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Energy density functional methods

Assumption / approximation / ansatz:

Energy is a functional of densities (or density matrices)

E = ¢&[densities]
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Energy density functional methods

Assumption / approximation / ansatz:

Energy is a functional of densities (or density matrices)
E = ¢&[densities]

electronic systems =- DFT
nuclear systems = EDF

Terms in the nuclear energy density functional:

E = gkinetic + gstrong, particle-hole + gstrong, pairing + SCoqumb + gcorrections
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The standard 2nd order Skyrme Energy Density Functional

gSkyrme = /d3r Z

{Cf[po] 7+ Colool S+ CE*perpe + C (e — D)
t=0,1

+C [st Te= 3 dewdis| + C%s: - s,

Hov=x

+cf [St “Fe— %(ZJt»uu)z —3 Z Jf,wa,vu] + (V- se)?
pn=x

V=X
+CV eV - i 450 -V x jt)}

» The Skyrme part of the functional is constructed such that it is invariant
under time and space inversion, translation, rotation in real and isospin
space, Galilei transformations etc.

the Skyrme EDF is local

all possible terms of 2nd order in derivatives

density dependence (usually of velocity-independent terms only)
blue: static time-reversal invariant mean field

vV V. v VvY

blue + red: linear response / time-dependent mean field / rotating mean
field / mean field of quasiparticle states / symmetry restoration / “GCM”
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Local (transition) densities and currents
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Other terms in the energy density functional

& = gkinetic + gSkyrme + 6‘Coulomb + gpairing + gcorrections

where

2
gkinetic = h / dar T(

1/3
gCoqumb == 62 //dar d3 ! % — %eZ <%) /d3r p?’/:‘}(r)
Ew = X [ r Pl 50 o)
q

where there are two " pairing densities”

pg(r) = 7(L|a,-aj|R) —o)V(r,—o)V(r,o

pQ( ) - ; <L|R> U:Zil( )\Ul( ) )\UJ( ’ )

- (L|a/a]

pa(r) = Z L|R Z( o)Vi(r, o)V (r,—0)
ij o=+1
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Volume vs. surface type local pairing energy functionals
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Impact of the choice of the pairing functionsl's parameters

M. B., PhD thesis (1998)
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Functionals corresponding to “true Hamiltonians” vs. general ones

True contact force to (1 + x0P%) 6(r — r')
£ = /d3r L3 163(0) — 310 (1 4 200) 30) — 3 10 (1~ 20) (1)

—Ltosi(r) + L to (1 + x0) So(r) - 85 (r) + & to (1 — x0) () ﬁi‘(r)}

(see Perlinska et al. PRC 69 (2004) 014316 for definition of $o(r) and 51(r))
Contact functional:

£ = / o { Gflpo, - 103() + Clpos - 1 (1) + Gilpo, - 1 s3(1)

+Cilpo, .. 18i(r) + Golpo, - 30(r) - 85(r) + L [po, .. ] a(r) Fﬁ(r)}
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Functionals corresponding to “true Hamiltonians” vs. general ones

True contact force to (1 + x0P%) 6(r — r')
/d3r {% to pg(r) — % to (14 2xo)p§(r) — % to (1 — 2x0)sg(r)

—Ltosi(r) + L to (1 + x0) So(r) - 85 (r) + & to (1 — x0) () p“f(r)}

(see Perlinska et al. PRC 69 (2004) 014316 for definition of $o(r) and 51(r))
Contact functional:

/ o { Gflpo, - 103() + Clpos - 1 (1) + Gilpo, - 1 s3(1)

+Cilpo, .. 18i(r) + Golpo, - 30(r) - 85(r) + L [po, .. ] a(r) Fﬁ(r)}

&2

Coulomb interaction =

1 e? *
5 / N — [06(F)pa(t") = po(r, ¥ Yool ¥) + s (1, Vip(r,#")]

Approximate Coulomb functionals

R O
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Strict HFB and strict GCM

» HF(B): basic ingredients are one independent-particle (product) state
|SRq) of Slater determinant or HFB type and a Hamilton operator H

E;’F(B) = <SRq|’:l|SRq>
Constrained variation leads to the HF(B) equations

5[ (SRal HISRa) = AN(SRq|UISRe) — Aq(SR4| QISRe) ~Tr{A(R*~R)}| =0
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Strict HFB and strict GCM

» HF(B): basic ingredients are one independent-particle (product) state
|SRq) of Slater determinant or HFB type and a Hamilton operator H

E;’F(B) = <SRq|’:l|SRq>
Constrained variation leads to the HF(B) equations

5[ (SRal HISRa) = AN(SRq|UISRe) — Aq(SR4| QISRe) ~Tr{A(R*~R)}| =0

» GCM: coherent superposition of HF(B) states

IMR,,) = qu(qHSRq)

> g fr (a) (SRq|HISRy) £u(q')
unyq,,, f;(q”) <SRqN |5Rq///> fu(q’”)
weights f,(q) determined by variation

0E, A B N
() = ;[<5Rq|H|Squ> E.(SRe[SRy)] £.(q') =0

E., = <MRu|H|MRu> =

Projection is a special case of GCM, where degenerate states that differ in
orientation are mixed and the symmetry group determines (most of) the
weight function.
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How to calculate GCM kernels: Generalized Wick theorem

A matrix element of the operator O between two SR states

DT e (@)= )0)

Br, Br
is obtained for a one-body operator as

N N L|a 3|R)
(LIOWIR) = (L] Y Oyafa; |R) = Zo o iR R
ij

for a two—body operator as

(LIO® L\ZOUW 12 Tanam|R)
ijmn
(L] am[R) (LI3T8n[R)  (L|afan|R) (LI3]am[R) (LI3]4]IR) (L|3,3mR)
B L B e . e ¥ e ¥ ol v ALY

ijmn
etc. with
(Ljaat|R) (L]ac|R) (LIBBTIR) (LIBBIR)
LR (L[R) _ (1 ED R (LIR) (1 0
(LaTal|R)  (LlaTa|R) 0 0 (LIBTBTIR)  (LIBTBIR) DE* 0
(LR) (CIR) (L[R) (LIR)

(LlaTB (L] BIR) 0 0
) ()

(LaBiR)  (L|aBIR) bT o
<L‘R12\R> (L][R) _ ( ) |(L|R)| — /det D1

M. Bender, CEN de Bordeaux Gradignan Pairing from Skyrme EDFs



How to calculate GCM kernels: Generalized Wick theorem

A matrix element of the operator O between two SR states

D e ()0 (D)= D)

Br, Br
is obtained for a one-body operator as

N N L|a 3|R)
(LIOWIR) = (L] Y Oyafa; |R) = Zo o iR R
ij

for a two—body operator as

(LIO® L\ZOUW | Janam|R)
ijmn
(L] am[R) (LI3T8n[R)  (L|afan|R) (LI3]am[R) (LI3]4]IR) (L|3,3mR)
B L B e . e ¥ e ¥ ol v ALY

ijmn
etc. with
(Ljaat|R) (L]ac|R) (LIBBTIR) (LIBBIR)
LR (L[R) _ (1 ED R (LIR) (1 0
(LaTal|R)  (LlaTa|R) 0 0 (LIBTBTIR)  (LIBTBIR) DE* 0
(LR) (CIR) (L[R) (LIR)

(LlaTB (L] BIR) 0 0
) ()

(LlaBTR)  (L]aBIR) bT o
<L‘R12\R> (L][R) _ ( ) |(L|R)| — /det D1

M. Bender, CEN de Bordeaux Gradignan Pairing from Skyrme EDFs



What are SR EDF and MR EDF?

» SR EDF: basic ingredients are the density matrix corresponding to one
independent-particle (product) state |SRq) of Slater determinant or HFB

type

R — < Paq Kqq ) _ ( <5Rq|§T§| SRq) (SRq|23| SR) ) — R2
“ —Kag 1= Paq (SRqla™a’| SRy)  (SRq|aa"| SRq) “

and a functional depending on this density matrix

SR _ ~SR *
5q = 5q [quv’iqqﬂiqq]v
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What are SR EDF and MR EDF?

» SR EDF: basic ingredients are the density matrix corresponding to one
independent-particle (product) state |SRq) of Slater determinant or HFB

type

R — < Paq Kqq ) _ ( <SRq|§T§| SRq) (SRq|23| SR) ) — R2
“ —Kag 1= Paq (SRqla™a’| SRy)  (SRq|aa"| SRq) “

and a functional depending on this density matrix

SR _ ~SR *
5q = 5q [quv’iqqﬂiqq]v

» MR EDF: basic ingredients are the transition density matrix between two
independent-particle (product) states |[SR,) and |SRy/) of Slater
determinant or HFB type

(SRqlata] SR./) (SRq|33] SR,/)
R — Paq’ Kqq' _ (SRqISR,/) (SRqISR/)
99 —hpy L= phy (SRqlaTaT| SR /) (SRq|3a"| SR_/)
(SRqISR,/) (SRqISR,1)

and a functional depending on this density matrix

S oot £(0) ENR gt s Fagr s Wit ()

gMR _
® Eq”,q”’ f;(q") <SRq// |SRq///> fu(q”/)
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Typical results obtained with MR EDF (“symmetry-restored GCM")
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Here is a problem
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Particle-number projection

particle-number projector

rotation in gauge space

~ =

27 o
Pro= L [Tap et e
0 2w 0 4 N——

weight

normalized projected state discretized & la Fomenko, J. Phys. A3 (1970) 8
(for even particle number)

| Wy) = CN7T/d e e '“ONH up + vy a;; ag) 0)

n>0
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Particle-number projection

particle-number projector

rotation in gauge space

N 1 [ o TR
Py, = — dp e '?" e'’
0 2T o ¥ N——
weight

normalized projected state discretized & la Fomenko, J. Phys. A3 (1970) 8
(for even particle number)

11/ —i ioh
| Wy = a;/dgoe “”Noe“”NH(uM—FVMaZaEHO)
0 n>0

11 /7 —i i
= ——/d<pe “”NOH(UN—&-VNeZ“”a:a:—[HO)
cN T Jo 450
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Particle-number projection

particle-number projector

rotation in gauge space

N 1 [ o TR
Py, = — dp e '?" e'’
0 2T o ¥ N——
weight

normalized projected state discretized & la Fomenko, J. Phys. A3 (1970) 8
(for even particle number)

11/ —i ioh
| Wy = a;/dgoe “”Noe“”NH(uM—FVMaZaEHO)
0 n>0

1 1 i —i i
= ——/d<pe “”NOH(UN—&-VNeZ“”a:a:—[HO)
T Jo >0
x(e—1)

L

1 I.rr(z—l) jm(e—

ZE eI ||(u#—&—v}te2 T afaj)|0)
=1

pn>0
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Bilinear toy energy density functional

Start with the single-reference energy density functional (all density matrices
determined by the state |g))

* K
E[pT, k9, k9] = E°P L EP 4 E
a9 1 pp 99 109 | qq* _.qq
§ ti pji” + 3 E :Vukl P P+ 7 E :Vuk/ Ki' Ky
i ikl ijki

for example

[arowr = [ [Sniomo][Saviero)

= 3 [Pl i) o

ijkl

PP
Viiki

and similar for other terms.
> the vertices v”* and v"" might be different and not antisymmetrized.
> we assume that the vertices v*” and v"" are not density dependent

» generalization to higher-order polynomials in density matrices are
straightforward, but not necesary for this discussion.
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Particle-number projected energy functional

Guided by the generalized Wick theorem (GWT) [Balian and Brézin, Il Nuovo
Cimento, Vol. LXIV B, (1969) 37] for operator matrix elements it is (usually)
postulated that the particle-number projected EDF is given by

EV™ ) ) (70N = [l S B 7 R (00]9)

transition density matrices in the canonical basis shared by both states

2 2ip 2ip
o= W00 _UpVe€TT o g0k UnVi o
wy — T2 2 2ip CVH pr = 75 2 2ip VR w0 2 n2ip CVH

u; +vie up +vge u; +vie
overlap
_ 2 2 2ip

(®o|®y) = H (up +vi ™)

pn>0
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... but where is the problem?

27 efmpN .
[ e Sawrle®, k0% 170" (G0]0,)
0 2 CN

27 —ieN 2 2“P
e
= d _ &
/0 ¥ 27TC Z HH u2 + V2 e2ip

2 e2ie V2 e

+3 Z
Vv v U2 + V2 e2ip u2 + V2 e2ip

u,V, Uy v, e2i®
+3 Z uuw 2 u2u2 2 2 a2i H (”k+v2 e2w)
ug -|—v e’ u;, + v e'¥

there are terms with p = v which diverge for uu—vu =05« ‘Iv =1and p=m/2
[Anguiano, Egido, Robledo, NPA696(2001)467]

Same divergence pointed out by Dénau, PRC 58 (1998) 872 in terms of approximations
in a Hamiltonian-based framework.

First analysis of the homologue in a strict energy density functional framework and of
EDF-specific consequences by Dobaczewski, Stoitsov, Nazarewicz, Reinhard, PRC 76
(2007) 054315

Similar problem discussed by Tajima, Flocard, Bonche, Dobaczewski and Heenen,
NPA542 (1992) 355 for EDF kernels between HFB vacua and two-quasiparticle states:
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Complex plane analysis |

substitute z = €’ = contour integrals in the complex plane

Projected energy functional

dZ S[Z] 2 2 2
En = 7{1 2imcd ZN+1 H(uu TV z)
n>0

> dz 1 5 2 2
G=¢ = [T + vz
c 2im ZN+1 ( 13 13 )7
1 pn>0

transition density matrix and pairing tensor

2 _2 2

pOz _ Vu Z 5 H‘,OZ _ uuvy 5 0% UpVuZ }

L) 2 52 VH L) 2 2 “VHD wyo T2 2 2 “VH
uu—|—vuz uu—|—vuz uu—&—vuz
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Complex plane analysis |l

» Contour integrals can be evaluated using Cauchy's
residue theorem [Bayman, NP15 (1960) 33]

> the norm and all operator matrix elements have a
poleat z=20

cx = 2im Res(0) [ﬁ I (i + v 22)]

n>0

M. Bender, CEN de Bordeaux Gradignan Pairing from Skyrme EDFs



Complex plane analysis |l

» Contour integrals can be evaluated using Cauchy's
residue theorem [Bayman, NP15 (1960) 33]

> the norm and all operator matrix elements have a
pole at z=10

cx = 2im Res(0 [ o H uu—l—vu )]

n>0

> the energy functional has poles at z =0 and

7t = e
" » poles of the particle
%in number restored EDF
En = Z gRe i [ N+1 H o+ V7’ } » filled (open) circles: poles

\%TL #=0 inside (outside) the

standard integration
> poles entering or leaving the integration contour contour at R =1
might generate divergences, steps, or discontinuities » cross: SR energy

functional at ¢ = 0.
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The origin of the poles |

» The poles turn out to be a consequence of using the GWT to motivate /
postulate a multi-reference energy functional (mind that Wick theorems
are for operators and we discuss functionals that do not correspond to a
Hamiltonian)

» this can be shown constructing a basis where the kernels can be evaluated
using a standard Wick theorem (SWT) or elementary operator algebra

Idea: Starting with two quasiparticle vacua
|®o) = Co [ ] e [0) |®1) =Ci [ ] Bul0)
v p

and the respective quasiparticle operators given by
0 0 1 1
aizz(uiualf—k\/iuai) /BI;F:Z(UIV‘?;F—’_‘/IV 3,‘)
i i
The two sets of quasiparticle operators are connected by a canonical
(Bogoliubov) transformation

ﬁ: = Z (Au,u OJ + Bu,u OCV)

v

with A= U° U + Vo' V! and B = VO Ut + 10 V2
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The origin of the poles Il

Bloch-Messiah-Zumino decomposition of the transformation

ﬁ: = Z (Au,u OJ + Bu,u OCV)

v

gives two intermediate quasiparticle bases
_ B+ — +
:ZO[ D,_“, V:Z/BI—L Cy,y
N

whith |®o) still being vacuum of the &, and |®;) still being vacuum of the ;.
{&,a'} and {ﬁ,ﬁT} are connected through a BCS-like transformation

B;— = ’_41111 &j + Bﬁu ap

with A(p) = < A(')’p ;\25 ) B(p) = ( —l%pb (')"_’ )

such that [®1) = Co1 [Tp0 (Ans + Bis g é ) [®o)
and (®o|®1) = Cor [],-0 App-
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The origin of the poles Il

Defining
(Po|®1,p) = Cu [] App
p'#p
(®o|®1,p,9) = Cou [] Apw for p# q
P #p,q

and (®g|®1, v,v) = (Po|P1, v, ) = 0 one obtains for basic contractions

(@] G| P1) = (Po|@)d)|P1) =0
(®o|@ by |®1) = Suu(Po|P1)
<¢0|&V&N|¢1> = 517# B;,, <¢o|¢1, I/>

Express single-particle operators in terms of one set of quasiparticle operators

al =) (U al +Va) with U° = U°D and V° = V°D

v

: - - pv) oo
to define quasiparticle wave functions o) =3 o+ [7)

associated with {G., &/} in the single-particle basis.
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Energy functional motivated with standard Wick theorem

1
_1 PP T
Eswr(0,1] = 5 Z Voo pueven + 4 Z Vevonendn
v v
1 SRK B* (®ol®1,v) 1 g* (%0l®1,v)
+3 <py<ﬂu¢u</>;LBw7 (®gl®1) + Z VJV(PVV’[Ld)}J.BV’; (®g[®1)
Vi
= (Po|®1, ) 1 - = (Do|®y1,v)
+3 B, —— + 7 v _ B ——
; ¢“¢V¢u¢u v <¢O‘¢’1> 3 %L: Cubpbvbp vy <¢0|¢1>
_. = do| Py, v, = (Po|P1, v, 1)
1N op « ox (Po|P1,v, B g (Pl®uv,
+2;V¢V¢H¢V¢HBWBM’L (do|P1) 42 wuwudnm“ By BB (g dy)
Energy functional motivated with generalized Wick theorem
1 1 Rk
Eewrl[0,1] = Z V‘PV‘P}L‘PU‘P;L +3 Z Vevosenon
v v
=« (®o|®1,v) 1 _kk e (Po|P1,v)
I ;VW“,“%W SR " Z%;‘/W%W% Y7 (d|d1)
- &g P, 1) —. (Po|Py,v)
1 orP « (Po|®1, 1 i « (Po|®P1,
+3 o Voueveudu B.s (®0|®1) +3 ;V(P;Ld)ﬁCbu‘bD By (®|®1)

- 2w zx (Po|P1, 1) (Po| Py, 1) - v gr (Po|P1,v) (Po|Py, p)
1 pp B*-B*—< 0 ) s 1 KK B* B*_ ) )
+3 Z Vouopby b Sve Pui (o] ®1) (o] 1) +3 Z Vovepdudp voPui (o] D7) (o] 1)

v v
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The correction for a strictly bilinear functional (in a given nucleon species)

Both are not equal as
(Po[ D1, v) (Po| D1, 1)
= (®o|®1)  (Po|Py1)
0

for v # u, i
forv=u, i

(Po|P1, v, 1)
(®o|®1)

The difference between the SWT and GWT expressions are the
(Po|®1,p) (Po|P1,1) (Po|Py,p) (Po|P1.2) ; ;

@ol1) (®ol61) and olo1) _<2’2\¢1> terms_l:ﬂthe GWT expressmn.-ln- a
H.amlltonlan—.bas?d theory W.Ith Veroubwdu = Vouondvou they are multiplied
with a combination of matrix elements that is zero. In a EDF framework they
multiply a matrix element that in general is non-zero. For particle-number

restoration one obtains
eN - E: 1(7/’/’ L PP PP PP )_‘“_“ _
[ 2 \Vnppp AR ML Apfip M
pn>0 0i 2
21 —ipN v 1
4 e € 2 2 2
X (Upvy) dy 3 (2 5 2) H(ul,+v,,e %)
0 2mey up + v ere L

v

_ 1 (s - - - -
- Z [3 (Vifw + Vinan T Vigus T VEﬁﬁu) ~ Vi)
pn>0

2

DN S (TR
2imcy Jo 2V (12 + V2 22) v

v>0
v
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The origin of the poles VI

>

The poles turn out to be a consequence of using the GWT to motivate /
postulate the multi-reference energy functional

They appear in terms that are spurious self-interactions or spurious
self-pairing, the former known for long from condensed-matter DFT.
self-interaction is related to broken antisymmetry of vertices in the
functional (the interaction energy of a particle with itself should be zero)
self-pairing comes from an incomplete combination of vertices (the energy
from scattering a pair of particles onto themselves should be equal to the
no-pairing value)

The GWT adds a second level of spuriosity to these terms as it multiplies
them with "unphysical” weight factors

EN- contains entirely the poles at sz = :I:}—Cﬁ' and a contribution from the
pole at z=0

Subtracting £Y; as a correction from the energy functional removes the
unphysical poles

Again: For a Hamiltonian-based theory the GWT and the SWT in the
canonical basis of the transformation are strictly equivalent as a
consequence of relations between matrix elements of the interaction.

Does it remove all anomalies from particle-number projection?
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Regularized particle-number restoration: 180 |

— Bangles
5 angles
7 angles

Lo

-04 -02 00 02 04 06 08 10

Ba

» calculations with Sl (bilinear in
density of given isospin, no divergence)

» projected wave function and all
operator matrix elements are converged
with L =5 discretization points of the
gauge space integral

> the projected energy functional does
not converge with L = 199 points
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Regularized particle-number restoration:
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Regularized particle-number restoration: 180 Il
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Regularized particle-number restoration: 180 Il

0.0 [~ -131 5 angles uncorrected
-0.5 132 199 angles uncorrected
—~-1.0 ) — corrected 1
> 00 F -133 ]
o 00 .
2 L —~ -134 N
Z05 - = e <
b o -135 ]
S0 = ]
oo < 136 1
M os Y ]
k1 M sy g
2.0 N )
25 [ correction for protons -138 b
R T T N S T 1
0 I e —T -139
[ total energy gain from projection 140

- 5 angles uncorrected

- 199 angles uncorrected

v — corrected

R I B T |
-04  -0.2 0.0 0.2 04

Ba

M. Bender, CEN de Bordeaux Gradignan ng from Skyrme ED!



Shift invariance

» Shift transformation
N
[Pp—in) =" |®y)

» shifts radius of complex contour interal

27
ng —ipN dz 1
TP e N, ) = b
/Omﬁe O0-i) = § 57 z72l0)

» Operators that commute with A are
shift invariant

o)
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Shift invariance

» Shift transformation > the uncorrected projected energy
i functional is not
|Pp—in) = " |®y)
» steps far from the standard contour

» shifts radius of complex contour interal R, =1 (& Fermi level) can be huge

» the corrected projected energy

27 d d
i z 1 . . o - .
/ —ﬂe ’*’N|¢w,in> = _TN)%’) functional is shift invariant
i +
0 2mcy R2IT Z o ———y
) R 0 ; T T T -
» Operators that commute with N are 05 [ 10
shift invariant i::” F £
o °r 30
% 110 r 2
2 L 20
M r ! 15

5 angles uncorrected
199 angles uncorrected
corrected

T
U
1
2

energy as a function of the radius R, of the
integration contour of protons at Q = 500 fm?2,
R=1 B2 = 0.371 and using R, = 1.

o)
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(Radius weighted) Sum rules |

From >y Wy (Wl = 2 N0 PN = 1 follows a sum rule for operator matrix
elements

(®1]0|g) = (1]0e™|®1) = S~ (1] O™ W) (WN01) = S (R) O
N>0 N>0

A general EDF does not correspond to an operator, and there is no equivalent
to “inserting a complete 1" when having an EDF.
= start from the tail-end and sum over Fourier components, which leads to

“+o00

S JenlEN = Elp,rr]

N=—o0

There also is a sum rule for spurious energy

“+o0o
2 &N
> lew| €& =0
N=oco
The regularized energies fulfill the usual sumrule

D lenl? (€Y = €&) =D lenl’ Erec = Elp, k. k7]

N>0 N>0

Who has ordered negative particle numbers 777
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(Radius weighted) Sum rules Il
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SR interaction energy (without kinetic energy)
Elp, k, K*] = —410.3403 MeV

sum over physical components Z > 0
D 5 £ = —410.3550 MeV
z>0

sum over all Z =20

+oo
> 5 E7 = —410.3403 MeV

Z=—00
Z = 0 component

2 £770 = 2 €259 = 0.0189 MeV
sum correction over all Z 2 0

+oo
> 5 EE =0.0000 MeV

Z=—00

sum regularized EDF over Z > 0

> c5Ekee = —410.3403 MeV
Z>0
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(Radius weighted) Sum rules Il

T 7 > at each spurious step, the
& M7 1 decomposition of the energy over all Z
FC 7 components changes

» Small spurious energies in components
with large weight c2 do not prevent
large spurious energies in components
with small weight c2,

%
3
T T T T

E (MeV)

L ® corrected
[WR,=10

AR, =40
[®R,=90,
-180 h -

-160

6 8 10 12
Proton Number Z
Weight of the normalized state projected on
various values of Z in the SR vacuum (top
panel) and decomposition of the energy into Z
components for three different radii of the
integration contour for protons (bottom panel)
for 180 at 8, = 0.371. All states are projected
on N =10 with R, = 1.
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Regularized particle-number restoration: 18°Pb

> large density of single-particle levels
= large density of poles sz
= many poles crossing the Fermi surface
= many steps

> the isolated proton poles give much larger steps than
the densely packed neutron poles when crossing the 2 Teutron,
Fermi level.

protons

> correction might be on the same energy scale as
spectroscopy of collective states

Disclaimer: the energy surface for ¥ Pb from SlII is
inconsistent with the empirical knowledge about this
nucleus. The analysis of the spurious energies not
compromised by that.
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Non-viability of non-integer density dependencies

> there is no way to set up this |
correction scheme for non-integer 136 b
density dependencies

» some "density-dependent
Hamiltonians” are of this kind
(Gogny force)

E (MeV)

-139 \
» same problem with standard b k! - 9 angles uncorrected

. . —1 ngles uncorrected
Skyrme interactions (a ~ 1/3) and R oo
o — 199 angleg correeteg
Slater approximation for Coulomb 1 02 00 02 01 05 os
exchange Bs

[z

» we can simulate a " density-
dependent Hamiltonian" correcting
for the biliear part, leaving the
uncorrected density dependence

» there remains a spurious
contribution from branch cuts (see
Duguet et al. PRC 79 (2009)
044320 for complex plane analysis)
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Non-viability of non-integer density dependencies

> there is no way to set up this
correction scheme for non-integer 136 b
density dependencies i

» some "density-dependent
Hamiltonians” are of this kind
(Gogny force)
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T T
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» we can simulate a " density- — 5 angles corrected
. T . -137 = j - 199 angles uncorrected
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uncorrected density dependence

-139 -
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» there remains a spurious
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Duguet et al. PRC 79 (2009) » : ol
044320 for complex plane analysis) R . . . n
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Reminder: Self-interaction

>

>

related to broken antisymmetry of vertices in the functional

The presence of self-interaction in the functionals used in DFT has been
pointed out by J. P. Perdew and A. Zunger, Phys. Rev. B23, 5048 (1981).

violation of the exchange symmetry in nuclear effective interactions has
also been discussed from a different perspective and using different
vocabulary by S. Stringari and D. M. Brink, Constraints on effective
interactions imposed by antisymmetry and charge independence, Nucl.
Phys. A304, 307 (1978).

the interaction energy of a particle with itself should be zero
One-particle limit of the interaction energy divided by the probability to
occupy this state

Ep =ty _

1 -pp 2
_2V

Vi, .
2 i Vi
VH

In a composite system, the particle-number of other particle species is left
untouched.

complete correction for self-interaction requires so-called orbital-dependent
energy functional; approximate corrections have been proposed for DFT
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Self-pairing

> self-pairing comes from an incomplete combination of vertices

> Direct interaction energy: remove self-interaction and divide by the
probability Pffﬁ to occupy the pair

Eun —Eu — Ep 1 2

— 1 (grp pp Sk
pPo_ -2 ( ML + ﬂuﬁu) V + Viapa Yy -

®,|alalana,|®
Probability P to occupy the pair Py, = (Po|2:302,|®) =V
(Pp|®y)
For a Hamiltonian V7 - = VEr ., = Vif.s = Vupun, the terms recombine
Euﬁ_Eu_Eﬁ — Y
) = Vuppp
Puﬂ

into the HF interaction energy without pairing.

» The energy from scattering a pair of particles onto themselves should be
equal to the no-pairing value

» To the best of our knowledge, self-pairing was never considered in the
published literature so far.
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Philosophical remarks

v

a Hamiltonian + wave function framework does not show these
pathologies, but at present there are no useful/sucessful strict
Hamiltonian-based approaches using the full model space in sight.

DME and LDA of the in-medium interaction motivates the use of
functionals

self-interaction and self-pairing are the price to pay for the enormous
simplification of the many-body problem brought by an EDF approach

there are higher-order self-interactions in higher-order functionals
Restoring the effect of violations of Pauli's principle has to be scrutinized

remember that violations of the Pauli principle are hard-wired into many
many-body techniques even when using a Hamiltonian, for example into
(Q)RPA through the quasi-boson approximation
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How to avoid or to remove these problems?

» Branch cuts are a consequence of using a non-analytical functional.
> Poles and steps are related to unphysical poles in the complex plane (they
are unphysical as (i) they break so-called "shift invariance” [Dobaczewski
et al. PRC 76 2007 054315] of the energy functional and (ii) they give a
contribution to sum rules for states with zero norm, for example with
N <0).
Remedy:

» use density-dependent Hamiltonian without approximations and use
particle-number projected density for the density dependence. As long as
certain symmetries are not broken (that could lead to zero overlap), the
pole problem is completely suppressed and one rests on the same step
(Madrid)

Removing the problem: When you want to work with more general functionals
or break more symmetries than usual:

» We do not see how to remove branch cuts other than using analyical
functionals.
= use functionals depending on integer powers of the density matrix only

> to get rid of poles and steps: use correctable energy density functionals
and work out the correction scheme proposed in Lacroix, Duguet, Bender,
PRC 79 (2009) 044318 for arbitrary mixing.
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Conclusions

Summary

> all standard energy functionals contain small spurious self-interactions
(and potentially self-pairing for Bogoliubov type reference states)

» using the generalized Wick theorem to motivate a multi-reference energy
functional gives these terms an unphysical weight for any type of mixing
including that of Slater determinants

» divergences for terms of order > 2 in density matrices of the same isospin
when a pole crosses the integration contour

> always steps or discontinutities when a pole crosses the integration contour

> spurious energy can be isolated constructing a basis that permits to use
the standard Wick theorem

» only energy density functionals with density dependencies of integer power
are correctable. "density dependent Hamiltonians” are not a priori free of
anomalies

Outlook

» modification of codes: construct basis that allows the calculation of the

correction

> new energy density functionals necessary (what about Coulomb exchange?)
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Essential reading on the identification, origin, interpretation and

regularization of the spurious contributions to the MR EDF

Particle-Number Projection and the Density Functional Theory
J. Dobaczewski, M. V. Stoitsov, W. Nazarewicz, P.-G. Reinhard
PRC 76 2007 054315

Configuration mixing within the Energy Density Functional formalism:
correction for spurious processes

D. Lacroix, T. Duguet, and M. Bender

PRC 79 (2009) 044318

Particle-Number Restoration within the Energy Density Functional Formalism
M. Bender, T. Duguet, and D. Lacroix
PRC 79 (2009) 044319

Particle-number restoration within the energy density functional formalism:
Non-vialibility of terms depending on non-integer powers of the density matrices
T. Duguet, M. Bender, K. Bennaceur, D. Lacroix, and T. Lesinski

PRC 79 (2009) 044320
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... thank you for your patience.
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