Lecture 10: FERMIONS IN THE GRASSMANN
FORMALISM



We have described methods that allow studying general quantum Bose sys-
tems in the grand canonical formulation of statistical physics. One impor-
tant ingredient was the introduction of generating functions of symmetric
wave functions of bosons, as we have shown in section 4.9.

By contrast, in the case of fermion systems, since fermion wave functions
are antisymmetric in the exchange of a fermion pair, the construction of
generating functions, thus, requires the introduction of an antisymmetric or
Grassmann algebra of ‘classical functions’.

It is then possible to generalize to Grassmann algebras the notions of
derivatives and integrals. This leads to parallel formalisms for bosons and
fermions. In particular, one defines a Grassmann path integral for fermions,
analogous to the holomorphic path integral for bosons.

In the limit of an infinite number of available fermion states, the formalism
allows expressing the partition function of the Fermi gas as an integral over
Grassmann fields with anti-periodic boundary conditions.
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10.1 Grassmann algebras

A Grassmann algebra 2l on R or C (real or complex numbers) is an associa-
tive algebra generated by a unit (denoted by 1 in what follows) and a set

of generators {6;} that satisfy the anti-commutation relations
07;9]' + QJQZ =0 Vi, 7.

(In what follows, unless stated otherwise, we consider only complex algebras
and when we speak of generators, we omit the unit that plays a special role.)

As a consequence:

(¢) If the number n of generators is finite, the elements of the algebra
form a vector space of finite dimension 2" over R or C. All elements can be

written as linear combinations of the elements A,, v =1,...,2":
A, € {land {0;0;,...0; } withi; <ip <---<1i,, 1 <p<n} (10.1)
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(7) 2 is a graded algebra: to each monomial 0;,0;, - - - 0; , one can associate
an integer p that counts the number of generators in a product. In particular,

if A, and A, are two monomials of degree p and ¢, respectively, then
A, A, = (—1)P1A,A,.

(4i7) Elements of 2 are invertible if and only if in the expansion on the basis
(10.1) the term of degree zero does not vanish.

For example, the element 1 + 6 is invertible and its inverse is 1 — 6; in
contrast € is not invertible. The inverse can be calculated by expanding in
a formal power series starting from the inverse of the term of degree zero.
(iv) All elements in a Grassmann algebra, considered as functions of a gen-

erator 6;, are first degree polynomials, that is, affine functions.
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10.1.1 Reflection

In the algebra 2, one can define an automorphism P, which thus satisfies
P(A+ B) =P(A)+P(B), P(AB)=P(A)P(B),
P(A) =AP(A) VA, BeA, MNeC,

which has the nature of a reflection:
P(0;)=—-0; = P*=1. (10.2)
Acting on a monomial of degree p, it yields

P(0;, - 0; ) = (—1)P0;, - 0; .

p 1 D

The vector space generated by the elements of 2l can be divided into the

sum of two vector spaces 2* containing the even and odd elements:
P(AT) = +2A*.
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Note also the property
Af; = 0;P(A). (10.3)

When A, belongs to AT, it commutes with all elements of 2:
AL €At = A_.B=DBA,_, VB.

In particular, 2" can be identified with the maximal commutative sub-
algebra of 2I.
On the other hand, if A_, B_ both belong to 2™, they anti-commute:

A_and B_ €2~ = A B +B_A_=0.

As a consequence, all elements of 2l are nilpotent with a vanishing square.

658



10.1.2 Formal complex conjugation

In quantum mechanics, one needs mainly Grassmann algebras 2l with an
even number of generators, which can be divided into two subsets {6}
and {6;}, i = 1,...,n. One can then define in the algebra generated by
{0;,0;} the analogue of the formal complex conjugation of the holomorphic
representation. The operation that plays the role of complex conjugation,
and we denote by A — A, actually has properties analogous to the hermitian

conjugation for matrices or operators:

( 9@ A 9_2 )
{ ()\Al + MAQ) = )\*Al + M*AQ , (104)
\A1A2:A2A1, VAl,AQEQ[and)\,,uECC,

where \* and p* are the complex conjugate of A and u, respectively.

Note for example that, as a consequence, 91-9_]- = 930_7;.
An element such that A = A is called formally real.
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10.2 Differentiation in Grassmann algebras

In Grassmann algebras, it is possible to define a generalized derivative. How-
ever, a too naive definition, would be inconsistent with the non-commutative

character of the algebra.

10.2.1 Definition

Considered as functions of a given generator 6;, all elements A of 2 can be

written as (in general, after some commutations)
A=A+ 0,4z,

where A; and A5 do not depend on 6;. One then defines the derivative with

respect to 6; by
0A

00;
The operator 9/96; is nilpotent with vanishing square: (9/96;)* = 0.

A, . (10.5)

660



Left and right differentiation. Equation (10.5) defines a left derivative in
the sense that the action of 0/060; consists in commuting 6; to the left in all
monomials before suppressing it. In a similar way, one could define a right

derivative by commuting 6; to the right before suppressing it.

Derivative of sums and products. It follows from the definition (10.5) that

the derivative (D = 0/06;) is a linear operation
DM+ uB) = AD(A)+ uD(B) VA, B, \ueC,

but the derivative of a product does not satisfy the usual Leibnitz rule
D(AB) = AD(B) + D(A)B. Using the remark (10.3), one verifies that this

rule is replaced by
D(AB)=P(A)D(B)+ D(A)B, (10.6)

a rule that is consistent for any associative algebra and homomorphism P.
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Chain rule. The Grassmann derivative implies a special form of chain rule.
If o(6) belongs to A~ and x(#) belongs to AT, one finds

0 Oo 0 oz 0
2 (a,x):%ﬁ—i%—%@—i. (10.7)
The verification is simple since F' is necessarily an affine function of o, and
o and x are affine functions of 6.
Note that in the second term on the right hand side, the ordering of

factors is important.

10.2.2 Operator algebra
The identity and the nilpotent differentiation operators 0/06;, combined

with the generators 6; considered as operators acting on 2l by left-multipli-
cation, generate an operator algebra €,, acting on 2l whose generators satisfy

the anti-commutation relations

o 0 0 0 5 9
- 0 —— —0;, = 0;; . 10.
00, 893' - 86)j 00, 0, (‘%)j + (‘%)j J ( 0 8)

0:0; +0,0; =0,
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The operators

0
+ _
D= g,

then satisfy the anti-commutation relations ({U,V} = UV + VU)

+ 0,

{D;",D;} = £24;;, {D,D;} =0.

This representation shows that the algebra can be expressed as the direct

sum of two Clifford algebras.
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10.3 Integration in Grassmann algebras

The integration over Grassmann variables, which we denote by the inte-
gration symbol, is defined to be an operation identical to differentiation:

/dHiA = (;;A, VA €A (10.9)

One may, thus, wonder whether it is really useful to introduce two symbols,
integral and derivative, for one unique operation. Still one verifies that this
operation has also the formal properties that one expects from integration
in the case of definite integrals (without boundary terms):

() The operation is linear.

(47) The integral of a total derivative vanishes, a property that legitimates
integration by parts.

(i17) After integration over a variable, an expression does not depend on

this variable any more.
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(4v) A factor in a product that does not depend on the integration variable
can be factorized in front of the integration sign.

Then, the choice of using the integration or differentiation symbol de-
pends on the context, and allows constructing for fermions a formalism
quite parallel to the formalism for bosons described in section 4, as we will

show.

Change of vartables. We consider the integral

[ a5

and change variables, setting (the change of variables is necessarily affine)
6=0'"A+ B. (10.10)

We demand that parity, in the sense of the reflection (10.2), is conserved:
since P(0) = —0,

POY=-0 & 0 ecA™ = AcAT, Bed™ .
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Moreover, the element A must be invertible and, thus, its term of degree
zero in the Grassmann variables must be non-vanishing. These conditions,

in fact, imply that 6 and 6’ are two equivalent generators in the algebra.
Then, using the definition (10.9), one finds

/de £(0) = A—lfde’f(e’A+B) = /de’ (%)_11’(9(9’)), (10.11)

where the latter form is independent of the special parametrization (10.10).

This is a very important property of Grassmann integrals: the Jacobian is
(00/00")1, instead of 90/960’ in the case of real or complex variables.

This difference is also a reflection of the identity between differentiation
and integration in Grassmann algebras.
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Generalization. More generally, we now show that the change of variables
0; = 92(9/), 9; c A,

where the matrix 960;/90’; is invertible (which is equivalent to the invertibil-
ity of the matrix of the terms of degree zero), generates a Jacobian that is
the inverse of the determinant of 90; /00"

dé,...d6, =db;...de. J(e") (10.12)
with o
00; 00,
J = det 70, — (det 5’9;) . (10.13)

Notice that the determinant is defined because all elements of the matrix
00;/00’; belong to the commutative sub-algebra A
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The result can be derived by changing variables one at a time and using
equation (10.11) repeatedly: 6; — 67 then 65 — 65 until, finally, 6,, — 6. .
One then verifies

S 00 06, 00, o6’
061 Os,...,0,, 00 0}.,03,...,0n 001 07,....,0! .0, o0, 07,....0! _,

One recognizes one form of the Jacobian for complex variables, but for the

change of variables 6, — 6;. Indeed, if one introduces the matrices

one verifies, using the chain rule (10.7), the recursion relation

09, 00! 00! _, 00
n _ n o n Mn—l B Ny
0n |y, .o 00, 2. g, M, 00,

00 01,....0,—1 i,j<n

= det MM [p(n—D]=1

The expression (10.13) follows.
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Example. The following example allows a direct verification of equation
(10.12). One starts from the identity

1:/d91...d6’n9n...6’1.

After the linear change of variables
92' = Z CLZ'j 9; ,
J
the result then relies on the identity

On...00 =0 ...0, deta.
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10.3.1 Integration and complex conjugation

In what follows, we consider algebras with a double family of generators
{0;,0;},i=1,...,n, related by the complex conjugation defined in (10.4).

In these algebras, one considers integrals of the form
I /dedef(e, ).

where the pair 6,6 stands for any pair of conjugate generators, which are
the direct analogues of the complex integrals of lecture 4.
Expanding the function f on 6 and @ in the form

f =ag+ 0a;, + 0by + 00as

where the coefficients belong to the algebra, one can integrate and finds

I = as. One now integrates the complex conjugate function:

J:/dedef(e,e>.
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With the same parametrization

£(0,0) = ag+ a0+ b 0+ @00,

and, thus, since 9 commutes with a2, J = ay = I. The integral of the
conjugate function is the conjugate of the integral of the function. One
can thus consider the measure df;df,; as being invariant under complex
conjugation.

In particular, the integral of a formally real function (f = f) is also
formally real.

In what follows, we also meet integrals of the form
I = /dedé % £(0,0) = ag + as.
Again, the substitution f — f leads to the conjugate result.
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10.4 Gaussian integrals. Expectation values. Wick’s theorem

We now define Gaussian integrals with an integration over two families of
generators {0;,0;},1 = 1,...,n, analogues of the complex Gaussian integrals

of section 4.1.

10.4.1 Gaussian integrals

As in the case of complex variables, we first calculate Gaussian integrals,
and for the same reason: one often tries to reduce any integral to a formal
sum of a finite or an infinite number of Gaussian integrals.

We first consider the integral

ij=1
According to the rules of Grassmann integration, the result is simply the
coefficient of the product 6,0, ...60:6; in the expansion of the integrand.
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The argument of the exponential function contains only terms belonging to

A", which commute. The integrand can thus be written as

i,j=1 i=1 g=1
= H(l + éz Z Kijiﬁjl)
1=1 Ji=1

Expanding the product, one observes that in each factor only the term
proportional to #; contributes to the integral. It thus remains to integrate

The terms that give a non-vanishing contribution to the integral, are those

that contain the product 0,,...626; up to a permutation of the factors 0;.
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They have the form

Z KnjnKn—ljn_1 ---Kljléngjn ...9_193'1.
permutations
A commutation of the generators to cast all products into some standard
order, for example 6,,0,, . ..016,, yields a sign, the signature of the permu-

tation, and one then recognizes in the coefficient the determinant of the

matrix K. Thus,
Z(K) =detK. (10.15)

This result is the inverse of the result (4.3), obtained by an integration over

complex variables.

674



This calculation is mainly a verification since, for det K # 0, one can also

change variables,

J

and use the form (10.12) of the Jacobian. One verifies
Z(K) = detK / d(dé, ...do’ do,, exp (Z 9}9;)
i=1

—detK [ [[a6la6, (1+6,6)) = det K.
1=1
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Real quadratic form. From the definition (10.4) of formal complex conjuga-

tion, it follows that the conjugate of a quadratic form is given by

En: 0, K0, = f: 0, K;;0; = f: éz-ijej.
1,7=1

i,J=1 i,J=1

If the matrix K is hermitian, the quadratic form is formally real (invariant
under formal complex conjugation). Then, the result of the integral is real

since

det K = det KT = (det K)*,

in agreement with the discussion of section 10.3.1. In particular, if the matrix
K is positive, the Gaussian integrand can be used to define a scalar product
(see section 10.7.1).
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10.4.2 General Gaussian integrals

We introduce another copy of the Grassmann algebra 2l whose generators
we denote by 7; and 7;, and consider the Grassmann algebra generated by
the set {0,0,n,7}. Adapting the strategy of section 4.1, we first evaluate
the integral

with . .
Ec(0,0.n,m) = > 0:Ki;0; + Y (7:0; + 0imi) , (10.17)

ij=1 i=1
where Eq, thus, is an element of the direct sum of the two copies of the

initial Grassmann algebra. Moreover, we assume det K # 0.
To eliminate the terms linear in # and @, we solve the equations

OEg 0 OFEq
00; 00,

=0.
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Introducing the inverse matrix A = K~!, one can write the solutions 6%, 6°

03 == Aymy, 0 == 0N
J J
After the change of variables, {6;} — {60;} with

6: =0, Aijnj, =0, = A
J J

as

the resulting integral takes the form (10.14) already calculated (equation
(10.15)). The complete result is

1,7=1
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10.4.83 Gaussian expectation values

We now define expectation values (o) with respect to the normalized Gaus-

sian measure proportional to the integrand in (10.14) by

<92~1 0;,0:,0,, ...0; ij>

= (det K)l/ d@zdéL)é@l le R Qipﬁjp eXp( Z Q_ZK’L]QJ) (1019)

with p < n.
All expectation values with an unequal number of 6 and 6 vanish since

the measure is invariant under the U(1) transformation

02' — e 02 ; 92 — e @ 02 .
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Differentiating the integral (10.16) with respect to n; and 7; and using
i eEG — _9_7, eEG i
on; L O
(notice the sign in the first equation) one verifies that the function Z¢ given

by expression (10.16) is a generating function of the expectation values
(10.19).

Repeatedly differentiating the integral (10.16) with respect to n and 7
(the order matters) and setting then n = i = 0, one derives the identity

o 0 o 0
. Z N
aﬁh 877@1 aﬁjp an’ip G(n 77)] n=7=0

One then substitutes for Z¢ the explicit expression (10.18) and obtains
<é7§19j1 §i2(9j2 ce éipejp>

GEG — 92 GEG )

det K <§i19j1§i29j2 ce H_iptgjp> = [

o 0 o 0 n
f— — e e e — eXp _ _.A ¥ ’L]
onj, On;,  0n;, O, [ Z Ll

1,7=1
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10.4.4 Wick’s theorem

Second moment or two-point function. In the example of the second moment,

one obtains

- o 0 -
(0:0;) = B o, P <— > niAijnj) : (10.20)
b 1

ij=1 _

It follows
<92-9j> = Aj;.

Differentiating systematically with respect to the generators n and 7, one
obtains all expectation values and can prove Wick’s theorem for Grassmann

variables.
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Fermion Wick’s theorem. All variables 1 and 7 that are not differentiated
can immediately be suppressed. The matrix A is then reduced to a p x p ma-
trix with elements Aj; . The identity between differentiation and integra-

tion then allows reducing the explicit calculation to a Gaussian integration.

One concludes

<§z’19j1 .. .H_ipé’jp> = det Ajlik; = Z G(P)Ajplzj Ajp2i2
POt ()
= Y P (Buby) (Buabys,) - (010, )
permutations

P of {jljp}

where ¢(P) = +£1 is the signature of the permutation P.

A

ij'ip

(10.21)

This result, which is the form Wick’s theorem assumes in the case of

‘complex’ Grassmann variables, differs from expression (4.8a), obtained in

the case of usual complex variables, only by the signature.
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10.5 Perturbative expansion: a quartic perturbation

To calculate expectation values with the weight e~ (6,6) /Z, where

with K;; hermitian and V' € 2, real and where the normalization Z is

given by the integral
Z = / ] | 46:d6, e=S(0:0), (10.22)

one can expand in powers of the polynomial V' and then calculate Gaussian

expectation values using Wick’s theorem in the form (10.21).
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Fig. 10.1 — Faithful Feynman diagram: the interaction vertex , full lines corre-

sponding to A (fermions), dotted lines to V.

Quartic perturbation. We consider the example of a quartic perturbation
(Fig. 10.1) such that

S0,0)=— ) K60, — 5> Vi;0,0,0,6; (10.23)

i,J=1 @]

where V;; = Vj; 1s real and K;; hermitian.
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The normalization. The first terms of the expansion in powers of V' of In Z,

where Z is the normalization integral (10.22), has the form

InZ —Indet K = % Z Vij <9_7;97;§j9j>0 c
©,]
+5 D VisVi (0:0:0,0;0010,60,), .+ O(V?),

i7j7k7l

where (o), . denotes connected part of the Gaussian expectation value (cu-

mulant expansion).

Using Wick’s theorem, one obtains

InZ —Indet K = % Z Vi (Az’iAjj — AjiAij)
1,J
+ i Z Vii Vi 2Ak; (_AikAjjAll =+ 2Az'lAlkAjj - AijAlelk)
i3kl

AR AR AL A — A DAy A + O(V?).
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1

Fig. 10.2 — Faithful Feynman diagrams: the contributions of order V', full lines

corresponding to A (fermions), dotted lines to V.

In this expression, the signs have an interpretation in terms of the parity of

the number of fermion loops in Feynman diagrams (see Fig. 10.2).
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(— i > U N N R

Fig. 10.3 — Faithful Feynman diagrams: the contributions of order V', full lines

corresponding to A (fermions), dotted lines to V.

Two-point expectation value. At order V2, after division by the normaliza-
tion Z, which corresponds to the cancellation of disconnected diagrams,

(Ok00) = Dok + 5 Y Vi (010:0:0:0,05)
,J
+ 4 Z VijVab <§k9£§i‘9i9_j9j§a9a§b9b>o,c + O(V?),

i)j7a'7b
where (o), . again denotes connected part of Gaussian expectation values.
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Application of Wick’s theorem then leads to (the diagrams of order V are
displayed in Fig. 10.3)

(0100) = Agi, + Z Vii (ApjAjilNie — DpilNigAjj)
]
—+ Z (Agj‘/ijbbAji‘/iaAaaAik - AEj‘/}bAbbAja‘/z'aAaiAik
1,7,a,b

— A Vi Aip Api Via Ao Aike + A Vi A i Apa Via Agi A
+ ApiVia Aui Vie Avp Ao Dige — Ay Vii Ao Vap App A i Ay
— ApiVia Aui Vie A in Apa Die + Api Vi Ao Vap A ap Api A
—ApiVie Aap Ava Vai D ji Nie + Ay Via D jp Vi Apa Dai Nik;)
+O(V?). (10.24)
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10.6 Generating functions

General expectation values can then be generated from the function

2(n.0) = [ ([Jabias,) =000

with

i=1
From the remarks (cf. definition (10.16)),
9, _ _
—Z(n,n) = de;do; )0 E0,0,n,7), 10.25
oy 20 = [ (L0 )ovexwm@0mm), (1029

(notice the sign in equation (10.26)), all expectation values can be derived
from Z(n,n).
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10.6.1 Cumulants. Legendre transformation

Cumulants or connected functions. The function

W(n,n) =InZ(n,7n),

is the generating function of cumulants, to which only connected Feynman
diagrams contribute.

Legendre transformation. Then, one can introduce its Legendre transform
I'(6,0) defined by

n

W(n, ) +T(0,0) = > (7:6; + Oim;)

i=1
oy _ oy

0, =", 0, =-22
on; on;

To I'(0, 0), only one-line irreducible Feynman diagrams contribute.
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10.6.2 Loop expansion

At leading order (tree approximation), one substitutes in E the solutions

05. 65 of

1771

8E_._8S_0 8E___._8S_0
00, " 80, 0 o6, " o6,
Then,
W(n,m) = =S(6°,6°) + > (1:6; + O;n;)
i=1
and, thus,

Higher orders are obtained by expanding around 6, 6, keeping the quadratic
form in the exponential and expanding terms of higher degree. This gener-

ates Gaussian expectation values, which correspond to a loop expansion.
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One-loop contribution. The one-loop contribution I'y (0, §) to I' expanded to
order (660)? is

I'1(0,0) = Z Vb [Aap0p8a — Appba0,)
a,b

—+ Z (—%AabAbaVachdécecédgd =+ AabAbalV;)cVala6)_06)09_a9al
a,b,c,d

_%AacAbd (Vcdea -+ Vachd) ébeceaed} .
Two-point function. The properties of the Legendre transformation imply

92T o

in the sense of matrices. This quantity has a simpler expansion than the
two-point cumulant <6’_9>, involving only one-line irreducible diagrams.
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Using expression (10.24), one finds

[00)] o = Kor — VieDor + 60x Y VijAjj

J

+ 3 [VerAeaVap (DepDar — Aap D)
a,b

+ Vo Aap Vak (Doa Dok — Dpa Apy)|
+ 0kt > ViaDaiVip (Djplpa — AppAja) + O(V?),

a’7b7j

a form consistent to order V? with the expansion of I';.
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> . z >

Fig. 10.4 — Faithful Feynman diagrams: contributions of order V? to the four-point

vertex function, full lines corresponding to A (fermions), dotted lines to V.

Four-point expectation value. We give here only the one-line irreducible
(1LI) contributions corresponding to vertex functions in QFT. We define

r4 _ 84F_
17kl )
J (99g(99k(90j 00,
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With this convention,

FE?}lg = Vik (0i0055 — 0i00) + Aji Apk (VieViie + VieVik)
— AjrAp (VieVij + VieVik)
> (0iViaAraDatVir = 0k VialiaDarVie

a

— 5i€‘/tiaAkaAaijj + 5k€VkaAiaAaj‘/z’j)

— Z Aap Apa VaiVir, (0::0k0 — 6:0851) + O(V?).
a,b
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10.7 Fermion vector space and operators: one state

The Grassmann formalism that we have just described allows handling
fermions in a way quite analogous to bosons with the holomorphic for-
malism.

Using the holomorphic formalism, we have defined in section 4.3 a scalar
product between analytic functions (equation (4.10)). This scalar product
then allows constructing a Hilbert space of analytic functions. From the
quantum viewpoint, the coefficients of the Taylor series expansion corre-
spond to the components of the state vector on states with a given number
of particles (see section 4.9). Quantum operators are then represented by
multiplications and differentiations acting on these analytic functions.
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Following an analogous scheme, we first define Grassmann ‘analytic’ func-
tions. These functions form a vector space in which we define a scalar prod-
uct. Quantum operators are then represented by elements of the algebra of
multiplication and differential operators acting on these functions.

A noticeable difference with the boson case is that the Hilbert space for
identical particles obeying the Fermi-Dirac statistics (i.e., fermions) and
that can occupy only one state, reduces to a two-dimensional complex vector
space, as a direct consequence of the Pauli principle: a state can only be
empty (state with zero particle or vacuum) or occupied once.

Therefore, the Grassmann formalism is not really necessary to deal with
this situation. However, the situation changes drastically when fermions can
occupy a large number of states, and this provides the justification.

Finally, unlike the case of bosons, there is an algebraic and physical sym-
metry between filled and empty state, the latter being only defined by the

lowest energy.
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10.7.1 Grassmann analytic functions and scalar product

We first consider a Grassmann algebra 2 with only two generators 6, 6.
We define a Grassmann analytic function as an element of the algebra that
depends only on the variable § and thus
oy
9

Grassmann analytic functions form a subalgebra 2., of the algebra %I.

0.

Analytic functions () are automatically affine functions since

V(0) = Yo + 10, o, 1 € C?.

These functions span a complex two-dimensional vector space isomorphic
to the space of the vectors (g, 11), Yo and 11 being the components of
the vector on the empty and one-particle state, respectively. By choosing
6 to be a generator of a Grassmann algebra 2, one ensures that a state
can be occupied only once since 6% = 0, in agreement with the Fermi-Dirac
statistics.
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The function complex conjugate to the function v is (cf., the definition
(10.4))

W(0) = P§ + 0.

As for analytic functions of usual complex variables, one then defines a

scalar product between functions of 6:

(6.6 = [ 400 <" G(B) (o) (10.28)
Parametrizing the function £ as

6(9) — 50 + 5197

one verifies that the integral leads to the usual scalar product of the two
corresponding complex vectors (g, 11) and (&, &1):

(¥,€) = ¥ + ¢¥1&1-
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Note, for later purpose, that the same scalar product is obtained from the

expression

(¥, &) = / dAdo ¢ £(0) ¥(0), (10.29)

as one verifies by explicit calculation.

If we normalize the functions ¢ by the scalar product (10.28): |[¢]]? =
(¢,1) = 1, |¢p|? and |11]* represent the respective probability for a quan-
tum system to be in empty state (vacuum) or occupied state.

10.7.2 Operators

On functions 1 (#) acts the operator algebra €; (section 10.2.2), which here
reduces to linear combinations of 1, #, 9/90 and 60/060. The identity and
the three Pauli matrices can be represented by

0 0 . 0 0
].H]_, %—FHI%OE, %—9’—)@02, %H—Q%Hgg
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Hermitian conjugation. We consider the scalar product

(¢,0¢/00) = /dede %0 7(8) 02_(;).

Using the identity

T g9 (08(0) 5
%e £(0) =e (W_%)’

and integrating by parts, one infers (the same method has been used in
section 4.4.1)

(v,0€/00) = (09, ¢),

which shows that the operators 6 and 0/06 are hermitian conjugate and
thus 60/06 is hermitian.

Reflection. The reflection operator (10.2) is represented by

9
Pis1-_pL
— 105

701



Note that operators corresponding to physical observables must respect the
fermion character and thus commute with P. This implies here that they

are linear combinations of 1 and 09/06.

10.7.83 A few operators
We list below a few operators relevant for what follows.

Occupation number. We define the occupation number operator (here also

the particle number operator):

_,9 2 _
nze% = n“=n. (10.30)

Indeed, its eigenvectors and eigenvalues are
nl=0, nfd=460.

It is hermitian with respect to the scalar product (10.28) and commutes
with P.
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Hamiltonian. An operator that commutes with P is necessarily proportional
to n, up to an additive constant. We thus define the Hamiltonian Hj as (in
this first part we set h = 1)

Hy=wn, w>0, (10.31)

and this is the most general Hamiltonian,up to an additive constant, with
only one fermion state. Hy conserves the number of particles and is her-
mitian. The condition w > 0 ensures that ¢(f#) = 1 is the ground state
and thus the empty state. Otherwise, one has to redefine the basis, which

includes exchanging the roles of § and 0/00.

—Hot

Statistical operator. The statistical operator Uy(t) = e can then be

inferred from the property (10.30). One finds

Up(t) = e Mot =e ™ =14 (e7“" —1)n. (10.32)
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10.7.4 Annihilation and creation operators

The operators 6 and 9/00 form a representation of the algebra of the fermion

creation and annihilation operators a' and a, with the correspondence

0
al — 0. ar— 3
Indeed, they are hermitian conjugate and satisfy the anticommutation rela-
tions
> =a”=0, aa' +a'la=1, (10.33)
which, clearly, encode the Pauli principle.
In terms of creation and annihilation operators, the Hamiltonian (10.31)
reads
Hy = wa'a.
The correspondence between the normalized eigenvectors |0), the ground
state, and the occupied state |1) = a' |0) is then

0) — 1, |1) — 4.
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10.8 General Grassmann analytic functions

The generalization to fermions that can occupy a finite number IV of states
requires introducing Grassmann analytic functions of N generators 6;.

We thus consider a Grassmann algebra 2l with generators {6;,0;}. We
define Grassmann analytic functions as elements of the algebra that depend
only on the variables #; and thus satisfy

oY
00;
They form a subalgebra 2., of the algebra 2.

—0, Vi.

The complex conjugation is defined as in (10.4) (i.e., as the hermitian
conjugation of operators). Then, as a straightforward generalization of the
definition (10.28), the scalar product of two functions ¢ and £ is defined by

(1), &) = / (H d&ide_i) exp(zi: éiez-) 0(0) £(0). (10.34)
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Since

(v(0) £(0)) = £(0)(0),

it follows from the remarks of section 10.3.1, that

(¥,8)" = (&,9).

To prove that the scalar product defines a positive norm |||, one can
expand all elements of the algebra 2., , considered as a complex vector
space, on the basis of the 2V distinct monomials 4,(0), v =1, ..., 2%V (¢f.

equation (10.1)):

{A,,(H)}z{l,@zl@w@z VlgpSNandel <’i2 <L - <’ip}.

p )

The evaluation of the scalar product (A,,A,) follows from the evaluation
of the integral (10.19) with K;; = J;;. Using Wick’s theorem (10.21), one
obtains

(Ay, Ay) =0, -
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The monomials A, (0) thus form an orthonormal basis. As a consequence,

= A, E=) EA,,

. N
where 1, €, are two complex vectors in C? , one finds

if one expands

(¥, ) =Y Y&,

that is, the usual scalar product of the two vectors.
Again, the same results can be derived from the other form of the scalar

product, which generalizes the definition (10.29),

(¥, &) = / (H de}dei) eXp(zi: 97;9}) £(0) ¢(9). (10.35)
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10.8.1 Grassmann Dirac’s o-function

In Grassmann algebras, the role of Dirac’s d-function is played by the func-

tion §(0) = 6. Indeed,
[ a006(6) = w(0).

where 1(0) means the term of degree zero of the affine function (6). This
0-function has a useful integral representation:

5(0) = / 46 %, (10.36)

where 6 is an additional variable and, thus, an additional generator of the
Grassmann algebra. This representation is analogous to the Fourier repre-
sentation of the usual o-function. One verifies directly

W(0) = / d6do e (6).
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10.9 Operators and kernels

Operator algebra. In section 10.2.2 we have introduced the algebra & of left-
differentiation and multiplication operators acting on a Grassmann algebra
Aan.. We have shown in section 10.7.1 that the operators 6; and 0/06; are
hermitian conjugate.

To be able to construct Grassmann path integrals (in particular, a path
integral representation of the partition function), it is necessary to also
introduce a kernel representation of operators (cf. sections 10.13 and 10.14).

Kernel of the identity. The scalar product (10.34) allows defining an or-
thonormal basis and, thus, a representation of the identity operator in the

form of a kernel:

7(6,0) => A (0)A,(0) =] [(1 + 6:6;) = exp (- > e}ei). (10.37)

) )
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A direct verification is based on the representation (10.36) of the J-function.
Indeed,

/ 1] (degdég)z(e, 0" exp (Z égeg) (0"
— / 1] (degdég) exp (Z 0.(0) — ei)) w(0) = (). (10.38)
Reflection operator. The reflection operator (10.2) is represented by
P — exp (Z é,-ez-) = 7(-0,0). (10.39)

Indeed, the same calculation shows that

[PY](0) = ¢(=0).
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Normal order. Using the anti-commutation relations, one can write all
elements of the operator algebra €y as a linear combination of monomials
in which all differential operators are on the right: the is called the normal

order.

Action of kernels on functions. We can act on both sides of identity (10.38)
with operators written in normal order. On the right hand side, one obtains

their kernel representation by acting on Z(0,6"),

o 0 0 _ _ _ _
; o —T(0,0) =0,,0,,...0;, 0,0, ...0;,7(0,0),
pagjl 803’2 80jq ( ) J177] Jaq ( )

0, 0;,...0

p

which are general elements of the Grassmann algebra 2.
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In this representation, the action of an operator O(6,0/06) with kernel
O(0,0) = 0(0,0)1(0,0),

is given by
(OY)(0) = / H d6;de’, ©(6,0") exp (Z e‘;eg) (0. (10.40)

As in the holomorphic formalism, we introduce here also the rather sugges-

tive matrix element notation
(0] O !6’_> = 0(0, 9_),

without defining precisely the corresponding bra and ket vectors.
Finally, the kernel corresponding to the product O,0;, inferred from

acting a second time on a function, is given by

<9|<9201]9‘>:/Hd9;d9‘; <9|02|9">exp(29‘;9g) 0101 10). (10.41)

712



All operators can be expressed in terms of the elements of the basis (10.1):

(0] O10) = 0 Au(0)A,(0), (10.42)

where the coefficients O,,,, are the matrix elements of O in this basis.

Trace. In terms of its kernel, the trace of an operator reads

tr@ = /Hd@}dei exp (—Ze}ei) 01010) . (10.43)

Comparing expressions (10.41) and (10.43), one might be surprised by the
interchange between the 6; and 6;. The reason for this change can be directly
related to the second form (10.35) of the scalar product.

Using expression (10.42), one verifies that the expression yields a trace

trO:ZOW.
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Physical observables. Operators associated with physical observables must
respect the fermion character. This condition is equivalent to the commu-
tation of operators with the reflection operator (10.2). The latter can be

written as

POP = O,

which in terms of kernels becomes (using the representation (10.39))
O0,0) = O(—0, —0). (10.44)

The kernels O(0, ) representing physical operators must belong to the com-
mutative subalgebra AT,
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Hermatian conjugation and kernels. Comparing explicitly the scalar prod-
ucts (f,Og) and (OTf, g), where the action of a operator on a function
is given by expression (10.40), one verifies directly that the kernel corre-
sponding to the hermitian conjugate of an operator is its formal complex
conjugate in the algebra, as defined in (10.4):

O 00,0 = O — 0(b,0).

As expected, the identity kernel Z(6, #) corresponds to a hermitian operator.

715



10.10 The one-state example

The representation of the Hamiltonian (10.31) in terms of kernels is obtained
by acting with the differential operator on the identity:
) o - o )
(0|Ho|0) = wl—- e =whfe " = —whh .
00
The matrix elements of the operator Uy(t) satisfy the equation

9 )
§<9\Uo(t)\9> = _WH_ (01U (t)]0)

with

(0]Up(0)|0) = e
One verifies that the solution is
0| Up(t) |0) = e =1 4 9, (10.45)

in agreement with expression (10.32).
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Replacing in (10.41) O; and O by U(t1) and U (t2), respectively, one can
also verify directly the semi-group property.

The kernels of the physical operators Hy and Uy(t) belong to the com-
mutative subalgebra 2(*. Moreover, since the operators are hermitian, the
kernels are indeed formally real in the sense of the conjugation (10.4).

Using the explicit expression (10.45) and the definition (10.43) of the
trace, one can calculate the partition function. One finds the expected result

Zo(8) =trUg(B) = /dﬁ_dﬁ e 00 =000 _ 1 4 omwB (10.46)
Remark. The action of the operator Uy on a function ¢(0) is given by

Uo(t)](6) = / 40 70 o0 ()
— (et ), (10.47)

where the equation (10.36) has been used. Note the analogy with equation
(4.27).

717



10.11 Many-fermion states. Hamiltonians

We now describe fermion state vectors when identical fermions, thus obeying
the Pauli principle, can occupy an arbitrary finite number of quantum states,

generalizing the discussion of section 10.7.

10.11.1 Fermion states

One-particle states. A fermion state is defined by a vector, which we denote
by 1;, which belongs to a complex vector space $); of finite dimension V.

Many-particle states. A state vector describing n identical fermions is a
complex vector ;,i,. i, where the indices 7; take N wvalues. The Pauli
principle for fermions implies that the vector v;,;,.. ;. is antisymmetric in

all permutations of the indices

wilig...ikik_‘_l...’in — _w’il’ig...’ik+1ik...in Vk‘ .
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The vectors v;,4,..;. are, thus, antisymmetric tensors with n indices, and

belong to a complex vector space §),, of dimension (]X )

10.11.2 Hamaltonians

Independent particle Hamiltonian. A one-particle (or one-body) Hamilto-
nian HM is defined by its action on a one-particle state: it is then repre-

sented by a hermitian N x N matrix H Z(j ), which can be diagonalized. We

denote by w; its eigenvalues (w; > 0). Then,

H®M ) = win; .

Its action on n-particle states is additive:

[H(l Vlirig.in = Z Wiy Viyig...i

When the complete Hamiltonian reduces to a one-particle Hamiltonian, the

fermions do not interact: one then speaks of independent particles.
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Pair interaction. A pair or two-body interaction H(®) is defined by its action
on a two-particle state:

2
[H(2) w]zlrLQ T Z ’flz)g,jlew]l]Q )

.]17]2
where H (2 ) 5 1o is a hermitian matrix that satisfies
(2) (2) (2) *
H’L1Z2,J1j2 HZ221,]231 o (Hj1j2,’i1i2)

and, thus, is an internal mapping in the vector space ) of antisymmetric
tensors. It is, of course, possible following the same strategy to define many-
particle interactions but we restrict the discussion here to the two-body
interaction, for simplicity.

The action of H(®) on an n-particle state then is given by

(2) _ = g2 o | |
[H ¢ 11Z2 wzm jszlzg...15_1]w+1...Zm_lkzm_|_1...zn

E;émjk:

On the same model, one can construct many-body interactions.
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10.12 Second quantization representation

In statistical physics, the grand canonical formulation implies dealing with
a variable number of particles. We thus consider the set of state vectors
corresponding to an arbitrary number of identical fermions that belong to
the space ©,9,, n = 0,1,... ($Ho is the vacuum), and associate to them
a generating function. The tensors v;,;,..;. being antisymmetric, we must
introduce a Grassmann algebra with N generators 6;,. We then show how
quantum operators can be represented when acting on the Grassmann al-
gebra and generalize the one-state construction of section 10.7 by using the

formalism described in section 10.8.
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10.12.1 State representation

A generating function of state vectors has the form

Zn. > bt

11,12,.
With our assumptions, ¥ (6) is a polynomlal of degree V. Notice, conversely,
that the function W(f#) can only generate antisymmetric tensors.
The function ¥(f) can be considered as a Grassmann analytic function.
Such functions form a vector space that can be endowed with the scalar
product (10.34) (thus the denomination second quantization). The norm of

¥ is given by

| = Z X Wl

%1,22,
If the function ¥ has unit norm, the quantlty - D i i |Wirin. i, [ 18
the probability to find the quantum system in an n-fermion state.
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10.12.2 Occupation number

In this framework, one can introduce the operators occupation number of
the state i, whose action on W(#) is given by (definition (10.30))

0
0. = ni=mn;, [n;,n;]=0. (10.48)

117;:97;

The sum

N=> n (10.49)

is the operator total number of particles.

723



10.12.8 Hamiltonian
As in the Bose case, we note that

ow (0 1
J

12,13 ,...5lm
— Z n' Z 97'197'2 co Q'Ln E :wlg w’Ll'LQ’I,n
11722) Y4

The representation of the one—particle Hamiltonian HY acting on the gen-

erating functions W(6) thus is

HWD _292%5’9 sz n; .

An analogous calculation shows that the two—body interaction is represented

by

5)2
H® =1 0:,0;, 1)
2 Z 17227"1112,71]2 69]169]2

7:1 77:2 7j1 7j2
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The total Hamiltonian H = H®) + H®) is hermitian with respect to the
scalar product (10.34). It has a representation analogous to the Hamiltoni-
ans of the holomorphic representation and the general strategy described in
sections 4.9 and 4.10 can again be followed here.

The Hamiltonian H conserves the number of particles. One thus verifies
that the particle number operator N (equation (10.49)) commutes with H:

N,H] =0.

Chemacal potential. Since the Hamiltonian conserves the number of par-
ticles, in statistical physics one must then introduce a chemical potential
1 coupled to N to be able to vary the average number of particles. In

the definition of the partition function, this amounts to the substitution (a
modification of H(!))

H—H - uN.
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Remarks.
(7) As in the example with only one generator, the Clifford algebra (10.8)
is isomorphic to the algebra of creation and annihilation operators a;, a,:-r for

fermions with the correspondence
CLII%(QZ', ap%@/@@z

Indeed, the operators #; and 0/00; are hermitian conjugates and the com-
mutation relations (10.8) are identical to the commutation relations of

fermion creation and annihilation operators:

aja} + a;a;-r =a;a; +aja; =0 and a

la; +ajal = 6;;.

(i1) Note that the relations (10.8) exhibit a full symmetry between the
hermitian conjugate operators 6; and 9/96;. Therefore, 6 could also be as-

sociated with fermion annihilation and 9/06 with fermion creation.
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Then, 6 would become the empty state and 1 the occupied state. This
remark becomes specially relevant when the parameter w in the Hamiltonian
(10.31) is negative. Then, the ground state is the vector 6.

In the more general framework of section 10.12, the vacuum would then
correspond to the product of all generators.

One generally prefers identifying the ground state with the vacuum, and
assign positive energies to particle excitations. An equivalent representa-
tion can be obtained by Grassmann Fourier transformation. Adding one

generator 1 to the Grassmann algebra, one defines

d(n) = / 46 %1 ().
Then, if ¢ (0) = g + 011,

~

() = 1+ mo
and 6 and 0/06 are represented by 0/0n and n, respectively.

727



10.13 Grassmann path integral: one-state problem

We first construct a path integral representation of the kernel of the operator
Uo(t) = e~ tHo_ proportional to the density matrix at thermal equilibrium,
in the case of the one-state problem. Since the density matrix then reduces
to a 2 X 2 matrix, its calculation from a path integral may appear as an
unnecessary complication. However, the path integral representation is use-
ful because it can easily be generalized to an arbitrary number of available
states. This justifies its introduction even to solve this elementary problem.

The method, in the case of a fermion Hamiltonian, follows, rather closely,
the method of section 4.6, the main difference being that complex variables

are replaced by Grassmann variables.

728



10.13.1 Grassmannian path integral

To construct a path integral, one needs the expansion of the kernel of the
statistical operator (10.45) to first order for t — 0:

(0| Uo(t) |0) = exp [-06(1 — wt) + O (t*)] . (10.50)

Using the semi-group property Uy(t) = [Ug(t/n)|™ expressed in the form
(10.41), one can then write the statistical operator at finite euclidean time
as

n—1
0" Uo(t",¢")| 0"y = lim <H d@kd9k> exp |—6obo — S:(0,0)]

n—00
k=1

with

n

S:(0,0) = Z 01 (O — Ok—1) — webi_10y]
k=1

e = (t” —t')/n, and the definitions 0y = ', 60, = 6".
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The formal limit n — oo yields a generalized path integral involving a
summation over Grassmann paths {6(t),0(t)}, which are generators of an
infinite-dimensional Grassmann algebra.

The kernel representation of Uy(t"”,t") = Uy(t”" —t") is given by

B o(t"")=0" B B B
(0" |Up(t",1)]6") = - (dO(t)do(t)]| exp [—0(t)0(t") — So(0,0)]
: (10.51)
with o
So(6,0) = / dt0(t)[0(t) — wo(t)].

t/

Notice that in the one-state problem, the integral is automatically Gaussian.
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Generating function of fermion correlation functions. A generating function
of fermion correlation functions with the weight e=° /Zy is provided by
the more general integral obtained by adding to the action Sy linear terms
corresponding to a coupling to external Grassmann sources 7(t) and 7(t).

We thus consider the more general path integral

- Q(t//)ze// B B / / B -
(0" [Uc(t” t'in,m)0") = [d6(1)dd(t)] e e Sa .01
O(t')=0’
(10.52)
with
— — t// —
So(6.0:m.m) = Su(6.0) — [ dt [a(0o() +6@m(0)] . (1053
t/

where now the four infinite sets {6(¢)}, {0(¢t)}, {n(t)} and {7(¢)} form a set
of generators of the Grassmann algebra.
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10.13.2 Calculation of the path integral
The integral (10.52) is Gaussian and can be calculated exactly. The ‘saddle
point equation’ obtained by varying 6(t) yields

O(t) + wl(t) +7(t) =0

and, thus, taking into account boundary conditions,

t
B(1) = B.(t) = o=t 7 — / e~ (=) 7\ du.

t/

In the same way, the variation of (t) yields
0(t) — wb(t) —n(t) =0

and, thus,
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Translating 0(¢) and 6(¢) by the solutions of the ‘classical’ equations: §
0.+ 6, 0 — O+ 0, one then obtains

0" Ua (", t'sn,m)|0") = N(t',t") exp [-0(t")0(t') — Sc(68",0";77,7m)]
(10.54)

with
- t,/

0)0(t) = 00" "= ¢ / dt e =) (1)

t/

and
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To calculate the normalization

0(t"")=0 t"’ .
N ") = / 1dO(t)do(t)] exp [ /t dt () (6(t) — wh(t)) |

0(t")=0

one again changes variables, setting

0(t) =e =" C(t),  0(t) =e" ().

The Jacobian equals 1. After this change, the dependence on w has dis-
appeared. One finds A/ = 1 in the mixed representation evaluated for
§=60=0. Thus N = 1.

As in the boson case, correlation functions are obtained by differentiating

expression (10.54) with respect to n and 7.
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10.13.8 Two-point function and partition function
From expression (10.54), one infers the functional tr U(8/2, —(3/2;n,7), the
trace being defined by equation (10.43):

trUc(8/2,—B/2:m.7) = /dﬁ_d@ e " (0|U(B/2,-B/2:n,10)|0) .
A simple evaluation of the Grassmann integrals yields

B/2
- / dudt (W) At —wn(t) | |
B2

tr UG(6/27 _6/27 777,'71) — ZO(B) exp
where Z(3) is the partition function Zy(8) = 1 +e~“? and

A(t) = 2 e “"[sgn(t) + tanh(wB/2)], (10.55)

where sgn(t) is the sign function, sgn(t) = 1 for ¢t > 0, sgn(t) = —1 for ¢t < 0.
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The function A(t) is the solution of the differential equation

A(t) + wA(t) = 5(1)

with, in contrast with the boson case (equations (3.37, 4.36)), anti-periodic
boundary conditions:

A(B/2) = —A(=5/2).

In the limit 8 — oo, it reduces to
A(t) = 2 e “*(sgn(t) + 1),

an expression identical to the one obtained in the case of holomorphic for-
malism (see equation (4.37)).

Despite the non-trivial way the trace is defined, the result obtained here
is identical to the one given by a path integral with anti-periodic boundary

conditions.
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Thus,
trUG(B/2,—B/2;n,ﬁ)Z/[dQ(t)dé(t)} exp [=Sa(0,0;n,7)]  (10.56)

with 0(—5/2) = —0(8/2), 0(—8/2) = —0(5/2) and

B/2
Sa0.0mm) = [ at {00) [66) ~w00)] —n(00(0) ~3n(0)}
By contrast, the integral with periodic boundary conditions is obtained by
integrating expression (10.54) with e’ and yields tr Pe—AH (cf. expression
(10.39)).

The two-point correlation function calculated with the Gaussian measure
e~50 /Zy is obtained by differentiating tr Ug(83/2, —3/2;7n,7) twice. One
finds

(Ot)0(u)) = A(t — u).
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Since the integrand is Gaussian, all other correlation functions are obtained
by using Wick’s theorem (10.21), which here takes the form

(0(t1)0(u1) ...0(t,)0(up))
— Z e(P) (0(t1)0(up,)) (0(t2)0(up,)) - - (0(tp)0(up,)) . (10.57)

permutations
P of {1...p}

Remark. The derivative of In Z; with respect to w is related to the two-

point function (10.55) since

d1n Z, blz )
— dt (0(t)0(t)) = BA(0) = 3[sgn(0) + tanh(wfS/2)]
dw —5/2
and, thus,
Zo(B) = ewB(sgn(0)+1)/2 | wh(sgn(0)—-1)/2 (10.58)
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One faces a problem already encountered in the case of holomorphic path
integrals.

The choice sgn(0) = —1 corresponds to the normal order (10.31), but
leads to the problem of non-commutation of time differentiation and path
integration already encountered in the commutative case.

The choice sgn(0) = 0 leads to the energy eigenvalues +w/2 and corre-
sponds to the Hamiltonian wla', a|/2, which is the ‘symmetrized’ version of
the operator (10.31). A way to ensure that the choice sgn(0) = 0 yields the
exact result, is to insert in the path integral the average of the normal and

anti-normal ordered forms (see the discussion of section 4.7).
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10.14 Grassmann path integrals: generalization

The preceding formalism can be generalized to a Grassmann algebra with
an arbitrary number of generators 6;, as the calculation of the partition

function in the second quantization formalism of section 10.12 requires.

10.14.1 General Hamiltonian
A general Hamiltonian is represented by a differential operator H(60,0/00;1)

acting on functions of #;’s. A Hamiltonian written in normal form with all
differentiations on the right, can also be represented by the kernel (section
10.9)

<0 |H | 0_> = H(0,0;t)Z(0,0).

An important restriction is that the matrix elements of the Hamiltonian

must belong to the commutative subalgebra 2% (equation (10.44)).
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A Hamiltonian does not necessarily conserve the number of fermions. Fermion
number conservation implies that in each monomial contributing to the ker-
nel, the number of § and @ factors is equal.

The generalized form of equation (10.50) is

(O|U(t+e,t)]0) —exp[ 26’9 0;t)+ O (%) | .

Following the method of section 10.13.1, one then derives a path integral
representation for U(t”,t") at finite euclidean time difference. One obtains

- O(t//)zell B B ) ) B
(0" |\U(t", 1)) = / [dO(t)dO(t)] e 010 exp [-5(8, 0)]
0

_(t’):é’
(10.59)
with

S(6,0) :/ dt {é(t)-é(t)+H [e(t),é(t);t}}. (10.60)
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Partition function. In the case of a time-independent Hamiltonian, the

corresponding partition function then reads

Z(8) = trU(B/2,—B8/2) = / [d0(t)d0(t)] exp [-S(0,0)],  (10.61)

where the path integral has to be calculated with anti-periodic boundary

conditions:

0(—8/2) =—0(8/2), 6(-p/2)=-6(58/2).

This follows, for example, from the representation (10.56) and perturbation
theory in the form of equation (10.64). The trace of the right hand side
involves only tr Ug, which can be calculated from the path integral with
anti-periodic boundary conditions (equation (10.56)).
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Fermion systems with pair interactions. We now specialize the expressions
of section 10.14 to the many-fermion systems described in sections 10.11,
10.12. The partition function Z(3, ) is then given by a Grassmann path
integral of the form (10.61) where the action is

e )
S(6,8) :/ at [6(1)- (601) + u0(0)) + H(0(1).6(1))| . (10.62)

B/2
Zezwze —1_ 5 Z 9119’62 2(121)2%71]20_' éj?’

11,12,71,J2

a form analogous to the boson expression (4.60).
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10.14.2 Equation of state
Differentiating the path integral (10.61), one verifies that the equation state

can be written as

10lmz 1 B/ . i
N =5 =g (0:00:0) = 3 (4:05:(0))

i
where in the second expression the expectation value is calculated with the
weight e~% /Z and time translation invariance has been used.

In the case of independent particles, expectation values involve only the

Gaussian two-point function (10.55). One recovers the standard expression
(with the choice sgn(0) = —1)

(N) => 1 ¢ ! (10.63)

eB(wi—n) 11 - eBHD ) 117

)

where H1) is the one-particle Hamiltonian.
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At low temperature, that is for 5 — oo,

where 0(s) is the step function. The chemical potential can be identified with
the Fermi energy: at zero temperature, all states below the Fermi energy
are occupied; all states above the Fermi energy are empty.
At low temperature, when interactions between fermions are added, only
states with energies close to the Fermi energy are relevant.

10.14.3 Perturbative expansion

We have shown in section 10.4 how to calculate Gaussian integrals and
expectation values of polynomials. The same method can be used here to
calculate the path integral (10.61) perturbatively.
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Expressing a Hamiltonian as the sum of a quadratic term and an interaction,

H(H, 9_) = — szézgz + HI(Hv 0_)7

one expands the integral in powers of H; and calculates the successive terms,
for example, using Wick’s theorem (10.57).

One verifies that the perturbative expansion of general matrix elements
has the formal representation

<9// |U(t//,t/)| 9_/>

— exp [—/dtHI(ﬁ/ﬁﬁ, —0/0n) <9”\Ug(n;t”,t’)|é’>yn:ﬁ:0, (10.64)

where Ug is the product of integrals (10.52) corresponding to the different

pairs of generators 6;,0;.
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Ambiguities. In perturbative calculations, problems due to operator or-
dering appear here also, as in the case of the holomorphic path integral.
Indeed, perturbative calculations involve sgn(0). The ansatz consistent with
the normal-order construction, is again to set sgn(0_) = —1, but generates
some difficulties. It is more convenient to substitute to H (8, 0) the equiva-

lent expression consistent with sgn(0) = 0.
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10.14.4 The evolution operator

With the conventions of section 10.13, for a finite number of fermions and a
normal-ordered Hamiltonian of the form h(6,0/980), the evolution operator

is given by the path integral

O Ut", 1) |0 / [H df, (t)dO, ( ] )| expiA(6,0), (10.65a)

A(6,0) :/t dt{ié(t)-é(t)—h[9(t),é(t)]}+7:é(t’)-e(t’), (10.650)

t/

real time continuation of the representation (10.60). We recall that hermitic-

ity is equivalent to A = A.
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In the case of a free Hamiltonian

h(6,0) = whi = —who ,

if w is negative the one-particle state has an energy lower than the vacuum
or ground state (see also the discussion at the end of section 10.12.3). This
simply means that the two states have been misidentified; they have to be
interchanged. A simple transformation deals with the problem. We set

v(t) =0(t), o(t)=06(t).
Then, after an integration by parts of the term iv(t)v(t),

A(v,7) = / dt [iD()0(t) + | (b)] — (") - v,

t/
which now corresponds to one-particle states with positive energy. In addi-
tion, in the boundary term ¢’ has been replaced by t”.
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Exercises

Exercise 10.1

One site electron problem. Electrons living on one site are still characterized
by the two possible values of their spin. A site thus can be empty, occupied
by one electron with spin up or down, or two electrons with spin up and
down.

One denotes below by 6,0_ the Grassmann variables associated with
spin up and down electrons, respectively. Hermiticity is then defined with
respect to the Grassmann scalar product.

Write, in normal-ordered form, the most general hermitian Hamiltonian
invariant under spin reversal and conserving total electron number. One

then considers the Hamiltonian

0 8) 0 9 w>0, wveR. (10.66)

H:w(9+%+9_% +U€_9+89+89_7
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What are its symmetries? Determine its spectrum. Infer the partition func-
tion at temperature 1/8. Show that the situation v < —2w has a natural
interpretation if the role of creation and annihilation operators is inter-
changed.

Solution. In addition to the terms appearing in (10.66), one possible ad-

ditional term is

0 0
O 50 50,

It is eliminated if one demands separate conservation of up and down elec-
tron numbers.

The four eigenvectors are 1,60,,60_,0_0, and the corresponding eigenval-
ues are by = 0, Fh = Ey = w, B3 = 2w + v, respectively. The partition
function thus is

Z(B) =1+ 2o wWh 4 o~ (2wtv)5

When 2w + v is negative, the ground state is no longer the empty state but,
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instead, the doubly-occupied state. The description in terms of electron ex-
citations is no longer convenient. The excitations now correspond to remove

electrons. A formal way to implement this idea is to introduce the operators

0 0 0 0

o6, =g U= ¢’ b= ¢,

This transformation is consistent with the commutation relations and her-

(=

mitian conjugation. The Hamiltonian can then be rewritten as

0 o 0
H:EQ—(CU+U) (C+6C+—|—C_8C )+UC C+8C+8C_ E0:2w+v,

where 2w + v < 0 implies —w —v > w > 0.

Ezxercise 10.2

Write the path integral representation of the corresponding partition func-
tion. Expand and calculate it up to second order in v (the one-component

Gaussian two-point function is given by equation (10.55)).
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Solution.

2(8) = / d9(8)dA ()] exp [-5(6,6)]

where the action takes the form (10.62):

B/2 . _
8(9,9):/B/ dt [Z@i(t)ﬁi(t)+H(9(t),9(t)) ,
—B/2 T

H(0,0)=w» 040 +v0_0,0,0_,
+

and the boundary conditions are anti-periodic:

0+(—B/2) = —0+(8/2), 0+(—B/2) = —0+(5/2).
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The perturbative expansion takes the form

B/2

2(8)/Z0(8) =1~ v [ dt(o-(00+(0 (10 (1)

—B/2

B/2 _ _ _
+ %vQ /—6/2 dt du (60— ()04 (t)0+ (£)0— ()0 ()04 (uw)04 (u)0_(u)) + O(v?),

where Zj is the square of the partition function (10.58) and the Gaussian
expectation values (o) over #, and 6_ factorize. One finds

2

Z(8)/20(8) = 1 — vBA2(0) + 10%8 / at (A2(0) — A(t)A(~1))
B/2
+ O(v®)

= 1 - LB (sgn(0) + tanh(w5/2))’
+ 0?62 (1 + 25gn(0) tanh(wp/2) + sgn?(0))”° + O(v?).
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Setting ¢ = sgn(0), one concludes

Ey=—(1+€ew+ 1(1+¢€)v
E1 = E2 = —€eW — 1(1 — 62)’0
Es=(1—€w+ (1—¢€)v

For sgn(0) = —1, one recovers the spectrum of the initial Hamiltonian. To
obtain the same result with the convention sgn(0) = 0, one must substitute
wr— w' =w+v/2 and shift the empty state energy by Fy = —w' 4+ v/4.

Exercise 10.3

One now adds the term

o 9
7(9 YT 30, a0 )
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with v real, to the Hamiltonian, which becomes

0 0 o 0 o 0
H=w (9+%+9_80T) +U(9_(9+89+ 90 +’Y(9_9+—|— 89+ 89_) .
(10.67)

This model describes the interaction with a medium that can absorb and
emit electron pairs with equal probability. Determine the eigenvectors and
spectrum of the total Hamiltonian.

Solution. The new interaction mixes only the spinless states 1 and 6_6, .
The energies of the other states are unchanged. In the 1,60_60, subspace the

Hamiltonian reads
0 vy
v 2w+

w+v/2E 4/ (w+v/2)2+~2. (10.68)

with eigenvalues
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The ground state energy thus is w + v/2 — y/(w + v/2)2 +~2 and the par-

tition function is given by

Z(8) = 2e7%F (1 +e P2 cosh \/(w + v/2)2 + 72) . (10.69)

Exercise 10.

In what follows one sets v = 0 and p = Jw?+792%, w = pcosy, v =
psin . Show that the spectrum then has an interpretation in terms of two
independent quasi-particles by setting

0 0

0, =any +b—, O0_=dn_+c—, a,bc,deR,

- ony
where n,n_ are two generators of a Grassmann algebra, and the corre-
sponding operators 7+ and 9/0n+ are hermitian conjugate in the same way

as Qi and 8/8@
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First, express 0/00+ in terms of the n type operators. Then, show that
the consistency of these transformations with the commutation relations
(10.8) imply three conditions on the coefficients a, b, ¢, d that express that
a,b, c,d are the four entries of an orthogonal matrix. Finally determine the
coefficients to reduce the Hamiltonian to the form

0 0
H:EO_'_Q(”—F%—'—”_W)’ Q>0.

Solution. The form of the Hamiltonian is obtained for the choice
a b\ [ cos(p/2) sin(p/2)
c d) \ —sin(p/2) cos(p/2) )’
and Fg =w — p, 2 = p.

Exercise 10.5
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Write the corresponding path integral representation of the partition func-
tion and perform the change of variables

0 =any +bn-, 0_ =dn_ +cny,

0, =afy +bn_, 0_=dij_ +eny,

using the values found in the preceding exercise. Show that the resulting
path integral is consistent with the spectrum.

Solution. After the change of variables, one finds a path integral corre-
sponding to the Hamiltonian

up to an additive constant.

759



Exercise 10.6

Spin group: fermion representation. One now considers the three operators

1 0 0 0 0
=5 (%9_ 9—a9+) m2 = (Q‘E_9+30T)’

1 0 0
T3 — — (9_{_%—9_89 )

In what follows, one sets h = 1.

Verify that the operators are hermitian. Calculate the products 7;7; and
72 =Y. 77. Infer the commutators [7;, 7;]. Find the eigenvectors and eigen-
values of 73 and 72. Calculate the commutators of 7; with the Hamiltonian
(10.66) and the interaction (10.67). Comment.

Solution. The operators are generators of the Lie algebra of the spin group
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SU(2):

_1_.2 1 -
TiTj = §’T 5ij —+ §Z€ijk7_k7

3 0 0 0 0
2 — —
4 (9+ 00 - 00 _ 20+ 00 v~ 00 _ ) '

The eigenvectors of 73 are 1,0,,60_,0,60_ with eigenvalues 0,1/2,—1/2,0,

respectively, that is the spin components of the corresponding states. The
corresponding eigenvalues of 72 are 0,3/4,3/4,0, as expected for spin 1/2
particles. Finally, 0,0/00, and 6_0/00_ commute, and introducing

0 9_8

=050, T 0-a

one verifies

.h =hr, =7;.

The commutation of the Hamiltonian (10.66) with the generators of the
SU(2) group follows from these relations and the commutations of the 7;’s
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with 72. One verifies that the interaction (10.67) is also SU(2) invariant,
which explains the form of the spectrum.

Ezxercise 10.7

Spin group: alternative representation. One now considers the operators

1 o 0 1 o 0
. <9+9‘ MGTR 86’+) I (9+9‘ 00_ am) ’

1/ 0 9 1 o 0
8 (89+9+_9_86’ )‘5(1_9+M_9‘ae )

The questions are the same as above. In addition, show that the Hamiltonian

(10.67) can be expressed in terms of the 7 matrices. Recover the spectrum
(10.68).

Solution. One finds, for example,

3 9 9 9 9
=" (1-0,— —06_ +20, —6_
T 4( R VR N T )
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The eigenvectors of 73 are 1,6, ,0_,0,60_ with eigenvalues %,0,0, —%, re-
spectively, that is the spin components of the corresponding states. The
corresponding eigenvalues of 72 are %, 0,0, %.

Finally, the complete Hamiltonian can be written as
H=w-(2w+v)r3+ 2017 — 2971 .

After a rotation in the (1, 3) plane, one can rewrite it as

H=w+2vr" + 272 + (w+v/2)273,

which shows that the spectrum is

wHv/2E /12 F (WHv/2)2, w, w.
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