
CEA DSM DAPNIA SACM

report CEA DSM DAPNIA�SEA������

CERN�NUFACT�Note�����

On the e�ects of fringe �elds in the

CERN �� GeV muon storage ring

F� M�eot
CEA DSM�DAPNIA�SACM� ����� Saclay� France

�fmeot�cea�fr�

Abstract

This paper examines possible e�ects �or non�e�ects� of magnet fringe �elds in the
CERN �� GeV muon storage ring project� This is done by means of classical multiturn
tracking methods	 based on stepwise ray�tracing� Comparisons with earlier studies are
performed�
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� Introduction

Possible e�ects of magnet fringe 
elds on various machine parameters and on dynamic
and momentum acceptance in the CERN �� GeV muon storage ring ��� are investigated
by means of multiturn stepwise ray�tracing� according to working hypothesis of an earlier
detailed study performed with the computer code COSY ����

The paper may seem lengthy� this is because we proceed step by step� switching fringe

elds separately in various types of elements in order to appreciate where causes are� How�
ever most of the surface is occupied by graphs and tables�

Unless otherwise mentioned� working conditions� design parameters� etc�� refer to Refs� ���
and ���� whose data can be readily compared to the present ones� Additional MAD ��� sim�
ulations are presented in due place in order to provide comparisons and to help clarifying
to what extent fringe 
eld induced non�linearities have �or do not have� sensible e�ect�

The report is organized as follows �
Section � describes brie�y the Zgoubi method� Section � establishes the basic optical prop�
erties of the storage ring on the basis of that method� for reference and possible comparisons
with MAD or other codes� Sections 	�� introduce one after the other additional ingredients
such as fringe 
elds� chromatic corrections and so forth� from the bare lattice to the complete
case of concern� Section � concludes that all by a ��D dynamic aperture �DA� tracking with
nominal beam emittances� Eventually Section � shows that fringe 
eld coe�cients used in
Ref� ��� lead to similar results�

Various Appendices give additional details concerning numerical data and methods used
in these simulations� for reference�

� The treatment of fringe �elds

The ray�tracing code utilized �	� �� allows accurate simulation of longitudinal or transverse
non�linearities and their e�ect on particle motion� hence giving access with precision to
usual 
rst and higher order machine parameters as well as dynamic aperture calculations�

The integration method is based on stepwise resolution of Lorentz equation by a tech�
nique of Taylor series � details can be found in Ref� �	�� aspects relevant to the present
study are recalled hereafter� Several problems related to the design of circular machines
have been subject to published similar studies that can be referred to for more details on
the technic ��������

Simulation of multipole �elds Explicit analytical expressions of multipole 
elds and of
their derivatives are used in the integration algorithm� they derive from the regular ��D
scalar potential model ��

Vn�s� x� y� � �n���f
�X

q��

���q
�
��q�
n�� �s�

	qq��n� q��
�x� � y��qgf
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sin�m�
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which in the case of the dipole and quadrupole components of concern in the muon ring
magnets takes the explicit forms

V��s� x� y� � �����s�y �
�
���
����s�

�
�x� � y��y �

�
���
����s�

��
�x� � y���y � ��� ���

V��s� x� y� � �����s�xy �
�
���
����s�

��
�x� � y��xy �

�
���
����s�

��	
�x� � y���xy � ��� ���

where s� x� y coordinates are respectively curvilinear� transverse horizontal and vertical�
�n���s� �n � �� �� �� etc�� describe the longitudinal form of the 
eld� including end fall�o�s�

with �
��q�
n�� � d�q�n���ds

�q� Note that� within magnet body or as well when using hard edge


eld model� d�q�n���ds
�q � � ��q �� �� and hence the 
eld and derivatives derive from the

simpli
ed potentials
V��x� y� � G�y� V��x� y� � G�xy �	�

where Gn�B� is the strength�

Field fall�o� at magnet ends As to the 
eld fall�o� on axis at magnet ends orthogonally
to the e�ective 
eld boundary �EFB�� it is modeled by ���� page �	��

�n���d� �
Gn

� � exp�P �d��
with P �d� � C� � C�

d

�n
� C��

d

�n
�� � ��� � C��

d

�n
�� ���

where d is the distance to the EFB and coe�cients �n� C� � C� can be determined from
prior matching with numerical fringe 
eld data� The interest of �n is that it can be varied
at will to possibly change or test the e�ect of the fall�o� abruptness� without a�ecting the
position of the EFB �i�e�� without any e�ect on the magnetic length��

� Linear machine � basic optical properties

We here set the basis material concerning the storage ring prior to investigating fringe 
elds�
by 
rst producing and checking main parameters of the linear machine �i�e�� no fringe 
elds
� Eq� 	 holds� and sextupoles o���

In addition� it can be drawn from what follows� from the similarity between MAD and
ray�tracing results� that possible kinematic terms have negligible e�ect within the machine
physical acceptance�

In order that there be no doubt as to which optical structure is e�ectively dealt about
in the following� and to allow further comparison with ray�tracing results� let us 
rst give
relevant outputs of MAD simulations �data 
le given in App� A� �

MAD outputs

Periodic optical functions at the origin of the structure �

���������������������������������������������������������������������������������������������������

ELEMENT SEQUENCE I H O R I Z O N T A L I V E R T I C A L

pos� element occ� I betax alfax mux Dx Dpx I betay alfay muy Dy Dpy

no� name no� I �m� ��� ��pi� �m� ��� I �m� ��� ��pi� �m� ���
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���������������������������������������������������������������������������������������������������

begin SMSR � ��	�
�	 ���� ���� ���� ���� ������ ���� ���� ���� ����

end SMSR � ��	�
�	 ���� ������ ���� ���� ������ ���� ������ ���� ����

��������������������������������������������������������������������������������������������������

total length � ��
����	��� Qx � ��������� Qy � �������	�

delta�s� � ������� mm Qx� � ��������� Qy� � �������
	

alfa � ����

E��� betax�max� � ��������� betay�max� � ��	�
�	��	

��������������������������������������������������������������������������������������������������

��������������������������������������������������������������������������������������������������

HARMON startup� HARMON line� SMSR range� �S��E

Delta�p��p� ������� symm� F super� �

��������������������������������������������������������������������������������������������������

Derivatives of tune w�r�t� momentum�

h o r i z o n t a l v e r t i c a l

first second third first second third

������	�E��� ����	�
�E��� ��		���E��� ����
�
E��� ����
�	��E��� ���
�	E���

Tune shift with amplitude�

d�Qx��d�Ex� d�Qy���dEy� d�Qy��d�Ex�

��������E��� ��������E��� ��������E���

��� Optical parameters

MAD data nomenclature will be adopted in the rest of the text� e�g�� �SMSR� for designating
the origin of the structure� Qx� Qy for tunes� etc� For comparison� the ray�tracing of paraxial
rays� results in �typical data 
le given in App� B� �

Zgoubi results

Structure length � ��
����	
� cm

Beam matrix and periodic dispersion at SMSR � MKSA �

��	�
�	��� �������� ������� ������� ������� � D�X

�������� ������
 ������� ������� ������� � D��x

������� ������� ������	�� �������

������� ������� ������� ����
��

NUX � �����

�� NUY � ���������

Comparison between MAD and ray�tracing simulations above show very good similarity at

rst order� in the case of the �fringe 
eld free� linear machine�

��� Transverse motion

Ray�tracing provides beam envelopes shown in Fig� �� that permit checking the correct
behavior of the method up to the maximum geometrical aperture �for simplicity we consider
equal limits �  ����m in both planes at SMSR�� and comparison with analogous MAD
plots in Ref� ��� page ��� Fig� �� Fig� � shows sample phase space trajectories at SMSR
that reveal �Table �� on the one hand � from elliptical 
t� x�� and y��independent beta
values� on the other hand � from Fourier analysis� negligible amplitude detuning �zero is
expected in the paraxial case�� namely� using �x���x� � ���� m� � 	 ���	 m�rad and

�Zgoubi derives transfer coe�cients and other Twiss parameters from polynomial interpolation based on
the ray�tracing of ad hoc sets of paraxial rays�
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Figure �� Horizontal �solid line� and vertical �dashed line� envelopes in the muon storage ring
corresponding to x� and y� 
 � ����m at SMSR	 as generated from ray�tracing� Sextupoles are o�	
no fringe �elds�

�y���y� � ���� m� � ��� ���	 m�rad with Qx�y values of Table ��

dQx�d�x�� � ��� � dQy�d�y�� � ���� ���

��� Chromatism

Table � gives sample beta values at SMSR and momentum detuning within j	j � �� ob�
tained from �����turn ray�tracing� Particles have been launched with x� � � which practi�
cally places them on the chromatic closed orbit since Dx and D�

x � � at SMSR� and with
very small vertical amplitude in order to be able to �while avoiding x � y coupling� derive
local 
y values from ellipse 
t� and vertical tunes from Fourier analysis� One can notice that
going beyond 	 � � ���
 is of little meaning in terms of betatron amplitudes� yet it serves
our comparison in the linear limit� Chromaticities drawn from Table � are �Zgoubi�MAD�

Q�
x � ����	� � � ����� � Q�

y � ����	� � � �����

Q��
x � �� � �� � Q��

y � �� � �� ���

� Assessment of fringe �elds e�ects

In this Section we reconsider calculations of various parameter and graphs� with fringe

elds set in bends� or quadrupoles� or both types of magnets as indicated� while keeping
sextupoles o��
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Figure �� Phase space trajectories observed at SMSR� No fringe �elds� Sextupoles are o�� �����
turn ray�tracing� Initial conditions were respectively	
left  x� 
 �� �� ����m and �y 
 � and	
right  y� 
 �� �� ����m and �x 
 ��
All particles survive�

Table �� Amplitude detuning as obtained from Fourier transform of the �����turn phase space
coordinates displayed in Fig� �	 and beta values at SMSR as obtained from their ellipse �tting�

Amplitude detuning � linear machine� no fringe �elds

Horizontal Vertical
��y � �� ��x � ��

x� Qx �x �m� y� Qy �y �m�
�����m� fractional at SMSR �����m� fractional at SMSR

����� �	
���
 	��� ����� �	��	�� ��
�	
� �	
��
� 	��� � �	���� ��
�	

 �	
��� 	��� 
 �	��	
� ��
�	
 �	
�

� 	���  �	����� ��
��

Table �� Momentum detuning� Comparison Zgoubi�MAD�
Momentum detuning � linear machine� no fringe �elds

Horizontal Vertical
�p�p Qx �x �m� Qy �y �m�

fractional at SMSR fractional at SMSR
Zgoubi�MAD Zgoubi�MAD

����� ����
�� ����	�� 	

���	

��	 ������� �����	 ����� �����	
������ ��
��� �����
� 	������	���
� ��	�� ���	��� �	
�����	
�		
�����	 �	���� ��	���� 	����� �	����� ��		�
 ���	�� �������������
�� �	
������	
��

 	�����	���� �	��	�� ��	��	� ��
��	���
��	

����	 �	��	� ��	���� 	
�����	
���� �	
	�� ��	
	��� �����	������	
����� ��
��	� ������� 	������	���	
 ���	�
� ������
	 �������������
���� ������� ������		 ������������
 ����	�� ������

 �	������	
��� �
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��� Quadrupole fringe �eld

Fringe 
elds are 
rst set in part of� or all quadrupoles� as indicated�
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Figure �� Left  magnetic �eld B�s� observed in the arc quadrupoles � and �� ����m o��axis and	
right  in the straight section quadrupoles �as well as	 apart from the overall length	 in the matching
sections quadrupoles� �� � and �� ����m o��axis�

We account for two forms of longitudinal fall�o�s� one type for the about  � ����m
radius quadrupoles of the long straight and matching sections� another type for the about
�� ����m radius arc quadrupoles� Both are based on the same set of Enge coe�cients�

C� � ������� C� � ������� C� � ���	��� C
 � ������� C� � ������� C� � ����� ���

and they only di�er by the scaling factor �� � ��� m or ���m respectively� Figure � displays
the so�obtained longitudinal shape of the 
eld in both types of quadrupoles at various radii
within their geometrical aperture� There is some arbitrariness in this choice of �� values� our
goal being that fall�o� smoothness be preserved over the all geometrical aperture whereas�
considering concluding remark in Section � �page 	�� changing �� is innocuous as to the

rst order focusing�

Earlier studies would allow analytical calculation of quadrupole fringe 
elds induced
tune shift and momentum coupled tune shift� given the 
rst order optics and longitudinal
fall�o� gradient derivatives �����

	���� Optical parameters

Comparison between the three cases of beam matrices below� and Zgoubi�MAD results of
Section ��� show slight change w�r�t� the fringe 
eld free machine� in particular in tune
values�

�Values arbitrarily drawn from former design of a warm� non�saturated ���
 m radius spectrometer
quadrupole at GSI ����� subject to ��D TOSCA calculations and magnetic measurements � they are believed
to be representative of our concern� Another extreme would be the end �eld of the LHC superconducting
arc quadrupole �see Ref� ���� with adequate �� scaling� yet with possibly little di�erence as to non�linear
e�ects � this point is also addressed in Section ��
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Figure 	� Horizontal �left� and vertical �right� phase spaces observed at SMSR� Sextupoles are o��
�����turn ray�tracing� Initial conditions were respectively	
left  x� 
 �� �� ����m by ����m steps and y� � �	 and
right  y� 
 �� �� ����m by ����m steps and x� � ��
� Top row  fringe �elds are set in all quadrupoles�
� Middle row  fringe �elds are set in bends only�
� Bottom row  fringe �elds are set in bends and all quadrupoles�
All particles survive�
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Figure �� Same as Fig� ��top except for diagonal initial conditions x� 
 y� 
 � � � � ����m by
����m steps� All particles survive�

Ray�tracing results
Fringe 
elds set in all quadrupoles �

Beam matrix and periodic dispersion at SMSR � MKSA �

���������
 ������
 ������� ������� �������

������
 ���	�� ������� ������� �������

������� ������� ������
��� ������	

������� ������� ������	 ����
��

NUX � ����
�
� NUY � ������	��

Fringe 
elds set in straight and matching sections quadrupoles only �

Beam matrix and periodic dispersion at SMSR � MKSA �

���������� ������� ������� ������� �������

������� ���	�� ������� ������� �������

������� ������� ��������� �������

������� ������� ������� ����
��

NUX � �������� NUY � ��������

Fringe 
elds set in arc quadrupoles only �

Beam matrix and periodic dispersion at SMSR � MKSA �

��������
� ������� ������� ������� �����	

������� ������	 ������� ������� �������

������� ������� ��������� �������

������� ������� ������� ����
��

NUX � �����
��	 NUY � ���
����

It may not be useless to mention that beam matrices above and other results below are
insured stability w�r�t� the integration step size� w�r�t� slight changes in �� �Eqs� �� ��� and
as well w�r�t� to the initial coordinates of the paraxial rays �this kind of arguments are
addressed in earlier similar works ���������
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Figure �� Fringe �elds in bends	 on� and � cm o��axis	 with �� 
 ���� m �solid line� and �� 
 ���� m
�dashed line��

	���� Multiturn ray�tracing

Fig� 	�top shows phase space trajectories at SMSR obtained from a �����turn run� in the
case of independent x� and y� initial conditions� with fringe 
elds set in all quadrupoles� The
dynamic aperture with these working hypothesis appears to exceed the physical acceptance�

Table � gives the corresponding amplitude detuning� Fig� � is obtained similarly to
Fig� 	�top but for the diagonal initial conditions x� � y� � again the so�obtained dynamic
aperture exceeds the physical acceptance�

��� Bend fringe �eld

As to the bends� the same 
eld fall�o� coe�cients as in the arc quadrupoles are used
�Eq� �� while two values of the scaling factor �� are considered� as indicated below � they
are displayed in Fig� ��

Fringe �elds in bends only Fig� 	�middle shows phase space trajectories at SMSR

obtained from a �����turn run� in the case of independent x� and y� initial conditions� with
fringe 
elds set in bends only and �� � ���� m �twice �� � accessorily� the corresponding
MAD coe�cient takes the value I��gap�

R
�����s���������s�� ds � ������m�� Sensibility to

the fall�o� abruptness is assessed by running the same problem with �� � ��� m �I� �gap �
������ m� � quasi identical phase space is obtained� tunes increase slightly in both planes
as shown in Table ��

As a conclusion� the dynamic aperture with these working hypothesis appears to remain
beyond physical acceptance�
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Table �� Amplitude detuning as obtained from Fourier transform of �����turn phase space coordi�
nates at SMSR �Fig� ��	 and related beta values�
Bend fringe �elds with �� 
 ���� and ���� m are shown in Fig� ��

Amplitude detuning
Arc sextupoles are o�

Horizontal Vertical
��y��� ��x���

x� Qx �x �m� y� Qy �y �m�
�����m� fractional �����m� fractional

Fringe �elds set in all quads �Fig� ��top�
����� �	�
��� ����� �	����

� �	�
��� � �	�����
� �	�

� � �	���

 �	��	�� 
 �	���	

� �	����
 � �	��	
�
 �	�����  �	�����

Fringe �elds set in bends only �Fig� ��middle�
�� � ���� m

����� �	����
 ����� �	
	�

� �	����� � �	
	��	

 �	���� 
 �	
		��
 �	���
�  �	
	���

�� � ��� m
����� �	����� ����� �	
	���
� �	����� � �	
	���

 �	��
	 
 �	
��	�
 �	��	�
  �	
��	

Fringe �elds set in bends and quads �Fig� ��bottom�
�� � ���� m

����� �	����� 	
��
 ����� �	��
� ��
��
� �	���	
 	
��� � �	�
��� ��
��

 �	���	 	
��	 
 �	���	� ��
��
 �	����� 	��  �	���� ��
��

�� � ��� m
����� �	��	�� 	
��� ����� �	�

�� ��
��
� �	���� 	
��� � �	�
�� ��
�	

 �	���� 	
��� 
 �	��� ��
��
 �	���	� 	���  �	����� ��
�	
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Fringe �elds in bends and all quadrupoles Beam matrix and tunes below can be
compared to Sections ��� �p� �� and 	���� �p� ����

Beam matrix and periodic dispersion at SMSR � MKSA �

����
��
� �������
 ������� ������� ����
�


�������
 ���		� ������� ������� �������

������� ������� ����
��� ����
��

������� ������� ����
�� ����

	

NUX � ��
����
� NUY � ����		� �lambda����	 m�

Fig� 	�bottom shows phase space trajectories at SMSR obtained from a �����turn run� in
the case of independent x� and y� initial conditions� with fringe 
elds set in bends with
�� � ���� m and in all quadrupoles� The dynamic aperture with these working hypothesis
appears to exceed the physical acceptance� Similar plots �not shown� are obtained with
�� � ��� m� Table � gives the corresponding tunes as a function of amplitude� together
with the local value of the beta functions at SMSR that appear to be but weakly a�ected
by fringe 
elds� as well�
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Figure �� Geometrical closed orbit induced by bends fringe �elds	 for �� 
 ���� m �left� and for
�� 
 ���� m �right�� No fringe �eld in quadrupoles	 sextupoles o��

Closed orbit Fringe 
elds in bends generate closed orbit ����� As already studied in
such machines as LHC ��� or Fermilab recycler ring ��� the e�ect is expected to be weak�
as con
rmed in Fig� � that displays closed orbits averaged from ����turn pick�up signal� in
both cases �� � ���� m and �� � ��� m�

� Chromatic e�ects � sextupoles o�

We now investigate momentum spread 	� fringe 
elds set in bends and quadrupoles� sex�
tupoles still o�� Fifteen particles are launched at SMSR with ���	 ���� � 	 � ��	 �����
with zero initial horizontal coordinates since the local chromatic closed orbit is in principle
zero� and very small amplitude vertical motion in order to be able to get the vertical tunes
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Figure �� Horizontal �left� and vertical �right� phase space trajectories at SMSR of particles
launched on�axis with ����� � � � ���� �Table ��� �����turn ray�tracing� Fringe �elds are set in
bends and quadrupoles	 sextupoles are o�� Only particles with momentum dispersion � � ��� ����

survive�

Table 	� Momentum detuning within ����� � � � ���� as obtained from Fourier transform of the
�����turn phase space coordinates displayed in Fig� �	 and related local beta values at SMSR�

Momentum detuning� fringe �elds set in bends and quads

Horizontal Vertical
part� �p�p Qx �x �m� Qy �y �m�
� fractional at SMSR fractional at SMSR

� ������ lost after a few hundred turns
	 �����	 �
����� ���� �
����� �����
� ����� �

	�� 	
��� ������� ����	
� ������ �
��� 	
��	 ��		�
 �	
��

 ������ ������
 	���� ��
��
� �	���
� ������ ������ 	���� ���		� ����

� �����	 ������� 	���� �	��
�� ��
�
� �� �	��	

 	
��� �	�

�
 ��
��
 ����	 �	��	� 	
�� �	����	 ��
�

�� ����� ������ 	
�� ���
��� �����
�� ����� ����
�� 	���
 ����	�� �	���
�	 ����� ��	��� 	���	 ����	� �	���
�� ���� ��	��� ����� ��
���� �
��
�� ����	 ��	��� ����� ��
���� �
��
�
 ����� lost after �� turns
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from Fourier analysis� The local horizontal closed orbit is �though negligible� not exactly
zero� which is due to the fringe 
elds in bending magnets with perhaps some contribution
of non exactly vanishing dispersion functions Dx� D�

x�
Only those particles with j	j � ����� survive ���� turns � regardless of the meaning�

fulness of the betatron amplitude� Local phase space trajectories at SMSR are shown in
Fig� �� Table 	 gathers the related tune numbers and beta values at SMSR� from which the
following tune derivatives can be drawn�

Q�
x � �����	� Q�

y � ����	�

Q��
x � ��� Q��

y � �� ��

not very di�erent from the fringe 
eld free case �Eq� �� p� ���

	 Chromaticity corrected machine

We now turn on the arc chromaticity sextupoles� other ones are not excited according to
Ref� ���� Harmon outputs from MAD� in the absence of fringe �elds� are as follows �

MAD outputs

��������������������������������������������������������������������������������������������������

��������������������������������������������������������������������������������������������������

HARMON startup� HARMON line� SMSR range� �S��E

Delta�p��p� ������� symm� F super� �

��������������������������������������������������������������������������������������������������

Derivatives of tune w�r�t� momentum�

h o r i z o n t a l v e r t i c a l

first second third first second third

�������	�E��� ����E��� ��	�����E��� �����
	E��� ����	
��	E��� �������E���

Tune shift with amplitude�

d�Qx��d�Ex� d�Qy���dEy� d�Qy��d�Ex�

���	����E��� 
��
�	��E��� ����	����E���

With the TWISS command ��twiss� save � deltap��������������������� �

Delta�p��p� �������� �

��������������������������������������������������������������������������������������������������

begin SMSR � ���� ��	�	� ���� ���� �����
 ���� ���
 ���� ������� �����

end SMSR � ��
����	 ��	�	� ���� ������ �����
 ���� ���
 ���� ������� �����

��������������������������������������������������������������������������������������������������

total length � ��
����	��� Qx � ��������� Qy � ���������

delta�s� � ��������� mm Qx� � ������
� Qy� � �������

alfa � ����
�E���

Delta�p��p� �������� �

��������������������������������������������������������������������������������������������������

begin SMSR � ���� ��	���� ���� ���� ������ ���� ��� ���� ������ �����

end SMSR � ��
����	 ��	���� ���� ������ ������ ���� ��� ���� ������ �����

��������������������������������������������������������������������������������������������������

total length � ��
����	��� Qx � �������
� Qy � ���������

delta�s� � ������� mm Qx� � �����
�� Qy� � ������

alfa � ����
��E���
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Delta�p��p� ������� �

��������������������������������������������������������������������������������������������������

begin SMSR � ���� ��	���� ���� ���� ������ ���� ���� ���� ������� ����

end SMSR � ��
����	 ��	���� ���� ������ ������ ���� ���� ���� ������� ����

��������������������������������������������������������������������������������������������������

total length � ��
����	��� Qx � ��������� Qy � ��������

delta�s� � ����	� mm Qx� � ����
�� Qy� � �����	


alfa � ����
��E���

Delta�p��p� ������� �

��������������������������������������������������������������������������������������������������

begin SMSR � ���� ��	�	�� ���� ���� �����
 ���� ����
 ���� ������� ����

end SMSR � ��
����	 ��	�	�� ���� ������ �����
 ���� ����
 ���� ������� ����

��������������������������������������������������������������������������������������������������

total length � ��
����	��� Qx � ��������� Qy � ��������

delta�s� � ������
	 mm Qx� � �����	� Qy� � �����
��

alfa � ����
��E���

Note the discrepancy on the derivatives of tunes w�r�t� momentum between Harmon
results and TWISS command that gives

Q�
x � ������ � Q�

y � �����

Q��
x � ���� � �Q��

y ����

As to the ray�tracing� given that sextupole fringe 
elds are neglected the related multi�
pole 
eld and derivatives as used in the integration algorithm derive from the s�independent
��D scalar potential

V
�x� y� � G
��x
� � y��y�� ����

where G
�B� is the strength�

	�� Fringe �elds in quadrupoles only

We 
rst turn fringe 
elds on in �all� quadrupoles only� not in bends�

Amplitude detuning Fig� �top shows phase space trajectories at SMSR obtained from
a �����turn run� in the case of independent x� and y� initial conditions� The dynamic
aperture with these working hypothesis still exceeds the physical acceptance� Table ��top
gathers tunes and local beta values at SMSR as a function of amplitude � by comparison
with Table � one can observe that amplitude detuning is still very small� namely�

dQx�d�x�� � ��� � dQy�d�y�� � �	� ����

Momentum detuning Fifteen particles are launched at SMSR for �����turn ray�tracing�
with �� ���� � 	 � � ����� with zero initial horizontal coordinates since the local chromatic
closed orbit is quasi�zero� and with very small amplitude vertical motion in order to be able
to get the vertical tunes from Fourier analysis� �This is all very similar to what was done in
Section � except for the sextupoles that are now active and for the bend fringe 
elds that
are absent�� All particles survive as illustrated in the phase space plot of Fig� ��� Table �
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Figure � Phase space trajectories observed at SMSR� Sextupoles are on� �����turn ray�tracing�
Initial conditions were respectively	
left  x� 
 �� �� ����m by ����m steps and y� � �	 and
right  y� 
 � � � � ����m by ����m steps and x� � �	 and in addition y� 
 ��� � ����m in the
middle plot�
� Top row  fringe �elds are set in all quadrupoles� All particles survive�
� Middle row  fringe �elds are set in bends and all quadrupoles� All particles with horizontal
motion survive � vertical dynamic aperture is limited to y� � ���� m due to paraxial Qy � ����
while dQy�d�y�� 	 ��
� Bottom row  the vertical acceptance	 by comparison with the middle right plot	 is recovered by
re�tuning Qy�y� 
 �� slightly beyond a quarter�integer value �� ����� here��
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Table �� Amplitude detuning as obtained from Fourier transform of �����turn phase space coordi�
nates at SMSR �Fig� ��	 and related beta values�

Amplitude detuning
Arc sextupoles are on

Horizontal Vertical
��y��� ��x���

x� Qx �x �m� y� Qy �y �m�
�����m� fractional �����m� fractional

Fringe �elds set in all quads �Fig� 	�top�
����� �	�
��� 	
��� ����� �	���� ��
�	
� �	�
�	� 	
�� � �	����	 ��
�	
� �	�

�� 	
��� � �	����	 ��
��

 �	����	 	
��� 
 �	�	��� ��
�	
� �	���� 	
��
 � �	����	 ��
�	
 �	�	�� 	
��	  �	����
 ��
��

Fringe �elds set in bends and quads �Fig� 	�middle�
����� �	��
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 �	����� ��
��
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� � � � lost at turn 
 ��
� �	���
� 	
��� � lost at turn 
 ��	
 �	���� 	���  lost at turn 
 ��

Fringe �elds set in bends and quads
� after vertical re�tuning �Fig� 	�bottom� �

����� �	��
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gathers the related tune numbers and beta values at SMSR� from which the following 
rst
and second order tune derivatives can be drawn�

Q�
x � ������ Q�

y � ����

Q��
x � ����� Q��

y � ������ ����

Second order is sensibly di�erent from the fringe 
eld free case �after MAD outputs� Eq� ����
Table � also reveals momentum detuning to quarter�integer tunes in the 	 � � ����

region� that might cause some DA squeeze � however the situation will be slightly di�erent
when fringe 
elds are set in bends in addition �see page ����
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Figure ��� Horizontal �left� and vertical �right� phase space trajectories at SMSR of particles
launched on�axis with ��� � � � �� �Table ��� Sextupoles are on� �����turn ray�tracing�
� Top row  fringe �elds are set in all quadrupoles�
� Bottom row  fringe �elds are set in bends and all quadrupoles�
All particles survive�

	�� Fringe �elds in bends and quadrupoles

Bend fringe 
elds are now turned on �with �� � ���� m� together with quadrupole ones�
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Table �� Momentum detuning within ��� � � � �� as obtained from Fourier transform of the
�����turn phase space coordinates at SMSR displayed in Fig� ��	 and related local beta values�

Momentum detuning
Sextupoles are on

Horizontal Vertical
part� �p�p Qx �x �m� Qy �y �m�
� fractional at SMSR fractional at SMSR

Fringe �elds set in all quadrupoles �Fig� ��top�
� ����� �	��
	� 		��� �	

�� �	���
	 ����	
 �	���� 		��� �	��
	 �	���
� ����	 �	��
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Figure ��� Chromatic closed orbit for � 
 ���� �top�	 � 
 ���� �middle� and � 
 ���� �bottom��
Fringe �elds are set in bends and quads�
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Amplitude detuning Fig� �middle shows phase space trajectories at SMSR obtained
from a �����turn run in the case of independent x� and y� initial conditions� The horizontal
dynamic aperture with these working hypothesis still exceeds the physical acceptance � the
paraxial vertical tune is obviously badly chosen considering that dQy�d�y�� � � which
brings Qy to quarter�integer value and reduces the dynamic aperture� to about y�jSMSR �

���� m ��y�� � �� ���� m�rad� � good situation is recovered by starting from paraxial
vertical tune of about ���� �Table ��bottom and Fig� �bottom��

Middle and bottom data in Table � are drawn from the data displayed in Fig� �middle
and �bottom and give the tunes and local beta values at SMSR as a function of amplitude �
by comparison with Table � and Eq� �� one can observe that amplitude detuning is left
practically unchanged by bends fringe 
elds� namely

dQx�d�x�� � ��� � dQy�d�y�� � ��� ��	�

Momentum detuning All particles survive as illustrated in Fig� ���bottom� Related
tune numbers and beta values at SMSR are gathered in Table �� and the following 
rst and
second order tune derivatives can be drawn�

Q�
x � ������ � Q�

y � ������

Q��
x � ���� � Q��

y � ���� ����

Table � also reveals absence o� harmful fractional integer tune in the �� ���� � 	 �
� ���� range� which is favorable to DA� as corroborated by the ��D dynamic aperture
tracking that follows�

Chromatic closed orbit Fig� �� displays the chromatic closed orbit as obtained from
����turn pick�up signal averaging�


 	�D dynamic aperture

Finally we launch from SMSR a �����particle beam with x� x�� z� z�� 	l� 	p�p coordinates
sorted at random within Gaussian distributions truncated to 	��� for ����turn ray�tracing
in the complete storage ring� including chromaticity sextupoles and fringe 
elds in all bends
and quads according to the Section ��� study � paraxial tunes are Qx � ������ and Qy �
����	�

Final phase�spaces at SMSR and corresponding histograms of the coordinates are shown
in Fig� ���

All particles survive� It can be observed that� apart from expected bunch lengthening in
the absence of RF system� all other coordinates have their ��values practically unchanged�
and �x�z�l emittances are preserved� In other words the ��D DA again exceeds the physical
acceptance�



CEA DSM DAPNIA�SEA������ ��

-.06 -.04 -.02 0.0 0.02 0.04

-.00015

-.0001

-0.5
E-4

0.0

0.5
E-4

0.0001

0.00015

0.0002

   x’ (rad)       v.s.    x (m)                                 
 Eps/pi, Beta, Alpha:   8.9358E-07   256.      3.737E-02 (MKSA) 

-.04 -.02 0.0 0.02 0.04

0

20

40

60

80

100

Counts   vs.   x  (m)                          

 Mean:-3.30001E-05; Sigma:1.54045E-02; X(max):3.28174E-03   

-.04 -.02 0.0 0.02 0.04

-.0004

-.0003

-.0002

-.0001

0.0

0.0001

0.0002

0.0003

   z’ (rad)      v.s.    z (m)                                  
 Eps/pi, Beta, Alpha:   1.9070E-06   119.     -8.499E-03 (MKSA) 

-.04 -.02 0.0 0.02 0.04 0.06

0

20

40

60

80

100

120

Counts   vs.   y  (m)                          

 Mean:3.57109E-05; Sigma:1.50339E-02; X(max):***********  

-20 -15 -10 -5 0 5 10 15 20

-.015

-.01

-.005

0.0

0.005

0.01

0.015

0.02

 delta_p/p     vs.    delta_l (m)                               

-20 -15 -10 -5 0 5 10 15 20

0

20

40

60

80

100

120

140

Counts   vs.    delta_l (m)                    

 Mean: .27714    ; Sigma: 5.1442    ; X(max): 1.5279      

Figure ��� Properties of a ��D �����particle beam after ��� turns tracking in the storage ring�
Left col�  phase spaces at SMSR � right col�  corresponding histograms�
Top row  horizontal motion � middle row  vertical motion � bottom row  longitudinal motion�
Sextupoles are on	 fringe �elds are set in all bends and quads� All particles survive�
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� Comparisons with PEP magnets fringe �eld
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Figure ��� Left  a plot of the magnetic �eld experienced by a particle traversing a QFS type
quadrupole with PEP magnet coe�cients �Eq� ��� �� �� and � cm o� axis �solid lines� together with
�elds of Fig� ��right for comparison �dashed lines��
Right  �eld experienced � and � cm o� axis in bends	 in PEP case �Eq� ��	 solid lines� and in GSI
coe�cients case �dashed lines	 Eq� � and �� 
 ���� m	 see Fig� ���

For the sake of comparison we now repeat simulations of Section � with the PEP type fringe

eld coe�cients used for similar study performed with the computer code COSY ����


�� Fringe �elds in quadrupoles only

We 
rst set fringe 
elds in quadrupoles only� with coe�cients

C� 
 ��������� C� 
 ��������� C� 
 ���������� C� 
 ��������� C� 
 ���������� C� 
 ��������
����

and scaling factor either �� � ����� m in straight and matching sections or �� � ���� m in
arc quadrupoles�

As appears below things do not change substantially w�r�t� Section �� This can be
understood from the similarity of the two types of fringe 
elds as shown in Fig� �� �data
given in App� C�� their main di�erence being in the abruptness of the fall�o� which is
however of little e�ect as already observed in Table ��

Amplitude detuning Fig� �	�top shows phase space trajectories at SMSR obtained from
a �����turn run� in the case of independent x� and y� initial conditions� with fringe 
elds set
in all quadrupoles� not in bends� The dynamic aperture with these working hypothesis still
exceeds the physical acceptance� Table � gives related amplitude detuning at SMSR � com�
parison with Table � shows no fundamental di�erence� amplitude detunings are comparable
to the GSI 
eld case �Eq� ����

dQx�d�x�� � ��� � dQy�d�y�� � ���� ����
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Figure �	� PEP case� Phase space trajectories observed at SMSR� Sextupoles are on� �����turn
ray�tracing�
Initial conditions were respectively	
left  x� 
 �� �� ����m by ����m steps and y� 
 �	 and
right  y� 
 � � � � ����m by ����m steps and x� � �	 and in addition y� 
 ��� � ����m in the
middle plot�
� Top row  fringe �elds are set in all quadrupoles� All particles survive�
� Middle row  fringe �elds are set in bends and all quadrupoles� All particles with horizontal
motion survive � vertical dynamic aperture is limited to y� � ���� m due to paraxial Qy � ����
while dQy�d�y�� 	 ��
� Bottom row  the vertical acceptance	 by comparison with the middle right plot	 is recovered by
re�tuning Qy�y� 
 �� slightly beyond a quarter�integer value �� ����� here��
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Table �� PEP type coe�cients� Amplitude detuning as obtained from Fourier transform of �����
turn phase space coordinates at SMSR �Fig� ����

Amplitude detuning
Arc sextupoles are on
Horizontal Vertical
��y � �� ��x � ��

x� Qx y� Qy
�����m� fractional �����m� fractional

Fringe �elds set in quadrupoles �Fig� ���top�
����� �	��� ����� �	���
�
� �	���� � �	����
� �	�		� � �	��	


 �	��� 
 �	����
� �	���� � �	���
 �	
��	  �	��	

Fringe �elds set in bends and all quadrupoles
�� � ���� m �Fig� ���middle�

����� �	���� ����� �	�����
� �	���
� � �	�����
� �	���
� � �	�	�	

 �	���
� 
 �	
��
� �	��	
 � �	
��	�
 �	���		  �	�
	

�� � ���	 m
����� �	����� ����� �	�
��
� �	��
�� � �	����
� �	��	�	 � �	�����

 �	�
��� 
 �	�
���
� �	����� � �	���	�
 �	�����  �	����

�� � ���� m
� after vertical re�tuning �Fig� ���bottom� �
����� �	���� ����� �	�	���
� �	���
� � �	�	�
� �	���
� � �	����

 �	���
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 �	���	�
� �	��	
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Momentum detuning Working conditions are the same as in Section ��� except for
the PEP fringe 
elds �Eq� ��� set in quadrupoles �no fringe 
elds in bends here�� Phase
space trajectories are very similar to those obtained with the GSI quadrupole coe�cients as
displayed in Fig� ��� in particular all particles within the explored range ���  	p�p  ��
do survive ���� turns� Table � gives the tunes vs� momentum deviation 	� showing little

Table �� Momentum detuning with the PEP type fringe �eld coe�cients�
Momentum detuning�

PEP fringe �elds set in quads� arc sextupoles on

part� �p�p Qx Qy
� fractional fractional
� ����� �	���	� �	�����
	 ����	
 �	�
�
� �	����
� ����	 �	��� �	�����

 ����� �	�	�� �	����	
� �����
 �	���� �	�

��
� ����� �	���� �	���


� �� �	��� �	���
�
 ���� �	��	�	 �	�����
�� ����
 �	���� �	�
��

�� ���� �	��
�� �	����
�� ���	 �	
�
	� �	���
�
�� ���	
 �	��	� �	
����
�
 ���� �	����� �	�����

di�erence with previous results in Table �� with in particular �not very di�erent from the
GSI fringe 
eld case� Eq� ���

Q�
x � Q�

y � �����

Q��
x � ��� � �Q��

y ����


�� Fringe �elds in bends and quadrupoles

We now add fringe 
elds in bends�

C� 
 ��������� C� 
 ��������� C� 
 ���������� C� 
 ��������� C� 
 ���������� C� 
 ��������
����

with scaling factor �� � ����� m�

Amplitude detuning Fig� �	�middle shows phase space trajectories at SMSR obtained
from a �����turn run� Harmfulness of vertical quarter�integer tune again appears clearly�
yet the dynamic aperture still exceeds the physical acceptance with adequate working point
�Fig� �	�bottom�� Table � gives the related amplitude detuning at SMSR � comparison with
Table � shows no fundamental di�erence� amplitude detunings are of similar amount�

� Conclusion

A detailed study of the e�ects of quadrupole and�or bend fringe 
elds in the �� GeV muon
storage ring CERN design shows their innocuousness in terms of geometrical and momentum
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acceptance� at least within the limits of the physical aperture of the vacuum chamber� as
long as tune working regions are chosen far enough from resonances these fringe 
elds are
likely to excite� A �����particle ��D tracking allows to conclude that the ����turn dynamical
aperture is beyond physical acceptance and beyond 	�� momentum acceptance�

It has been shown that prohibitive harmful e�ects �detuning� acceptance reduction� are
induced by too strong longitudinal fringe 
eld gradients� which suggests preliminary design
of reasonably smooth quad and bend 
eld fall�o�s over the all physical acceptance� prior to
dynamic aperture evaluations�

The results exposed here have been corroborated in a recent publication on the topic �����
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Appendix

A MAD data �le

TITLE �
��� GeV ��mm �T �� percent muon storage ring lattice for nu factory�
�
� DATE AND TIME	 ��
��
�� �������
�
� FILE	 feb�b�sav
�
QFA	 QUADRUPOLE� L�QUADL� K��K�QFA
QFA�	 QUADRUPOLE� L�QUADL
���� K��QFA�K��
QDA	 QUADRUPOLE� L�QUADL� K��K�QDA
QDA�	 QUADRUPOLE� L�QUADL
���� K��K�QDA

LA	 DRIFT� L�FREES
���
� SFA	 SEXTUPOLE� L�SEXTL� K��������������
� SDA	 SEXTUPOLE� L�SEXTL� K�����������������
SFA	 SEXTUPOLE� L�SEXTL� K���������
SDA	 SEXTUPOLE� L�SEXTL� K�����������
LSA	 DRIFT� L�FREES
���
BA	RBEND�L�DIPOLEL�ANGLE��������������
����SUPERN��V��V����
�����PERIODN�����SUPERN��
BD�	 RBEND� L�DIPOLEL� ANGLE�V���������������
����SUPERN��V��
�V��������PERIODN�����SUPERN��
BD�	 RBEND� L�DIPOLEL� ANGLE�V���������������
����SUPERN��V��
�V��������PERIODN�����SUPERN��
SFD�	 SEXTUPOLE� L�SEXTL� K�����
SDD�	 SEXTUPOLE� L�SEXTL� K�����
SFD�	 SEXTUPOLE� L�SEXTL� K�����
SDD�	 SEXTUPOLE� L�SEXTL� K�����
COLA	 RCOLLIMATOR� XSIZE�VACUUMA� YSIZE�VACUUMA
M�	 MARKER

M�	 MARKER
M�	 MARKER
M	 MARKER
QFS	 QUADRUPOLE� L�QUADSL� K��K�QFS
QFS�	 QUADRUPOLE� L�QUADSL
���� K��K�QFS
QDS	 QUADRUPOLE� L�QUADSL� K��K�QDS
QDS�	 QUADRUPOLE� L�QUADSL
���� K��K�QDS
LS	 DRIFT� L�PERIODS
����QUADSL
M�	 MARKER
M�	 MARKER
COLS	 RCOLLIMATOR� XSIZE�STRAIGHTAX� YSIZE�STRAIGHTAX
Q�M	 QUADRUPOLE� L����� K��������������
Q�M�	 QUADRUPOLE� L�Q�M�L�
���� K��Q�M�K��
Q�M	 QUADRUPOLE� L����� K����������������
Q�M	 QUADRUPOLE� L����� K��������������
QM	 QUADRUPOLE� L����� K��������������
LM	 DRIFT� L�����
QFT	 QUADRUPOLE� L�QUADSL� K��K�QFT
QFT�	 QUADRUPOLE� L�QUADSL
���� K��K�QFT
QDT	 QUADRUPOLE� L�QUADSL� K��K�QDT
QDT�	 QUADRUPOLE� L�QUADSL
���� K��K�QDT
M�	 MARKER
M�	 MARKER
COLT	 RCOLLIMATOR� XSIZE�STRAIGHTAX� YSIZE�STRAIGHTAX
Q�MT	 QUADRUPOLE� L����� K���������������
Q�MT�	 QUADRUPOLE� L�Q�MT�L�
���� K��Q�MT�K��
Q�MT	 QUADRUPOLE� L����� K��������������
Q�MT	 QUADRUPOLE� L����� K�������������
QMT	 QUADRUPOLE� L����� K�������������
LMT	 DRIFT� L�����

CA	 LINE��LSA�SFA�LSA�BA�LA�QDA�LSA�SDA�LSA�BA�LA�QFA�
CD	 LINE��LSA�SFD��LSA�BD��LA�QDA�LSA�SDD��LSA�BD��LA�QFA��
LSA�SFD��LSA�BD��LA�QDA�LSA�SDD��LSA�BD��LA�

BARARC	 LINE��M��CD�QFA�M��CA�M����CA��CD�M�

ARC	 LINE��QFA��BARARC�QFA��
CS	 LINE��LS�QDS�LS�QFS�
MC	 LINE��Q�M�LM�Q�M�LM�Q�M�LM�QM�
CT	 LINE��LS�QDT�LS�QFT�
MT	 LINE��Q�MT�LMT�Q�MT�LMT�Q�MT�LMT�QMT�
BARCT	 LINE��LS�QFT���CT�LS�
ST	 LINE��MT�BARCT��MT�
BARCS	 LINE��LS�QFS���CS�LS�
SP	 LINE��MC�BARCS��MC�BARARC�
MUSR	 LINE����SP�MT�BARCT��MT�BARARC�
SMSR	 LINE��COLS�QFS����CS�LS�m�� �
�MC�m��BARARC�SP�MT�BARCT��MT�BARARC�MC�LS�QFS��

COLLPC 	� ����
EPSXN 	� ������E��
SIGE 	� ��E��
SUPERN 	� ���
SIGN 	� ���

MU�PI 	� ���
PERIODN 	� ����
PERIODL 	� ��������������
DIPOLEL 	� ��������������
FOCALL 	� �����������
� arc quad length 	
QUADL 	� �����������
FREES 	� �����������
VACUUMA 	� �������������
PERIODS 	� ����E�
MUS�PI 	� �������������
FOCALS 	� �������������
� LSS quad length 	
QUADSL 	� ������������
STRAIGHTAX 	� �������������
K�QFA 	� �����������
K�QDA 	� �������������

SEXTL 	� FREES
���
V� 	� ������������
V� 	� ������������
QX 	� ������������
QY 	� �������������
QS 	� ���
QX� 	� ����������������
QY� 	� ���������������
ALFX 	� �������������E���
ALFY 	� �������������E���
BETX 	� �����������E�
BETY 	� ��������������E�
X� 	� ���
PX� 	� ���
Y� 	� ���
PY� 	� ���
T� 	� ���
PT� 	� ���
AX 	� �����������E��
AY 	� ��������������E��
BX 	� �������������
BY 	� ������������
K�QFS 	� �������������
K�QDS 	� ��������������
K�QFT 	� �����������
K�QDT 	� ������������
MUXT�PI 	� MUS�PI�����
MUYT�PI 	� MUS�PI����
DPS 	� ����
� RETURN �
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B Zgoubi data �le

A translation of the MAD 
le of App� A to
Zgoubi format�
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D Remarks on the design of fringe �elds

Fig� �� has been obtained with the same C� � C� coe�cients as used in the text �Eq� ���
yet with sensibly smaller value of the scaling coe�cient ��� It shows how strongly the
o��axis 
eld can be distorded in the quadrupole end regions in presence of abrupt end 
eld
model ���� � the 
eld is smooth at � cm� undergoes a slight negative overshoot at � cm�
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Figure ��� A plot of the magnetic �eld experienced by a particle traversing a QFS type quadrupole
�� �� and � cm o� axis�

and series of strong overshoots at  cm liable to cause dramatic kick �x� � �x
R
Gds�B��

The immediate consequence is a sensible squeeze of the dynamic aperture down to � � cm
in both planes at SMSR as shown in Fig� �� that can be compared to Fig� 	�top �page ��
This was cause of the strong DA squeeze 
rst observed in Ref� ����

Those considerations argue in favor of preliminary ��D magnet simulations� in particular
to assess the adequacy of fringe 
eld coe�cient values with o��axis extrapolation� prior to
estimating e�ects of fringe 
eld on dynamics � conversely� in designing the quadrupoles it
should be thought� if necessary� of shaping the iron or coil ends in such a way as to insure
smooth 
eld fall�o�s �such as in Figs� �� ��� within the whole physical aperture�
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Figure ��� Phase space trajectories observed at SMSR in presence of fringe �eld of Fig� �� set in
all quadrupoles� Sextupoles are o�� �����turn ray�tracing� Initial conditions were respectively	
left  x� 
 �� �� ����m and �y 
 � �unstable motion for x� � ���� m� and	
right  y� 
 �� �� ����m and �x 
 � �unstable motion for y� � ���� m��
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