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tWe investigate the e�e
t of high order radiative 
orre
tions in unpolarized ele
tron proton elas-ti
 s
attering and 
ompare with the 
al
ulations at lowest order, whi
h are usually applied toexperimental data. We show that higher order terms play a role, starting from values of the mo-mentum transfer squared, Q2, larger than the ele
tron mass. Parti
ular attention is devoted to the� dependen
e of radiative 
orre
tions.PACS numbers:
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I. INTRODUCTIONPresently, mu
h attention is devoted to ele
tromagneti
 nu
leon form fa
tors (FFs) due inparti
ular, to new experimental opportunities to extend their measurement at large momen-tum transfer and/or to a
hieve larger pre
ision in the full kinemati
al region. In parti
ularthe possibility to apply the polarization method [1℄ allowed a measurement of the ele
tri
FF up to a value of the momentum transfer squared of 5.8 GeV2 [2℄.In re
ent works [3, 4℄, it was shown that high order radiative 
orre
tions (RC) should beproperly taken into a

ount as they may 
hange the size of the observables as well as theirdependen
e on the relevant kinemati
al variables.In this paper we investigate in detail the e�e
t of high order radiative 
orre
tions, 
al
u-lated by the lepton stru
ture fun
tion (LSF) method [5℄, and 
ompare them to �rst order
al
ulations. We fo
us in parti
ular to the region of low momentum transfer. The stru
turefun
tion method was developed in Ref. [5℄ and su

essfully applied in di�erent pro
esses([4℄ and refs therein) and allows to 
al
ulate high order RC with a pre
ision of 0.1%.The main 
ontribution to high order terms, in ep elasti
 s
attering, is due to large log-arithm 
ontributions, i.e., su
h 
ontributions whi
h 
ontain log(Q2)=m2e (me is the ele
tronmass). One 
an see that, already at Q2 � 1 GeV2, su
h terms be
ome large (� 15) partially
ompensating the fa
tor �=� whi
h a

ompanies the emission of an additional photon.The importan
e of the low Q2 region is related in parti
ular to the high pre
ision parityviolating experiments whi
h a
hieve a 10�6 pre
ision on the observables (ppm). A pre
isedetermination of the ele
tromagneti
 FFs is extremely important in order to de
rease theerror on the strange nu
leon FF. Measurements at JLab [6℄ and Mainz [7℄, based either onthe polarization method or on the Rosenbluth separation have been re
ently done or are inpreparation.In order to extra
t pre
ise information on the hadron stru
ture, it is ne
essary to 
arefully
orre
t the ele
tron blo
k for the emitted photons. This is espe
ially true when the exper-iment is not fully ex
lusive, but also in this 
ase, radiative 
orre
tions have to be appliedwithin the a

eptan
e and the resolution of the dete
tion.We 
ompare the e�e
ts of higher order RC to the 
al
ulation of Maximon and Tjon [8℄(partly rederived in Ref [4℄). The work of Ref. [8℄ is based on a �rst order 
al
ulation of RC,whi
h improves the 
lassi
al work of Mo and Tsai [9℄, used in most of the analysis 
odes for2



elasti
 and inelasti
 s
attering. It will be quoted below as (MT).In Se
tion I, the LSF formalism is brie
y re
alled, and the relevant expressions are givenand dis
ussed. In Se
tion II the main results will be presented. The di�erent terms willbe 
ompared in �rst and higher order 
al
ulations. In Con
lusions we do a brief summary,
omment the 
ontribution of inelasti
 
hannels, and stress the importan
e of in
luding highorder RC in the 
odes for the experimental analysis.II. FORMALISMThe di�erential 
ross se
tion for ep elasti
 s
attering in one photon approximation 
anbe expressed as a fun
tion of two kinemati
al variables, Q2 and �, the four momentum Q2and the polarization � of the ex
hanged virtual photon, in the form:d�d
(Q2; �) = �M��(1 + �)�red(Q2; �); �red(Q2; �) = �G2M(Q2) + �G2E(Q2); (1)with �M = Z2�2 
os2(�=2)4E2 sin4(�=2) ; Q2 = �4EE 0 sin2 �2 ; � = Q24M2 ; 1� = 1 + 2(1 + �) tan2 �2 : (2)where �M is the Mott's 
ross se
tion for ele
tron s
attering on point-like parti
les, and thenu
leon stru
ture is des
ribed by the form fa
tors, GE andGM . The kinemati
al variables areexpressed as a fun
tion of the in
ident(�nal) ele
tron energy E (E'), the ele
tron s
atteringangle �. Eqs. (1,2) hold for elasti
 ele
tron s
attering on any hadron, with appropriatevalues of the mass and the 
harge of the hadron M , Z.It is known [10℄ that the pro
ess of emission of hard photons by initial and s
atteredele
trons plays a 
ru
ial role, whi
h results in the presen
e of the radiative tail in thedistribution on the s
attered ele
tron energy. The LSF approa
h extends the traditional
al
ulation of radiative 
orre
tions [9℄, taking pre
isely into a

ount the 
ontributions ofhigher orders of perturbation theory and the role of initial state photon emission. The 
rossse
tion 
an be expressed in terms of LSF of the initial ele
tron and of the fragmentationfun
tion of the s
attered ele
tron energy fra
tion:d�LSF (Q2; �) = Z 1z0 dzD(z; �)d~�(Q2z; �z)�1 + ��K� ; with d~�(Q2z; �z) = d�B(Q2z; �z)j1� �(Q2z)j2 ; (3)where d~�((Q2z; �z), in shifted kinemati
s, is the Born 
ross se
tion divided by the 
orre
tiondue to the va
uum polarization. The z-dependent kinemati
al variables, taking into a

ount3



the 
hange of the ele
tron four momentum, due to photon emission, Q2z, �z are 
al
ulatedfrom the 
orresponding ones (Eq. ( 2)), repla
ing the initial ele
tron energy E by zE, whi
his the energy fra
tion 
arried by the ele
tron after emission of one or more 
ollinear photons.We used for simpli
ity the notation d� for the double di�erential 
ross se
tion: d�LSF;B =(d�LSF;B=d
)LSF;B, for Born approximation (B) and radiatively 
orre
ted (LSF ). The lowerlimit of integration, z0, is related to the 'inelasti
ity' 
ut, 
, used to sele
t the elasti
 data,and 
orresponds to the maximum energy of the soft photon, whi
h es
apes the dete
tion:z0 = 
�� 
(�� 1) ; (4)where � is the re
oil fa
tor � = 1+ (E=M)(1� 
os �) and y = 1=� is the fra
tion of in
identenergy 
arried by the s
attered ele
tron. In terms of �, one 
an write Q2 = 2E2(1� 
os �)=�.In Eq. (3) the main role is played by the non singlet LSF:D(z; �) = �2 ��1 + 38�� (1� z)�2�1 � 12(1 + z)� (1 +O(�)) ; (5)� = 2�� (L� 1); L = ln Q2m2e ; (6)me is the ele
tron mass. Parti
ularly important is the quantity L, 
alled, large logarithm,whi
h is responsible for the large size of the term related to the LSF 
orre
tion.The integration in Eq. (3) requires a 
areful treatment, as D(z) has a singularity forz = 1. So the integration of any fun
tion � gives (see Appendix A in [4℄):I = Z 1z0 D(x)�(x)dx == �(1) �1� �4 �2 ln 11� z0 � z0 � z202 ��+ �4 Z 1z0 dx1 + x21� x [�(x)� �(1)℄ +O(�2): (7)The fa
tor 1+ (�=�)K 
an be 
onsidered as a general normalization. It has been 
al
ulatedin detail for ep elasti
 s
attering in Ref. [4℄ and the term K is the sum of three 
ontributions:K = Ke +Kp +Kbox: (8)Ke is related to non leading 
ontributions arising from the pure ele
tron blo
k and 
an bewritten as [5, 10℄:Ke = ��26 � 12 � 12 ln2 � + Li2(
os2 �=2); Li2(z) = � Z z0 dxx ln(1� x): (9)4



The se
ond term, Kp, 
on
erns the emission from the proton blo
k. The emission of virtualand soft photons by the proton is not asso
iated with large logarithm, L, therefore the wholeproton 
ontribution 
an be in
luded as a Kp fa
tor:Kp = Z2� ��12 ln2 x� lnx ln[4(1 + �)℄ + lnx�(lnx� �) ln� M24E2(1� 
)2�+ � � Li2 �1� 1x2�+ 2Li2 ��1x�+ �26 � ; (10)with x = (p1 + � +p� )2, � = p1�M2=E 02 and E 0 = E(1 � 1=�) +M are the s
atteredproton velo
ity and energy. The 
ontribution of Kp to the K fa
tor is of the order of -.2%for 
 = 0:99, E = 21:5 GeV, Q2=31.3 GeV2 [8℄, and it is almost 
onstant in �.Lastly, Kbox represents the interferen
e of ele
tron and proton emission. More pre
iselythe interferen
e between the two virtual photon ex
hange amplitude and the Born amplitudeas well as the relevant part of the soft photon emission i.e., the interferen
e between theele
tron and proton soft photon emission, may be both in
luded in the term Kbox. Thesee�e
ts are not enhan
ed by large logarithm (
hara
teristi
 of LSF) and 
an be 
onsideredamong the non-leading 
ontribution, whi
h represents an �-independent quantity of theorder of unity, in
luding all the non-leading terms, as two photon ex
hange and soft photonemission.In order to make 
omparison with existing 
al
ulations of RC, it is 
onvenient to expressthe 
orre
tions 
al
ulated with the LSF method, Æ in the form:d�LSF (Q2; �) = d�B(Q2; �)(1 + Æ); (11)where 1 + Æ = 1j1� �(Q2)j2 �1 + �2� (L� 1) ���2 ln� 11� z0�� z0 � z202 �+Z 1z0 dz1 + z21� z �d~�B(Q2z; �z)d~�B(Q2; �) � 1��+ ��K:� (12)Let us 
ompare these di�erent terms with the 
orresponding 
al
ulation from Ref. [8℄,whi
h has removed or softened some drasti
 approximations previously used in [9℄. Theinterferen
e between the box and the Born diagram was in
luded (partially within the softphoton approximation) as:Æbox = 2�� Z �� ln � ln� �q2x(2��E)2�+ Li2 �1� �x�� Li2�1� 1�x�� ; (13)5



where �E = E 0(1�
) is the maximum energy of the soft photon, allowed by the experimentalset-up. The radiation from the ele
tron, in the leading order approximation, in
ludingva
uum polarization, was expressed asÆel = �� �136 L� 289 � (L� 1) ln � 4EE 0(2��E)2�� 12 ln2 �+ Li2 �
os2 �2�� �26 � : (14)III. RESULTS AND CONCLUSIONSIn the LSF 
al
ulation, the main 
ontribution 
omes from those terms, whi
h in
ludehigher order 
orre
tions, whereas all the terms whi
h do not 
ontain large logarithm areexpe
ted to be suppressed and in
luded in the K-fa
tor.In Fig. 1 the results for the 
al
ulation of di�erent radiative 
orre
tions for Q2=0.2 GeV2are shown. Thi
k lines 
orrespond to the LSF method and thin lines 
orrespond to MT [8℄.The solid line is the sum of the di�erent terms. A large di�eren
e 
an be already seen atsu
h small value of Q2, both in the values and in the slope of the 
ross se
tion.Let us 
ompare the di�erent terms.The 
orre
tion from the proton (dash-dotted line) is basi
ally the same, in both 
al
ula-tions (Eq. 10). It is small and � independent.For both methods, the largest 
ontribution is due to the radiation from the ele
tron.However, in the LSF method, the main 
orre
tion is due to the ele
tron radiation ( dash-dotted line), whereas the 
orre
tions from the ele
tron whi
h do not 
ontain large logarithmand are 
al
ulated in the Ke fa
tor, whi
h is small (dashed line), with a small � dependen
e.The ele
tron emission from the MT 
al
ulation, Eq. (14) is shown as a thin, dashed line,and 
orresponds to the largest 
ontribution to RC. In the LSF method, the emission fromthe initial ele
tron is taken into a

ount. For the �nal ele
tron emission, it has been assumedthat the full energy is dete
ted (for example, if the ele
tron is dete
ted in a 
alorimeter) orthat the ele
tron energy is not measured at all: in these 
ases, due to the properties of LSF,the 
ontribution for �nal emission is unity.For the LSF 
al
ulation, here we take Kbox = 0. In Refs. [4, 16℄ it was shown that thisterm was small, and with small � dependen
e.In the MT 
al
ulation, the interferen
e between the box and the born diagram (thin,bla
kdash-dotted line) has a positive slope, and a large � dependen
e (Eq. 13). Therefore it is thisterm whi
h is responsible for the fa
t that the slopes of the �nal 
orre
tions as a fun
tion6



of � (thin and thi
k solid lines ) have opposite signs in the LSF and MT 
al
ulations.When applied to the experimental 
ross se
tions, this will be re
e
ted in a 
hange of slopeof the redu
ed 
ross se
tion, as a fun
tion of �, and the ele
tromagneti
 FFs extra
tedfrom the Rosenbluth method will be di�erent. In Ref. [4℄ it has been shown that theLSF 
orre
tions 
ould bring into agreement the FFs extra
ted by the Rosenbluth and thepolarization methods.In Fig. 2 the di�erent 
ontributions to RC are shown for Q2=1 GeV2, as a fun
tion of�. The general behavior of the di�erent terms is essentially similar as in Fig. 1, but thenumeri
al values of the radiative 
orre
tions are larger and the e�e
t of higher orders moresizable. Numeri
al values may di�er up to a fa
tor of three, and this fa
tor depends on �and Q2.In Fig. 3 the results are shown in 
ase of Helium target, at Q2=0.8 GeV2.To summarize, the main di�eren
e between the size of RC from the two 
al
ulationsshould be attributed to the fa
t that in the present appli
ation of the LSF method, thepartition fun
tion of the �nal parti
le is taken as unity, whi
h is the 
ase in an experimentwhere one 
an not separate events 
orresponding to an ele
tron and to an ele
tron and aphoton with the same total energy. The di�eren
e between the slopes of the 
orre
tions tothe 
ross se
tion as a fun
tion of � depends on the ansatz used to in
lude the two photonex
hange me
hanism.IV. CONCLUSIONSWe have 
al
ulated radiative 
orre
tions for ele
tron hadron elasti
 s
attering, at lowQ2, in frame of the LSF method, and 
ompared to lowest order 
al
ulations. Even if a
omparison 
an not be done term by term, as the formalisms are di�erent, we 
an draw thefollowing 
on
lusions.Radiative 
orre
tions by the LSF method are in general of the same sign, negative, butsmaller than for MT, and they have the e�e
t to in
rease the 
ross se
tion, when 
omparedto the 
al
ulations at the lowest order. The two 
al
ulations should basi
ally agree at thelowest order of PT. The di�eren
e between the two 
al
ulations 
omes mainly from the fa
tthat, in this appli
ation of LSF approa
h, the 
ontribution of the �nal emission is unity andthat higher order are taken into a

ount (in the leading logarithm approximation).7



Let us dis
uss one of possible sour
e of non-leading 
ontributions to elasti
-proton s
at-tering { the interferen
e of one and two photon ex
hange amplitudes. The stru
ture of theproton 
an be taken into a

ount by introdu
ing a generalized form fa
tor, whi
h des
ribesthe intera
tion of an o�-mass-shell photon with an on-mass-shell nu
leon with produ
tion ofan o�-mass-shell proton or of some inelasti
 state (set of nu
leons, antinu
leons, and pions).Arguments of analyti
ity and gauge invarian
e 
an be applied to the Compton amplitude
�p ! 
�p. The integration over the invariant mass of the initial parti
les leads to theformulation of "sum rules" and to the statement that the 
ontributions of one-proton in-termediate state in Compton amplitude and the inelasti
 ones essentially 
ompensate ea
hother [12, 13℄. The relevant 
ontribution of the interferen
e of one and two photon ex
hangeamplitudes 
an be in
luded as a K-fa
tor, and, in the 
ase of small Q2, it is of the order:K

 = 1 + �� Q2(3Mp)2 : (15)For these reasons, we negle
t this quantity in the present estimation of RC. Moreover, expli
it
al
ulations of elasti
 and inelasti
 
ontributions [14, 15℄, in frame of models, also supportthe statement of the dis
ussed 
ompensation.The di�erent sign of the slope of RC as a fun
tion of � 
omes, in the MT 
al
ulation, from
orre
tions due to the box diagram. We remind that, in this 
al
ulation, one photon is softand the other hard, and the 
orresponding terms are introdu
ed in order to 
ompensate theinfrared divergen
e due to soft photon emission. Indeed, it was shown in [11℄ in an exa
t QED
al
ulation for e� s
attering, that the box 
ontribution is very small (few thousandth). Onthe other hand, the 
harge asymmetry, in the rea
tion e++e� ! �++�� 
an be measurable,of the order of per
ent, due to the 
ontribution of soft photon emission. Similar 
on
lusionshold in 
ase of Helium target.
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ulation of di�erent radiative 
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attering,at Q2=0.8 GeV2. (notations as in Fig. 1
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