of X-ray data from the Milky Way, Andromeda and
other galaxies.
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the interest of this region for RPSN constraints, we located our eight RPSN simulations in that
area : six correspond to the coolest models for their mass (M3L16?, M4L12?, M6L9?, M7L8?,
M8L8? and M13L6?), the remaining two (M6L6 and M8L4) being slightly warmer than their
corresponding counterparts at the same mass (M6L9? and M8L8?). The results presented in
Table 6.5 show that the horn is a real feature, although the exact location of its boundaries
might require additional hydrodynamical simulations to assess. Hence the shape of the blue and
red contours on Fig. 6.12 may be less accurate in the regions around the 6 bottom-most gold
squares that correspond to our coolest RPSN models. The neutrino decay origin of the 3.55 keV
X-ray line, shown as the black dot with error bars, is located in this region.

For the reasons just stated, I suggest scanning the area around mνs = 7.1 keV and sin2 2θ =
4.9 × 10−11 with a set of dedicated hydrodynamical simulations in order to properly account
for the strong dependence of the power spectrum on model parameters in that region. These
simulations should also implement the different IGM thermal histories prognosticated in Garzilli
et al. (2015). I leave this outlined prognosis for future work.
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6.3 Mixed Dark Matter

In Sec. 6.2.1, I detailed the results yielded by our likelihood analysis of the Ly-α forest power
spectrum in two projects I investigated in a pure dark matter cosmology : right-handed neutri-
nos as either warm (in absence of net lepton asymmetry) or cool (in presence of L > 0) dark
matter. In both cases, I assume that all of dark matter is made of a single type of particle. When
constraining the mass of left-handed neutrinos through

∑
mν , we assume that neutrinos are a

hot component mixed with a generic cold dark matter particle. In Sec. 6.3.2, I detail the results
on this C+HDM cosmology. I also present the results on the mass and relative abundance of
warm dark matter particles assuming, likewise, a C+WDM context in Sec. 6.3.1 below.

6.3.1 Cold+Warm Dark Matter

In this subsection, I go over the results of our analysis on cold plus warm dark matter cosmo-
logies. As was introduced in Sec. 3.3 and specifically Sec. 3.3.3.3, the two parameters relevant to
this set of cosmologies are the rest mass of the warm component (the cold component being as-
sumed infinitely — or rather, undeterminedly — heavy) and its relative abundance with respect
to the total dark matter density. I work under the asumption that Ωdmh

2 = 0.26142× 0.6752 is
dichotomised into 0 6 Fwdm 6 1 of a warm component 2 and 1 − Fwdm of the cold component.
The fractional abundance therefore acts like an interpolating dial between the two limiting cases :
pure cold (Fwdm = 0) and pure warm (Fwdm = 1) dark matter. This was illustrated in Fig. 3.16,
with Fwdm controlling the height of the small-scale plateau of the linear transfer function. Since
there is a bijection between NRP sterile neutrino and thermal relic mass, I’ll quote masses in
terms of mx for the sake of simplicity.

In Fig. 6.13, I highlight the effect of the relative abundance parameter on the flux power spec-
trum — this time a unidimensional, non-linear probe — at a fixed mass. The overall behavior
is consistent with the linear case : the less abundant the warm component is with respect to the
total dark matter density, the more consistent the power spectrum is with the benchmark CDM
case, i.e. the best guess configuration. It appears there is a clear monotoneous evolution from the
pure cold to the pure warm dark matter limit cases as one increases the value of Fwdm, at least
on the relevant scales k . 0.08 s km−1. In this regard, the high-resolution Ly-α data is suited
to distinguish between C+WDM models, with the proviso that several values of (mx, Fwdm)
may yield a similar flux power spectrum. It is therefore expected that the 2D likelihood func-
tion in the (keV/mx, Fwdm) plane exhibits a symmetric axis. Indeed, the authors of Boyarsky
et al. (2009) showed that the probability distribution in this plane is highly non-Gaussian, with
both Fwdm = 0 and keV/mx = 0 axis being the best guess CDM model. It’s less evident that
the SDSS/BOSS data alone can manage to distinguish between C+WDM models, as the size
of the grey errorbars in Fig. 6.13 with respect to the difference between the different curves
suggest, apart form the σ8 re-normalisation plateau at large scale. It is also apparent that the
higher redshift bins have the higher constraining power since the departure from CDM is more
pronounced. However, higher redshift data has higher statistical uncertainty due to low object

2. which may be anything from a generic particle, to thermal relics or sterile neutrinos, so long as the rest
mass is in the keV ball-park
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Figure 6.13 – Flux power spectra of mx = 2.5 keV thermal relics as the warm component of a
C+WDM cosmology, normalised by that of the benchmark CDM model (Fwdm = 0) for Fwdm =
0% (pure cdm), 10%, 20%, 50% and 100% (pure WDM). Top left, top right and bottom right display
the power spectra at redshift z = 2.2, 3.4 and 4.4 respectively. SDSS/BOSS DR9 Ly-α power spectrum
data is superimposed as light grey errorbars.

count. It is unclear whether the very small scale (k & 0.1 s/km) behavior are due to non-linear
effects or simulation artefacts. No dedicated convergence tests where performed down to this
precision to investigate this effect. In any case, this particularity affects scales much smaller than
what can be resolved with the Ly-α flux power spectrum at hand.

6.3.1.1 Constraints on mx and Fwdm

The probability distribution in the (Fwdm,mx) plane being strongly non-Gaussian, a Taylor
expansion in either of these two parameters would not provide accurate results. We therefore
extend the method described in Borde et al. (2014); Palanque-Delabrouille et al. (2015,?); Baur
et al. (2016) in the following way. We use the likelihood of those works, based on the second-
order Taylor expansion, to capture the dependence of the Ly-α flux power spectrum with the
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Figure 6.14 – Our set of C+WDM hydrodynamical simulations mapped as black dots on our grid of
(keV/mx, Fwdm). Note the points corresponding to either Fwdm = 0 or keV/mx = 0 all correspond to
the best guess model that assumes a CDM cosmology. The color scheme reflects the probability function
defined in Eq. 5.41. Left : bounds based on the SDSS/BOSS data only. Solid curves are 1, 2 and 3σ CL
contours using all 12 redshift bins, while the dashed curves materialize the contours when excluding the
2 highest redshift bins (z = 4.2 and 4.4) in the likelihood. Right : combined SDSS/BOSS (all 12 redshift
bins) + XQ + HR data set.

cosmological and astrophysical variables of Table 5.5, and to model identified nuisance para-
meters accounting for IGM thermal state modeling, re-ionization redshift, spectrometer noise,
and simulation uncertainties. To capture the dependence with Fwdm and mx, I produced a suite
of 28 C+WDM simulations with non-zero (Fwdm,mx) enumerated in Tab. 5.6 while all other
parameters are set to their best-guess value in Table 5.5. For each of the C+WDM simulations,
a χ2 is computed with respect to the 35 × 12 Pϕ(k, z) data points from the BOSS DR9, assu-
ming a Gaussian distribution for the Hubble parameter, h = 0.673 ± 0.010 (Planck 2015), and
minimizing over all the parameters of the likelihood described in Sec. 5.3.1. I use a cubic spline
interpolation routine within the positions of the 28 C+WDM models in the (keV/mx, Fwdm)
plane to predict the probability distribution at any point in the whole parameter spacee, which
I feature in Fig. 6.14.

The χ2 values we obtain along the Fwdm = 1 axis are in excellent agreement with those of
the pure WDM models I ran in Sec. 6.2.1 and published in Baur et al. (2016) and Yeche et al.
(2017). The bounds shown in Fig. 6.14 at 2σ are expectedly weaker than the ones reported
previously since they are computed in the full two-dimensional analysis in the (keV/mx, Fwdm)
plane. Thermally decoupled relics as light as mx > 0.7 keV are consistent with Ly-α+H0 data
(95% C.L.) if they constitute at most 15% of the total dark matter. The warm-to-total dark
matter ratio is reduced to 10% when including the higher-resolution data. For large contribu-
tions of warm dark matter, from SDSS data (SDSS+XQ+HR data, respectively), we find that
mx has to be larger than 2.5 keV (3.2 keV, resp.) if Fwdm exceeds 80%.
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6.3.1.2 Relevance of Higher Redshift Bins

In the pure WDM case, I showed that the highest two redshift bins of the SDSS data si-
gnificantly tightened the 95% C.L. limit despite their low statistical significance. The same is
true here for the study in the full (keV/mx, Fwdm) plane. Considering the lowest ten redshift
bins only (i.e., redshifts in 2.1 6 〈z〉 6 4.1) loosens the bound by about 25% on keV/mx for a
given Fwdm. Independently of the redshift range used for the SDSS data, however, the 2D 95%
CL contour exhibits the same shape and can be approximated by Fwdm = α(keV/mx)β with
β ∼ −1.31 for both cases of ten or twelve redshift bins, and α = 0.243 for twelve bins. Moreover,
the χ2 of the best fit increases by 71.7 when including the 70 SDSS data points at z > 4.1,
indicating that the highest two redshift bins are consistent with the bins at lower redshift.

6.3.1.3 Impact of Spectral Index Running

The best-fit parameters for either a pure WDM or a C+WDM scenario are all compatible
with the latest Planck results, except for the aforementioned ∼ 2σ tension on ns when fitting
BOSS data alone. As was argued in Sec. 6.2.1, the lower preferred value of ns in BOSS Lyα
data compared to CMB has an impact on the constraint one can set on the mass of a pure
WDM particles. The use of BOSS Lyα data alone, or, equivalently, allowing for a running of
ns that accommodates for the different values of ns on large (CMB regime) and small (Lyα
regime) scales, leads to tighter constrains than when fitting BOSS and Planck data together in
the absence of running. A similar effect is true here. Approximating the 95% C.L. contour by
Fwdm = α(keV/mx)β as we did above, we obtain a constraint on mx that is looser by about 35%
for fixed Fwdm when adding Planck to BOSS data. The situation is different with the extended
set of low-, medium- and high-resolution Lyα data. It was shown in Yeche et al. (2017) that
the tension on ns was mostly resolved (reduced to 1σ) when fitting the combination of BOSS,
XQ100 and HIRES/MIKE Lyα data. We thus expect similar constraints on mx whether or
not we include CMB data in addition to this extended Lyα set. For fixed Fwdm, the 95% C.L.
constraint on mx indeed moves by less than 12% between the two configurations (extended Lyα
alone or with the addition of Planck).

6.3.2 Cold+Hot Dark Matter

In this final subsection, I recap the results on constraining active neutrino masses with Ly-α
forests. Technically, neutrinos are hot dark matter, since we know from the cosmic microwave
background and particle physics experiments that their effective mass lies below the . eV scale.
Fig. 3.7 illustrates the effect of free-streaming of warm dark matter particles, as they delay the
formation of large scale structures on increasingly large characteristic length as the mass of the
particle decreases (equivalently, their thermal velocities increases). Particles lighter than . keV
delay the formation of galaxies to too late cosmological times to be consistent with observational
data. As such, sub-eV neutrinos cannot account for all of dark matter. Just as I investigated
warm dark matter particles as a partial component of the dark matter population 3, one can
consider ων = Fhdm ωdm with 0 6 Fhdm 6 1 the relative abundance of neutrinos with respect to
the total dark matter density, the complementary component once again being generically and

3. assuming that dark matter is made of particles
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Figure 6.15 – Relative difference in flux power spectrum with respect to the central best guess model
(black line) for

∑
mν/eV = 0.4 (left) and 0.8 (right). Uncertainty on Pϕ(k) is encoded in the shade

thickness. Color encodes redshifts z = 2.2, 3.4 and 4.6. The ‘SDSS’ and ‘XQ100’ ticks refer to the highest
data k mode in each survey.

undeterminedly cold. Unlike the C+WDM cosmologies, the actual background density of neutri-
nos is known. Because of their light masses, neutrinos spend a certain amount of time behaving
like radiation still well within the Matter Dominated Era before becoming non-relativistic. As
such, it is more relevant to quantify the relative abundance of neutrinos with respect to the
matter component 0 < fν 6 1 such that Ων = fνΩm = fν(Ων + Ωb + Ωdm), which was introdu-
ced in Eq. 3.90. Although fν and Fhdm can be trivially linked, I choose to express the relative
abundance of neutrinos with the former for the sake of consistency with the literature and its
historical groundings. In fact, when neutrinos as dark matter was initially investigated in the
70’s, there was no evidence for dark energy and the critical density of the Universe was defined
such that Ωm = 1 for a Universe with no curvature. As such, fν = 1 used to correspond at that
time to a Universe whose energy density is dominated by neutrinos.

In cosmology, the relevant observable on neutrino masses is the sum of their mass eigenstates
Σmν = m1 + m2 + m3. It is linked to the neutrino density by virtue of Eq. 3.95, and as such,∑
mν ∝ fν controls the height of the small-scale plateau in the matter transfer function, at least

in the linear regime (see Fig. 3.12 and Eq. 3.94).

Fig. 6.15 displays the (non-linear, unidimensional) Ly-α flux power spectrum for C+HDM
cosmologies with Σmν = 0.4 and 0.8 eV. Since the scales probed by the Ly-α forest are in
the flat plateau regime of the matter transfer function, the free-streaming effect of neutrinos is
correlated to the effect of Ωm, σ8 or ns (52%, −48% and 48% correlation respectively). To lift the
degeneracy between these parameters, in addition to computing the flux power spectrum for our
whole grid of parameters, we make use of the CMB data from Planck, which tightly constrains
the cosmological parameters (Ωm, σ8, ns, h). Fig. 6.16 displays the 68% and 95% contours in the
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Data set Ly-α + H0 + CMB +BAO

BOSS DR9 1.1 0.12 0.12
BOSS DR9 + XQ-100 0.8 0.14 0.14

Table 6.6 – 95% C.L. upper bounds on Σν in units of eV. ‘Ly-α + H0’ refers to the 1D power spec-
trum from the Ly-α forest in addition to the Gaussian prior on H0 = 67.3 ± 1.0 km s−1Mpc−1 from
Planck. The ‘CMB’ refers to the Planck 2015 TT power spectrum and low ` polarization. Addining ‘Ly-
α+H0+CMB+BAO’ is all the previously stated data sets, + the TE and EE power spectra from Planck
and measurements of the baryon acoustic oscillations listed in Sec. 5.3.3.2
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Figure 6.16 – 68% and 95% C.L. in (
∑
mν ,Ωm) and (

∑
mν , σ8) using BOSS only (red), BOSS+XQ100

(purple) for the Ly-α+H0 sets. Constraints from the Planck 2015 likelihood on CMB TT + low-` data
is featured in blue. Combining CMB and Ly-α forest data sets issues the constraints in green.

(Σmν ,Ωm) and (Σmν , σ8) parameter spaces, with Ly-α forests (SDSS/BOSS) alone (in addition
to a prior on the current expansion rate h = 0.673± 0.010), combined BOSS and XQ-100, CMB
(Planck) alone, and all of those probes combined. As visible in Fig. 6.17, our best fit falls in
the

∑
mν < 0 (unphysical) region when using Ly-α+H0+CMB. When adding BAO, the best

fit falls within the
∑
mν > 0 (physical) region. Tab. 6.6 recaps our upper bounds on Σmν/eV

in terms of the 95% confidence level, using our available cosmological probes.

6.3.2.1 Discussion on
∑
mν and dns/d ln k

The joint Lyα + CMB analysis presented in this work enables setting stringent constraints
on cosmology, providing significant improvements upon CMB alone from Planck Collaboration
et al. (2015) on two main fronts : the constraint on

∑
mν is much tighter, and a running of ns is

measured at more than 3 σ. We here discuss these two results in terms of their robustness and



196 CHAPITRE 6. Constraints on Neutrino and Non-Cold Dark Matter Particle Mass

ν mΣ
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

2 χ ∆

0

5

10

15

20  (BOSS) + Planckα Ly

 (BOSS+XQ-100) + Planckα Ly

 (BOSS+XQ-100) + Planck + BAOα Ly

Figure 6.17 – χ2 profile with respect to
∑
mν

correlations.

The constraint on
∑
mν , on the one hand, comes from the measurement of σ8 in Lyα data,

and from the correlation between σ8 and
∑
mν provided by the CMB. The value of σ8 is derived

from the normalization of the 1D flux power spectrum, and thus from its measurement at zeroth
order.

The value of dns/d ln k, on the other hand, is derived from the different values of ns de-
termined by the CMB and the Lyα forest (e.g. from the measurement of the 1D flux power
spectrum at first order to access the slope information that determines ns), and from variations
of ns within the scales probed by either probe (e.g. from the measurement of the 1D flux power
spectrum at second order). It is therefore more sensitive to systematic effects in the measu-
rement of the flux power spectrum. For instance, the slope of the 1D flux power spectrum is
sensitive to the modeling of instrumental effects (such as spectrograph resolution) as well as of
physical contributions (such as SN or AGN feedback, UV fluctuations, etc.) affecting the IGM.
These effects have been included in this work through nuisance parameters that are fitted along
with the relevant cosmological parameters. This is nevertheless a delicate task, not free of any
possible yet-unaccounted-for additional systematic which could affect the determination of ns.

In Palanque-Delabrouille et al. (2015) (Sec. 4.2.2), we showed that the impact of
∑
mν on

the 2.3σ tension on ns did not affect the result since the tension on ns is roughly the same
for small (0.1 eV) or large (0.3 eV) neutrino masses. In Palanque-Delabrouille et al. (2015), we
infered a similar conclusion from the fact that ns and

∑
mν have little correlation, both in

Lyα and in CMB data. As a final test, we implemented a dedicated MCMC for CMB data,
allowing both

∑
mν and dns/d ln k to vary. The result indicates a null correlation between these

two parameters. Errors or limits on both parameters are also in excellent agreement with the
values obtained when only one of them at a time is included in the fit, confirming the absence of
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Figure 6.18 – Relative difference in flux power spectrum at z = 2.2 with
∑
mν = 0.1 eV of the normal

(inverse) ordering in green (purple) with respect to three degenerate neutrinos (black line) in units of
percent. Uncertainty on Pϕ(k) is encoded in the shade thickness.

degeneracy between
∑
mν and dns/d ln k. In conclusion, if in future investigations a systematic

effect that affects the determination of ns is found, it would directly alter the determination of
dns/d ln k but would not modify significantly the limit on

∑
mν .

6.3.2.2 Impact of Mass Ordering

In Sec. 3.3.3.2, I layed out the difference in terms of the linear matter power spectrum of
modeling a single neutrino of effective mass

∑
mν , three neutrinos degenerate in mass (

∑
mν/3

each) and three neutrinos in a non-degenerate mass ordering : one heavy and two light states
“normal” ordering) or one light and two heavy states “inverted” hierarchy). I pointed out in
Fig. 3.13 that for ∼eV neutrinos, the three eigenstates are for all intents and purposes degene-
rate. The atmospheric and solar squared mass differences only differentiate the three mass levels
at the sub-eV scale, which is relevant for the values of

∑
mν we investigate. The black vertical

lines in Fig. 3.13 indicate the values of
∑
mν used in our suite of hydrodynamic simulations and

for which we’ve construted the flux power spectrum : 0.2, 0.4 and 0.8 eV. One can see that the
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lighter the sum mass of neutrinos, the more disparate the “solo” from the “degenerate” confi-
gurations become, and one can even make out the difference between both ordering schemes,
especially for

∑
mν = 0.2 eV. I therefore investigated whether the mass ordering can be detected

in our Ly-α power spectrum, and if not, how to model an additional systematic due to mass
ordering. I do so by running three simulations and construct the flux power spectrum for the
“degenerate”, “normal” and “inverted” configurations for

∑
mν = 0.1 eV. This corresponds to

the limit case below which the inverted ordering is de facto excluded (see Fig. 3.13). The two
heaviest states in all three configurations are relatively equivalent. However, the two lightest
states show significant differences of order unity, with the lightest state of the inverted ordering
being essentially massless (see Tab. 3.1). Fig. 3.14 displays the linear matter transfer function
for all three configurations for this specific (yet unrealistic) sum mass, in addition to the "solo"
configuration (which is indistinguishable from three degenerate neutrinos). The relative diffe-
rence between the three configurations is expected to be even lower than the fifth of a percent
in the linear case since what is displayed in Fig. 3.14 is the three-dimensional transfer function.
When integrating along parallel k modes to get the 1D transfer function, the relative difference
is significantly attenuated.

The differences between orderings are even more attenuated when comparing their 1D flux
power spectra. As shown in Fig. 6.18, the ratio of the 1D flux power spectrum measured for
inverted or normal orderings to the power spectrum for degenerate masses is compatible with
1 at better than 0.05%, more than 10 times below the level of the statistical uncertainty in the
simulations. The plot is centered on scales probed by the Lyα forest flux power spectrum from
the SDSS/BOSS DR9 data set (see Sec. 4.1). This test clearly justifies the simplifying hypothesis
of degenerate masses used in this work. The effects of individual neutrino masses are too small
to be measured with current experiments or even with the next generation experiments like DESI.

6.3.2.3 Implications for Particle Physics

Here, I briefly discuss the implications of this investigation for the individual masses (m1,m2,m3)
of the three neutrino mass eigenstates (ν1, ν2, ν3). The atmospheric, solar, reactor and accele-
rator neutrino experiments constrain two squared mass differences, ∆m2

sol and ∆m2
atm (with

∆m2
sol � ∆m2

atm, following the formalism in Capozzi et al. (2014)). Assuming one of the two
mass orderings, our constraints on

∑
mν allows one to derive direct constraints on the individual

masses (m1,m2,m3).

We can compare these constraints to direct measurements of the mass mβ with single β-
decays as planned by the KATRIN experiment Osipowicz et al. (2001) with tritium β-decay. In
absence of neutrino oscillations, this experiment would probe the reaction

3H→ 3He + e− + νe

However, what tritium β-decay experiments really probe is an incoherent sum of the three
reactions

3H→ 3He + e− + νi

where i ∈ {1, 2, 3} and νi the i mass eigenstates. At currently achievable resolution, the mea-
surable amplitude is therefore related to the combination shown in Eq. 6.1 where Uei are the 3
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Figure 6.19 – Constraints on the sum of the neutrino masses and the effective electron neutrino mass,
mβ . The blue and red curves correspond, respectively, to the normal and inverted orderings obtained with
the atmospheric, solar, reactor and accelerator neutrino experiments. The blue and red contours represent
the 95% C.L. derived from Capozzi et al. (2014) around the central value of their fit. The purple hashed
region represents the 95% C.L. bound computed in Palanque-Delabrouille et al. (2015) (‘PYL+15’) and
Palanque-Delabrouille et al. (2015) (‘PYB+15’, and this manuscript).

coefficients of the first line of the Pontercorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix.
Indeed, this neutrino mass, mβ, can be directly derived from the masses (m1,m2,m3) through
the PMNS mixing matrix U(θ12, θ13, θ23) where θij are the mixing angles :

mβ =
(∑

i

|Uei|2m2
i

) 1
2

=
(
c2

13c
2
12m

2
1 + c2

13s
2
12m

2
2 + s2

13m
2
3

) 1
2 (6.1)

with cij = cos θij and sij = sin θij .

The current upper limit on the “effective electron neutrino mass” mβ is of the order of 2 eV.
The KATRIN experiment will improve this limit by one order of magnitude down to 0.2 eV.
Figure 6.19 shows the values of mβ that are consistent with the bounds on

∑
mν given in this

work and with the constraints on δm2, ∆m2, s2
12 and s2

13 derived by Capozzi et al. (2014) from
the combination of atmospheric, solar, reactor and accelerator neutrino experiments, for both
individual mass orderings. Combined with the contours from Capozzi et al. (2014), our results
imply mβ < 0.06 eV (respectively mβ < 0.04 eV) for the inverted (resp. normal) ordering. A
detection by Katrin of mβ > 0.2 eV would thus call into question the three-neutrino model used
to interpret neutrino oscillation experiments.
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General Conclusion

Investigating my research interest at the CEA Saclay Cosmology/BAO group has been a
fulfilling and fruitfull experiece. Though the original line-of-work was to determine the mass

of cosmological neutrinos, my team members and advisor were open, supportive and helpful in
expanding additional and new routes.

In the work presented in this thesis, I used the power spectrum of the transmitted flux in
the Lyman-alpha (Ly-α) forest of distant quasars to constrain the mass of cosmological neutri-
nos in the context of four seperate projects. Neutrinos leave a signature imprint on large scale
structures in the Universe through their free-streaming, which manifests as a deficit of matter
density fluctuations on typical length scales that are inversely proportional to their rest mass.
This typical free-streeming scale, of order a few Mpc, can be probed by Ly-α forests which are
imprints of the neutral atomic Hydrogen density along the background quasar’s line-of-sight. I
use the Ly-α flux power spectrum from mainly two large scale structure surveys : the 13, 821
low-resolution quasar spectra from the ninth data release of SDSS (BOSS) in 12 redshift bins
from 〈z〉 = 2.2 to 4.4 ; and the 100 high-resolution quasar spectra from the XQ-100 survey (of
the VLT’s XShooter spectrograph) in 3 redshift bins, 〈z〉 = 3.20, 3.56 and 3.93. This enables us
to probe scales from k ≥ 0.001 s/km to k ≤ 0.02 and k ≤ 0.07 s/km respectively.

Modeling the flux power spectrum requires solving the non-linear regime of structure forma-
tion and the intergalactic gas in the cosmological hydrodynamics simulations that are used to
that effect. I controlled for several of many systematic uncertainties related to the simulations.
First, I ran simulations with different initial conditions to quantify the sampling variance. I
then tested the accuracy of a splicing technique that we use to construct the flux power spec-
trum from lower size and lower resolution simulations. This required producing a complete run
of a (100 h−1Mpc)3 comoving cube containing 2 × 20483 dark matter particles and baryons.
Moreover, I quantified the impact of the neutrino mass ordering on the flux power spectrum.
This enabled our working group to enhance the previously established constraints on the sum of
neutrino masses from

∑
mν < 0.15 eV to the most stringent constraint to date

∑
mν < 0.12 eV

with 95% confidence.



6.3. Mixed Dark Matter vii

I then worked on implementing right-handed neutrinos in non-cold dark matter cosmological
frameworks. The νMSM is an extension of the standard model of particle physics that adds
three right-handed neutrinos, insensitive to the weak interaction, to the three lepton-flavoured
left-handed ones of the SM. Together, they provide a mechanism for non-zero neutrino masses,
lepton and baryon asymmetries and a dark matter candidate particle. The latter one was the
subject of my interest. A substancial amount of work has gone into applying plausible initial
conditions that would accurately model the free-streaming effect of these types of particles. I
put the most stringest constraints (at the time of publication) on the mass of non-resonantly
produced sterile neutrinos as pure warm dark matter candidates, mν ≥ 25 keV at 95% confi-
dence. I extended this investigation into a mixed warm plus cold dark matter cosmology. Finally,
I implement right-handed neutrinos produced in presence of a lepton asymmetry which boosts
their production and lowers their free-streaming scale. I started a collaboration with a team of
theoretical physicists involved in searching for astrophysical evidence for the existance of such
resonantly-produced right-handed neutrinos in dark matter rich systems. Our new-born collabo-
ration has enabled the first ever constraints on their mass using the Ly-α forest power spectrum.

As for the scientific aspect of this general conclusion, I am confident to affirm that if one
assumes that Dark Matter is made of elementary particles, then neutrinos cannot be the sole
species making up the Ωdm = 0.26 of the Universe’s energy critical density, unless they are
several tens of keV heavy, or are produced in presence of a consequential lepton asymmetry. X-
ray bounds from DM-rich galaxy clusters are inconsistent with such heavy sterile neutrinos. The
more plausible case is that dark matter is an admixture of neutrinos (either lepton-charged only
or with sterile neutrinos) with another type of particles. Axions are an increasingly plausible
dar matter candidate, and the suite of hydrodynamics simulations I developped can be further
altered to correctly implement these particles. As for the lepton-flavoured neutrinos, making up
about 1% of the total dark matter population, our upper bounds on

∑
mν is just 30 meV shy

of excluding de facto the inverted mass ordering, which has to verify
∑
mν > 0.11 eV, thereby

determining the absolute scale of the mass eigenstates. If Ly-α forests are to provide stringer
constraints, it is again the hydrodynamical simulations that constitute the main bottleneck of
our study through the modelling of the IGM thermal state. Numerical simulations have been
a staple tool for precision cosmology in the last two decades. In the coming years, they may
provide key insights into the warmth of dark matter and the mass of cosmological neutrinos.
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A
System of Units

A unit is dividing a physical measurable quantity by a standard. When one says an object
is 3 m long, what it means is that dividing the length of the object by one meter yields the
value 3. A good system of unit is one in which the absolute value of the physical quantities
usually measures a number between 0.01 and 100. The système international, or SI, is a system
of units taylored to practical, everyday human life. It is no coincidence that the average height
of a person is of order unity in meters, or that their mass is several tens of kg. In astrophysics
and cosmology, the SI is poorly suited system of units, as expressing luminosities, masses, time
intervals, speeds, etc, in their SI units would yield large powers of ten. A more suited unit of
distance in extragalactic astrophysics is the megaparsec (Mpc), i.e. the typical distance between
two galaxies today

Mpc = 106 pc = 3.086× 1019 km

A typical unit of frequency (inverse of time) for cosmological systems is the Hubble parameter

H = 100 h km s−1Mpc−1 = 3.24× 10−18 h s−1

where h is the expansion rate of the Universe in units of 100 km s−1Mpc−1, typically h ' 0.7±0.1.
Another suited system of units is expressing velocities in units of c, the speed of light in vac-
cum ; actions in units of hp, the Planck constant ; energies per temperature in units of kb, the
Boltzmann constant, and accelerations in units of G, the Newton gravitational constant.

To “convert” the measures from the SI to this c = hp = kb = G = 1 system of units, first
express the fundamental constants in their SI units :



xxiv ANNEXE A. System of Units

G = 6.674× 10−11 m3kg−1s−2

c = 2.998× 108 m s−1

kb = 1.381× 10−23 m2kg−1s−2K−1

hp = 6.626× 10−34 m2kg s−1

Expressing the Joule, the SI unit of energy, in units of electronvolts (eV)

J = m2kg s−2 = 6.242× 1018 eV

enables one to express distances, masses, temperatures and mass densities in the new system of
units :

m = 2.418× 106 hpc eV−1

kg = 6.242× 1034 c−2 eV
K = 8.620× 10−5 k−1

b eV
kg m−3 = 4.416× 1015 h−3

p c−5eV4



xxv

B
Tensors

B.0.3 Vectors and Scalars

There are two ways to express the components of any vector ~u ∈ Rn in a basis of unit vectors
êi, i ∈ [[1, n]].

B.0.3.1 Contra Variant Indices

The first way is by the vector addition property, which essentially decomposes vector ~u onto
the basis vector :

~u =
n∑
i=1

uiêi (B.1)

where each ui ∈ R is a scalar quantity. If the basis vectors are lengthened, then the corresponding
scalars are shortened in an inversely proportional manner. Because of this counter relationship,
the set of

(
ui
)n
i=1 are known as vector ~u’s contra-variant components on basis (êi)ni=1.

B.0.3.2 Co-Variant Indices

The other way is by the projection property, which expresses the fact that ~u is obtained by
adding the projections of ~u along each basis vector :
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~u =
n∑
i=1
〈~u|êi〉êi =

n∑
i=1

ggg(~u, êi)êi =
n∑
i=1

uiê
i (B.2)

where the scalar product is expressed with respect to the metric ggg on Rn. The set of scalars
(ui)ni=1 are known as the vector’s co-variant components in the dual basis

(
êi
)n
i=1 since lengthe-

ning the basis vectors lengthens the dot product and thus those components.

Vectors are known as rank 1 tensors since one index is necessary to relate its coordinates.
Co-variant and contra-variant indices may not be the same for a given vector as it pertains to ba-
sis in which it is expressed in. Scalars are rank 0 tensors since they only have a single component.

B.0.4 Rank > 2 Tensors

The same goes for higher rank tensors, in which the contra-variant components are inversely
proportinal to the basis tensors while the co-variant components are proportional to the basis
tensors’ norm. For any tensor UUU , one can obtain the contra and co-variant components simply
through the scalar product :

U i,j...m,n... =
n∑
`=1

n∑
m=1

U i,j,k,...`,m,n,...g
`
k (B.3)
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C
Covariant Derivative and Connection

To move accross consecutive tangential spaces to the manifold M, it is useful to define the
covariant derivative ∇ in order to "connect" the geometries between space-like events. In the
dual base ∂/∂xiei, the components of the Levi-Civita connection are

Γijk = [jk, i] = [kj, i] = 1
2 (∂kgij + ∂jgik − ∂igjk) (C.1)

The above connection in M is symmetric with respect to its second and third indices and so it
defines a tensor. Its components appear in those of the covariant derivative of vector ~w :

dwi

dxj
= ∂wi

∂xj
+

3∑
k=1

Γikjwk (C.2)

where

Γijk =
3∑
`=1

gi` Γ`jk (C.3)
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Titre : Détermination de la Masse des Neutrinos Cosmologiques avec les Forêts
Lyman-alpha

Keywords : Neutrinos, Matière Noire, Lyman-alpha, Cosmologie, SDSS/BOSS

Résumé : Les travaux présentés dans cette thèse contraignent la masse des neutrinos dans le
contexte de 4 modèles de matière noire en utilisant le spectre de puissance du flux transmit dans les
forêts Lyman-alpha des quasars distants. Les neutrinos laissent une emprunte sur les grandes
structures dans l’Univers à travers l’échelle à laquelle ils diffusent, qui se manifeste comme un déficit
de fluctuations de densité de matière sur des distances inversement proportionnelles à leur masse. De
l’ordre de quelques Mpc, ces échelles peuvent être sondées par les forêts Ly-α qui tracent la densité
d’Hydrogène neutre atomique suivant la ligne de visée du quasar en arrière-plan. J’utilise le spectre
de puissance Ly-α construit grâce à deux relevés de grandes structures: les 13, 821 spectres optiques
de quasars basse-résolution de la 9ème publication des données du SDSS/BOSS à 12 redshifts de
〈z〉 = 2.2 à 4.4; ainsi que la centaine de spectres de quasar haute-résolution du relevé XQ-100 du
VLT à 〈z〉 = 3.20, 3.56 et 3.93. Ces deux relevés nous permettent de sonder les échelles de
k ≥ 0.001 s/km à k ≤ 0.02 et k ≤ 0.07 s/km respectivement.
Modéliser le spectre de puissance Ly-α nécessite résoudre le régime non-linéaire de formation des
structure et modéliser le gaz inter-galactique dans les simulations cosmologiques hydrodynamiques
destinées à cet effet. Je contrôle pour plusieurs incertitudes systématiques liées à ces simulations.
Dans un premier temps, je quantifie la variance d’échantillonnage à l’aide de simulations tournées
avec différentes conditions initiales. Dans un second temps, je teste la validité d’une méthode
permettant de construire le spectre de puissance à partir de simulations plus petites et moins
résolues. Pour ce, j’ai tourné une simulation évoluant 2× 20483 particules de matière noire et de
baryons dans un covolume de (100 h−1Mpc)3. Dans un troisième temps, j’ai quantifié l’impact de la
hiérarchie des masses sur le spectre de puissance. Ce travail a permit à notre groupe d’améliorer les
contraintes sur la masse des neutrinos de

∑
mν < 0.15 eV établie précédemment à

∑
mν < 0.12 eV à

95% de vraisemblance. J’ai ensuite tourné mes efforts vers l’implémentation de neutrinos stériles en
tant que candidats matière noire non-froide dans les simulations. En particulier, j’ai produit les
contraintes les plus fortes (au moment de la publication) sur la masse des neutrinos stériles en tant
que matière noire tiède: mν ≥ 25 keV à 95% de vraisemblance. J’ai étendu l’étude dans le contexte
d’une matière noire mixte et contraint l’abondance relative de la composante tiède par rapport à la
froide. Enfin, j’ai complété ce travail en permettant une résonance dans la production des neutrinos
stériles, réduisant ainsi leur échelle caractéristique de diffusion et refroidissant la matière tiède qu’ils
incorporent. À ce but, j’ai initié une collaboration avec une équipe de physiciens théoriciens
impliqués dans les recherches astrophysiques de ces neutrinos stériles dits produits par résonance
dans des objets riches en matière noire. Notre jeune collaboration a établi les premières contraintes
sur leur masse en utilisant le spectre de puissance Ly-α.

Université Paris-Saclay
Espace Technologique / Immeuble Discovery
Route de l’Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France
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