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Symmetry restoration

particle-number restoration operator

P̂N0 =
1

2π

∫ 2π

0

dφN e
iφN (N̂−N0)

angular-momentum restoration operator

P̂
J
MK =

2J + 1

16π2

∫ 4π

0

dα

∫ π

0

dβ sin(β)

∫ 2π

0

dγ D∗J
MK (α, β, γ)R̂(α, β, γ)

K is the z component of angular momentum in the body-fixed frame.
Projected states are given by

|JMq〉 =
+J
∑

K=−J

fJ (K) P̂J
MK P̂

Z
P̂

N |q〉 =
+J
∑

K=−J

fJ (K) |JMKq〉

fJ (K) is the weight of the component K and determined variationally

Axial symmetry (with the z axis as symmetry axis) allows to perform the α and
γ integrations analytically, whereas the sum over K collapses, fJ (K) ∼ δK0

see talk by L. Egido for further technical details
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Configuration Mixing via the Generator Coordinate Method

Superposition of angular-momentum projected SCMF states

|JMν〉 =
∑

q

+J
∑

K=−J

fJν(q,K) |JMqK〉

{

|JMqK〉 projected mean-field state
fJν(q,K) weight function

δ

δf ∗Jν(q,K)

〈JMν|Ĥ|JMν〉

〈JMν|JMν〉
= 0 ⇒ Hill-Wheeler-Griffin equation

∑

q′

+J
∑

K ′=−J

[

HJ(qK , q
′

K
′)− EJ,ν IJ(qK , q

′

K
′)
]

fJ,ν(q
′

K
′) = 0

with

HJ (qK , q
′K ′) = 〈JMqK |Ĥ |JMq′K ′〉 energy kernel

IJ(qK , q
′K ′) = 〈JMqK |JMq′K ′〉 norm kernel

Angular-momentum projected GCM gives the

◮ correlated ground state for each value of J

◮ spectrum of excited states for each J

see talk by L. Egido for further technical details
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Summary of technical details

◮ even-even nuclei

◮ intrinsic shapes constrained to axial symmetry

◮ projection on particle number and angular momentum

◮ mixing of configurations with different intrinsic deformation

◮ Skyrme interaction SLy4 + density-dependent zero-range pairing
interaction
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Masses from self-consistent mean-field calculations

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102503.

G. F. Bertsch, B. Sabbey, M. Uusnäkki, Phys. Rev. C 71 (2005) 054311.
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◮ Skyrme interaction SLy4 +
density-dependent pairing interaction

◮ other parameterizations give qualitatively
similar results

◮ Wrong trend with A

◮ overestimated shell effects visible at
N = 20, 50, 82 and 126

◮ missing Wigner energy

◮ The slightly wrong trend with mass and
isospin can be removed by a slight (a few
permille) perturbative readjustment of the
parameters of SLy4. The major change is
a reduction of the volume energy
coefficient by 0.09 MeV.

◮ But what about the arches?
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Intrinsic Deformation and Quadrupole Correlation Energy

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Static and Dynamic Quadrupole Correlation Energies

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Static and Dynamic Quadrupole Correlation Energies
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Typical situations

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322

M. Bender, CEN de Bordeaux Gradignan



Typical situations

.

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322

M. Bender, CEN de Bordeaux Gradignan



Typical situations

. .

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322

M. Bender, CEN de Bordeaux Gradignan



Typical situations

. . .

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322

M. Bender, CEN de Bordeaux Gradignan



Typical situations
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Other typical situations

. . .

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Mass residuals

◮

◮

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Mass residuals

◮ Shell effects are not overestimated in general, they are overestimated for
neutrons

◮ This might well be a problem with the effective interaction, not so much
with large missing correlations

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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Consistency check: rms charge radii

M. Bender, CEN de Bordeaux Gradignan



Consistency check: rms charge radii

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
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How is the evolution of shell structure related to systematics of masses?

δ2n(N,Z) = S2n(Z ,N)− S2n(Z ,N − 2) = E(N − 2,Z)− 2E(N,Z) +E(N +2,Z)

M. Bender, CEN de Bordeaux Gradignan



Empirical single-particle energies
vs. eigenvalues of the single-particle Hamiltonian

◮ It is customary to discuss shell structure in terms of
the spectrum of eigenvalues of the single-particle
Hamiltonian ǫµ in even-even nuclei

ĥψµ = ǫµ ψµ

Koopman’s theorem states that ǫµ is equal to the
one-nucleon separation energy if

◮ The nucleus is perfectly described by a HF state (i.e.
that there are no correlations of any kind whatsoever)

◮ rearrangement and polarization effects changing the
single-particle wave functions when adding or
removing a particle are negligible

◮ The structure of the mean-field state of an even- even
and an odd-A nucleus is different (blocking,
additional mean fields that originate from interactions
involving currents and spin densities in the odd-A
nucleus, . . . ), there always are correlations and they
will give a different contribution to the binding in
even-even and odd-A nuclei, etc.

K. Rutz, M. B., P.-G. Reinhard, J. A. Maruhn
and W. Greiner, Nucl. Phys. A634 (1998) 67

E. Litvinova, P. Ring, Phys. Rev. C 73 (2006) 044328

both calculations use a relativistic mean-field model

M. Bender, CEN de Bordeaux Gradignan



Collectivity-enhanced quenching of signatures of shell closures

M. B., G. F. Bertsch, P.-H. Heenen, unpublished
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: −S2p(Z =50,N)/2
The global linear trend is taken out subtracting
N−82

2
[S2p(Z=50,N=50)−S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: −S2n(Z ,N=50)/2
The global linear trend is taken out subtracting
N−50

2
[S2n(Z=28,N=50)−S2n(Z=50,N=50)]

using the spherical mean-field S2n
M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: −S2p(Z =50,N)/2
The global linear trend is taken out subtracting
N−82

2
[S2p(Z=50,N=50)−S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: −S2n(Z ,N=50)/2
The global linear trend is taken out subtracting
N−50

2
[S2n(Z=28,N=50)−S2n(Z=50,N=50)]

using the spherical mean-field S2n
M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Eigenvalues of the single-particle Hamiltonian vs. S2q

lower panel: −S2p(Z =50,N)/2
The global linear trend is taken out subtracting
N−82

2
[S2p(Z=50,N=50)−S2p(Z=50,N=82)]

using the spherical mean-field S2p

lower panel: −S2n(Z ,N=50)/2
The global linear trend is taken out subtracting
N−50

2
[S2n(Z=28,N=50)−S2n(Z=50,N=50)]

using the spherical mean-field S2n
M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Historical note
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Two-nucleon gaps

δ2p(N,Z ) = S2p(Z ,N)− S2p(Z − 2,N)

δ2n(N,Z ) = S2n(Z ,N)− S2n(Z ,N − 2)

M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. Lett. 94 (2005) 102505
M. B., G. F. Bertsch, P.-H. Heenen, Phys. Rev. C 73 (2006) 034322
experimental values shown here include more recent data than the plots in the papers

M. Bender, CEN de Bordeaux Gradignan



Collectivity-enhanced quenching of signatures of shell closures

M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312

.

.
.
.

.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
..
..

.
.
..
..
.

.
..
..
..

.
..
..
..
..
.

..
..
..
..
..
..

..
..
..
..
..
.

..
..
..
..
..
.

..
..
..
..
..

..
..
..
...
.

..
..
..
..
..
..
.

..
..
..
..
..
..

..
..
..
..
.

..
..
...
..
..

..
..
..
..
..
..
..

..
...
..
..
..
..
..
..
.

..
..
..
...
...
...
.

..
..
...
...
...
..

.
...
...
...
...
..

...
...
...
..
..

...
...
...
..
.

...
...
...
...

...
...
...
..

...
....

...
.

...
....

...
.

...
....

...
..

...
....

....
..

....
....

....
..
...

.....
...
...
...
..

....
....

....
..
..

.....
...
...
...
.

....
....

...
..
..
.

.....
....

....
..

.....
.....

..
.

.....
....

...

.....
...
...
.

..
...
...
.

...
...
..

...
...
..

...
...

...
...
......

.
.

.
.
.

.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
..
.

.
.
.
..
..

.
..
..
..

.
..
..
..
..
.

..
..
..
..
..
..

..
..
..
..
..
.

..
..
..
..
..
.

..
..
..
..
..

..
..
..
..
..

..
..
..
..
..
..
.

..
..
..
..
..
..

..
..
..
..
.

..
..
..
..
..
.

..
..
..
..
..
..
..

..
..
..
..
..
...
..
..
.

..
..
...
...
...
..

..
..
...
...
...

..
...
...
...
...

...
...
...
...
.

...
...
...
...

...
...
...
...

...
...
...
..

...
...
...
..

...
...
...
..

...
...
...
...

...
...
...
...
.

...
...
...
...
....

.

...
...
...
....

...

...
...
...
....

....

...
...
...
...
....

.

...
....

....
....

.

....
....

...
.

....
....

....

....
....

....

....
....

....

...
....

..
....

....
....

........
..

....
........

.
.

.
.
.

.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
..
.

.
.
.
..
..

..
..
..
.

.
..
..
..
..
.

..
..
..
..
..
..

.
..
..
..
..
..

..
..
..
..
..
.

..
..
..
..
..

..
..
..
...
.

..
..
..
..
...
..

..
..
..
...
..
.

..
..
..
...

..
..
...
...
.

..
..
..
..
...
...

..
...
..
..
..
..
..
..
.

..
..
..
....

...
...

..
...
...
...
...
.

.
...
....

...
...
.

...
...
...
...
.

....
...
...
..

...
...
...
...

...
...
...
..

...
...
...
..

...
....

...
.

...
....

...
..

...
....

....
..

....
....

...
...
...

....
....

...
...
..

....
....

...
..
...

....
...
...
...
..

.....
....

...
..
..

.....
.....

....
.

.....
.....

..
.

......
...
...

.....
...
...
.

..
...
...
.

...
...
..

....
...
.

....
..

...
...
......

M. Bender, CEN de Bordeaux Gradignan



Collectivity-enhanced quenching of signatures of shell closures

M. B., G. F. Bertsch, P.-H. Heenen, PRC 78 (2008) 054312
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Collectivity-enhanced quenching of signatures of shell closures

M. B., G. F. Bertsch, P.-H. Heenen, unpublished
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Collectivity-enhanced quenching of signatures of shell closures

M. B., G. F. Bertsch, P.-H. Heenen, unpublished
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Summary and outlook

Nuclei are complex systems, oversimplistic models are prone to fail:

◮ Do not expect the conditions for the validity of Koopman’s theorem to be
fulfilled in nuclei.

◮ There is no Koopman’s theorem for two-nuclon separation, but even when
trying to approximate two-nuclon separation by two times the eigenvalues
of the single-particle Hamiltonian, they are not comparable.

◮ Collectivity enhanced quenching of the separation energies has to be
distinguished from real quenching of the spherical shells

Homework:

◮ improve energy functional (central and spin-orbit parts first, then tensor
(cf. P.-H. Heenen’s talk)

◮ improve modeling of pairing

◮ improve methodology to calculate odd-A nuclei on the mean-field level
and beyond by projected GCM

◮ test other correlation modes [pairing (cf. L. Egido’s talk); octupole, . . . ]

◮ look into other observables to establish internal consistency

M. Bender, CEN de Bordeaux Gradignan
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