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We present results on the mass of the nucleon and the ∆ using two dynamical degenerate twisted
mass quarks. The evaluation is performed at four quark masses corresponding to a pion mass in
the range of about 300-600 MeV on lattices of 2.1-2.7 fm. We check for cut-off effects by evaluating
these baryon masses on lattices of spatial size 2.1 fm at β = 3.9 and β = 4.05 and on a lattice of
2.4 fm at β = 3.8. The values we find are compatible within our statistical errors. Lattice results
are extrapolated to the physical limit using continuum chiral perturbation theory. Performing a
combined fit to our lattice data at β = 3.9 and β = 4.05 we find a nucleon mass of 964± 28(stat.)±
8(syst.) MeV where we used the lattice spacings determined from the pion decay constant to convert
to physical units. The systematic error due to the chiral extrapolation is estimated by comparing
results obtained at O(p3) and O(p4) heavy baryon chiral perturbation theory. The nucleon mass at
the physical point provides an independent determination of the lattice spacing. Using heavy baryon
chiral perturbation theory at O(p3) we find aβ=3.9 = 0.0890 ± 0.0039(stat.)± 0.0014(syst.) fm, and
aβ=4.05 = 0.0691 ± 0.0034(stat.) ± 0.0010(syst.) fm, in good agreement with the values determined
from the pion decay constant. Using results from our two smaller lattices spacings at constant
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r0mπ we estimate the continuum limit and check consistency with results from the coarser lattice.
Results at the continuum limit are chirally extrapolated to the physical point. Isospin violating
lattice artifacts in the ∆-system are found to be compatible with zero for the values of the lattice
spacings used in this work. Performing a combined fit to our lattice data at β = 3.9 and β = 4.05
we find for the masses of the ∆++,− and ∆+,0 1316 ± 60(stat.) MeV and 1330 ± 74(stat.) MeV
respectively. We confirm that in the continuum limit they are also degenerate.

PACS numbers: 11.15.Ha, 12.38.Gc, 12.38.Aw, 12.38.-t, 14.70.Dj
Keywords: Nucleon mass, ∆ mass, Lattice QCD, chiral effective theories
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I. INTRODUCTION

Twisted mass fermions provide an attractive formulation of lattice QCD that allows for automatic O(a) improve-
ment, infrared regularization of small eigenvalues and fast dynamical simulations [1, 2, 3, 4, 5]. A particularly
attractive feature is that automatic O(a) improvement, is obtained by tuning only one parameter requiring no further
improvements on the operator level. A tree-level analysis of cut-off effects for twisted mass fermions has been pre-
sented in Ref. [6], while a preliminary non-perturbative investigation on scaling of several observables is carried out
in Ref. [7]. Recent simulations with two degenerate flavors of dynamical Wilson twisted mass fermions demonstrate

that pion masses of mπ
>∼ 300 MeV can be reached using Hybrid Monte Carlo methods [5, 8, 9]. The theoretical

framework to include the strange and charm quarks has been layed out and practical simulations are being investi-
gated [10, 11, 12]. Important physical results are emerging using gauge configurations generated with two degenerate
twisted quarks: In the meson sector very precise results on the pion mass and decay constant led to the determination
of the low energy constants l̄3, l̄4, F and B0 [7, 13, 14] to an accuracy that had an immediate impact on chiral
perturbation theory (χPT) predictions [15]. Accurate results on the pion form factor are obtained [16] using the
“one-end-trick” method developed in Refs. [17, 18]. The kaon system is studied in a partially quenched approach by
implementing non-degenerate valence twisted mass quarks maintaining automatic O(a) improvement [19, 20, 21, 22].
After determining the average up and down quark mass and the strange quark mass, the kaon decay constant is
extracted [23, 24]. In a similar approach first results on the charm quark mass and decay constant are obtained [25].
Preliminary results on the first moment of the pion quark distribution function were reported in Ref. [26].

In this work we present a detailed analysis of results in the light baryon sector, a subset of which was given in
Ref. [27]. Using two dynamical degenerate twisted mass quarks we evaluate the mass of the nucleon and ∆ for pion
masses down to about 300 MeV. We perform the calculation using three different lattice spacings corresponding to
β = 3.8, β = 3.9 and β = 4.05 to check cut-off effects, where β ≡ 6/g2 with g being the bare coupling constant. For
each value of β we have configurations at four different values of the bare quark mass chosen so that the pion masses
are in the range of about 300 MeV to 600 MeV. These gauge configurations belong to the same ensembles as those
analyzed for the evaluation of the pion mass and decay constant. The values of the lattice spacing extracted from the
pion decay constant are aβ=3.8 = 0.0995(7) fm, aβ=3.9 = 0.0855(5) fm and aβ=4.05 = 0.0667(5) fm [13, 14] and will
be used in this work. At β = 3.9, for the smallest pion mass, there are gauge configurations at two different volumes
enabling us to assess finite volume effects.

Chiral perturbation theory has been successfully applied in the extrapolation of lattice data obtained with twisted
mass fermions in the pion sector yielding an accurate determination of the relevant low energy constants. Applying
χPT to the baryon sector is more involved and several variants exist. However, to leading one-loop order, the result
is well established and the quality of our lattice results allows for extrapolation to the physical point using this lowest
order result. Performing a combined fit to our lattice data at β = 3.9 and β = 4.05 using the leading one-loop order
result we find a nucleon mass of 964± 28(stat.) MeV, consistent with experiment, where we convert to physical units
using the lattice spacing determined from fπ. We would like to point out that in most other chiral extrapolations of
lattice data the physical point is included in the fits and therefore such a consistency check cannot be made. The
nucleon mass at the physical point provides an independent determination of the lattice spacing. We find that the
lattice spacing thus determined is in good agreement with the value extracted in the pion sector. This is a non-trivial
check of our lattice formulation and of the smallness of the systematic errors involved. To assess systematic errors due
to the chiral extrapolation we perform chiral fits to the nucleon and ∆ mass using higher order chiral perturbation
theory results, which also include explicitly the ∆ degree of freedom.

One of the drawbacks of twisted mass fermions is the O(a2) breaking of isospin symmetry, which is only restored
in the continuum limit. In the baryon sector we can study isospin breaking by evaluating the mass difference between
∆++(∆−) and ∆+(∆0). Unlike in the pion sector, where disconnected contributions enter in the evaluation of the
mass of the π0, here there are none. We can therefore obtain an accurate evaluation of isospin splitting and its
dependence on the lattice spacing. We find no isospin splitting within our statistical accuracy. This is in agreement
with a theoretical analysis [28, 29] that shows potentially large O(a2) flavor breaking effects to appear in the π0-mass
but to be suppressed in other quantities. Like in the nucleon case, we perform a combined fit to our lattice data at
β = 3.9 and β = 4.05 for the mass of the ∆++,− and ∆+,0 using the lowest one-loop order chiral perturbation result.
We find for the mass of the ∆++,− and ∆+,0 1316±60(stat.) MeV and 1330±74(stat.) MeV respectively. We confirm
that in the continuum limit they are also degenerate.

This paper is organized as follows: In Section II we present our lattice action and in Section III we explain our
lattice techniques. In Section IV we discuss lattice artifacts and in Section V we give results on the nucleon and ∆
mass and also describe the chiral extrapolations. Finally in Section VI we provide a summary and conclusions.
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II. LATTICE ACTION

For the gauge fields we use the tree-level Symanzik improved gauge action [30], which includes besides the plaquette
term U1×1

x,µ,ν also rectangular (1 × 2) Wilson loops U1×2
x,µ,ν

Sg =
β

3

∑

x

(

b0

4
∑

µ,ν=1
1≤µ<ν

{

1 − Re Tr(U1×1
x,µ,ν)

}

+b1

4
∑

µ,ν=1
µ6=ν

{

1 − Re Tr(U1×2
x,µ,ν)

}

)

(1)

with b1 = −1/12 and the (proper) normalization condition b0 = 1 − 8b1. Note that at b1 = 0 this action becomes the
usual Wilson plaquette gauge action.

The fermionic action for two degenerate flavors of quarks in twisted mass QCD is given by

SF = a4
∑

x

χ̄(x)
(

DW [U ] +m0 + iµγ5τ
3
)

χ(x) (2)

with τ3 the Pauli matrix acting in the isospin space, µ the bare twisted mass and the massless Wilson-Dirac operator
given by

DW [U ] =
1

2
γµ(∇µ + ∇∗

µ) −
ar

2
∇µ∇∗

µ . (3)

where

∇µψ(x) =
1

a

[

U †
µ(x)ψ(x + aµ̂) − ψ(x)

]

and ∇∗
µψ(x) = −1

a

[

Uµ(x− aµ̂)ψ(x − aµ̂) − ψ(x)

]

. (4)

Maximally twisted Wilson quarks are obtained by setting the untwisted quark mass m0 to its critical value mcr, while
the twisted quark mass parameter µ is kept non-vanishing in order to work away from the chiral limit. In Eq. (2) the
quark fields χ are in the so-called ”twisted basis”. The ”physical basis” is obtained for maximal twist by the simple
transformation

ψ(x) = exp

(

iπ

4
γ5τ

3

)

χ(x), ψ(x) = χ(x) exp

(

iπ

4
γ5τ

3

)

. (5)

In terms of the physical fields the action is given by

SψF = a4
∑

x

ψ̄(x)

(

1

2
γµ[∇µ + ∇∗

µ] − iγ5τ
3
(

−ar
2

∇µ∇∗
µ +mcr

)

+ µ

)

ψ(x) . (6)

In this paper, unless otherwise stated, the quark fields will be understood as “physical fields”, ψ, in particular when
we define the baryonic interpolating fields.

A crucial advantage of the twisted mass formulation is the fact that, by tuning the bare untwisted quark mass m0 to
its critical value mcr, all physical observables are automatically O(a) improved. In practice, we implement maximal
twist of Wilson quarks by tuning to zero the bare untwisted current quark mass, commonly called PCAC mass,
mPCAC, which is proportional to m0 −mcr up to O(a) corrections. As detailed in Ref. [31], mPCAC is conveniently
evaluated through

mPCAC = lim
t/a>>1

∑

x
〈∂4Ã

b
4(x, t)P̃

b(0)〉
2
∑

x
〈P̃ b(x, t)P̃ b(0)〉

, b = 1, 2 , (7)

where Ãbµ = χ̄γµγ5
τb

2 χ is the axial vector current and P̃ b = χ̄γ5
τb

2 χ the pseudoscalar density in the twisted basis. The
large t/a limit is required in order to isolate the contribution of the lowest-lying charged pseudoscalar meson state
in the correlators of Eq. (7). This way of determining mPCAC is equivalent to imposing on the lattice the validity of

the axial Ward identity ∂µÃ
b
µ = 2mPCACP̃

b, b = 1, 2, between the vacuum and the charged zero three-momentum
one-pion state. When m0 is taken such that mPCAC vanishes, this Ward identity expresses isospin conservation, as
it becomes clear by rewriting it in the physical quark basis. The value of mcr is determined at each β value at the
lowest twisted mass, a procedure that preserves O(a) improvement and keeps O(a2) small [31, 32].

The twisted mass fermionic action breaks parity and isospin at finite lattice spacing, as it is apparent from the form
of the Wilson term in Eq. (2) In particular, the isospin breaking in physical observables is a cut-off effect of O(a2) [2].
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β = 4.05, a = 0.0667(5) fm
323

× 64, Ls = 2.1 fm aµ 0.0030 0.0060 0.0080 0.0120
mπ (GeV) 0.3070(18) 0.4236(18) 0.4884(15) 0.5981(18)

β = 3.9, a = 0.0855(5) fm
243

× 48, Ls = 2.1 fm aµ 0.0040 0.0064 0.0085 0.010
mπ (GeV) 0.3131(16) 0.3903(9) 0.4470(12) 0.4839(12)

323
× 64, Ls = 2.7 fm aµ 0.0040

mπ (GeV) 0.3082(55)

β = 3.8, a = 0.0995(7) fm
243

× 48, Ls = 2.4 fm aµ 0.0060 0.0080 0.0110 0.0165
mπ (GeV) 0.3667(17) 0.4128(16) 0.4799(9) 0.5855(10)

TABLE I: The parameters of our calculation.

However the up- and down-propagators satisfy Gu(x, y) = γ5G
†
d(y, x)γ5, which means that two-point correlators are

equal with their hermitian conjugate with u- and d-quarks interchanged. Using in addition that the masses are
computed from real correlators, it leads to the following pairs being degenerate: π+ and π−, proton and neutron and
∆++(∆+) and ∆−(∆0). A theoretical analysis [28] shows that potentially large O(a2) effects that appear in the π0-
mass are suppressed in other quantities. Calculation of the mass of π0, which requires the evaluation of disconnected
diagrams, has been carried out confirming large O(a2)-effects. In the baryon sector we study isospin breaking by
evaluating the mass difference between ∆++(∆−) and ∆+(∆0). Since no disconnected contributions enter, the mass
splitting can be evaluated using fixed source propagators. An accurate evaluation of the isospin splitting and its
dependence on the lattice spacing is an important component of this work. Examining the size of isospin breaking is a
crucial aspect in particular regarding future applications of twisted mass fermions to study baryon structure. We find
that the isospin breaking for the values of the lattice spacing considered in this work is consistent with zero within
our statistical accuracy. Taking the continuum limit of our lattice results we confirm that ∆++,− and ∆+,0 are indeed
degenerate leading to the same mass at the physical point.

III. LATTICE TECHNIQUES

The simulation parameters were chosen such that the pion mass ranges from about 300-600 MeV. The lattice
volumes and masses used in this calculation are collected in Table I. Finite size effects are examined using the smallest
pion mass at β = 3.9 as finite volume effects are largest. At this mass we have simulations on lattices of spatial size,
Ls ∼ 2.1 fm and Ls ∼ 2.7 fm.

In order to estimate finite a-effects and the continuum limit we use two sets of results at β = 3.9 and β = 4.05.
Although a further set of gauge configurations at β = 3.8 is analyzed this set is not used to extrapolate to the continuum
limit. The reason is that the performance of the HMC algorithm that we use for the simulations deteriorates when
we go to small µ values on this coarser lattice. The long autocorrelation times of the plaquette and the PCAC mass
that we observe [13] make the tuning to maximal twist less reliable than for the finer lattices. An analysis aimed at
quantifying the impact of possible numerical errors from the tuning procedure on observables [7] is still in progress.
Therefore the set at β = 3.8 is used only as a cross-check and to estimate cut-off errors.

A. Interpolating fields

The masses of the nucleon and the ∆’s are extracted from two-point correlators using the standard interpolating
fields, which for the proton, the ∆++ and ∆+, are given by

Jp = ǫabc
(

uTaCγ5db
)

uc, Jµ∆++ = ǫabc
(

uTaCγ
µub
)

uc,

Jµ∆+ =
1√
3
ǫabc

[

2
(

uTaCγ
µdb
)

uc +
(

uTaCγ
µub
)

dc

]

, (8)

where C = γ4γ2.
Local interpolating fields are not optimal for suppressing excited state contributions. We apply Gaussian smearing to
each quark field, q(x, t) [33, 34]. The smeared quark field is given by qsmear(x, t) =

∑

y
F (x,y;U(t))q(y, t) using the

gauge invariant smearing function

F (x,y;U(t)) = (1 + αH)n(x,y;U(t)), (9)
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constructed from the hopping matrix understood as a matrix in coordinate, color and spin space,

H(x,y;U(t)) =
3
∑

i=1

(

Ui(x, t)δx,y−aı̂ + U †
i (x − aı̂, t)δx,y+aı̂

)

. (10)

The parameters α and n are varied so that the root mean square (r.m.s.) radius obtained using the proton interpolating
field is in the range of 0.3-0.4 fm. In Fig. 1 we show lines of constant r.m.s radius as we vary α and n. The larger

the n the more time consuming is the smearing procedure. On the other hand, for α
>∼ 1, increasing further α does

not reduce n significantly. Therefore, we choose a value of α large enough so that the weak α-dependence sets in, and
we adjust n to obtain the required value of the r.m.s radius. We consider two sets for these parameters giving r.m.s
radius 0.32 fm and 0.41 fm, as shown in Fig. 1. For each set of parameters we evaluate the effective mass as

mP
eff = − log(CP (t)/CP (t− 1)) (11)

where CP (t) is the zero-momentum two-point correlator of the particle P given by

CP (t) =
1

2
Tr(1 ± γ4)

∑

xsink

〈JP (xsink, tsink)J̄P (xsource, tsource)〉, t = tsink − tsource . (12)

In Fig. 2, we show the nucleon effective mass, mN
eff in lattice units for 10 configurations at β = 3.9 and aµ = 0.0085.

For the optimization of the parameters we apply Gaussian smearing at the sink, whereas for the source we use local
interpolating fields so that no additional inversions are needed when we change α and n. As can be seen, for both
sets of smearing parameters, the excited state contributions are suppressed with the set α = 4, n = 50 producing
a plateau a couple of time slices earlier. If, in addition, we apply APE smearing [35] to the spatial links that enter
the hopping matrix in the smearing function, then gauge noise is reduced resulting in a better identification of the
plateau. Therefore for all computations at β = 3.9 we use Gaussian smearing with α = 4 and n = 50. Having chosen
the smearing parameters, for the results that follow, we apply smearing at the source and compute the mass using
both local (LS) and smeared sink (SS). For β = 4.05 we readjust the parameters so that the nucleon r.m.s radius is
still about 0.4 fm, obtaining α = 4 and n = 70. For β = 3.8 we use α = 4 and 30 to keep the r.m.s. radius at the
same value. Also for these two values of β we apply APE smearing to the gauge links that are used in F (x,y;U(t)).

There are other methods to enhance ground state dominance besides Gaussian smearing. Smearing based on link
fuzzing has been effectively used in the pion sector. In this work, having optimized our parameters for Gaussian
smearing we use only local and Gaussian-smeared interpolating fields.

0 1 2 3 4 5
0

20

40

60

80

α

n

0.4526

0.4084

0.3642

0.32

0.2758
0.2316
0.1874

FIG. 1: Lines of constant r.m.s radius as a function of
the smearing parameters α and n. The asterisk shows the
values α = 2.9, n = 30 and the cross α = 4.0, n = 50.

FIG. 2: mN
eff versus time separation both in lattice units.

Crosses show results using local sink and source (LL),
circles (asterisks) using Gaussian smearing at the sink
(SL) with α = 2.9 and n = 30 ( α = 4 and n = 50),
and filled triangles with α = 4 and n = 50 and APE
smearing. The dashed line is the plateau value extracted
by fitting results when APE smearing is used.
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B. Two point correlators

The lowest energy state with which the nucleon interpolating field given in Eq. (8) has a non-vanishing overlap is
the proton state |p(p, s)〉

〈0|Jp|p(p, s)〉 = Zpu(p, s) . (13)

Zp is a constant overlap factor and u(p, s), with s ∈ {−1/2,+1/2}, is a solution of the Dirac equation

(6p−mN)u = 0 . (14)

Averaging over the nucleon spins and choosing the nucleon rest frame, we are led to the two point correlator

C±
N (t) =

1

2
Tr(1 ± γ4)

∑

xsink

〈JN (xsink, tsink)J̄N (xsource, tsource)〉, t = tsink − tsource . (15)

Space-time reflection symmetries of the action and the antiperiodic boundary conditions in the temporal direction
for the quark fields imply, for zero three-momentum correlators, that C+

N (t) = −C−
N (T − t). The nucleon mass is

extracted from the exponential decay of the correlator

CN (t) = C+
N (t) − C−

N (T − t) . (16)

To increase the precision we also average over the proton and neutron correlators since these are degenerate in mass.

FIG. 3: Comparison of effective masses for ∆++,− for
aµ = 0.0085 at β = 3.9 on the lattice volume 243

× 48,
obtained with (filled triangles) or without (open squares
shifted to the left for clarity) spin projection, using a
sample of 90 configurations. The mass difference with
projection and without projection is much smaller than
the statistical error.

FIG. 4: Comparison of effective masses for ∆+ for
aµ = 0.011 at β = 3.8 on the lattice volume 243

× 48,
obtained with 3/2-spin (filled triangles) or with 1/2-spin
projection, using a sample of 50 configurations.

In analogy to Eq. (13), the overlap of the ∆+ interpolating field with the ∆+ state is given by

〈0|Jµ∆+ |∆+(p, s)〉 = Z∆+uµ(p, s) . (17)

Every vector component of the Rarita-Schwinger spinor uµ satisfies the Dirac equation

(6p−m∆)uµ = 0 µ = 1 . . . 4 , (18)

and in addition the auxiliary conditions

pµu
µ = 0 and γµu

µ = 0 (19)

are fulfilled. The four independent solutions are labeled by s ∈ {−3/2,−1/2, 1/2, 3/2}. The ∆ interpolating fields
as defined in Eq. (8) have overlap also with the heavier spin-1/2 excitations. These overlaps can be removed when
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the conditions in Eq. (19) are enforced on the interpolating fields. This can be achieved by the incorporation of a
spin-3/2 projector in the definitions of the interpolating fields

Jµ3/2 = Pµν3/2Jν∆ (20)

Pµν3/2 = δµν − 1

3
γµγν − 1

3p2
(6pγµpν + pµγν 6p) . (21)

Similarly the spin 1/2-interpolating field, Jµ1/2, that has only overlap with the 1/2-state, is obtained by acting with the

spin 1/2-projector Pµν1/2 = gµν − Pµν3/2 on Jµ∆. Using any of the three interpolating fields, the ∆ masses are extracted

from the two-point functions

C±
∆(t) =

1

6
Tr(1 ± γ4)

∑

xsink

3
∑

i=1

〈J i∆(xsink, tsink)J̄
i
∆(xsource, tsource)〉, t = tsink − tsource. (22)

Fig. 3 compares effective masses extracted from correlation functions with and without the spin 3/2 projection at
β = 3.9. For this comparison we use 90 configurations, a number sufficient for the purpose of this check. The results
for the effective mass are hardly affected by including the spin-3/2 projector even at very short time separations.
This is because the overlap of the interpolating field Jµ∆ with the spin-1/2 state is small, a property that holds at all
values of β This is clearly seen in Fig. 4 at β = 3.8 where the effective mass obtained using the spin-1/2 projected
interpolating field Jµ1/2 is much more noisy than with Jµ3/2 due to the small overlap with the spin-1/2 state. This

behavior is in agreement with the results of Ref. [36] where the same spin projections were implemented. Since
the impact on the plateau value is negligible compared to the statistical uncertainty, we use only the non-projected
interpolating fields from here on. We average the correlators of ∆++ with ∆− as well as ∆+ with ∆0. We do not
average the ∆++ and ∆+ correlators as they differ by an O(a2) isospin breaking effect.

C. Effective masses

aµ Interpolating field number of confs. amπ amN am∆++,− am∆+,0

243
× 48

0.0040 LL 471 0.13587(68) 0.511(11) 0.699(15) 0.708(25)
0.0040 LS 419 0.13587(68) 0.521(6) 0.694(11) 0.717(13)
0.0040 SS 419 0.13587(68) 0.515(5) 0.682(12) 0.697(17)
0.0064 LL 199 0.16937(36) 0.565(11) 0.727(15) 0.763(15)
0.0064 LS 235 0.16937(36) 0.565(6) 0.715(13) 0.742(7)
0.0064 SS 235 0.16937(36) 0.561(4) 0.710(11) 0.711(10)
0.0085 LL 153 0.19403(50) 0.568(8) 0.754(12) 0.776(22)
0.0085 LS 186 0.19403(50) 0.581(6) 0.746(9) 0.751(12)
0.0085 SS 186 0.19403(50) 0.580(6) 0.738(11) 0.742(9)
0.0100 LL 173 0.21004(52) 0.613(6) 0.823(7)* 0.767(12)
0.0100 LS 213 0.21004(52) 0.595(7) 0.742(7) 0.760(7)
0.0100 SS 213 0.21004(52) 0.589(9) 0.750(10) 0.755(10)

323
× 64

0.0040 LS 201 0.13377(24) 0.518(5) 0.672(9) 0.670(14)
0.0040 SS 201 0.13377(24) 0.510(5) 0.660(9) 0.660(14)

TABLE II: Results for the nucleon and ∆ mass at β = 3.9 for lattices of size 243
× 48 and 323

× 64. LL stands for local sink
and local source, LS for local sink and smeared source and SS for smeared sink and smeared source. The results for the pion
mass are taken from Table 2 of Ref. [13] computed using more gauge configurations than we used for the evaluation of the
baryon masses as well as a different smearing and therefore are the same for LL, LS and SS. With an asterisk we mark results
for which the effective mass does not show a good plateau.

In Fig. 5 we show the nucleon effective masses at β = 3.9 on a volume 243 × 48 for all the values of µ considered.
We smeared the source as described in the previous section and either use a local sink or smear the sink with the same
smearing used for the source. As expected, the effective masses are consistent for both smeared and local sink yielding
asymptotically the same constant. We fit the effective mass to a constant in the region where meff(t) becomes time
independent (plateau region) and vary the lower t-range of the fit so that χ2 per degree of freedom (d.o.f.) becomes
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FIG. 5: Nucleon effective mass (LS: asterisks, SS: open
triangles) for β = 3.9 versus time separation in lattice
units, for aµ = 0.010 (upper left), 0.0085 (upper right),
0.0064 (lower left) and 0.0040 (lower right). The constant
lines are the best fits to the data over the range spanned
by the lines.

FIG. 6: ∆++,− (asterisks) and ∆+,0 (open triangles) ef-
fective masses using smeared-smeared (SS) correlators
for β = 3.9 versus time separation in lattice units, for
aµ = 0.010 (upper left), 0.0085 (upper right), 0.0064
(lower left) and 0.0040 (lower right). The straight lines
are the best fits to the data over the range spanned by
the lines. The solid line is for ∆++,− and the dashed for
∆+,0 and they coincide.

less than one. We take this value for the mass of the nucleon. In Fig. 6 we show, for the same µ-values, effective
masses for the ∆++,− and ∆+,0 using smeared source and sink. We fit in the same way as in the nucleon case to
extract the mass of the ∆. As can be seen, the quality of the plateaus in the nucleon case is better than in the case
of the ∆. This explains why results on the ∆ mass have larger errors. The errors are evaluated using jackknife and
the Γ-method [38] to check consistency. The integrated auto-correlation times for our baryonic observables are very
small for our configuration ensembles. Since for our computation we use gauge configurations that are separated by
8-20 trajectory lengths, autocorrelations are negligible.

The resulting masses using local and smeared interpolating fields are summarized in Table II for β = 3.9 using
lattice sizes of 243 × 48 and 323 × 64, while those obtained for β = 4.05 on a lattice volume of 323 × 64 are reported
in Table III. Results obtained at β = 3.8 are given in Table IV. The mass of the pion listed in Table II is taken from
Ref. [13] and was evaluated using a larger set of configurations applying a different smearing than the one used in this
work. A detailed description of this evaluation as well as the error analysis is presented in Ref. [31]. The pion masses
given in Tables III and IV are again obtained in a separate evaluation [37].

IV. LATTICE ARTIFACTS

A. Finite volume effects

At β = 3.9 and for aµ = 0.004 we have gauge configurations on two lattices of different volume. This is the
smallest µ-value considered at β = 3.9 and it is the one that potentially can have the largest finite volume effects.
On the lattice of spatial extension Ls = 24 the other three larger µ-values satisfy the condition mπLs ≥ 4, whereas
for aµ = 0.004 we have mπLs ∼ 3.2. On the 323 lattice at aµ = 0.004 we have mπLs > 4. Applying the re-summed
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aµ Interpolating field number of confs. amπ amN am∆++,− am∆+,0

0.0030 LL 70 0.1038(6) 0.403(15) 0.633(30)
0.0030 LS 201 0.1038(6) 0.396(7) 0.536(18) 0.546(12)
0.0030 SS 201 0.1038(6) 0.402(8) 0.538(19) 0.536(15)
0.0060 LL 216 0.1432(6) 0.453(5) 0.597(8) 0.575(9)
0.0060 LS 160 0.1432(6) 0.448(5) 0.564(7) 0.566(7)
0.0060 SS 160 0.1432(6) 0.446(6) 0.562(6) 0.566(7)
0.0080 LL 240 0.1651(5) 0.465(6) 0.627(6) 0.637(7)
0.0080 LS 256 0.1651(5) 0.469(4) 0.590(7) 0.585(9)
0.0080 SS 256 0.1651(5) 0.465(5) 0.594(7) 0.594(8)
0.0120 LL 157 0.2025(6) 0.520(5) 0.670(4)* 0.677(5)
0.0120 LS 162 0.2025(6) 0.509(4) 0.616(7)* 0.623(7)
0.0120 SS 162 0.2025(6) 0.515(3) 0.616(7)* 0.620(7)

TABLE III: Results for the nucleon and ∆ mass at β = 4.05 for the 323
× 64 lattice. LL stands for local sink and local source,

LS for local sink and smeared source and SS for smeared sink and smeared source. The results for the pion mass are computed
using more gauge configurations than we used for the evaluation of the baryon masses as well as a different smearing [37] and
therefore are the same for LL, LS and SS. . With an asterisk we mark results for which the effective mass does not show a
good plateau. Empty entries are due to the absence of a sufficient plateau region.

aµ Interpolating field number of confs. amπ amN am∆++,− am∆+,0

0.0060 LL 211 0.1852(10) 0.623(20) 0.792(25) 0.815(28)
0.0060 SL 211 0.1852(10) 0.637(9) 0.818(11) 0.824(13)
0.0080 LL 283 0.2085(8) 0.676(11) 0.859(11) 0.847(30)
0.0080 SL 283 0.2085(8) 0.665(9) 0.827(17) 0.856(24)
0.0110 LL 251 0.2424(5) 0.700(9) 0.861(13) 0.893(22)
0.0110 SL 251 0.2424(5) 0.699(8) 0.854(14) 0.875(16)
0.0165 LL 249 0.2957(5) 0.759(7) 0.948(12) 0.886(25)
0.0165 SL 249 0.2957(5) 0.744(8) 0.942(13) 0.946(12)

TABLE IV: Results for the nucleon and ∆ mass at β = 3.8 for the 243
× 48 lattice. The notation is the same as that of

Table III with SL being a smeared sink and local source.

Lüscher formula to the nucleon mass and using the knowledge of the πN scattering amplitude to O(p2) and O(p4),
the volume corrections are estimated to be about 3% to 5% [39] for Ls ∼ 2 fm and mπ ∼ 300 MeV. In Table II we
give the results for the nucleon mass using our two lattice volumes. The smaller lattice volume has spatial length very
close to the 2 fm length of Ref. [39] namely Ls ∼ 2.1 fm. The results for mN do not change within our statistical
accuracy when we use the larger lattice size of Ls ∼ 2.7 fm. We make the assumption that for the larger lattice
finite volume corrections have become negligible and take them to be a good approximation to the infinite volume
results. In other words we take mN (Ls = ∞) ≃ mN (Ls = 2.7 fm). This assumption was shown to be valid in the
pion sector where a finite size analysis was carried out [31]. We define the ratio RN ≡ ∆mN/mN (Ls = ∞), where
∆mN ≡ mN (Ls = 2.1 fm)−mN(Ls = ∞) and estimate RN with results obtained on our two volumes for the smallest
pion mass. This gives us an upper limit estimate for our finite volume errors. Using the results tabulated in Table II
at aµ = 0.004 we conclude that ∆mN is positive as expected. This is also true for the corresponding difference for
the masses of ∆++,− and ∆+,0. In Table V we give the ratios RN , R∆++,− and R∆+,0 . For the nucleon this ratio is
compatible with zero and within our accuracy it can be at the most 2%. For the ∆++,− where the statistical errors
are smaller than for the ∆+,0, the volume corrections range from 1% to 5%. From this study we conclude that finite
volume effects on the nucleon mass are negligible whereas for the ∆ we can at most have corrections on the few
percent level.

B. Isospin breaking

One of the main goals of this work is to examine isospin breaking in the baryon sector due to lattice artifacts.
As already explained the proton and the neutron are degenerate. Isospin breaking in the light baryon sector can be
examined for the ∆. In Fig. 7 we show results for the mass of ∆++,− as well as for the mass of ∆+,0. Results at
β = 3.9 and β = 4.05 fall on the same curve pointing to small cut-off effects. Small finite volume effects are visible at
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aµ Interpolating field RN R∆++,− R∆+,0

0.0040 LS 0.006(15) 0.033(22) 0.070(26)
0.0040 SS 0.010(14) 0.033(23) 0.056(33)

TABLE V: Finite volume dependence at β = 3.9 for aµ = 0.004. Results with a lattice of size 243
× 48 are compared to those

obtained with a lattice size of 323
×64. For a hadron state P we define RP ≡ (mP (Ls = 2.1 fm)−mP (Ls = 2.7 fm))/mP (Ls =

2.7 fm) ≃ (mP (Ls = 2.1 fm)−mP (∞))/mP (∞) assuming the masses at 2.7 fm to be close enough to the infinite volume limit.

FIG. 7: The ∆++,− (upper graph) and ∆+,0 (lower
graph) mass as a function of m2

π for β = 3.9 on a lat-
tice of size 243

× 48 (filled triangles) and on a lattice of
size 323

× 64 (open triangles). Results at β = 4.05 are
shown with the filled squares. The physical ∆ mass is
shown with the asterisk.

FIG. 8: The mass splitting between ∆+,0 and ∆++,−

normalized with the mean value of their mass m∆ as a
function of m2

π in lattice units. Results at β = 3.8 are
shown with the asterisks. The rest of the notation is the
same as in Fig. 7.

the smallest pion mass at β = 3.9 as discussed in the previous subsection. To check for isospin breaking we plot the
mass difference between the pairs ∆++,, ∆− and ∆+, ∆0 normalized by the mean value of their mass in Fig. 8 for
β = 3.8, β = 3.9 and β = 4.05. As can be seen, the splitting is consistent with zero for these values of β, indicating
that isospin breaking in the ∆ system is small.

V. CHIRAL EXTRAPOLATION

A. Nucleon mass

We show our results for the nucleon mass as a function of m2
π in Fig. 9, where we use a = 0.0855 fm at β = 3.9 and

a = 0.0667 fm at β = 4.05, determined from fπ [14], to convert lattice results to physical units. The results at these
two β-values fall on a common curve indicating that cut-off effects are small for these values of the lattice spacing.
In Fig. 9 we include, for comparison, results obtained with dynamical staggered fermions from Ref. [40, 41]. Results
using these two formulations are consistent with each other. As we already discussed, results obtained on lattices of
spatial length Ls = 2.1 fm and Ls = 2.7 fm at β = 3.9 for the lowest pion mass are consistent indicating that finite
volume effects are small for the pion masses used in this work. Therefore as a first analysis of our lattice results, we
use continuum chiral perturbation theory in an infinite volume to perform the chiral extrapolation to the physical
point. An analysis carried out after taking the continuum limit will serve as a check of cut-off effects. The leading
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FIG. 9: The nucleon mass as a function of m2
π for β = 3.9

on a lattice of size 243
× 48 (filled triangles) and on a

lattice of size 323
×64 (open triangle). Results at β = 4.05

are shown with the filled squares. The physical nucleon
mass is shown with the asterisk. Results with dynamical
staggered fermions for NF = 2 + 1 (filled circles) and
NF = 2 (open circle) on a lattice of size 203

× 64 with
a = 0.125 fm are from Refs. [40, 41].

FIG. 10: The variation of the fit parameters m0
N and

c1. The elliptical boundary is determined by changing
these parameters so that the minimal value of χ2/d.o.f.
changes by one. The most elongated ellipse is for β =
4.05 using the nucleon mass at the three lighter pion
masses, the intermediate is for β = 3.9 using all five
points and the smallest is for a combined fit to both β-
values using a total of eight points.

one-loop result in heavy baryon chiral perturbation theory (HBχPT) [42, 43] is well known:

mN = m0
N − 4c1m

2
π − 3g2

A

32πf2
π

m3
π (23)

with m0
N , the nucleon mass in the chiral limit, and c1 treated as fit parameters. The pion decay constant fπ and the

nucleon axial charge gA are well known experimentally. In Eq. (23) one should use the values for gA and fπ at the
chiral limit. In recent lattice QCD calculations and applying chiral fits fπ and gA at the chiral limit were extracted.
The values obtained are gA = 1.21 ± 0.19 [44] and fπ = 0.0858(5) GeV [13]. Using these values we obtain very good
fits to our lattice data reproducing within errors the physical value of the nucleon mass. The errors on the values
extracted for the nucleon mass from the fit grow as the pion mass increases mainly due to the large uncertainty in
the chirally extrapolated value of gA. If instead we take for fπ and gA their physical values, namely fπ = 0.092 GeV
and gA = 1.267 we also obtain good fits to lattice data yielding values for m0

N and c1 in agreement within error-bars
with those using the values for fπ and gA at the chiral limit. Furthermore the errors remain smaller since gA is well
measured. Since in higher orders new low energy constants enter, the value of which can be fixed from experimental
data, in our chiral fits we use the experimental values also for fπ and gA. In order to determine the errors on the fit
parameters we allow for a variation in the parameters that increases the minimal value of χ2/d.o.f. by one. In Fig. 10
we show the boundary of the allowed variation of the parameters. As expected when the number of available lattice
results increases the error decreases. In Fig. 11 we show fits to the O(p3) result with the error band determined by
the maximum allowed variation in the parameters that increase the minimal χ2/d.o.f. by one. As can be seen, this
O(p3) result provides a very good fit to our lattice data both at β = 3.9 and β = 4.05. Since finite volume effects
are small we use in the fit data on both volumes at β = 3.9. In Table VII we give the values of the parameters m0

N
and c1. In this determination we use the lattice spacing determined from fπ. In the case of β = 3.9 we include the
result obtained using the larger volume. We would like to stress that, despite the fact that the physical point is not
included in the fit as customary done in other chiral extrapolations of lattice data, the nucleon mass that we find at
the physical pion mass is consistent with the experimental value. This outcome is very satisfactory and confirms that
lattice artifacts that can affect the value of the lattice spacing when using different observables are small.

The coefficient c1 in the chiral expansion is related to the pion-nucleon sigma term σ(0) by σ(0) = −4c1m
2
π.

This quantity can be extracted from pion-nucleon scattering data by extrapolating the isoscalar amplitude to the
(unphysical) Chen-Dashen point where σ(t = 2m2

π) is the dominant piece and t is the squared momentum transfer
to the nucleon. Chiral perturbation theory then allows to relate σ(t = 2m2

π) to σ(0). Due to uncertainties in the
dispersion techniques used in the extrapolation as well as in the data themselves, the experimental situation concerning
σ(0) remains unclear. Until recently the prevailing value [45] was σ = (44±11) MeV, but a new analysis [46] including
additional data finds σ(0) = (64 ± 8) MeV. In terms of c1 this gives respectively c1 = (−0.58 ± 0.15) GeV−1 and



12

FIG. 11: On the left set of graphs we show chiral fits to
the nucleon mass for β = 3.9 using aβ=3.9 = 0.0855 fm
to convert to physical units. On the right set of graphs
we show the corresponding chiral fits for β = 4.05 using
aβ=4.05 = 0.0667 fm. The upper most graph shows the
fit to O(p3) HBχPT where we use our results at the three
lowest values of the pion mass. For the higher order
fits we perform a simultaneous fit to both β = 3.9 and
β = 4.05 always excluding at β = 4.05 the result at
the largest pion mass. The physical point, shown by the
asterisk, is not included in the fits.

FIG. 12: Simultaneous chiral fits to the nucleon mass
using results at β = 3.9 and β = 4.05 excluding the
heaviest pion value. The fits are done so that the physical
point shown by the asterisk is reproduced thereby fixing
the lattice spacings. The rest of the notation is the same
as that of Fig. 11.

c1 = (−0.84 ± 0.10) GeV−1. From Table VII we see that, within two standard deviations, our results are consistent
with the upper value and incompatible with the lower one. Our current calculation does not include a dynamical
strange quark and a better understanding of this term could come when simulations with dynamical strange quarks
are available [47]. Note that given the role of the sigma term for what concerns the chiral extrapolation as well as its
implication in dark matter detection [48] it is clear that a serious effort to better fix its experimental value is highly
desirable.

Chiral corrections to the nucleon mass are known to O(p4) within several expansion schemes. In HBχPT to O(p4)
with dimensional regularization [49] the result is given by

mN = m0
N − 4c1m

2
π − 3g2

A

32πf2
π

m3
π − 4E1(λ)m

4
π +

3m4
π

32π2f2
π

[

1

4

(

c2 −
2g2
A

m0
N

)

−
(

c2 − 8c1 + 4c3 +
g2
A

m0
N

)

log
(mπ

λ

)

]

.(24)

We take the cut-off scale λ = 1 GeV and fix the dimension two low energy constants c2 = 3.2 GeV−1 [50] and
c3 = −3.45 GeV−1 [51]. The counter-term E1 is taken as an additional fit parameter. HBχPT with dimensional
regularization is in agreement with covariant baryon χPT with infrared regularization up to a recoil term given by

3g2Am
5
π

256πf2
πm

0
N

2 that is of no numerical significance [51]. We have included this term in our fits. In the so called small

scale expansion (SSE) [51], the ∆-degrees of freedom are explicitly included in covariant baryon χPT by introducing
as an additional counting parameter the ∆-nucleon mass splitting, ∆ ≡ m∆ −mN , taking O(∆/mN ) ∼ O(mπ/mN ).
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FIG. 13: Continuum limit of the nucleon mass using the
lowest order HBχPT to interpolate except for the heav-
iest pion mass where we used linear interpolation. For
r0 and a we use the values determined in the pion sec-
tor, namely r0/a = 4.46(3), (r0 = 0.444(4) fm), r0/a =
5.22(2), (r0 = 0.446(3) fm) and r0/a = 6.61(3), (r0 =
0.441(4) fm) at β = 3.8, β = 3.9 and β = 4.05 respec-
tively [7].

FIG. 14: Chiral fits to the nucleon mass after extrapo-
lating to the continuum limit at fixed r0mπ using linear
interpolation i.e. the data given in the second column of
Table VI. The fits were done excluding the heaviest pion
mass. The asterisk shows the physical point using the
estimated continuum value of r0 = 0.444 fm.

In SSE the nucleon mass is given by

mN = m0
N − 4c1m

2
π − 3g2

A

32πf2
π

m3
π − 4E1(λ)m

4
π − 3

(

g2
A + 3c2A

)

64π2f2
πm

0
N

m4
π − (3g2

A + 10c2A)

32π2f2
πm

0
N

m4
π log

(mπ

λ

)

− c2A
3π2f2

π

(

1 +
∆

2m0
N

)[

∆

4
m2
π +

(

∆3 − 3

2
m2
π∆

)

log
(mπ

2∆

)

+ (∆2 −m2
π)R(mπ)

]

(25)

where R(mπ) =
√

m2
π − ∆2 cos−1

(

∆
mπ

)

if mπ > ∆ and R(mπ) =
√

∆2 −m2
π log

(

∆
mπ

+
√

∆2

m2
π
− 1
)

for mπ ≤ ∆. We

take cA = 1.127 [51], λ = 1 GeV and fit the counter-term E1. A different counting scheme, known as δ-scheme, takes
∆/mN ∼ O(δ) and mπ/mN ∼ O(δ2) [52]. Using the δ−scheme in a covariant chiral expansion to order p4/∆ one
obtains an expansion that has a similar form for the nucleon and ∆ mass. The nucleon mass is given by

mN = m0
N − 4c1m

2
π − 1

2

m0
N

3

(8πfπ)2

[

9g2
AVloop

(

mπ

m0
N

, 0

)

+
4h2

A
(

1 + ∆
m0

N

)2Vloop

(

mπ

m0
N

,
∆

m0
N

)

]

+ c2m
4
π (26)

The πN and π∆ loop function Vloop is given in Ref. [52] and, following the same reference, we take the value of
hA = 2.85. Here we use the variant of the δ-scheme that includes the π∆-loop and adds the fourth order term c2m

4
π

as an estimate of higher order effects, since the complete fourth order result is not available. The parameter c2 is to
be determined from the lattice data. The fits using these different formulations are shown in Fig. 11. At β = 4.05 we
only use results at the three smallest pion masses since including the result at the largest pion mass yields fits with
unacceptably large χ2/d.o.f.. Therefore only at lowest order χPT where we have only two fitting parameters we can
perform a fit. For the higher order we give the values of m0

N and c1 of the curves that pass through all the lattice
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r0mπ r0mN r0m∆++,− r0m∆+,0

β = 3.8

0.70 2.654(95) 2.668(55) 3.596(119) 3.511(69) 3.502(161) 3.528(78)
0.80 2.804(45) 2.807(41) 3.637(54) 3.614(47) 3.641(65) 3.652(52)
0.90 2.935(40) 2.933(27) 3.667(75) 3.701(28) 3.790(111) 3.760(29)
1.00 3.044(45) 3.043(10) 3.731(83) 3.767(31) 3.885(120) 3.850(34)
1.10 3.133(34) 3.129(31) 3.831(63) 3.804(57) 3.918(72) 3.915(66)
1.25 3.256(28) 3.201(63) 4.086(62) 3.793(111) 4.127(64) 3.950(129)

β = 3.9
0.70 2.666(27) 2.677(29) 3.548(60) 3.521(72) 3.632(88) 3.543(91)
0.80 2.840(27) 2.813(20) 3.621(65) 3.644(51) 3.641(61) 3.665(65)
0.90 2.947(22) 2.935(12) 3.720(56) 3.752(28) 3.725(52) 3.773(38)
1.00 3.013(31) 3.041(14) 3.841(60) 3.842(15) 3.861(46) 3.862(15)
1.10 3.132(24) 3.124(25) 3.917(50) 3.907(37) 3.943(50) 3.927(37)
1.25 3.313(76) 3.189(47) 4.028(67) 3.943(87) 4.061(105) 3.962(95)

β = 4.05
0.70 2.676(56) 2.665(47) 3.565(124) 3.428(81) 3.550(97) 3.477(71)
0.80 2.843(71) 2.795(36) 3.627(137) 3.571(59) 3.627(107) 3.609(51)
0.90 2.903(40) 2.910(24) 3.669(45) 3.701(35) 3.690(45) 3.727(30)
1.00 3.003(40) 3.007(15) 3.771(45) 3.815(17) 3.793(46) 3.827(18)
1.10 3.086(24) 3.079(17) 3.932(43) 3.905(34) 3.936(50) 3.902(36)
1.25 3.287(24) 3.125(40) 4.017(48) 3.982(84) 4.038(49) 3.953(83)

Continuum
0.70 2.667(24) 2.674(24) 3.551(54) 3.480(54) 3.595(65) 3.503(56)
0.80 2.840(25) 2.808(17) 3.622(59) 3.612(38) 3.638(53) 3.630(40)
0.90 2.936(19) 2.930(11) 3.687(35) 3.732(22) 3.705(34) 3.745(23)
1.00 3.009(25) 3.025(10) 3.794(36) 3.830(11) 3.827(33) 3.848(11)
1.10 3.109(17) 3.094(14) 3.926(33) 3.906(25) 3.939(35) 3.914(26)
1.25 3.289(23) 3.152(31) 4.021(39) 3.963(60) 4.042(44) 3.957(63)

TABLE VI: Results for the nucleon, ∆++,− and ∆+,0 mass interpolated at the same value of r0mπ for the three β values.
The continuum limit is then taken at constant r0mπ using the results at β = 3.9 and β = 4.05. We give results using linear
interpolation in second, fourth and sixth columns whereas in the third, fifth and seventh columns we give the results using
lowest order HBχPT.

points. Since cut-off effects are consistent with zero for these two values of β we can use these two sets of results in
a combined fit. In Table VII we give the values of m0

N and c1 when simultaneous fits to both β = 3.9 and β = 4.05
data are done. We use the lattice spacings determined from the pion decay constant to convert to physical units [14].
These fits are shown in Fig. 11 when using higher order χPT. All formulations provide a good description of the
lattice results and yield a nucleon mass at the physical point consistent with the experimental value. Furthermore the
values extracted for the nucleon at the chiral limit m0

N as well as c1 related to the nucleon σ-term are in agreement
in all formulations.

The consistency between the O(p3) result and the higher order expansions allows for an extrapolation to the physical
point and a determination of the lattice spacing using the nucleon mass. Fixing the lattice spacing from the nucleon
mass allows for a comparison with the value obtained from the pion sector and provides a non-trivial check of our
lattice formulation. We consider aβ=3.9 and aβ=4.05 as independent fit parameters in a combined fit of data at β = 3.9
and β = 4.05 where the physical nucleon mass is included with no error. In this way the lattice spacings can be
obtained from the nucleon sector without using any input from the pion sector. Using the leading one-loop result we
find aβ=3.9 = 0.0890(39) fm and aβ=4.05 = 0.0691(34) fm. The quality of these fits are shown in Fig. 12. The values of
the lattice spacing obtained to O(p4) using Eq. (24) are given in Table VIII. Both SSE and the δ−scheme defined by
Eqs. (25) and (26), which include explicitly ∆-degrees of freedom, yield values that are consistent with those obtained
in HBχPT. The variation in the value of a in the different chiral extrapolation schemes gives an estimate of the
systematic error involved in the chiral extrapolation. We take the difference between the mean values obtained using
O(p3) and O(p4) HBχPT as an estimate of the systematic error. Our lattice spacings fixed using the nucleon mass are
therefore aβ=3.9 = 0.0890 ± 0.0039(stat.)± 0.0014(syst.) fm and aβ=4.05 = 0.0691 ± 0.0034(stat.)± 0.0010(syst.) fm
and are consistent with the values obtained using fπ.

The physical spatial volumes of the 243 lattice at β = 3.9 and that of the 323 lattice at β = 4.05 are about
(2.1)3 fm3. Bearing in mind that volume corrections for this lattice size are shown to be small we use results obtained
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β = 3.9 β = 4.05 β = 3.9 and β = 4.05 Continuum

m0
N c1 m0

N c1 m0
N c1 m0

N c1 m0
N c1

Nucleon

O(p3) HBχPT 0.887(25) -1.20(4) 0.902(37) -1.18(4) 0.890(31) -1.20(4) 0.904(25) -1.18(3) 0.905(21) -1.18(3)
O(p4) HBχPT 0.877(67) -1.22(20) 0.929 -1.10 0.884(96) -1.21(26) 0.894(68) -1.21(17) 0.887(51) -1.27(13)
O(p4) SSE 0.887(76) -1.18(25) 0.944 -1.02 0.894(106) -1.16(34) 0.903(73) -1.16(22) 0.899(56) -1.17(16)
O(p4/∆)δ-scheme 0.870(79) -1.29(26) 0.927 -1.13 0.877(104) -1.27(34) 0.886(72) -1.27(22) 0.880(59) -1.28(16)

m0
∆ c1 m0

∆ c1 m0
∆ c1 m0

∆ c1 m0
∆ c1

∆++,−

O(p3) HBχPT 1.249(54) -1.19(8) 1.224(68)* -1.23(8)* 1.243(66) -1.20(9) 1.274(58) -1.17(8) 1.259(43) -1.18(6)
O(p4/∆)δ-scheme 1.262(174) -1.14(59) 1.347(186) -0.84(56) 1.267(115) -1.16(32) 1.259(114) -1.18(32)

∆+,0

O(p3) HBχPT 1.256(70) -1.19(9) 1.262(62)* -1.19(8)* 1.257(81) -1.19(11) 1.265(55) -1.17(7) 1.270(45) -1.18(6)
O(p4/∆)δ-scheme 1.305(56) -1.02(9) 1.374(196) -0.81(54) 1.394(120) -0.82(30) 1.260(114) -1.20(33)

TABLE VII: Fit parameters m0
N and m0

∆ in GeV and c1 in GeV−1. Results with an asterisk have χ2/d.o.f. larger than one.
All fits to the continuum results excluded the largest value of r0mπ with the exception of the ∆+,0 where to obtain a good fit
we use all six points. For β = 3.9 we use all masses including the results at the larger volume whereas for β = 4.05 we use
results at the three smaller pion masses. For the fits to continuum results we give two sets of results: the first set is obtained
when using linear interpolation to the reference pion masses and the second using O(p3) HBχPT for interpolation.

β = 3.9 β = 4.05 β = 3.9 and β = 4.05 Continuum
m0

N aβ=3.9 m0
N aβ=4.05 m0

N aβ=3.9 aβ=4.05 m0
N r0

O(p3) HBχPT 0.865(4) 0.0886(33) 0.868(5) 0.0709(38) 0.866(4) 0.0890(39) 0.0691(34) 0.868(3) 0.473(17)
O(p4) HBχPT 0.888(3) 0.0951(24) 0.871 0.0717 0.863(13) 0.0876(79) 0.0681(61) 0.864(11) 0.461(33)
O(p4) SSE 0.865(14) 0.0876(68) 0.876 0.0724 0.866(13) 0.0884(75) 0.0687(58) 0.868(12) 0.464(34)
O(p4/∆)δ-scheme 0.859(15) 0.0865(75) 0.871 0.0717 0.861(17) 0.0873(87) 0.0679(68) 0.862(13) 0.459(36)

TABLE VIII: Determination of the lattice spacing in fm and m0
N in GeV using the nucleon mass. Fitting to the nucleon

continuum results obtained by linear interpolation at the five lighter reference pion masses we extract the continuum value of
r0 in fm by constraining the fits to reproduce the physical nucleon mass.

on these two almost equal volumes to estimate our masses at the continuum limit. In order to take the continuum
limit we interpolate data, expressed in units of r0, at the same value of r0mπ, where the Sommer parameter r0 is
determined from the force between two static quarks. We use r0/a = 4.46(3), r0/a = 5.22(2) and r0/a = 6.61(3) for
β = 3.8, β = 3.9 and β = 4.05 respectively [7]. The values of r0mπ that we choose are close to the pion mass values
where our computation is done and are given in Table VI. We use a linear interpolation or the fit curves determined
using chiral effective theories to obtain the nucleon mass at these reference values of r0mπ. This procedure is done
for our three β-values. We use the results at constant r0mπ at β = 3.9 and β = 4.05 to estimate the continuum limit
by fitting to a constant under the assumption that residual cut-off effects on the pion and nucleon masses as well as
on r0 at β = 3.9 and β = 4.05 are negligible. This assumption is corroborated by our lattice data shown in Fig. 9
Results at β = 3.8 at the same value of r0mπ serve as a check for the consistency of this procedure. This is illustrated
in Fig. 13 where results at β = 3.8 are consistent with the constant fit. The results at the continuum limit are then
chirally extrapolated. The parameters obtained are given in Table VII and the fits are shown in Fig. 14 where we
excluded the heaviest pion mass from these fits. The values of m0

N and c1 obtained from the fits to continuum results
are consistent with the values obtained using results at finite a. This demonstrates that cut-off effects are small.

The value of the parameter r0 can be determined from our results in the continuum limit using the value of the
physical nucleon mass. We give the extracted values in Table VIII where we used linear interpolation to obtain
the nucleon mass at the reference values of r0mπ. The values extracted for r0 in the continuum limit using these
fits are consistent. Had we used chiral fits at O(p3) to interpolate the values extracted would change by 0.001 fm
and at O(p4) by 0.006 fm. These changes are smaller than the statistical errors. We again take the variation in
the value of r0 at O(p3) and O(p4) HBχPT as an estimate of the systematic error due to the chiral extrapolation.
Using the values given in Table VIII this difference is 0.012 fm. We add to this error the variation in the values
obtained using a linear interpolation scheme and the O(p3) fit, which is 0.001 fm. Therefore the value that we find is
r0 = 0.473± 0.017(stat.)± 0.013(syst.) fm. This value of r0, like for the lattice spacing, is at the upper bound of the
value r0 = 0.444(3) fm determined using fπ.
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B. ∆ mass

We perform a similar analysis as for the nucleon mass in the case of the ∆.

FIG. 15: Chiral fits to the ∆++,− and ∆+,0 mass us-
ing Eq. (27) taking aβ=3.9 = 0.0855 fm and aβ=4.05 =
0.0667 fm determined from fπ . Filled triangles show re-
sults on a Ls = 2.1 fm. The result on the 2.7 fm volume
at β = 3.9 is shown with the filled circle.

FIG. 16: Chiral fits to the ∆++,− and ∆+,0 mass using
Eq. (27) with the lattice spacing determined from the
nucleon mass. The physical point shown by the asterisk
is not included in the fits.

The leading one-loop HBχPT result in the case of the ∆ mass has the same form as that for the nucleon mass and
is given by

m∆ = m0
∆ − 4c1m

2
π − 25

81

3H2
A

32πf2
π

m3
π (27)

where m0
∆, is the ∆ mass at the chiral limit and c1 now denotes the coefficient of the m2

π-term for the ∆ mass. For
the ∆ axial coupling, HA, we use the SU(6) relation HA = (9/5)gA and therefore the one-loop contribution takes
the same numerical value as in the nucleon case. We also consider the δ−scheme to order O(p4/∆) which yields an
expression that is similar to the nucleon case:

m∆ = m0
∆ − 4c1m

2
π − 1

2

m0
∆

3

(8πfπ)2

[

g2
AVloop

(

mπ

m0
∆

, 0

)

+ 4h2
AVloop

(

mπ

m0
∆

,
∆

m0
∆

)]

+ c2m
4
π . (28)

The fits using the O(p3) HBχPT result at β = 3.9 and β = 4.05 are shown in Fig. 15 for the ∆++,− and ∆+,0

masses using the lattice spacings determined from fπ. It is useful to chirally extrapolate the ∆ mass to see how
close current results are to ∆(1232) taking the lattice spacings as determined from the nucleon mass. The fits in this
case are shown in Fig. 16 again using the O(p3) HBχPT result. Agreement with the experimental value of the ∆
mass is better when one uses the lattice spacing determined from the nucleon mass. This indicates that for baryonic
observables is favorable to use the lattice spacing determined from the nucleon mass. We give the values of the
parameters that we extract in Table VII.

The continuum extrapolation is carried out as in the nucleon case. We show in Fig. 17 the results for the three
different lattice spacings. As in the case of the nucleon, the continuum limit found by averaging results from β = 3.9
and β = 4.05 is consistent with results at β = 3.8. Furthermore, we find that in the continuum limit ∆++,− and
∆+,0 are degenerate within errors, a result that corroborates absence of isospin breaking. We therefore perform
simultaneous fits to both ∆++,− and ∆+,0 mass using our continuum limit results at the five smallest pion reference
masses. These fits using leading chiral perturbation theory and the δ−scheme are shown in Fig. 18. The physical
point is again not included in the fits. We find a ∆ mass at the physical point that is very close to experiment. Again,
this agreement improves when we use the value of r0 fixed from the nucleon mass. The values that we find for m0

∆
and c1 from these simultaneous fits using the continuum results are in good agreement with the values extracted for
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FIG. 17: Continuum limit of the ∆+,0 mass using the
lowest order HBχPT to interpolate except for the heavi-
est pion mass where we use linear interpolation.

FIG. 18: Simultaneous chiral fits to the ∆++,− and ∆+,0

mass after extrapolating to the continuum limit at fixed
r0mπ excluding the heaviest pion mass. The asterisk
denotes the physical ∆ mass using the r0 = 0.444(3) fm
extracted in the pion sector and it is not included in the
fits. The cross denotes the physical point when we use
the value of r0 extracted from the nucleon sector with
only statistical errors.

∆++,− and ∆+,0 at finite lattice spacing. This points to small cut-off effects and to isospin breaking effects that are
smaller than statistical errors.

VI. CONCLUSIONS

Using dynamical twisted mass fermions we obtain accurate results on the nucleon mass for pion masses in the range
of 300-500 MeV. The quality of these results allows a chiral extrapolation using heavy baryon chiral perturbation
theory to O(p3), a well established result. Performing a simultaneous fit to our results at the two finer lattice spacings
we find a value of the nucleon mass of 0.964 ± 0.028(stat.) ± 0.008(syst.) GeV where the systematic error is the
difference between the mean values obtained at O(p3) and O(p4) HBχPT. Comparing results at our three β-values
and at the continuum limit we confirm that cut-off effects are small. Given that this leading one-loop result in HBχPT
yields good fits to our lattice data we use it to extract the lattice spacing from the nucleon mass at the physical point.
We find aβ=3.9 = 0.0890 ± 0.0039(stat.) ± 0.0014(syst.) fm and aβ=4.05 = 0.0691 ± 0.0034(stat.) ± 0.0013(syst.) fm.
Again the systematic errors are estimated by comparing the value obtained at lowest order to the results obtained
using the O(p4) in HBχPT. Within this estimated uncertainty of the chiral extrapolation, the value we find for
the lattice spacings aβ=3.9 and aβ=4.05 is consistent with the value determined from fπ. A combined analysis of
data in the pion and nucleon sector is a promising option that will be considered in the future. We use continuum
extrapolated results to determine also the value of r0 using the nucleon mass at the physical point. We find a value
of r0 = 0.473 ± 0.017(stat.) ± 0.010(syst.) fm which is, within errors, consistent with the value determined from
fπ. The confirmation that isospin breaking in the ∆ is consistent with zero is a very important conclusion of this
work. This is demonstrated by evaluating the mass splitting in the ∆ isospin multiplets for three lattice spacings on
two volumes. Consequently the mass of the ∆++,− and ∆+,0 obtained in the continuum limit are the same within
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statistical uncertainties.
The reliable determination of the lattice spacing from the nucleon mass as well as the fact that isospin breaking is

consistent with zero for these lattices paves the way for further applications of twisted mass fermions in the baryon
sector.
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