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ollisions, freeze-out volumePACS: 25.70.-z, 25.70.PqA better knowledge of multifragmentation properties is of the highest im-portan
e in the investigation of the liquid-gas phase transition in hot nu-
lei [1,2,3,4℄. In parti
ular, in various statisti
al and thermodynami
al ap-proa
hes, the 
on
ept of freeze-out volume is introdu
ed, whi
h 
an be de-�ned as the volume o

upied by the eje
tiles of the multifragmenting sour
ewhen their mutual nu
lear intera
tions be
ome negligible. Su
h a volume ap-pears as a key quantity [4℄ and its knowledge is parti
ularly important in theextra
tion of fundamental observables su
h as the mi
ro
anoni
al heat 
a-pa
ity and its negative bran
h or the shape of 
alori
 
urves under external
onstraints [1,5,6,7℄.Up to now volume or density information at freeze-out was derived in var-ious ways. For example by 
omparing average stati
 and kineti
 propertiesof fragment distributions with statisti
al multifragmentation models in whi
hthe freeze-out volume is an input parameter [8,9,10,11℄ or from nu
lear 
alori

urves using an expanding Fermi gas hypothesis to extra
t average nu
leardensities [12℄. In this work we present a more dire
t approa
h to determinefreeze-out volumes. Indeed dynami
al simulations show that a geometri
al pi
-ture is fully relevant on the event by event basis and 
an be used to estimateaverage volumes of a given 
lass of events [13℄. In that 
ontext we obtainedvalues of the average freeze-out volume in multifragmentation events, froma \fused system" produ
ed in 
entral 
ollisions, by employing a simulationdire
tly built event by event from the data 
olle
ted with INDRA [14℄. Atthe present stage we do not want to have a fully 
onsistent understandingof parameter values derived from simulations but rather a very good repro-du
tion of data using reasonable physi
al hypotheses. Further details of theexperimental and 
alibration pro
edures may be found in Refs. [15,16℄.Complete experimental events (total dete
ted 
harge � 93% and total mea-sured momentum� 80% of the entran
e 
hannel values) with 
ow angle � 60Æ(
orresponding to 
ompa
t single sour
e rea
tions [17,18,19℄) for the rea
tion129Xe+natSn at 32 AMeV were sele
ted. The requested 
ompleteness on thetotal dete
ted 
harge, more severe than that usually employed by the INDRA
ollaboration (� 80%) [15,16℄, was justi�ed by the ne
essity of a freeze-outsour
e as 
lose as possible to the reality as input for the simulation, to avoidunderestimations of the total Coulomb repulsion among fragments and parti-
les. Main properties of sele
ted multifragmenting sour
es are summarized in�gure 1. Depending on the required 
ompleteness on the total dete
ted 
harge(� 93% and � 77%), average 
harged produ
t multipli
ity varies from 23.81 Corresponding author: piantell��.infn.it2



to 26.2 whereas fragment multipli
ity (with 
harge � 5) in
reases from 4.13to 4.72. One 
an also verify that the largest 
ompleteness does not introdu
esubstantial bias on relevant observables as the di�erential 
harge multipli
itydistribution, the average experimental velo
ity of fragments or the width oftheir velo
ity spe
tra. Moreover 
ow angle distributions for both sele
tions(not shown) exa
tly superimpose.
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Fig. 1. Properties of sele
ted 
ollisions: (a) di�erential 
harge multipli
ity distribu-tions, (b-
) total 
harged produ
t and fragment multipli
ities and (d) average andwidth (standard deviation in the inset) of the 
entre of mass velo
ity spe
trum offragments as a fun
tion of their 
harge, regrouped by two 
harge units. Open (full)symbols 
orrespond to total dete
ted 
harge greater than or equal to 77% (93%) ofthe entran
e 
hannel. Verti
al bars are statisti
al errors.The multifragmenting sour
e is re
onstru
ted in the rea
tion 
entre of massfrom all the fragments (Z � 5) and twi
e the parti
les (Z = 1; 2) and lightfragments (Z = 3; 4) emitted in the range 60Æ-120Æ in order to partially ex-
lude pre-equilibriumemission [20℄. Fast isotropi
 emission 
an not be removedfrom the sour
e without any theoreti
al assumption and, in that respe
t, 
al-
ulated ex
itation energy, mass and freeze-out volume of the sour
e shouldbe 
onsidered as upper limits. Atomi
 mass of dete
ted fragments (Z � 5)was 
al
ulated from the EAL formula [21℄. The number of neutrons (whi
hare undete
ted) was 
al
ulated to keep the N/Z ratio of the entran
e 
han-nel [15℄. With su
h a pro
edure the average atomi
 mass and atomi
 number3



Table 1Radii for light parti
les (H, He) and r0 for light fragments, from [22℄proton deuteron triton 3He � 6He Li Be B C1.03fm 2.8fm 2.2fm 2.4fm 2.2fm 2.4fm 1.7fm 1.5fm 1.45fm 1.3fmof the re
onstru
ted sour
es are respe
tively 217 and 91. Then, the partitionat freeze-out for ea
h event was built by \dressing" dete
ted fragments pro-portionally to their measured 
harge (
al
ulated mass for neutron \dressing")with 
ertain per
entages of dete
ted (
al
ulated) parti
les, light fragmentsand neutrons. Those per
entages 
onstitute one parameter of the simulation.The dressed fragments, assumed to be spheri
al, and the remaining parti
lesand light fragments, if any, were pla
ed in a 
ompa
t 
on�guration with aminimum distan
e Dmin among the surfa
es. It was realized by �rst puttingparti
les and fragments at random on the surfa
e of a big sphere with volumeequal to 30V0 (V0 being the volume of the sour
e at normal density) and thenmoving fragments and parti
les one by one toward the 
entre of the sphereby homotheti
 steps. Dmin is another parameter of the simulation. The radiusof ea
h fragment was 
al
ulated a

ording to the formula R = r0A 13 , whereA is the fragment mass and r0=1.2 fm; for light parti
les (light fragments)experimental radii (dedu
ed r0) summarized in table 1 were taken. The radiusfor neutrons was 
hosen equal to the proton radius.For ea
h event a 
onsistent 
alorimetry was made to derive the ex
itationenergy E�s of the 
orresponding sour
e whi
h undergoes multifragmentation.Thus the partition between internal ex
itation energy (for fragments) andkineti
 energy at freeze-out was determined. To do that a variation of thelevel density for fragments was introdu
ed. The level density is expe
ted tovanish at high ex
itation energies [23℄ and the formalism adopted here is thatproposed in [24℄, where the level density at ex
itation energy � is expressed asthe Fermi gas level density �FG modi�ed by a modulation fa
tor:�(�) = �FG(�)e� �Tlim (1)This 
orresponds to introdu
ing an intrinsi
 temperature for fragments Tfragwhi
h veri�es1Tfrag = 32 < Kfo > + 1Tlim (2)where < Kfo > is the average kineti
 energy of fragments and parti
les atfreeze-out and Tlim the maximum temperature attainable by fragments. Tlimis a parameter of the simulation. 4



Equations used for 
alorimetry and to derive the sharing between internalex
itation energy and kineti
 energy on the event by event basis are the fol-lowing:E�s +�Bs = M
pXk=1Kk
p +�B
p +Mfon < Kfo > +M evapn �frag +�Bn (3)E�s +�Bs = (Mfo � 1) < Kfo > + nfragXk=1 ak�2frag +�Bfo + V foCoul (4)where �frag is equivalent to the temperature Tfrag in an ensemble average.�B, s, K, 
p, n, and fo stand respe
tively for mass defe
t, sour
e, kineti
energy, 
harged produ
ts, neutrons and freeze-out. The neutrons evaporatedfrom primary fragments, M evapn , have an average kineti
 energy along the de-ex
itation 
hain equal to the initial temperature of fragments �frag [25℄. Aninternal ex
itation energy equal to Pnfragk=1 ak�2frag is asso
iated to the frag-ments at freeze-out, where ak = Ak10MeV �1 [26℄, Ak is the mass of the kthfragment and nfrag is the fragment multipli
ity at freeze-out. Mfo is the to-tal multipli
ity at freeze-out. The total kineti
 energy (Mfo � 1) < Kfo > isshared at random between all the parti
les and fragments at freeze-out un-der 
onstraints of 
onservation laws (linear and angular momentum). V foCoul isthe Coulomb energy of the spa
e 
on�guration for freeze-out previously deter-mined. Nu
lear intera
tions between fragments or parti
les are negle
ted andwe shall see later that this approximation is reasonable. A radial 
olle
tiveexpansion energy ER 
an also be introdu
ed in equations (3) and (4) a

ord-ing to the formula ER = PMfok=1 ( rkR0 )2AkE0, where R0 is the rms of fragmentdistan
es to 
entre at the freeze-out volume, E0 the radial expansion energyat R0 and r is the distan
e of the 
onsidered parti
le/fragment of mass A fromthe 
entre of the fragmented sour
e.Parti
les and fragments were then propagated under the e�e
t of their mutualCoulomb repulsion; during propagation fragments de-ex
ited, by means of analgorithm largely inspired by the SIMON 
ode [27,28℄. The main di�eren
es
on
ern the tuning of the emission time during the evaporation sequen
e inorder to reprodu
e the results of theoreti
al 
al
ulations for neutron emis-sion [29℄ and the 
onstraint that the evaporated parti
les are inside the listof the parti
les pla
ed on ea
h fragment at freeze-out. The used emission bar-riers 
ome from experimental data ([30℄ for Z = 1; 2 and [31℄ for Z = 3; 4).In this way at the end of the de-ex
itation phase we obtain se
ondary 
harge(and mass) distributions for fragments 
lose to the experimental (
al
ulated)ones; �nal 
harges (masses) are re
overed, within two 
harge units (four massunits), for 98% (85%) of fragments. Finally experimental angular and energyresolutions were taken into a

ount. 5



The last step was the 
omparison between experimental and simulated spe
traboth for the energy of the parti
les and for the velo
ity of the fragments(average and width) as a fun
tion of their 
harge, in order to tune the fourparameters of the simulation (E0,Dmin, Tlim and the per
entages of evaporatedparti
les). We 
hose to 
ompare the velo
ity spe
tra instead of the energyones be
ause the velo
ity is less sensitive to the �nal mass of fragments atthe end of the de-ex
itation pro
ess. The explored range for the per
entageof evaporated parti
les was between 0% and 100% (no free parti
les at freeze-out); 30% was suggested by [15℄. For Dmin we investigated an interval rangingfrom 0 fm (maximumpossible approa
h without overlap) up to 5 fm; for E0 wetested from 0 (no 
olle
tive radial energy) to 1.2 MeV. Finally the exploredvalues for Tlim ranged among 6 MeV and 20 MeV; in previous studies onthe same or similar sample of events [20,32℄, Tlim values in the range 10-12 MeV were derived. The limiting temperature in
uen
es mainly the width(standard deviation) of the velo
ity spe
tra; the per
entage of evaporatedparti
les 
ontrols all the studied observables (both the standard deviationand the average value of the fragment velo
ity spe
tra and also the energyspe
tra of light parti
les). The distan
e among the nu
lei surfa
es at freeze-out and the radial 
olle
tive energy 
ontrol mainly the average of the fragmentvelo
ity spe
tra and, more weakly, the parti
le energy spe
tra; Dmin and E0are 
orrelated, indeed a larger surfa
e distan
e implies a weaker Coulombrepulsion whi
h 
an be 
ompensated for by a larger radial kineti
 energy.A �2 minimization pro
edure was used to determine the best �t to the data.To redu
e the total in
uen
e of parti
les and light fragments but emphasizetheir high energy tails very sensitive to freeze-out emissions, �2 was 
al
ulatedusing all the fragment velo
ity spe
tra and the Log of parti
le and light frag-ment energy spe
tra. The best agreement, 
orresponding to a �2=0.953, wasobtained for the following set of parameters: Tlim=10 MeV, 90% of evaporatedparti
les and light fragments,Dmin=2 fm and E0=0.6 MeV. The obtained val-ues for the per
entage of evaporated parti
les are larger than those extra
tedin [15℄; this dis
repan
y may be due to some intrinsi
 la
k of sensitivity of themethod proposed in [15℄. Indeed fragment-parti
le 
orrelations are only fullysensitive when fragments de-ex
ite with a suÆ
ient distan
e between themand in that sense it is impossible to go ba
k up to the freeze-out 
on�gu-ration. In any 
ase the values presented in [15℄ 
onstitute a reliable inferiorlimit for the per
entage of evaporated parti
les. The total average mass ofdressed fragments is 208, whi
h 
orresponds to 96% of the mass of the sour
eat freeze-out.Note that with the retained parameters the 
alorimetry pro
edure gives anaverage ex
itation energy (thermal+
olle
tive) < E�s >=6.7 AMeV for thesour
e whi
h undergoes multifragmentation, whi
h leads, for fragments, toa temperature Tfrag=< �frag >=6:3MeV and an average ex
itation energy of3.9 AMeV. The average kineti
 energy of fragments and parti
les at freeze-out6




orresponds, if interpreted in terms of \kineti
 temperature", to a value Tkinof 17.5 MeV. A deep understanding of those di�erent numbers and their rela-tion with the observed fragment partitions is out of the s
ope of the presentletter. However we 
an mention three possible explanations that one will haveto dis
uss in a near future. One is fully related to the pro
edure followed here,assuming thermal equilibrium for fragments, whi
h reveals the major role ofa limiting temperature (for fragments); in that 
ontext the in
uen
e of Tlimon partitions in mi
ro
anoni
al multifragmentation model like [11℄ will haveto be 
he
ked in details. A se
ond one refers to a fast fragmentation for whi
hparti
les and fragments are early emitted: average primary kineti
 energiesare then related to the Fermi momentum [33,34,35℄. Finally the \kineti
 tem-perature" dedu
ed 
ould also re
e
t the fa
t that few very energeti
 parti
lesemitted during the expansion-thermalization phase [36℄ signi�
antly in
reasethe average kineti
 energy related to Tkin.In �gure 2 the experimental 
entre of mass average velo
ity of the fragments(full symbols) is 
ompared to the best simulation (open symbols) as a fun
-tion of the �nal fragment 
harge. From the inset it is possible to appre
iatethe small absolute gap between the experimental data and the simulation.Coulomb repulsion at freeze-out 
ontributes to �70-80% of the 
al
ulated av-erage velo
ities. The standard deviation of the fragment 
entre of mass velo
ity
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harge units. Verti
al bars are statisti
alerrors. The inset shows the absolute di�eren
e between the experimental data andthe best simulation. 7



spe
tra as a fun
tion of the fragment 
harge for the experimental data (fullsymbols) and the best simulation (open symbols) is presented in �gure 3. Spa-tial 
on�gurations at freeze-out and fragment de
ays are only responsible for�60-70% of the observed widths and the introdu
tion of a limiting tempera-ture in the simulation turned to be mandatory to a

ount for the experimentalvalues. In �gure 4 the experimental and best simulated 
entre of mass energy
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entre of mass velo
ity spe
tra of fragments as afun
tion of the fragment se
ondary 
harge, regrouped by two 
harge units (symbolsand line as in �gure 2). Error bars represent errors 
oming from the �ts.spe
tra for parti
les and lithium fragments are presented. The agreement be-tween simulation and data is good. Relative angles and velo
ities betweenfragment pairs were also 
ompared through relative velo
ity 
orrelation fun
-tions (not shown) and exhibit a reasonable agreement between experimentaland simulated data.Before obtaining estimates on freeze-out volume, we 
an dis
uss the error barson the di�erent parameters of the simulation. The standard method was used:errors are extra
ted from simulations for whi
h �2 = best�2 + 1. The derivedranges for parameters are the following: 9-11 MeV for Tlim, 70-90% of evapo-rated parti
les and light fragments, 0.5-3 fm for Dmin and 0.3-0.6 MeV for E0.As previously noted, only those two last parameters are strongly 
orrelated.Therefore, the same reasonable �2 is obtained for 
ouples of extreme valueslike 0.5 fm-0.3 MeV and 2 fm-0.6 MeV keeping 
onstant Tlim and the per
ent-age of evaporation. Note that even in simulations with Dmin=0.5 fm averagedistan
es among the surfa
es of nu
lei equal to or larger than 2.4 fm are ob-tained, 
ompatible with the freeze-out de�nition as the 
on�guration wherethe nu
lear for
e among the primary produ
ts vanishes. Finally to appre
iatethe sensitivity of parameters, as an example, results from a simulation with�2 = best�2 + 3 are also displayed in �gures 2, 3 and 4. For that simulationthree parameters have values 
lose to or at the limits of the error bars justdis
ussed before, Tlim=11 MeV, Dmin=0 fm and E0=0.34 MeV, and one hasa value largely outside: 0% evaporation. It 
orresponds to a 
ompa
t freeze-out state 
ontaining all the dete
ted 
harged produ
ts and 
al
ulated number8
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Fig. 4. Center of mass energy spe
tra per nu
leon for light parti
les and lithiumemitted with polar angle in the 
entre of mass 60o � #
m � 120o (symbols as in�gure 2 and histograms for bad �2 simulation).of neutrons (sphere volume of 7.4V0 - see de�nition below). We note a wrongslope in the spe
trum of the average velo
ities of fragments versus their 
harge(�gure 2) mainly related to the freeze-out topology imposed by the large num-ber of parti
les (the heavier the fragment, the larger its distan
e relative to the
enter of the volume). The width of the velo
ity spe
tra are underestimated(�gure 3) due to the absen
e of smearing e�e
t from evaporation. The energyspe
tra of parti
les and light fragments (�gure 4) have steeper slopes thanthe experimental ones be
ause of the absen
e of evaporation (no boost fromprimary fragments).On
e the values of parameters and their range de�ned, the 
orrespondingfreeze-out volumes were 
al
ulated from the envelopes of nu
lei at freeze-out(before starting the Coulomb propagation). The envelope was de�ned in su
ha way that two external adjoining spheri
al nu
lei Ai and Aj (whose 
entresare lo
ated at distan
es di and dj from the 
entre of the fragmenting sour
e)are linked by a portion of sphere with same 
entre but a radius Re = 1/2(di + dj + r0A1=3i + r0A1=3j ). It is worthwhile to re
all that the volume is in-
uen
ed by two parameters of the simulation: the minimum surfa
e distan
eDmin and the per
entage of evaporated parti
les, and by the 
ompa
t 
on-�guration built at random. The te
hnique used to 
al
ulate the volume ofthe envelope was to �ll up uniformly with points a sphere in
luding all thenu
lei and to 
al
ulate the ratio among the number of points in
luded insidethe envelope and the total number of points inside the sphere. In this way it9



is possible to obtain a good representation of the e�e
tive volume o

upiedby the nu
lei also for non-spheri
al 
on�gurations. For the best simulationthe average envelope volume is 4.2V0; the volume of the sphere in
luding allthe nu
lei is an overestimation and, on average, for the best simulation, it is7.65V0. Volume estimates, taking into a

ount error bars on parameters, arepresented in �gure 5. Envelope volumes range from 3.2 to 5.2V0 and spherevolumes from 5.7 to 9.6V0. A small in
rease (�10%) of envelope volumes isobserved when the fragment multipli
ity in
reases from 2 to 8 whereas spherevolumes keep 
onstant whatever the multipli
ity. Standard deviations of en-velope volumes generated by the simulation realized event by event are 
loseto 10% of average volumes, whi
h qualitatively agree with predi
tions, in the
oexisten
e region, of a mi
ro
anoni
al latti
e gas model with a 
onstrainedaverage volume [7,37℄.
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 volumes (see text) and sphere volumes 
orrespond to spheres in
ludingall the nu
lei at freeze-out.To summarize, with the powerful 4� multidete
tor INDRA, we were able toobtain information on the freeze-out volume in single sour
e multifragmenta-tion events in the framework of a simulation using the experimental data. Thepresented method needs data with a very high degree of 
ompleteness, whi
his 
ru
ial for a good estimate of Coulomb energy. The use of the widths of frag-ment velo
ity spe
tra in the 
omparison between data and simulation showsthat the introdu
tion of a limiting temperature in the range 9-11 MeV seemsmandatory. Work is in progress to study the evolution up to 50 AMeV in
identenergy of freeze-out volume for the same system and to derive 
onsistent andreliable information from parameters of simulations [38℄.Referen
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