Notes on bias and covariance matrix
of the angular power spectrum

on small sky maps

C. Magneville and J.P. Pansart

DSM/DAPNIA | CEA/SACLAY , F-91191 Gif-sur-Yvette.

Abstract:
We compute the effects induced by the use of small CMB maps on the measurement of

the C; coefficients of the angular power spectrum and show that small systematic effects
have to be taken into account. We also compute numerically the cosmic variance and
covariance of the C) spectrum for various spherical cap like maps. Comparisons with
simulations are presented. The calculations are done using the standard method based on
the spherical harmonic transform or using the temperature angular correlation spectrum.
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I Introduction

The field of cosmic microwave background (CMB) anisotropies has dramatically ad-

vanced over the last decade especially on its observational front. Satellite experiments
(COBE,WMAP) observed the whole sky. But to study the high multipoles of the power
spectrum, balloon-borne experiments have emerged.
The BOOMERANG ([De Bernardis et al, 2000]), the MAXIMA ([Hanany et al, 2000])
and the ARCHEOPS ([Benoit et al, 2003]) balloon experiments made measurements of
the first doppler peak of the CMB spectrum. Due to a limited observing time and technical
constraints, these experiments only observed a small fraction of the sky. BOOMERANG
observed a region of 1800 deg? and measured the spectrum up to multipoles l,,4, ~ 1000
and MAXIMA observed 124 deg? and measured the spectrum up to l,,., ~ 785. In the
future, the OLIMPO experiment ([Masi et al, 2006]) will observe 300 deg® and measure
the spectrum up to ly,e. ~ 2500.

In this paper we compute the effects induced by the use of small CMB maps on the
measurement of the C; spectrum at high multipole moments. Two methods are used to
compute the C; coefficients. The first one uses the Fast Fourier Transform (FFT) technics
and the second one the angular correlation spectrum. These two technics are complemen-
tary and lead to different biases. We show how the variance behaves with respect to
the map size and how the apodization works in the case of the angular correlation spec-
trum. These calculations will be compared with simulated CMB maps of various sizes
and shapes. Numerical calculations provide a fast tool to assess most of the biases.



II Estimating the power spectrum: formalism
for the full sphere.

1.1  Spectrum and angular correlation fonction
definition.

The observed temperature 7' on the 2-sphere is a random field that can be expanded
on the spherical harmonic basis:

00 +l

T(07¢) = Z Z Aim }/lm(ev ¢) (111)

=0 m=—1

—
where the a;, coefficients are random variables. With = (6, ¢) one has'

—_—  — — —>
Ay, = /T(Q) Y () dQ (I1.2)
S2
T(ﬁ) is a real field so @, = (—1)"a;, which is a consequence of the relation

Y = (—1)my
The observed sky is a particular realisation of that random field. If one assumes uncorre-
lated a;,, coefficients and isotropy, one has:

< Q! > ens = 611/ 6mm/ CYl (IIS>

where the () are specified by the cosmological theory and the symbol <>.,, means aver-
aging over many sky realisations.
The temperature angular correlation fonction is defined as:

§(0,9) = < T(DHT(X) >ens (IL.4)

— =
where Q€ are the directions of measurement. The temperature angular correlation
function is related to the spectrum of the primordial fluctuations. With the isotropy
hypothesis, the angular correlation function is only a function of the angular separation

— —
v with cos(y) = Q.Q . We have:

€0) = <TOT) >0y
= Z Z < U Q'my > ens Yzm(Q)Y}Zﬂ,(Q/)

Lym U'm/
= 3 G Ol Q)Y ()
Lym U'm/

= 2O YY)
= 1 (2 +1) G Pleos(y)

This relation can be inverted and finally:

IThe overbar means complex conjugation



€)= 3 (214 1) G Pleos(y))

3

(IL5)

Cr = 21 [ &(v) B(cos(v)) dcos(y)

v=0

In the rest of these notes, the isotropy hypothesis (I1.3) will always be assumed.

12.2 Power spectrum estimator.

In practice, one observes a unique sky realisation and estimators of the power spectrum
and the angular correlation function have to be constructed: instead of averaging over
many sky realisations, we can use the sky isotropy hypothesis. The bias and variance of
such estimators have to be computed.

We can have an estimation of the a;,, by using (I1.2). Then we get an estimator 61 of the
C) spectrum by averaging over m:

l
~ 1 9
= - E II.
CYl 2] 1 ‘ Qlm | ( 6)

m——
For the whole sky, this estimator is unbiased:

1 +1 1 +1
< C Zens = o7 < Qim Qm Zens = 57 7 G = C
: 25+1mzl (im0 2l+1mzl e

We can compute the variance of the estimator:

V(C[,Cl/) = < C’lC(l’ Zens — < Cl >< C’l’ >ens

1 - -
= (20+1) (2 +1) Z < Ul O @t >ens — C1Cp
mm/

Provided that the a;,, are gaussian random variables, their fourth order moments can be
expressed with their second order moments and we get:

V(CL,Cr) = a2 (CCr(L+0wbnm) + (=)™ CiCpduwdp-m) — CiCr

= = > (CiCy + C2ubmm) + CP0uwbmm) — CiCp

(20+1)(2U+1)

mm/
_ 1 2
T @+DERI+D) > 2C7 o Gy
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— QCZ
—  20+1 o



Thus the 61 are unbiased and independants, they follow a x? distribution with 27 4 1
degrees of freedom and their variances are:
, _ 207

9% T 2 +1

(IL7)

Figure 1 shows an example of a power spectrum C; and the variance of its estimator 61
obtain with the CMBFAST code ([Seljak et al, 1996] and [Zaldarriaga et al, 2000]) with
the standard set of cosmological parameters.

1.3 Angular correlation function estimator.

In order to obtain an estimator ¢ of the angular correlation function, we can average

%
over all pairs of directions 6, 2 of the observed sky (keeping the angle v between them

fixed):
) = 0 / T(Q)T () ddQs 6(0,.0 — cos(4))
S2x52
with
N() = / 42, (.3 — cos(7)

S2x 52

As T(Q) = > ai V() , we get:
Im

g(’y) = /\ﬁ Z Z QAlymy Alamy / W(Ql)ifl;n2 (92) dQldQQ 5(57;&72) - COS(V))

l1,m1la,ma2 925 §2

The internal integral Z is computed in appendix A and leads to the estimator value:

‘ =

5(7) = () Z Z Alymy Alymy 27 51112 5m1m2 Plz (COS<7>>

N
l1,m1l2,m2
— ﬁzzm Qi Qi 27 Py(cos())

Averaging over realisations gives us:

~

<&(Y) >ens = Aﬁz < Ay A, >ens 2 Pi(cos(7))
I,m

= 5 on ; (21 + 1)C; P(cos())

Now N () has to be computed. N () is equal to the previously computed integral with
T(Q2) = 1. So, replacing T(Q) by V4rY (), or am = VA78100me and C; = 47wdg. As
Py(cos(7)) = 1, one finally obtains N'(y) = N = 872 and:
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() S = (1) = 4i Xl: (20 + 1)C, By(cos(7)) (I1.8)

The estimator &(7) is unbiased.

Figure 1 shows the angular correlation function £(vy) and the variance of its estimator

£(7).

Defining K = ( ) the covariance of the estimator is:

% << 5(7)5(7/) >ens — < 5(7) >ens< é(’y/) >ens>
= ZZ Pl(’y) Pl’(V’) < A Qm Gy Q! > ens

Imlil'm/’

- ZZ Pl(’y) Pl'(Vl) < alm% Zens< Apim ’al’ I >ens

ImU'm/

As the temperature field is real, and provided that the a;, are gaussian random variables,
one has:

= << EMNEN) Sens — < EY) >ens< EY) >ens>
= >3 B() Pr()CiCr (1 + uwbpmmr) + D% Pi(v) Pr(v)CEOw Oy

Iml'm’ Imll'm/

=22 Bi(y) Pr(")CiCr

Iml'm/

= 2 ; C? B(v) B(v)

Finally, by replacing K by its value, we obtain:

< EMEWM) Zens — <€) ens< £(Y) ens = 22 (20 +1)CF R(y)R(Y) (119)
!

The estimators of the angular correlation function values
in different directions are correlated.

Figure 1 shows the correlation matrix of the angular correlation estimator é (7).

1.4 What about computing the C; on a portion
of sphere?

There are two ways to compute the C; coefficients. Given a temperature field on
the sphere, one can compute the a;, with (II.2) and then the C; using the unbiased

estimator (I1.6). Equation (I1.2) is: ay, ~ [ P™(cos(0))d cos(0) [ T(6,p)e™?d¢p.
The inner integral is a Fourier transform which can be fastly Computed with the Fast
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Fourier Transform (FFT) technics (see [Natoli et al, 1997]). Note that this is possible only
if the pixels lie on isolatitude lines. The other way is to compute the angular correlation
function £(7), which is unbiased, and then use the second formula in (IL5).

If the observed map is not the full sphere we can adapt these methods. For the
first one we can still compute pseudo a;,, by setting the temperature to zero outside the
observation zone. This leads to a systematic bias that will be studied in section III.
This also introduces correlations among the measured C; and increases their variances.
Numerical calculations can be performed in the case where the map is a spherical cap.
This is explored in section III and its last section presents detailed comparisons with
simulations. This will show that the variance does not depend very much on the map
shape. The evolution of the variance with the map size is interpreted in this section.

In section IV we shall discuss the use of the angular correlation function f () measured
on the observed map (so the angular separation - is limited to 7y, ). We will show that this
quantity is still unbiased, as one intuitively guesses. One can still use the formula (IL.5) to
extract the C; but, since the correlation function is defined only on some interval [0, Y],
the Legendre polynomials are no longer orthogonal. This introduces wild fluctuations in
the Cj. This is cured by "apodizing” the angular correlation function and will be described
in section V.

Four appendices explain technical details to make these notes self contained.
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Figure 1:

[l Top left: power spectra versus the multipole moment

[1 Top right: angular correlation function versus the separation angle (deg)

The red curves shows the dispersion of the estimator due to cosmic variance (values have
been mutiply by 10 for readability)

[1 Bottom: the correlation matrix of the angular correlation function estimator.

The upper left corner is (0,0) degree and lower right corner is (180, 180) degres.

The LUT ranges from —1 (dark) to 1 (white).



III Spectrum estimation for a portion of sphere.

1i.1  FEstimator of the C; spectrum.

The temperature field is measured on a piece A of the sphere of solid angle €2,,,. We
will study the following estimator for the Cj:

l
~ 1
O = § i 2 II1.10
! 20+1 _l‘al | ( )

where the a;, are computed on ,p,:

G = / T(Q) x Y7 (Q) dQ2 (IIL.11)

Qobs

The 51 will therefore represent an estimation of the spectrum of a temperature map which

is set to zero outside the observed region. We define the function W(ﬁ) on the sphere
such that W =1 on A and 0 anywhere else.
The temperature field under study is: 7"(2) = (7' x W)(Q).

111.2 Computation of the bias of the estimator.

The function W can be expanded on spherical harmonics basis as:

9] l
W) = > > Y ™(Q) (I11.12)
=0 m=-I
b — / W(Q) Y7(Q) do = / Y7(Q) dO (I11.13)
S2 Qobs
Then the a, are:
Zilm = /T(Q)W(Q) }/Em(Q) dQ = Z a,l/,rn/bl//nq///\)/xn’}/;r;l//W dQ
52 l/7m/7l//7m// 52
Using the property Y™ = (—1)™Y,”™:
G = b (-1 [V g

/ 1qn "
U'm/ " m 52

The integral over the sphere of the product of three spherical harmonics is ([Brink et al, 1962]
and [Messiah, 1964]):

[vevpve sn@asas - et D@ e + 1) ERIED

SQ



where (Z g 5) are the Wigner 37 symbols related to the Clebsch-Gordan coefficients
by:

<abaf|c—vy>= (=1)"""V2c+ 1 (Z g 5)

Recall that these coeflicients are real.

Um = 2 Qb ( \/<2l+1 S N AN A
" m e m' —m m”)\0 0 0

'm
= _ > SOy \/(21+1 2L’+1)(2L”+1) L L"\(/L 1| L
— / ! " //
tm L' .M’ .L" M LMTELIM M —m M 0 O 0
~ 2 . ~ -~
| Apm | = Aim0im

20+1

= Y (armazmr) (bomebpom) x V@U@0 + 1) (2L + 1)(2L" + 1)

R (AN A B AN N A0 AR A
X(m’ —m m”) (M’ —m M”> <o 0 0> <o 0 o)

where the sum runs on I',m/, 1", m", L', M',L", M".

The ay,, are random variables. We want to compute the average effect of finite size
maps, therefore we shall perform the average over sky realisations (ensemble average?).
Recalling equation (II.3), one obtains:

l
~ 1 -
<G> = - > > Cobyrmmbpm (21 + 1)3/(21" + 1)(2L" + 1)

mzfl l/’m/7l//7m//7L//7M//
A ANV S S B v N B AN
X(m’ —m m”) (m’ —m M”) (0 0 0) (0 0 0)

Now, remark that the coefficients of the Wigner 35 symbol product do not depend on m
nor m’, therefore one can use the orthogonality relations

; a b ¢ a b B
%;\/(2c+1)(2c+1) (a 3 7) (a g 7,) = by

Defining:
By = l”+1 Z - (I11.14)

we obtain:

- B 1 , Y l/ l l// 2
<C > = EZCZ,BW(ZZ +1)(21" +1) <O 0 0 (II1.15)

l/7l//

2In the following, we will drop the subscript for ensemble average notations: < -+ >gps — < -+ >
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The expression of the 3j symbols can be found for instance in [Brink et al, 1962]. We
found recently that this calculation has already been published in [Hivon et al, 2002].
The above equation provides the relation between the true Cj and the average < C) >
over many sky realisations of the C; coefficients measured over a patch A of any shape of
the sphere. This can be written in matrix form:

~ . A4+ 1 & vl
[< C >} = [M], x [Cy] with My = . Z(an_'_ 1)By (0 0 O) (I11.16)

s
=0

This result is valid for any weighting function W on the sphere. The relation between the
C; and the (} is linear. The matrix M) depends only on the map shape and not on the
initial Cp spectrum. Permutations of 2 columns of the 35 symbols change their values by
a phase ([Messiah, 1964]) so (20 + 1)My = (2U' + 1)My;. The M) elements are positive
or null.

When the full sky is observed, By = By and the 35 symbols imply [ = I’ whence
My is the identity matrix. B
On the other hand, when observing a portion of the sky, each measured C; is a mixture
of the €} whose weights are given by the matrix M.

The properties of the matrix are illustrated in figure 4. The bottom graphs show
line [ = 1500 of matrix M for a 10 x 10 deg? map and lines [ = 500, 2400 where the
peaks have been shifted to I’ = 1500 for easy comparison: the width of the peak is nearly
constant with [, that is to say that the matrix is nearly band-diagonal.

The top graphs show the M element values of line [ = 1500 for maps of various size
and shapes. As the map size decreases, the peak width gets larger and a given C) mea-
surement involves a larger band in Cy. The width of the peak is inversely proportionnal
to the caracteristic width of the map and it does not depend very much on the shape
provided it is not excessively elongated. This is somewhat equivalent to what we have in
Fourier analysis on small intervals.

The C; are coefficients in the correlation function expansion (I1.5). The P, are orthogonal
on [0, 7] and form a basis on this interval. On a partial map of characteristic size 6, these
functions are "nearly orthogonal” if they differ by more than 6l ~ 7/0.: loosely speaking
if they have not the same number of roots in that interval. Therefore, for a given corre-
lation function, the C; will be mixtures of the "true” C; over a range ~ 4l.

If Qus is the solid angle corresponding to the observed patch of the sky, using the
completude relation for the spherical harmonics, we have for the B; normalisation:

o0

> (@+1)B ZZblmblm /|W V12 dO

=0 =0 m=—1

Until the end of this section, we assume that W =1 on A and zero elsewhere. Thus we
have:

> Q@I+ 1B = Qs (I11.17)
=0

The 51 are biased relative to the Cj since one observes only a fraction of the sphere, the
rest being 0. Assuming that the function T is isotropic, to compare the C; with C; one

10



has to take into account the sky coverage normalisation:

4
X < Cl > — Z Mll/ X Cl/ WheI‘e Mll/ — T Mll/ (IIIlg)

<Cft>=
I Qobs

47
Qobs

In the following, when talking about comparison between 5’1 and Cy, we will assume that
the C} have been renormalised as describe above.

Using the 35 orthogonality relation ([Messiah, 1964], appendix C relation 15b) which

/ " 2
gives > (2U'+ 1) (é é l(]) =1 and equation (III.17) we get Z Mp=1.
l/

Therefore for a given < aR > the sum of the weights of the Cy is equal to one.

The B, can be obtain using usual computer technics (see [Gorski et al, 2005]). Then
it is easy and fast to compute numerically the matrix M) and check the systematic effect
of finite size map.

The figure 2 shows the B; spectrum and the M;y matrice for a 10 x 10 deg? square map.

111..3 Computation of the covariance of the C
estimator for spherical cap maps.

We have tried to compute the variance of the 51 estimator following the same line
of calculation. Although the result does not look like too complicated, it is of little use,
because it would cost a lot of computer time to be numerically calculated in the general
case. However it can be calculated in the simple case of a spherical cap domain.

If, in equation (III.11), we replace the temperature field by its expression (II.1), we
get:

Aim = E Alymy Bllmllm

limq

where we have set:

e TN N
Blymyim = /W ) Y(Q) Y(Q)

Averaging over sky realisations and using equation (I1.3), one gets (see details in ap-
pendix B):

/ / / /
<C/>= 2z+1 ZZ/CZ/|Blml/m 2 for —I<m<+l,0< <00, —I'<m' <+
and provided that the a;, are gaussian random fields:

+U’

<C0L>—<C><(Cp>= I 2L+1 Z ZL Zsz ;l/By mtm B oar |

m=— M

The last two results are valid for any weighting function W on the sphere. W could
include an additionnal weighting, for instance to treat border effects. The results of the

11



former section can also be adapted to that case. Until the end of this section, we will
assume that W =1 on A and zero elsewhere.

This equation simplifies a lot if one considers a spherical cap centered at the north
pole with border at polar angle 6.. Using Y/"(0,¢) = A\"(cos(0)) ¢™? (where \I" are
the normalised associated Legendre polynomials), we get in this case:

0.
By = 27 St Biom where? Bipm = [ N"(cos(0)) N7*(cos(8)) d cos(6)

]

Replacing in the general expression for the covariance, one obtains:

l

=~ (277)2 2
<G>= o5 > > Cv (Bum) (I11.19)

m=—1 1'>|m]|

and for the covariance:

2

_ ~ . 20
<CCL>—-<C><(Cp>= AT DRI S > Cv BuwBrrm (I11.20)

m \Uzlml

The By, coefficients could be computed by numerical integration but this would be very
slow at high [. The calculations were done using recurrence relations.

The figure 3 shows the correlation matrix computed from the covariance formula above
for a 10 x 10 deg? spherical cap.

Recurrence relations
In order to derive the following recurrence relations for the By, coefficients, we have
used the usual recurrence relations among the normalised associated Legendre functions

([Gradshtein et al, 1980]) which imply integrals of the form* [N (z)A\*(z)dz. The
1

[

latter integration can be in turn related to integrals of the type [ A*(x)A7(z)dx by
1

evaluating [ (1 — 2?)(A7Y AP + A" A\j*)dz and using the Legendre differential equation

1
(where " and ” means first and second order derivations with respect to z). One gets:

B (I+1—m)(I+1+m) 2043 2 20+1 2
Biriyim = —cA"(c) ﬁl(c) + 2(0+1) <\/ 2041 A ()] + 2043 [ ?}rl(c)]
3We have Bjyym = Biim = Bu—m € R, By = ﬁ (1 —cos(b:)) , Bim =0 for | m |> min(l,1).

From the relation ZW((T{)Y[”((TQ)) = %PI((Z@) we get > Bym = 2941L Qg

872
“We set ¢ = cos(f.) and x = cos(f)

12



And for | k—1|> 2, setting b= (I +1)(k —[)(k —m), one has:

%+1 [20+1 I+1—m
B, — =2 (+1 By
b X Bigm k\/Qk—l\/2l+3\//€+m im0+ T+m) Brgam

m( 2041 [I+14+m m m
—<k—m><<Z+ oA () = o\ [P gy m(c))Ak(c)
2%k + 1 -
_\/Qk—l\/k+m Ak (IIL.21)
2011 [I+1-m - -
X (k\/2l+3\/l—|—1+m (I+1+m)eA (c) — (k(I + 1) — m?) A, (c))

This heavy recurrence relation has been verified to be numerically stable up to [ ~ 2500.
The only numerical integral to perform is By,. As A™(z) ~ (1—a2)2™ Q(I—m) (where
Q@ (n) stands for a polynome of degree n), the integrand of By, is a polynome of degree 21
and it may be exactly computed using the Gauss-Legendre integration method with [+ 1
points. All other By, can be computed using the recurrence relations (I11.21).

With similar technics [Wandelt et al, 2001] derived different equivalent recurrence rela-
tions.

Approximation for small maps
For small 6. (6. < 0.15), one can make the approximation ([Gradshtein et al, 1980]):

AP (cos(8)) — (—li)m \/(m;é)fl ;)7!71)! -

where the J,,, are the cylindrical Bessel functions. Therefore:

0 1,0 16) do
4 A (I—m)! (ly —m)! 1™ / Jm(110) T (10)

0Oc
\/25+1 o +1 (I+m) (L +m) 1
Biim =~
0

where the last integral is a Lommel integral ([Gradshtein et al, 1980]). Then:
B o 241 2L+1 (I+m) (lL+m)! 1 0,
hibm A Ar (I—m)! (L —m)! P 2 =2
X U (L10:) ), (16.) — 11 (16.) J), (116.) } (I11.22)

where J] (z) stands for the derivative of .J,,,(z) relative to z.

For numerical purposes it is easier to replace {lJ,,(l10.)J],(16.) — 11 (10.)J), (110.)} by
{100 (16) Jir (1162) — 100 (110,) Juyr (16,)}. Figure 9 compares the variance of the CF
computed with relation (II1.21) with the calculation done with the above approximation:
the agreement is excellent for fg, = %ﬁs <6107 (6. <0.15 rd).

Behaviour of the variance as a function of 6,

If16. < m, Jn(l6.) behaves as (10.)™ which gives a negligible contribution if m is large. On
the other hand, if m < [0, one can use the following approximation ([Gradshtein et al, 1980]):

\/g \/;Tc cos(l0. + om)




where ¢, is a phase depending on m and slowly varying with 10.: ¢,, — —m3 — 7 for
10, — oo.
In that approximation, from equation (II1.22) one obtains®:
in((ly —1)0.
Biim ~ M 0. =6, + corrections depending on m (I11.23)

Iy —1

One can use this approximation in equation (I11.20) in which we set | = L for the variance
calculation.

If only the central peak of B3

ii,m as a function of [, is considered (| [y — [ [< 7/6.) the

partial sum ) in equation (IIL.20) behaves as 6. because By, is a function with a peak
l/

height proportionnal to % and width 7/0.. A more systematic calculation shows that,

due to the high values of C; at low [, one can not neglect the contribution of Bj ,, at the

left of the peak (Iy <1 —7/6,).

The sum over m in equation (II1.20) introduces a factor ~ 216..

If one considers only the central peak (and using the normalisation in formula (II1.18)),
2 (4m) _1
one gets O'%R ~ Jclec i ) 80 Oar would scale as [y

Numericallyl we found that a good approximation for small 6, is:
oc,(4m)
\V/ fsky\/ 9_71

For large [ values, the peak wing corrections lead to corrections of higher order in 1/6,:

oan ~ (I11.24)

2
o (4m)
OGp ™ lQC x (14 ], )

(111.25)

111.4 Discussion and comparison with simulations

In the following the C, coefficients are computed from simulated CMB maps using the
well known Fast Fourier Transform (FEFT) technics ([Natoli et al, 1997]).

Simulations have been realised using the HEALPIX package ([Gorski et al, 2005]).
Pure CMB maps of various sizes and shapes have been simulated using the program
SYNFAST with l,,,. = 2500 for the standard ACDM spectrum. The temperature field
outside the various observed regions is set to zero.

The pixel size was chosen small enough (NSIDE = 2048) in order not to bias the
C) reconstruction up to [, = 2500. The pixel smoothing windows has been chosen to
be that of a NSIDFE = 8192. So the value in a pixel is very nearly the value of the
temperature field at the center of the pixel. No detector noise nor telescope lobe effect
was added.

The C; were reconstructed using the program ANAFAST up to [0, = 2500. That is
to say that ANAFAST computes our C; as defined in equation (II1.10).

Using full sphere simulations we checked that the reconstructed (Z were in perfect
agreement, even at large [, with the generated ones. Table (1) shows the generations used

in the following discussion. In the following fg, = 94"7‘;5 is the fraction of the observed sky.

>This equation and (II1.19) explain qualitatively the behaviour of the matrix M;.
14



map size fsky number of generations
1

47 sr 579
20 x 32 1.54 1072 228
17x 17  0.697 102 579

R =9.585 - 2279
10 x 10 0.242 1072 228
6 X6 0.872 1073 228
4x9 - 228
R = 3.385 - 228

Table 1: Description of simulations: R = 6. means a spherical cap with polar angle
0. deg, other maps are labeled A x A¢ deg?.

Figure 5 shows that the bias computed using formulae (II1.16) and (I11.18) is in excel-
lent agreement with the simulations. Figure 6 illustrates the fact, with 17 x 17deg? maps,
that this systematic bias may not be small with respect to the variance. In the present
figure it is of the order of 20 for [ > 2000. We note also that the correction can be im-
portant at lower [ although dominated by the variance. The C/F values are systematically
above the input C; when 200 < [ and are oscillating with a period 6l ~ 7 /f.. The matrix
My (I111.16) has long oscillating quasi-symetric tails (see the figure 4). The input C) spec-
trum used is a rapidly decreasing function. Therefore the left tail contribution is much
larger than the right tail one, making the bias always positive at high [. The observed
oscillations are a consequence of the M matrix oscillating tails and of the global shape
of the € spectrum, but are not, at first order, the image of the acoustic peaks. A smooth
input C; spectrum without peaks leads also to an oscillating C® spectrum with only a
sligthly different pattern. For a more rapidly decreasing input spectrum, the amplitude
of the oscillations increases.

The variance has been computed numerically using (II11.20) and the recurrence rela-
tions (II1.21). The results are compared with various simulations in figures 7 and 8. They
show that the variance can be predicted accurately independently of the map shape, al-
though the calculations were performed for spherical caps. The figure 8 shows in detail
the agreement between spherical cap map simulations and calculations. We can even go
further and compare the correlation matrix obtained from simulations to the calculations
for spherical caps:

<CCL>—<C><Cp >
\/<(712>—<(71>2\/<(7£>—<(7L>2

Cor(l, L) =

We will do the comparison for a few lines of the correlation matrix. Figure 10 compares
computation and simulation for two lines (I = 2001 and [ = 1500) of the correlation
matrix around the correlation peak for fg, = 0.697 1072 (see table (1)). Top plots
are for a spherical cap (2279 simulations) and bottom ones are for a square map (579
simulations). When [, L are both larges, the dispersion is rather small. The top left plot
shows the very good agreement between computation and simulations. The bottom left
plot shows that, even for a square map, the correlation peak is well reproduced. Outside
the peak, the correlation level is fairly good but out of phase due to the map shape. The
same conclusions can be drawn for the right plots although dispersion in the simulations

15



is larger because of the large variance we have for small values of [, L. In conclusion,the
correlation peak shape is rather independent of the map shape. We note also that the
correlation matrix outside the diagonal region has a periodic structure of period ~ 27 /6,
which is a consequence of formula (II1.23).

Figure 11 shows on Joc,(4m) versus fg, for various [. The variance (U%R) does not scale

l
as fo, as often assumed (see the discussion in ([Tegmark, 1997])). The black dashed

_ __1
curve shows Ogn Joc,(4m) = T

For [ ~ 500 the variance scale as f;j as expected from the lowest order calculation
(formula (II1.24)) represented by the solid black curve. For larger ! values, we have
to take into account the correction terms of formula (III1.25). This indicates that the
dependance of the variance on the map size depends also on the C; spectrum shape.

16
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Figure 2: The top picture shows the B; spectrum for a 10 x 10 deg? square map.

The bottom picture shows the matrix My, for the same map (The LUT as been optimised
for readability purpose). Axes range from upper corner left (I = 0,1’ = 0) to bottom right
corner (I = 2500,1" = 2500).
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Figure 3: Correlation matrix for the 5; a 10 x 10 deg? spherical cap.
The top left corner is for (I = 0," = 0) and the bottom left corner is for (I = 2500, =
2500). The LUT ranges from —1 (dark) to +1 (white).

18



10" . >
] : 17 x 17 deg” map
line 1590 ° spher. cap, same area
e  10x10deg
102 e ............... ° 6 x 6 deg?
§ : 4 x 9 deg®
§ -
:
)
X
B 104 i O ]
g i
L M I I R BT T SR
1100 1200 1300 1400 1500 1600 1700 1800 1900
column number
: ) : e line1500
10 x 10 deg map; ° line 500 (translated)
2 :
10 s o o line 2400 (translated)
¢ £
= :
< 5 g
= 1 = :
% = :
I
X u :
% 10" =
E T E z z
10° : :
T R R BT ST T R B
1100 1200 1300 1400 1500 1600 1700 1800 1900

column number

Figure 4: The top picture shows line [ = 1500 of matrix M for I’ ranging from 1100 to
1900 and for maps of various sizes and shapes. The bottom one shows line [ = 1500 of
matrix My for a 10 x 10 deg? map and lines [ = 500, 2400 where the peaks have been
shifted to I’ = 1500 for easy comparison.

19



IR " SO S SO . used in generation or calculated
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Figure 5: Systematic effect on Cj for various size maps. The thick black curve represents
the () coefficients used in the simulations. The colored curves show the average < CF >
reconstructed from simulations for various map sizes. The thin black curves superimposed
on colored ones show the results predicted by formula (II1.16).
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Figure 6: Finite size map systematic effect on C; for a 17 x 17 deg? map. The thick
black curve represents the C; used in the simulations. The red curve show the average
< OF > reconstructed from simulations. The two pink curves show the one sigma de-
viation reconstructed from simulations. The blue curve shows the results predicted by
formula (II1.16).
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Figure 7: Finite size map effect on Cj variance for various maps. The thick black curve
represents the variance of the Cj for the full sphere. The colored curves show the variance
of the C} reconstructed from simulations. The thin black curves superimposed on colored
ones show the results predicted by formula (II1.21).
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Figure 8: Finite size map effect on C; variance for various ~ 36 deg? maps with dif-
ferent shapes. The zoom compares the result of simulations for spherical cap with the

formula (II1.21).
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Figure 9: Validity of the small polar cap map approximation. Comparison of the vari-
ance computed with Legendre polynomials and Bessel function approximations (see sec-

tion (iii.3)).
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Figure 10: Comparison of the computed correlation matrix with simulations for 17 x
17 deg?® maps. Black curves correspond to the computed correlation for a spherical cap.
Red curves represent the correlation computed from simulations: the top figures corre-
spond to a spherical cap and the bottom figures to a square map. The lines [ = 2001
and | = 1500 of the correlation matrix Cor(l, L) are drawn versus columns L around the
correlation peak.
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Figure 11: Square root of the variance of Cj relative to the full sphere variance versus
1

map aperture 6, for various [. The black dashed curve represents the simple fs;g scaling.

1 I_IIIIIIII .................... ||||||||f||| ........ | ........ R o B
-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
log10(fsky)

The black solid curve represents the first order scaling (equation (II1.24)).

26



IV Angular correlation function estimation for
a portion of sphere.

w.1 FEstimator of the angular correlation function.

The angular correlation function £(7) is estimated as in section ii.3 but with the
integration limited to the portion of sphere A. Let’s define :

WAQ) =1 if Q € A and 0 elsewhere, or W(Q) >0 in A and 0 elsewhere.

The angular correlation function can be computed without ponderation on the tem-
perature field. We define:

€M) = wig [ dudQy T()T(2) 6(Q.0; — cos())
AxA

= o [ ddQ T()WAQ)T(Q) WA () 6(Q1.8; — cos(7))
S2x 52

or more generally with a ponderation W (Q):

) = wio [ dudQy T(Q) W) T(Q)W () 6(2.2 — cos(7))

AxA
— —_— — —
= Af+(’y) f dQldQQ T(Ql)W(Ql) T(QQ)W(QQ) (5(9192 — COS(’}/))
S52x .52
with N
./\/’A(’}/) = f dQldQQ 5(9192 — COS(’}/))
AxA NN
= f dQlng WA(Ql> WA(QQ> 5(9192 — COS("Y))
S52x 52

We have T'(Q2) = > ap, Y)(2) and we define:
LM

W(Q) = 3 b V()
WAQ) = 32 by Y (Q)

The above integral becomes:

NA(’V) §<7> = Z allmlbLlMl a12m2bL2M2

o o mr M, ma Mo
X f dQldQQ 5(9192 — COS(’}/)) Y}l (Ql)YLl (Ql) Y}Q (QQ)YL2 (Qg)
S52x.52

where the sum > goes over {ly,mq, L1, My, ly, mo, Ly, Ms}.
The computation is described in details in appendix C. We get:

>, (2L +1) Br Pr(v)

~ B 20+1 L
<{() > = (; 4 CZPZ(V));(ZL-FH Bi Pr(v)




where B; and Bj! are defined respectively with by, and ;) according to (I11.14), and

Ny = 203 2L +1) BYY Pr(y)

For ~ > O,4:, where O,,,, is the largest angular distance on the map A, () is not
computable.

o If W = W4, the temperature field is not ponderated on A and the estimator is unbiased:

<ims=S 2 pe) = e

47
l

o If W # WA, the temperature field is ponderated on A by the positive function W ()
and the angular correlation function is biased.

e If the temperature field is ponderated on A by the positive function W () and we
replace N4 () by:

N () = / A0 dS T (S0) () 6210 —cos(7)) = 21 Y (2L+1) By Po(7)

S2x 52

the estimator is unbiased.
Note that N4(7) is proportional to the number of pairs of directions separated by an
angle v that can be done on A.

w.2 Comparison of the estimator with the < C) >.

< E (77) > can also be expressed relative to the ensemble average < C; > of the bias C
computed in section iii.2.

We have (¢ = cos(y)):

N Ee) = ¥ @marw [ d0d 699 — o) Q) Vi ()

Iml'm/’ AxA

The integral is computed in appendix D. Computing the ensemble average gives:

NA(C) < g(C) > = Z C’léll/(Smm/ X (QWPL(C) BLMlm BLMl’m’)
Iml’m’ LM
= 27T Z ClPL(C) ‘ BLMlm ‘2

ImLM

= 27> Pr(c) 3. Ci| Boyim |?
L

ImM

= 273 Pi(c) 2L+ 1) < Cp, >

We finally obtain:

<&(y)>= 27rz (204 1) AZ;;(Z;) <C >

l
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w.3 Covariance of the estimator of the angular
correlation function on partial map.

Let’s define ¢; = cos(v1) and ¢ = cos(7s).

— — S m!
NAe) Eer) = X @i agny [ dd §(Q1.05 — e) () Y ()
AxA

where the sum > goes over {ly,mq,l},m}}.

N )NA(e2) < &(er)é(cr) > R
=< ar m!, Alymy Am?, Alams > f dQldQll (5(919’1 — Cl)
AxA
o~ ym1 m ym2 mh
X [ a0, 50,0 — ) VI () Vi () TTE) V(%)
AxA

If the temperature field is real and gaussian, we can compute the fourth moment of the
am- That leads to 3 terms:

!/
1

L=/ GGy Y ()Y
2=/ CyCy Y ()Y :
3/ (SAYECCy Y VI Y ()Y, ()

The first term gives < N4(c1)&(c1) >< N4(e2)é(c2) >. Using V™ = (=1)"Y,”™ and
playing with indices, it is easy to demonstrate that the second and third terms are equal.

We have:

NAe)NA(es) (< E(c1)E(e2) > - < £(c1) >< &(es) >)

= NAc)NA(er) VI(E(er), E(ca))
=2x > OyG,

lymalim] NN o
X[ dudQ 6.0 — 1) Y ()Y ()
AxA , N _/) m m ,
X[ dQadQy 6(Q.C% — c3) Y, 1(Q2)Y2,1 H(82)
AxA
—2x Y CuCL I (er) I ()
lymalim) e
where:
— ’ o Iomy !
I (¢) = / 40 5(0.9 — &) Yy (@) T7(Q) = 77 (o)
AxA
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is computed in appendix D. Going back to the computation of the £(c¢) covariance:

NA(Cl)NA(C2) V(&(er),&(c2)) .
= 20212 % LGy L (e) I (e)
limylim)

— 2 _ S
- 1 1m1 m m 1m1
2(27T) Z Z Cl Cl/l PL(Cl)PL/(CQ) BLMl .BL]\/”/1 4 BL’M/l’l /IBL’M’l

limylim} LML'M'

= 2(2m)* > Pr(c)Pr(cs) (Z C, BLMllmlBL/M'llml) (Z Cy, BL/M/zgmﬁBLMzgm/l)

LML' M’ lima limg

= 2(27)2 Y. Pr(c1)Pr(ca) | Y. Cr BusrimBraiim |2

LML'M' Im

= 2(2m)*3° Pp(ci)Pr(ca) ( > | 22 G Buaim Branm |2)

LL! MM’ Im

The term in parenthesis can be expressed relative to the covariance V@(L, L) of the C,
(see appendix B):

NAc)NA(c2) V(E(er), E(ea)) = 2(2m)2% Prler) Pus(ca) (% Ve, (L, L/))

Lr

= (2m)2> 2L+ 1)(2L' +1) V@(L, L") Pr(c1)Pri(co)

LL!

Using the value of N*4(y) computed in section C, one finally obtain for a partial map of
any shape:

V(€(c1),&(ca)) = <&(e1)é(c2) > — < §(er) >< E(ca) >

(2m)? 3 4121 +1) Vg, (L) Pi(y) Py (12)
w

- NA(y1) NA(72)

> (@)@ +1) Vg, (1) Pi(v) Py (72)
u

(2L3 (2L+1) Bt Pr(m)) (X (2L/+1) By, Ppi(v2))
L’

Recall that the V (I,1') can only be computed easily if the partial map is a spherical

cap. The figure 12 shows the correlation matrix of the () for a spherical cap of area
17 x 17 deg?: one sees that the level of correlation is very high.
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Figure 12: Correlation matrix of the £(v) for a 17 x 17 deg? spherical cap. The top left
corner is for (v = 0,7 = 0) and the bottom left corner is for (y = 19.1,7" = 19.1 deg).
The LUT ranges from 0.5 (dark) to +1 (white).
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V () estimation using the angular correlation function

for a portion of sphere.

v.1 Using integration of the angular correlation
function.

Suppose that we measure the angular correlation function £(7y).
For the full sphere we have:

™

C = 2n / £(7) Picos(y)) d cos()

v=0
On a portion of sphere, we may have an estimation of the Cj by performing the integration

Otim
Cf = 2n [ €0) Pieos(y)) deos(y) (V.26)

=0

where 6;;,, is the maximum separation angle obtainable for that map.

We demonstrated that () is unbiased, so:

<& > =€) = 1= 3 (@+1) G Rleos(r)

Thus we compute:

Olim

<Ci> = 2 J < &(y) > Picos(7)) dcos(v)

Olim

= 2r | €() Blcos(y)) deos(y)

00 Olim

= 2r 4= > (2'+1)Cy io Py(cos(y)) Pi(cos(y)) dcos(y)

'=0 ¥

Using the definition of the By, the P, and the )\? we have:

- o0
20'+1

< le > = 27 Z 2l:1 Cy By

I'=0

with Bl’lO = Bl/lo(elim).

[] As we have a sharp cut-off at 6;;,,, the obtained spectrum oscillates strongly around
the theorical value (that is somewhat equivalent to the Gibbs phenomena we have with
the Fourier transform), and that method is not usable. The figure 13 shows the predicted
515 for a spherical cap of angular aperture 6;;,,, = 19 deg. The level of oscillations is very
high. The “wave length” of the oscillations is about Al ~ 2. This problem is discussed

. . Glzm
in the next section.
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One can compute the covariance of the @5 :

Olim

< CiCh > = (2n) / < EMER) > Pi(cos(v)) Pré(cos(v)) dcos(v)d cos(v)

Using the variance of the E computed in section iv.3, we obtain:

V(CP.Co) = > My, Vg, (In, 1) My, (V.27)
Il
with
OLim

My, = (20 (20 + 1) / (1) Py (7) deos(y) (V.28)

1
NA()

v.2 Using integration of a smooth apodization of
the angular correlation function.

In order to avoid the problem shown in figure 13 due to the sharp cut-off at 6;;,, the
correlation function £(vy) is multiplied by a function going smoothly to zero at 0y;,.

A usefull function is:  Fien() = 3(1 — tanh(5%2)) where 6, is the cutting angle
and A caracterises the width of the smoothing.

One could also take F..;(0) = 1(1—erf(252)).

The estimator in (V.26) is changed to:

Glim

Cf = 2r [ €0) Fo) Pleos(s) deos(y) (v.29)

v=0

In that case the average value of the estimator is:

~ Orim
<Ci> = 2 | <&(y)> F(y) Rleos(y)) deos(y)
00 01im
=1 Eo (2l 4+ 1) Cp Io Py (cos(y)) Bi(cos(vy)) F(v) dcos(y)

It has to be computed numerically.
The covariance keeps the same form as (V.27) if we replace M), in the former section by:

Olim

My = (@ @h+1) [ g RORGFG) deosth) (V30

[l Apodization effect for small maps.
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Glzm

We compute: f Py(cos(0)) Py(cos(8)) F(0) dcos(f) . For 6, small, we may
approximate Pl(cos(é’)) JO(ZQ) and we have (sin(6) ~ 0):

Orim
I = / Jo(I'0) Jo(16) F(6) 0 6
0
9
We define: L(0) = [ Jo(I'0") Jo(10') 0’ d§’ which is a Lommel integral. Integrating I
0
by parts:
Orim
I = [L(0) F(O)]gim — / L(0') %F(H’) do’
0

But L(0) = 0 and we set the smoothing function to be null at 6;;, i.e. F(0};,) = 0. Thus
[- - -]g”m = 0 and we have:

Glim

To perform analytical computations, we take: F(0) = F.,;(0) = 3(1 —erf(£52)) , we
have: d%Ferf = —ﬁ exp <—w;—9§)2> and we obtain:

The Lommel integral L(6) is ([Gradshtein et al, 1980]):

0
2 — |2
where J{(x) is the derivative with respect to z, and we make the approximation (for
O, > 1): Jo(10) ~ (/25 cos(l0 + ¢) with ¢ — —(n+3)% if  — co. For J, this
remains a good approximation even for values as low as [ ~ 4.

We obtain: L(f) = 1 [Sin((l/_l)e) + Sin((l/+l)6+2¢)]
' w

L) = LIo(10)J4(16) — U To(16)J4(16)]

m -l U+l
1
U+l

The second term is of order with respect to the first one and will be neglected. We

finally have:

Glim

I Alf f Sm(Ef/_‘/)@) exp <_(9_A920)2> 20
0

sln(l z))ep< (6— 9°)>d9

ocA\/—f

where we have replaced the integration limits because A < 6y so that the integrand is
null outside the limits. Setting z = 6 — 6y we have:

sin((I"'=1)8) = sin((I'=1)(6p+2)) = sin((I' —1)bp) cos((I' —1)z) 4+ cos((I' = 1)by) sin((I' —1)z)
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Thus:

I 1 [ sm@-ne) 7 I —1 —%)d
X AV —1 f COS(( )Z> eXp( AQ) <

+oo | ,
+cos((I' = 1)6y) [ 75111(%__/)2) exp(—Z%5) dz}

—0o0

The second integral is null by symetry:

0o sin((I' —1)bp)
AV (D),

As [ cos((I' = )z) exp(—2?/A%) dz = /T A exp(—3(I' = 1)*A?) , we have:

0o sin((I' —1)6o) L 272
o Sl ) g - 1)

and finally:

<Ci>oc Y (@' +1)Cy b sin((Z' = ) Xp(—i(z'—z)%?)

N

The value of a < 515 > is given by a kind of convolution:

e The width of the sinc goes like %, so as 0y goes to zero, the width will become large.

e The width of the gaussian goes like i (0 = %), so the larger the width of the
smoothing function (large A), the smaller the width of the gaussian in the last
formula.

The oscillations described in the previous section (see figure 13) are due to the contribu-
tion of the low multipoles at high [: if there is no apodization, as there is a lot of power
in low [ multipoles, the high [ multipoles will get a lot of power transfered from the low
ones and the oscillations will be large:

- If the apodization is too sharp, the width of the gaussian will be very large and the
“convolution” will be dominated by the sinc. The “sinc” decrease slowly (1/1), the trans-
fert of power from the low multipole to the high ones will be important and so will be the
oscillations. We need a smooth apodization function.

- If 0 is large the width of the sinc will be small and the oscillation of the sinc will remain
imprinted on the spectrum. We must take 6y not near 6;;,,.

The figure 14 shows the effect of various apodization parameters on the predicted C]
(formula V.29). The apodizations are applied to the “theoretical angular correlation
function” with 6y, ~ 19 deg corresponding to 17 x 17 deg? spherical cap maps.

e for Oy = 15 deg, A = 0.5 deg: the spectrum oscillates at low [ due to the sharpness
of the filter. At high [ it is undistinguishable from the theorical one.
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e for 0y = 10 deg, A = 5 deg: the angular correlation spectrum is not apodized enough
near 0;;,, and, as explained above, the low multipoles C; values correlate with the
high multipole ones leading to oscillations at high [ in the reconstructed spectrum.

e 0y =1 deg, A = 2 deg shows that one cannot lower too much 6, without loosing
information. The reconstructed spectrum becomes highly biaised and smoothed.

e 6y =10 deg, A = 2 deg shows an example of good apodization. The reconstructed
spectrum differs only at very low multipole values where the size of the map becomes
too small.

Using V.27 with V.30, the top plot of figure 15 shows the variance (I + 1)055/27r for

(0o = 10 deg, A = 2 deg) and (0y = 10 deg, A = 5 deg): because of the poor apodization
of the second filter, the variance increases a lot at high multipoles.

The bottom plot of figure 15 shows the correlation function for [ = 1500 for (6, =
10 deg, A = 2 deg) and (0y = 5 deg, A = 2 deg): the width of the correlation peak
depends on the value of 6y and is greater for the second filter as the accessible separation
angle in the angular correlation spectrum is lower in that case.

v.3 Practical C; reconstruction from the angular
correlation spectrum.

The above analytical results were applied to a set of 173 simulated 17 x 17 deg? square
maps to check the quality of the C; reconstruction. Computing the correlation spectrum
is time consuming, therefore, for practical purposes, the temperature field has been cal-
culated on a rectangular grid with constant # and ¢ intervals of 1 arcmin, across the
equator. The temperature field is obtained using SYNFAST (see [Gorski et al, 2005])
with NSIDE = 4096 and attributing to the grid nodes the temperature value of the
nearest HEALPIX map cell center. No telescope lobe nor measurement noise was intro-
duced. The separation angle is computed only from the # and ¢ differences which allows
fast computation of the angular correlation histogram. We have checked that, for the
small maps under consideration, this procedure does not introduce any bias by simulating
maps with the same area but largely elongated along the equator. Reconstructed angular
correlation spectra are shown in figure 16 as functions of v, not cos(v), because the high
angular momentum information is at small values of 7. The spectra are very different,
one from the other, due to the large low [ value variance of the C.

Reconstructing the C; spectrum from these correlation histograms requires some care.
First, at high [ values, the Legendre polynomials oscillate rapidly and the calculation of
the integral (V.29) must be performed with a very small angular step. For that pur-
pose, the correlation spectrum histograms have been oversampled by a factor 10 and the
intermediate correlation function values obtained from a third order spline calculation.
Secondly, the angular step of the correlation histogram must be smaller than the map
step, otherwise some information is lost. For instance, at small separation angle, it is
necessary to distinguish the angular separation angle of adjacent cells from the one of
cells which are neighbours on a diagonal. We have used a sampling four times finer than
the interval between adjacent map cells (1 arcmin).

With these cautions, reconstructed C; are shown in figure 17 and 18. The filter shapes
have been chosen according to the discussion of the preceding section. Figure 17 shows
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the average of the reconstructed C) spectra over the 173 simulated maps, while figure 18
shows one particular simulation. Figure 17 compares also the calculated variance of the
C; (formula V.27) with the variance deduced from the 173 simulations. They agree well
for [ < 1500. The discrepancy at larger [ values may be due to the HEALPIX map
resolution, and to the histogram binwidth definition. This is reflected by the systematic
bias of the average reconstructed C; spectrum for [ > 2200. Figure 18 compares the
reconstructed C; spectra obtained with two different apodisation cut-off parameters. The
one corresponding to 6y = 5 deg looks better than the one obtained with 6, = 10 deg, but
this reflects only the fact that the C) values are correlated on a larger scale in the first
case, washing out some fluctuations, as shown in figure 19.
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Figure 13: Predicted < 5f > from | () integration for a spherical cap of aperture 19 deg:
- the red curve shows the predicted I(I + 1) < C* > /27
- the black curve the input [(I + 1)C; /27 spectrum.
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Figure 14: Predicted (I + 1) < éf > from g(fy) integration with apodization for a
spherical cap of aperture 19 deg:

e Top figure

- the yellow curve is for apodization (6y = 15 deg, A = 0.5 deg)

- the blue curve is for apodization (g = 10 deg, A =5 deg)

- the black curve is for apodization (6y = 1 deg, A = 2 deg)

- the red curve is the [(I + 1)C; /27 input spectrum (the curve is undistinghishable from
the yellow one at large 1).

e Bottom figure

- the black curve is for apodization (6y = 10 deg, A = 2 deg)

- the red curve is the I(1 4 1)C; /27 input spectrum (the curve is not plotted above [ = 200
because it is undistinghishable from the black one).
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Figure 15: Predicted variance and correlation for @5 with apodization for a spherical cap
of aperture 19 deg:

e Top figure: 1(1+ l)aalg/ZW

- the black curve is for apodization (6y = 10 deg, A = 2 deg)

- the red curve is for apodization (6y = 10 deg, A =5 deg)

e Bottom figure: correlation values for [ = 1500

- the black curve is for apodization (6y = 10 deg, A = 2 deg)

- the blue curve is for apodization (6 = 5 deg, A =2 deg)
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Figure 16: Reconstructed angular correlation function from 173 simulations of 17 deg X
17 deg squared maps:

o Left figure

- the yellow, orange, green and red curves are reconstructed angular function on 4 indi-
vidual generations.

- the black curve is the mean angular function computed from the 173 generations.

- the blue curve is the dispersion of the angular functions computed from the 173 gener-
ations.

e Right figure

- the black curve is the mean angular function computed from the 173 generations.

- the red curve is the expected angular function computed directly from the input C;
spectrum
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Figure 17: Reconstructed (I + 1) < @5 > /2 from £(7) integration with apodization on
173 simulations of 17 deg x 17 deg squared maps: B

- the black curve shows the mean reconstructed I(I + 1) < C* > /2r for apodization
(6o = 10 deg, A = 2 deg)

- the red curve shows the /(I 4+ 1)C;/27 input spectrum

- the blue curve shows the dispersion oo of the reconstructed @5 on the generations for
the same apodization

- the orange curve shows the dispersion g predicted by (V.27) and (V.30) for a 17 x

17 deg? spherical cap
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Figure 18: Reconstructed (14 1)515 /27 for integration with apodization for one individual
generation of a 17 deg x 17 deg squared map:

- the red curve is for apodization (6y = 10 deg, A = 2 deg)

- the blue curve is for apodization (g = 5 deg, A = 2 deg)

- the black curve shows the /(I 4+ 1)C;/27 input spectrum
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Figure 19: Reconstructed correlation of @5 for integration with apodization for L = 1500:
- Top figure is for apodization (6y = 10 deg, A = 2 deg)

- Bottom figure is for apodization (6p =5 deg, A = 2 deg)

- blacks curves are the reconstructed Cor(l, L) on the 173 generations of 17 deg x 17 deg
squared maps

- red curves are the predicted Cor(l, L) for a 17 x 17 deg? spherical cap
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VI Conclusion.

In these notes we have computed the biases and covariance of the C; reconstructed
from small sky maps. This was done for two methods, the widely used one based on FFT
analysis of the temperature field, and the one which uses the angular correlation spectrum.
These two methods are complementary. Estimators of the C; have been defined and we
have shown how they can be computed numerically, as well as their covariance matrix
and correlations. These calculations are simpler to perform in the case of sperical cap
maps, due to the high degree of symetry. We have shown, using simulated sky maps,
that most of the results do not depend on the map shape at first order. Most of the
biases introduced by the use of small maps can be studied numerically without having to
simulate large amounts of sky maps. We have also studied the complicated dependency of
the reconstructed C; variance over the map size. In the case of the correlation spectrum
we have shown how its apodisation works.
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APPENDICES

A Computation of the angular correlation integral.

Let’s compute the internal integral Z of the angular correlation function of section ii.3:

m m oo
1 = / }/ll 1(Ql)Y22 Q(Qg) dQldQQ 5(9192 — COS(’}/))

S2x 52

We rotate the original coordinate axis Oxyz to OXY Z such that (71) = (01, ¢1) be the
unit vector along OZ. Such a rotation is performed by first rotating by an angle ¢,
around Oz. The Oy axis moves to Oy;. Then a rotation with angle #; around Oy,
is performed. The rotation which transforms Oxyz to OXY Z is the rotation of Euler
angles R(a = ¢, = 601,0). Let’s (0, ¢2) be the coordinates of (72) in Ozyz et (Oq, Dy)
in OXYZ.

The transformation law of the spherical harmonics is (see [Messiah, 1964]):

@27 ®2 Z Ym2 027 (12 ( (¢17 01))

The inverse rotation gives:

027¢2 Z Y @27q)2 (l2) ( 71(¢1791))

As R is a unitary transform @ o (BH9,0)) = oV ((R(¢,0)) so we obtain:

mm

72 (0, ) ZY’"Q (0, @2) D), (R(¢n,61)

Let’s go back to Z. As the transform is a rotation, the jacobian is equal to 1 and:
d1dQy = dcos(0y)dpy dcos(fz)dps = dcos(0r)de; dcos(Og)dds

The scalar product is invariant under rotation, so the argument of the delta distribution
— —
remains unchanged: ;.05 = cos(0s).

7 = f Y}T (91, ¢1)Z Y (@2, CI)Q) Q(lg ( (¢1, 91)) dCOS(el)d¢1 dCOS(@Q)dCI)Q
S52x .52
d(cos(O2) — cos(v))

—_— Ym1(91,¢1)ZYm2(7,<D2)C‘Dgfm( (¢1,61)) dcos(6;)dp, dD,
S2x 52
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. m/ lo—mb)! ms imb
Since Y}, (7, ®2) = ﬁ—ilél;mz;g Py, % (cos(y)) 22,

for the integral over ®, to be non zero, we must have m/, = 0.

S 20+ 1 —r
T — [ V(00,60 \ % R(cos()) DUh(R(61,60)) 27 deos(8))don
SQ
with
9 AT s
Dpio(R(61,00) = \/ g7 Vi (01, 6n)

and Plg (COS(’Y)) = B, (COS(V)), we obtain:

T = [ V(0 60) o Y (01, 60) /22 Pr(cos()) 2 deos(6y)don
5’2

= 27T 51112 5m1m2 Plg (COS(7>)

T =2rm 51112 5m1m2 PZQ(COS(V))

(A1)
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B Computation of the C, covariance for a portion
of sphere.

We have seen (cf section iii.2) that we can write:
Am = E Blm;l’m’ aym!
l/ ’

with either

m 20+DRU+1)+1) (1 1T "\ [V 1
Blm;l’m’ = (—1) Z bl”m”\/( >< Ant >< >(m’ —m m//) (O 0 O)

" "
"m

or

Bimiim = / Y S
A

The relation Y;"™ = (—1)™Y;™ leads to:
Blm;l’m’ = Bl’m’;lm = (_1)m+m’ Bl—m;l’—m’ € C

[] Let’s compute the ensemble average < C) >

~ +
_ 1 ~ ~
G = 5+1 E :l Aim Aim
m=—

1 S5 R
g m Z Z Z Blm;l’m’ Blm;l”m” al/m/ al//m//

m l/m/ l//m//

<> = ﬁ > > 2 Bunrme Bimgrmr < Qg Gy >

m l/m/ l//m//

1 1o 1!
= 57 2 2 2 B By dppndm'm” G

m l/m/ l//m//

+l
~ 1
<Ci>= —— Bm./m/QC
! i1 2o 2 | Bumaw P G

m=—1 U'm/

[1 Now let’s compute the 6’1 covariance:

~ T~ . 1
C11 OL - (241)(2L+1) Z Z Z
m l/m/ l//m// M L/M/ L//M//

By Bimgrmy Bravspv Bowv,prmr Qg Qs G v G

Using the ensemble average of 4 a;,,, products for a real gaussian temperature field:

< Apymy Aymy Uzmz Uymy > = OllclS (5l1l25m1m25l3l45m3m4 + 5l1l45m1m45l2l35m2m3)
+ (_1)MI+m2 Ollle 5l1l35m1—m3512l45m2—m4
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We obtain:
~ = 1 _—
<CCL> = [CES)EIAS) > > B Bunrme Boarspse Boa,orve

{Cl/CL/ (5l’l”5m’m”5L/L”5M’M” -+ 5l/L”5m/M”5l”L’5m”M/)
’ "
+(_1)m +m Cl/Cl// 5l’L/5m’fM/5l”L”5m”fM”}

~ T~ . 1
<G> = grmemm 2 24
Z C(l’C’L’ Blm;l’m’Blm;l’m’ BLM;L’M’BLM;L’M’

VLM
+ > CvCr Bungrw Bimswvr Brwswv Brssame
Vm!L' M
/ " r—e— —_—
+ (=)™t " CuCr Bingrms Bumsrrme Bt —m Bragar—me»

l/m/l//m//

The first term corresponds to < 51 >< Cp >.
One could exchange [, m” to L', M’ in the third term sum:

V(L) = <6‘l5L> — <O ><Cp >
= @) (2L+1 o200 > GO |
m M U'm' L'M
Bimstrm Bimezrarr Brar.zar Boaram
+ (_1)m M Blm;l’m’Blm;L’M’ BLM;l’—m’BLM;L’—M’

}

Then exchanging M to —M in the second term sum and using the symetry relation for
the Blm;l/m/

V(L) = (21+1) (2L+1 ZZ > > CGuCp |

/ /L/M/
Bimirm ’Blm,L’M’ Bry:v v Boarme
! M/ —_— —_—
+ (=)™ B Bimssr Br—sry—m Bo—arn -
= @+ (2L+1 2.2 > Gl |

Y m M Um! LMY
Bimiirm ’Blm,L/M’ Brepv Brarm
+ Bt/ Bim vty Brarvmy B,
= 2l+1)(2L+1 2000 > Gl |
m

M U'm/ L'M’
Birmiirm ’Blm,L/M’ Brepv Brarm

}
= m Z Z (Z C(l’ Blm;l’m’BLM;l’m’) ( Z C(L’ Blm;L’M’ BLM;L’M’)
m M

U'm/ L' M’
2 S — [
= (21+1)(2L+1) Z Z Z Cl’ Blm;l’m’BLM;l’m’ Z CL’ Blm;L’M’ BLM;L’M’
m M l/m/ L/M/

We finaly obtain:
V(LL) = <G CL> — <5l >< Cp >
== —(21+1 2L+1 Z ZL | l/zlcl/ Blm;l’m/ BLM;l’m/ 2
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If we replace the B,y by their values, we obtain:

VILL) = ——2 Cy
D) = G > S | $G

(21+1) 2l’+1 ey (U1 b I 1 b
[Zb”ﬁ \/ (m’ —m 3) \0 0 0

2
(2L+1) 2l’+1)(2d+1) I L d ' L d
{Zbd‘s \/ (m’ ~M &) \0 0 0

= Z Z Z (2[’ + 1) Cl/ X ZZ \/ 2b + 1 Qd‘l— 1) bbﬁbd(g

m——1 M= I'm! b3 do
» l’ l b I L d ! 1 b ! L d
m -m g)\m' —M 6)\0 0 0/\0O O 0O
That formula is not very usefull because it involves the computation of a general 37 symbol

which is time consuming. This is why we have to add another constraint: the spherical
symetry of the portion of sphere under study.

Note that we would have obtain exactly the same result by doing the computation with
the other definition for the By, . In this case, because it would involve integral of
product of Y™ other a portion of sphere of general shape, the computation time would

be enormous .
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C Computation of the angular correlation distribution

for a portion of sphere.

Let’s compute

NA(’V) 5(/7) = Z a’llmlbLlMl al2m2bL2M2
— —> S —
x [ dQdQ 5(Q.Qs — cos(v)) Y)Y () VIR (Q2) Y2 ()
S2x 52
where the sum > runs on {ly, my, L1, My, ls, ma, Lo, Ms}.

We perform the integration on 2y by rotating the frame (Ozyz) into (Oz'y’2’) such that
—
the axis Oz’ be on Q (see figure 20)

z 71
Q1 .
01
y
T
y
¢ A
X Ny X1
N X

Figure 20: Euler rotation.

We perform the Euler rotation R(«, 3,7) of the frame®:

e Rotation of a = ¢; around Oz: (O, z,y,2) — (O, x1,y1,21 = 2)

e Rotation of § = 6, around Oy;: (O, 21,y1,21 = 2) — (O, 2",y =y1,7)
e Rotation of v = 0 around Oz, (i.e. the identity).

So the rotation is: R(«, 3,7) = R(¢1,64,0).
We define (6, ¢) to be the polar coordinates of the frame (O, x,y, z) and (¢, ¢') the polar

6Here ~ is the third angle of the Euler rotation not the separation angle of the angular correlation
function.
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coordinates in the new frame (O, 2',y', 2’).

}/lm(9/>¢/) Z @ (¢1a917 )Y ,(6)’ ¢)
Yi™(0,9) = Z DU L (61,01,0) Y (0, ¢)

Performing the rotation we get:

NAY) ED) = 3 @i brant, Gomobrons [ d Y ()Y ()
SQ

I sl of 02 vmh ey L) '
X [ dQ 6(9).Q — cos(v)) D ot V1o (Q25)D,, M,Y (Q )
SQ

where the sum runs on {ly, my, Ly, My, lo, ma, Lo, My, mb, M3}
and where we simplify the notation @fi),m = @ﬁf}m(@, 61,0).
We have d€, = dcos(6))d¢,. The integral on dcos(#)) and the function (- --) leads to
the replacement of @, by ~. Writing Y;™(6, ¢) = A\"(6)e"™?, we have for the integral on

Ph:

O—x
oy

4 T ! ! . / I\ A/
dcos(05)dgh, Y ()2 () = [ doly A2 (7)ALE (y) eitms+M5)e)
0
M/

= 270y, — My )\;7212 (VAL ()

Thus we obtain:

NA(V) g(’}/) = 27 Z QAlymq Alama bLlMlbL2M2 )‘12 (’7))‘;:12 (7)

x f 0, Y ()Y () %) o)

mgm Mo— m

where the sum runs on {ly, my, Ly, My, 1y, ma, Lo, Moy, mb}.
Now we perform the ensemble average, and as < @j;m; Giymy >= Ci,01,1,0mymy, We get:

<NAD &M > = 27 X baanbrann Co XA ()

x [ 0 Vo) ol v
S2

where the sum runs on {ly, my, Ly, My, Ly, My, mb}. We have:

S0l V() = (Z o), /;“(Ql)) = V()

mi mi

and by definition, 5’1) is on 07/, (67 = 0), so Y}TIQ(QQ) = )\?fé(())e_imé‘ﬂl.
As /\7:/2(0) = A, (0)d,10, We obtain:

<NAY) €M) > = 20> broanbrar, Ciy M, (1AL, ()AL (0) / dND2) (61,601,001 (0y)
J
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where the sum runs on {ly, L1, My, Lo, Mz}
But we have: 72 (¢1,6,,0) = /527 YM2(6,,61)

2Lo +1

<NA) &) > = 2 Z st b bio, Cr A (V)AZ, ()AL (0)
x f Ay Y20y, 1) Y ()
= 21y 2L = br,anbron, Cry AL (AL, (V)AL (0) 01,1, Onss 0
= 27 Z ﬁ broanbron G AL (1AL, ()N, (0)

where the final sum runs on {ly, Ly, M }.

Using the definition of B; (see II1.14) as well as A" = /241 EL% P, P? = B and
P,(0) = 1, we obtain:

<NA) E(y) > = (h AL G, Py (y )) x (%Z (2L1 +1) By, PL1<7>)

Ly

To compute N4(y) = [ dQdQy WA(Q) WA(Q,) 5(571)@ —cos(y)) we do the
S52x.5?

same computation as before with T(Q) =1 = V4rYP(Q) so aym, = V470,00m,0 and

Cll = 47‘(‘(5110 .

We thus obtain (FPy(0) = 1):

NAy) = 27 Y (2L+1) B Pi(y)

and finally:

2
Ty Z+1 L
<€) > = (; mw Rt >> > (2L +1) B Pu(y)
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D Computation of the angular correlation integral
for a portion of sphere.

Let’s compute the integral:

Im () — 40dSY 5(Q.0 — o) Y ()Y (Q
z/m/(c) AfA (Q. c) I () l Q)
X
= [ dQdY 5(2.Q0 — o) WAQ)WAQ) Vi (2)Y7(Q)
S2x 52
= Y pabpar [ dQd (D07 — ) Vi (Q)YH ()T Q)Y (Q)
LML'M' 52%S2

Using the formula of the product of two Y, relative to the Clebsch-Gordan coefficients
and remembering that the coefficients are real:

m _ I I+DRL¥D)  [@U+1)(2L'+1)
[ll’m’<c) - > brabpar Y 4m(22+1) 4 (2N +1)
LML M’ AN !
X < ILmM | Ap ><IMOO | N0 > < U'L'm'M" | N/ >< I'L'00 | N0 >

— ’ 7
x [ dQdQ 5(Q.Q — ¢) VI () YT(Q)
S2

The remaining integral has been computed in appendix A

I =2x (5>\)\/ 5##' PX(C)

Thus
Iih(e) = 27 55 buubrr X PA(e)
LML'M’ Al
y % < ILmM | Ap >< IMO0 | A0 >
x JEERL < ! MY | A >< UL/00 | A0 >

It is real and can be rewritten as integrals of three Y,”.

Ire) = 20 Y brabuar S PAe) [ dQVHQY(QYL(Q) [ dyp (@)Y () V()
S2

LML'M’ Al 52 L o
= 27TZPA(C) > [ AV (b Y (QYE(Q) [ AV ()b YT (Q)YL(Y)
LML'M' g2 S2
- QWZ Py(c) [ dQWAQYM(QYE(Q) [ d WAQ)YM (Q)YF(Q)
A 52 52
— 2w P(e) [ dQTTQYIQ) [ d v (Q)YE(Q)
A AxA AxA

Remembering the By, definitions (see section iii.2):

" (c) = 2r Z Pr(c) Braim Bryvm
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