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INTRODUCTION  

Dans certains Jeux - plus ou moins Interdits – de la Physique Nucléaire il est 
intéressant de savoir ce qui arrive lorsque l’on bombarde des cibles avec un n…. 
-  où va-t-il ? 
-  combien de n on récupère ? 
-   … 
 
Avec cibles lourdes il est impossible de faire un calcul exact 
Avec cibles légères c’est possible… pourvu qu’elle soient très légères 
 
Mais il se trouve que 2H et 3H sont déjà assez intéressants 
En 2001, nous avions signé un accord LPSC/DAM pour n+2H (le top !) 
Il est, depuis peu, possible de résoudre A=4 (avec break-up !)  
Nous souhaitons reprendre l’aventure… avec (presque) les mêmes aventuries ! 
Démarrage: projet accepté à l’ESNT (V. Karmanov) -> BLC ?  
 
Concernant les applications, voir exposé de B. Morillon (DAM/Bruyères) 
 
Je dois me tenir au secret…. 

“En quoi voudrais-tu que consistât la valeur d’un secret, sinon dans  
l’environnante conviction que tu le possèdes ?” 
(Villiers de l’Isle-Adam, L’aventure de Tse-i-là)  
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Break-up du deuterium 
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Le processus dépend de 3x3-(3+1)=5 paramètres (dont TL) 



Expérience:  
- même fragile, le deuterium a du mal à se casser: à TL=10 MeV  σel/σB=5 
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The AV18 is a local potential containing the pion-exchange tail plus
the full ensemble of operators allowed by symmetry to describe
the intermediate and short ranges part of the interaction. However,
in order to provided a good description of some A = 3 and A = 4 zero
energy observables (like e.g. the n–d J = 1/2 cross sections) the
inclusion of three-nucleon forces is required. The strength and
form of these three-body forces depend on the two-body model
they are supposed to complete; together with Argonne AV18
potentials we have considered the so called Urbana UIX model
(Pudliner et al., 1995). The INOY potential superposes a local
one-pion exchange tail with a – purely phenomenological
– strongly non-local structure inside some internuclear distance
Rc ! 1.5 fm and reproduces well, alone, the overal low energy
dynamics of 3- and 4-nucleon states.

The results for the elastic differential and integrated cross sec-
tions are given respectively in Figs. 3 and 4. For the differential
cross sections (Fig. 3) only the AV18 (solide red line) and MTI-III
(dashed blue lines) are displayed. The agreement of AV18 with
the experimental points is almost perfect and the differences with
the simple MTI-III model are very small, visible only in the back-
ward cross section. The integrated elastic cross sections are given
in Fig. 4. At zero energy the three models differ each other by
!2% due to their differences in the n–d scattering lengths. These
quantities have been calculated by several authors (Carbonell
et al., 1993; Lazauskas and Carbonell, 2004) and are summarized
in Table 1. As one can see the quartet (J = 3/2) value is one order
of magnitude greater than the doublet (J = 1/2) one and when
computing the cross sections the quartet channel is furthermore
enhanced by a larger statistical factor. The low energy n–d
scattering is thus dominated by the J = 3/2 observales, which turn
to be not sensible to the three-nucleon forces. The MTI-III slightly

overestimates (by 1%) the experimental quartet scattering length
while both AV18 and INOY are equal to each other and in full
agreement with data. One can also remark that, in absence of

Fig. 3. Elastic differential n–d cross section using AV18 (solid red lines) and MTI-III NN (dashed blue lines) potentials is compared to experimental results taken from
(Schwarz et al., 1983). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Elastic n–d integrated cross section using AV18, MTI-III and INOY NN
potential.
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4.1. Description of selected benchmarks

The description of all the benchmarks we have considered in
this work, is taken from the International Handbook of Evaluated
Criticality Safety Benchmark Experiments (ICSBEP, 2008). These

benchmarks – which concern only experiments with deuterium –
are extracted from two different parts of this handbook: from the
Part II entitled ‘‘Highly Enriched Uranium (HEU)’’ and from the Part
IV denoted ‘‘Low Enriched Uranium systems (LEU)’’.

Each of these two parts is in its turn separated into four sec-
tions, according to the physical form of the fissile material. For
the deuterium experiments we are interested on, the fissile mate-
rial can be in form of metal (MET), compound (COMP) or solution
(SOL). Moreover, each of these four sections is subdivided into fast
(FAST), intermediate (INTER), thermal (THERM), and mixed
(MIXED) spectra systems, depending on the neutron energy range
at which the majority of the fissions occur.

In order to investigate the influence of the n–d cross section –
described in previous section – in the simulation codes, we have
considered the benchmarks proposed by the ICSBEP Handbook:
they consist in 45 experiments from Part II (HEU) and 35 from Part
IV (LEU). These experiments provide a consistent basis for evaluat-
ing the impact of the n–d cross sections on the reactivity. We will
give in what follows, a short description of each type of experi-
ment. A more detailed analysis can be found in (ICSBEP, 2008).

4.1.1. Highly enriched uranium dioxide cylinders immersed in mixtures
of light and heavy water (HCM002)

In this series, 23 critical experiments were performed in 1985 at
the Solution Physics Facility of the Institute of Physics and Power
Engineering (IPPE), Obninsk, Russia. For the benchmark numbers
1, 4, 5, 8 and 9, the measurements were made using 19 highly en-
riched uranium cylinders (with diameter 8.3 cm) immersed in light
water, whereas three different mixtures of light and heavy water
were used for the other cases. A thick bottom reflector of light
water was used in all the 23 critical experiments, while in fourteen
of them an additional lateral light-water reflector was employed.
These experiments have been originally denominated as HEU-
COMP-MIXED-002 in (ICSBEP, 2008). The abbreviation HCM002 is
used in our figures.
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Fig. 6. Integrated nd break-up cross section using AV18, MTI–III and INOY NN
potential.
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Fig. 7. Total (elatic + breakup) n–d cross section using AV18, MTI–III and INOY NN
potential.
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Fig. 8. Capture cross section from ENDF/B-VII and JENDL-4 evaluations.
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Théorie: 
 - Calculs ab-initio “exacts” (Eqs. Faddeev)  
 - Bon accord pour quantités intégrées (même avec VNN très simples, e.g. MTI-II) 
 - Assez désastreux pour des choses plus rafinées (Ay, differentielles break-up,..) 
   et ceci qqsoit V (y compris EFT !)  
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Fig. 8. (Color online) a) The contribution of different terms
to the cross-section of the QFS configuration of fig. 7. The
(black) dash-dotted line is the contribution of the first term
〈Φ0|(1 + P )|α〉〈α|T |Φ〉 in (10) and the (green) short-dashed
line is the contribution of the fourth term 〈Φ0|(1 + P )tR

c P |Φ〉
in (10) coming with the 3-dimensional screened Coulomb
t-matrix tR

c (in the present calculation tR
c = V R

c ). The (blue)
dashed–double-dotted and (maroon) double-dash–dotted lines
are contributions of the second 〈Φ0|(1 + P )|α〉〈α|tR

c P |Φ〉 and
of the third 〈Φ0|(1+P )|α〉〈α|tR

c PG0T |Φ〉 term in (10), respec-
tively, which are calculated with the partial-wave–decomposed
screened Coulomb t-matrix. The (black) dotted and (blue)
long-dashed lines result from the 〈Φ0|(1+P )|α〉〈α|(T−tR

c P )|Φ〉
and 〈Φ0|(1 + P )|α〉〈α|(T − tR

c PG0T )|Φ〉 amplitudes, respec-
tively. The (red) long-dashed line is the contribution of the
〈Φ0|(1 + P )|α〉〈α|(T − tR

c P − tR
c PG0T )|Φ〉 amplitude. The

(black) solid line encompasses all four terms. All results are
for the screening radius R = 100 fm. b) shows contributions of
small terms which are difficult to see on the scale of part a).

gives the smallest contribution. The smallness of these
terms does not mean however that they are unimportant
because the interference effects are nonnegligible and act
in different ways for QFS and SST.

For the QFS the second largest contribution comes
from 〈Φ0|(1 + P )|α〉〈α|tRc P |Φ〉 (blue dashed–double-
dotted line) while for SST it comes from 〈Φ0|(1 +
P )|α〉〈α|tRc PG0T |Φ〉 (maroon double-dash–dotted line).
For QFS and SST taking the amplitude of that second
largest contribution together with 〈Φ0|(1 + P )|α〉〈α|T |Φ〉
changes significantly the cross-section. For QFS it is
the black dotted line in fig. 8a resulting from 〈Φ0|(1 +
P )|α〉〈α|(T − tRc P )|Φ〉 while for SST it is the blue long-
dashed line in fig. 10a resulting from 〈Φ0|(1+P )|α〉〈α|(T−
tRc PG0T )|Φ〉.

The third largest contribution provides for both con-
figurations smaller changes of the cross-section and the
result when the second and third largest contributions are
included 〈Φ0|(1+P )|α〉〈α|(T −tRc PG0T −tRc P )|Φ〉 is given
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Fig. 9. (Color online) The convergence in the cut-off radius
R of the d(p, p1p2)n breakup cross-section in a kinematically
complete SST configuration with polar angles of the two outgo-
ing protons θ1 = θ2 = 50.5◦ and azimuthal angle φ12 = 120◦.
The incoming proton energy is Elab

p = 13MeV and the the-
oretical predictions are based on the screened Coulomb force
and the CD Bonn nucleon-nucleon potential [21] restricted to
1S0 and 3S1-

3D1 partial waves. For the description of the lines
see fig. 7. The crosses are Elab

p = 13 MeV pd breakup data of
ref. [22] and pluses are Elab

n = 13MeV nd breakup data of
ref. [23].
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Fig. 10. (Color online) a) The contribution of different terms
to the cross-section of the SST configuration of fig. 9. The solid
line encompasses all terms. For the description of other lines
see fig. 8. All results are for the screening radius R = 100 fm.
b) shows contributions of small terms which are difficult to see
on the scale of part a).

by the red long-dashed line. It is above the pd data for
both geometries.

Finally, including the smallest contribution from
the 3-dimensional screened Coulomb t-matrix 〈Φ0|(1 +
P )tRc P |Φ〉 brings the theory to the pd data for the QFS
geometry at all S-values and for the SST configuration at
S-values close to the space-star condition.
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T b3
Lab =

4

3
(B3 − B2) =

4

3
(8.48 − 2.22) = 8.34MeV

Seuil break-up à 4 corps
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Break-up du trithum 

Le processus dépend de 4x3-(3+1)=8 paramètres (dont TL) 
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Results for AV18 and AV18+UIX models have also been
obtained and agree at the 1% level with those given in Ref.
[35].
The J"=0+ and 1+ positive-parity states, determining the

low-energy behavior of the n+3H cross section, do not have
any S-matrix singularity, except the triton bound state thresh-
old. It is therefore not surprising that the n+3H scattering
lengths are found to be correlated with 3N binding energy, in
a similar way as n+d doublet scattering length is Ref. [36].
This is the reason why realistic local interaction models, pro-
viding too low 3N binding energies, overestimate n+3H
zero-energy cross sections. Once triton binding energy is cor-
rected, for instance by implementing 3NF, a value close to
the experimental one is automatically obtained. From Table
VIII it can be seen that the Doleschall potential agrees with
the lower bound of experimentally measured zero-energy
cross section, whereas the AV18+UIX model coincides with
its upper bound. The zero-energy scattering cross section is
thus fairly well reproduced.
The situation with scattering lengths looks more precari-

ous. The values found in the literature are hardly compatible
with each other [37], as can be seen in Table VIII. The usual
way to get ai is to express them in terms of the measured
quantities ac and !!0", by reversing relations (16) and (17).
This procedure, represented in Fig. 5, is numerically un-
stable. Indeed, once !!0" is fixed, the domain of permitted
a1+ and a0+ values is given by the ellipse of Eq. (17) in the
!a0+ ,a1+" plane. Since there are uncertainties in !!0", the
permitted values of scattering lengths are trapped in between
two ellipsis (dotted curves in Fig. 5). On the other hand, each
measurement of ac restricts a1+ and a0+ values to lie on a
straight line which spreads into a band due to experimental
errors (see Fig. 5). The lower band displayed in Fig. 5 fol-
lows from the R-matrix analysis result ac=3.607±0.017 fm
[41], while the upper one comes from the experimental mea-
surement ac=3.82±0.07 fm from Ref. [39]. By assuming an

exact value of ac, e.g., ac=3.624 fm given by the top of the
lower band, the present—though small—experimental error
in !!0" leads to two sets of solutions which spread over a
wide range: (i) a0+= #4.31−5.00$ , a1+= #3.16−3.40$, and (ii)
a0+= #2.25−2.94$ , a1+= #3.85−4.08$ fm. This example illus-
trates the difficulty of extracting reliable values of a0+ and
a1+. The accurate determination of ai would require us to
gain one order of magnitude in measuring both !!0" and ac.
As it can be seen also from Fig. 5, the coherent scattering

length value ac=3.82±0.07 fm of Ref. [39] is in evident dis-
agreement with the experimentally measured zero-energy
cross sections, since it does not intersect the !!0" ellipsis. In
this respect, the more recent values ac=3.607±0.017 fm [41]
and ac=3.59±0.02 fm [40] are more reliable. The Doleschall
nonlocal potential provides ac=3.63 fm, one standard devia-
tion from these measurements, and seems to be more com-
patible with data than the AV18+UIX model. Figure 5 sug-
gests also that the real value of the zero-energy cross section
should coincide with the lower bound of the experimental
result.
The success in describing n+3H scattering lengths by the

Doleschall potential is visible at slightly higher energies as
well. In Fig. 6 we present our calculated elastic cross section
for the scattering energies in the n+3H center of mass energy
range from 0 to 3 MeV. The Doleschall potential reproduces
experimental cross sections near its minima at Ec.m.
%0.4 MeV. In this region both Malfliet-Tjon (MT) I-III—
the only potential known to us being capable to reproduce
the resonant region [43]—and AV18+UIX overestimate the
experimental value.
In previous works [30,37,42,44,45] we pointed out that

local realistic interaction models underestimate the cross sec-
tions near the resonance peak, Ec.m.=3 MeV. At that time,
calculations had been, however, performed with a limited
number of partial waves and the failure was attributed in Ref.
[47] to a lack of convergence. Recently we have consider-
ably increased our basis set and have shown that the dis-
agreement is indeed a consequence of nuclear models

FIG. 5. (Color online) Extraction procedure for n+3H singlet
!a0+" and triplet !a1+" scattering lengths from measurements of zero-
energy cross section (elliptic band) [38] and coherent scattering
length (linear bands) [39–41]. The values of ai are given by the
intersection of these two curves. Bandwidths are related to experi-
mental errors and, even being small, they make their determination
very unstable.

FIG. 6. (Color online) Comparison between experimental and
theoretical n− 3H total cross section calculated with several local
and nonlocal NN potentials.
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n-3H est le plus simple des sytèmes A=4  
et montre déjà la complexité de la Physique Nucléaire  
 
Première resonance neutronique  
… et premier échec des VNN+VNNN les plus modernes ! 
 
Bonnes mesures des sections élastiques, polas 
Très peu de break-up (3 ou 4) et seulement σt 

(*) Phys. Rev C70 (2004) Phys. Lett. B447 (1999) 199 Phys. Rev. C71 (2005) 034004  

Nous envisageons de décrire ce processus jusqu’à TL=30 MeV 
 
On sait résoudre la diffusion A=4 - élastique et réarrangement - depuis 2000 (*) 

Le break-up seulement depuis 2 ou 3 ans …. et encore pas complètement (**) 

Théorie: 

(**)     R. Lazauskas PRC86, 044002 (2012), FBS 54 (2013) 967, A. Deltuva, A. Fonseca PRC86 011001 (2012) 



Les premiers calculs “réalistes” marchent assez bien (pour σtot) 
 
(Gentillesse de R. Lazauskas) 



Résultats break-up assez sensibles à l’interaction (contrairement à σe)   

Le 3H est encore plus resistant: élastique domine dans l’intervalle d’E consideré 
 
σb/σe= 2% à 14 MeV, 6% à 18, 11% à 22…. on “extrapole” un 30% à 30 MeV 
 
Manque de données expérimentales pour σb, encore plus séparation σb3  σb4 
Aucune distribution angulaire trouvée 

TLab σe σb σtot Exp 
14.4 928 19 947 978+/-30 

922 11 933 
18.0 697 42 739 750+/-60 

690 25 715 
22.1 535 61 596 620+/-24 

512 38 550 
MT I-III  Onde S central + spin-spin 
INOY04  “Réaliste” (pas besoin de VNNN) 

Il s’agirait de completer cette table en ajoutant des distributions 
de n (en E et angulaires) 



COMMENT FAIRE ?  

L’équation de Schrodinger, avec une seule fonction, 
 
 
n’est pas bien adaptée pour implementer les cc.ll. des problèmes de diffusion. 
 
Elle est remplacée par: 

The so called Faddeev-Yakubovsky (FY) equations for 4 interacting
particles can be derived in two steps:

First step

Split Ψ in the usual Faddeev amplitudes, Ψij, associated with each
interacting pair (i, j).

Ψ =
∑

i<j
Ψij = Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34

Equation (2) is equivalent to the system of 6 coupled equations

(E − H0)Ψ12 = V12 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

(E − H0)Ψ13 = V13 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

(E − H0)Ψ14 = V14 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

(E − H0)Ψ23 = V23 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

(E − H0)Ψ24 = V24 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

(E − H0)Ψ34 = V34 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

or
Ψij = G0VijΨ (4)
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2 The Formalism

(E − H0)Ψ = V Ψ V =
∑

ij

Vij +
∑

ijk

Vijk + . . .

[E−H0−V ]ϕα(x, y) = V (x)

[

∑

α′

∫

1

−1

duHα,α′(x, y, u)ϕα′(x′, y′) +
∑

α′′

∫

1

−1

duHα,α′′(x, y, u)ϕα′′(x′′, y′′)

]

ϕ(x, y, z) =
∑

ijk
cijk Si(x) Sj(y) Sk(z)

V =
4

∑

i<j=1
Vij = V12 + V13 + V14 + V23 + V24 + V34

(E − H0)Ψ = V Ψ V = V12 + V13 + V14 + V23 + V24 + V34

V = V12 + V13 + V14 + V23 + V24 + V34

P +φα

BLM
l1l2

(x̂1, x̂2) =
∑

m1m2

< l1m1; l2m2|l1l2; LM > Yl1m1
(x̂1)Yl2m2

(x̂2)

ΨLM ($x, $y) =
∑

α

1

xy
ϕLM

α (x, y) BLM
α (x̂, ŷ) α = {lx, ly} (1)

[E − H0 − V (x)] Ψ($x, $y) = V (x)
[

P + + P−]

Ψ($x, $y)

P±$xi = $xi±1

P±$yi = $yi±1

2

Pas encore bon… 

Step I  
 

Ensemble de 6 eqs. couplant 6 composantes associées aux 6 Vij 



Second step

Each Ψij is in its turn splitted in 3, the FY amplitudes, corresponding
to the different asymptotics of the remaining two particles

Let us consider e.g:

(E − H0)Ψ12 = V12 (Ψ12 + Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34)

writen in the form

(E − H0 − V12)Ψ12 = V12 (Ψ13 + Ψ14 + Ψ23 + Ψ24 + Ψ34) (5)

We make the following partition

Ψ12 = Ψ4
12,3 + Ψ3

12,4 + Ψ12,34

and split equation (5) into a system

(E − H0 − V12)Ψ
4
12,3 = V12 (Ψ13 + Ψ23)

(E − H0 − V12)Ψ
3
12,4 = V12 (Ψ14 + Ψ24)

(E − H0 − V12)Ψ12,34 = V12 (Ψ34)

If we do the same for the Faddeev amplitudes on the r.h.s.

Ψij = Ψl
ij,k + Ψk

ij,l + Ψij,kl i < j; k < l

and for each Faddeev equation, we end with the set of 18 coupled
equations equivalents to (2)

(E − H0 − Vij)Ψ
l
ij,k = Vij

(

Ψl
ik,j + Ψj

ik,l + Ψik,lj + Ψl
jk,i + Ψi

jk,l + Ψjk,il

)

(E − H0 − Vij)Ψ
k
ij,l = Vij

(

Ψk
il,j + Ψj

il,k + Ψil,kj + Ψk
jl,i + Ψi

jl,k + Ψjl,ik

)

(E − H0 − Vij)Ψij,kl = Vij

(

Ψj
kl,i + Ψi

kl,j + Ψkl,ij

)

for which it is possible to define appropriate boundary conditions en-
suring the unicity of the solution.
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Step II  
 

Partition de chaque Ψij en autant d’amplitudes que voies asymptotiques incluant Vij  
 
Exemple: 
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L’équation correspondante est à son tour “splitée” en trois 

Quand on fait cela pour toutes les Ψij on aboutit a un système de 18 équations aux 
derivées partielles couplées. 
 
Chacune des                      a un comportement asymptotique bien defini,  
ce qui donne les cc.ll. du système et permet donc sa solution (Faddeev-Yakubowski) 

The FY amplitudes can also be written in terms of the total Ψ:

Ψl
ij,k = GijVij (Ψik + Ψjk)

Ψk
ij,l = GijVij (Ψil + Ψjl)

Ψij,kl = GijVijΨkl

and

Ψij = G0VijΨ

leads to

Ψl
ij,k = GijVijG0 (Vik + Vjk) Ψ

Ψl
ij,l = GijVijG0 (Vil + Vjl) Ψ

Ψij,kl = GijVijG0VklΨ

This form is useful to study the symmetry properties
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Faddeev-Yakubovsky equations

(E − H0 − V12)Ψ
4
12,3 = V12

(

Ψ2
13,4 + Ψ4

13,2 + Ψ13,24 + Ψ1
23,4 + Ψ4

23,1 + Ψ23,14

)

(E − H0 − V12)Ψ
3
12,4 = V12

(

Ψ3
14,2 + Ψ2

14,3 + Ψ14,23 + Ψ3
24,1 + Ψ1

24,3 + Ψ24,13

)

(E − H0 − V12)Ψ12,34 = V12

(

Ψ2
34,1 + Ψ1

34,2 + Ψ34,12

)

(E − H0 − V13)Ψ
2
13,4 = V13

(

Ψ3
14,2 + Ψ2

14,3 + Ψ14,23 + Ψ2
34,1 + Ψ1

34,2 + Ψ34,12

)

(E − H0 − V13)Ψ
4
13,2 = V13

(

Ψ4
12,3 + Ψ3

12,4 + Ψ12,34 + Ψ1
23,4 + Ψ4

23,1 + Ψ23,14

)

(E − H0 − V13)Ψ13,24 = V13

(

Ψ3
24,1 + Ψ1

24,3 + Ψ24,13

)

(E − H0 − V14)Ψ
3
14,2 = V14

(

Ψ4
12,3 + Ψ3

12,4 + Ψ12,34 + Ψ3
24,1 + Ψ1

24,3 + Ψ24,13

)

(E − H0 − V14)Ψ
2
14,3 = V14

(

Ψ2
13,4 + Ψ4

13,2 + Ψ13,24 + Ψ2
34,1 + Ψ1

34,2 + Ψ34,12

)

(E − H0 − V14)Ψ14,23 = V14

(

Ψ1
23,4 + Ψ4

23,1 + Ψ23,14

)

(E − H0 − V23)Ψ
1
23,4 = V23

(

Ψ3
24,1 + Ψ1

24,3 + Ψ24,13 + Ψ2
34,1 + Ψ1

34,2 + Ψ34,12

)

(E − H0 − V23)Ψ
4
23,1 = V23

(

Ψ4
12,3 + Ψ3

12,4 + Ψ12,34 + Ψ2
13,4 + Ψ4

13,2 + Ψ13,24

)

(E − H0 − V23)Ψ23,14 = V23

(

Ψ3
14,2 + Ψ2

14,3 + Ψ14,23

)

(E − H0 − V24)Ψ
3
24,1 = V24

(

Ψ4
12,3 + Ψ3

12,4 + Ψ12,34 + Ψ3
14,2 + Ψ2

14,3 + Ψ14,23

)

(E − H0 − V24)Ψ
1
24,3 = V24

(

Ψ1
23,4 + Ψ4

23,1 + Ψ23,14 + Ψ2
34,1 + Ψ1

34,2 + Ψ34,12

)

(E − H0 − V24)Ψ24,13 = V24

(

Ψ4
12,3 + Ψ3

12,4 + Ψ12,34 + Ψ2
13,4 + Ψ4

13,2 + Ψ13,24

)

(E − H0 − V34)Ψ
2
34,1 = V34

(

Ψ2
13,4 + Ψ4

13,2 + Ψ13,24 + Ψ3
14,2 + Ψ2

14,3 + Ψ14,23

)

(E − H0 − V34)Ψ
1
34,2 = V34

(

Ψ1
23,4 + Ψ4

23,1 + Ψ23,14 + Ψ3
24,1 + Ψ1

24,3 + Ψ24,13

)

(E − H0 − V34)Ψ34,12 = V34

(

Ψ4
12,3 + Ψ3

12,4 + Ψ12,34

)

6



The total 4-body wavefunction is obtained by the action of permutation operators on the 
two FY amplitudes K and H 

3.1 Case of identical particles

In that case the 18 FY amplitudes can be obtained by the action of
the permutation operators Pij on two of them, one Ψl

ij,k and one Ψij,kl

Let us take for instance K ≡ Ψ4
12,3 and H ≡ Ψ12,34.

The K-H amplitudes satisfy the following equations

(E − H0 − V )K = V [(P23 + P13) (ε + P34) K + ε(P23 + P13) H ] (4)

(E − H0 − V )H = V [(P13P24 + P14P23) K + P13P24 H ] (5)

in which ε = ±1 depending on bosons or fermions.
Each amplitude F = K, H is considered as function of its own set of
Jacobi coordinates "x, "y,"z

"xK = ("r2 − "r1)

"yK =
√

4
3

(

"r3 − "r1+"r2

2

)

"zK =
√

3
2

(

"r4 − "r1+"r2+"r3

3

)

"xH = ("r2 − "r1)
"yH = ("r4 − "r3)
"zH =

√
2

(

"r3+"r4

2 − "r1+"r2

2

)

and expanded in angular momentum variables for each coordinate

< "x"y"z|F >=
∑

α

∫

dx̂dŷdẑ
Fα(xyz)

xyz
Yα(x̂, ŷ, ẑ) (6)

Yα are generalized tripolar harmonics containing spin, isospin and an-
gular momentum variables

Fα, called FY components, are the unknowns.

The label α holds for the set of intermediate quantum numbers defined
in a given coupling scheme and includes the specification for the type
of amplitudes K or H.
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We have used the following couplings:

K amplitudes
{

[(t1t2)τxt3]T3
t4

}

T
⊗

{

[

(lx(s1s2)σx
)jx (lys3)jy

]

J3

(lzs4)jz

}

J

H amplitudes
[

(t1t2)τx(t3t4)τy
]

T
⊗











[

(lx(s1s2)σx
)jx

(

ly(s3s4)σy

)

jy

]

jxy

lz











J

ti/si are the isospin/spin of the individual particles
(T, J) are the total isospin and angular momentum of 4N system.

Each component Fα labelled by a set of 12 quantum numbers
Symmetry properties impose the additional constraints: (−1)σx+τx+lx =
ε for K and (−1)σx+τx+lx = (−1)σy+τy+ly = ε for H.
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One can show that, by imposing to 
K the « right symetrie » in P12 
H the « right symetrie » in P12 and P34     
The total wf is also well symetrized. 

We have used the following couplings:
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Dans le cas de particules identiques, les 18 amplitudes se ramènent à 2: une K et une H (*) 
Les 16 restantes s’en déduisent par opérateurs de permutation Pij 

Si l’on impose à: 
 - K la « bonne symétrie » /P12 
 - H la « bonne symétrie » /P12 et P34     
Alors la  fonction d’onde totale est « convenablement » symétrisée 

We have used the following couplings:

K amplitudes
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[(t1t2)τxt3]T3
t4

}
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La fonction d’onde totale s’écrit en termes de K et H: 

2.1 Case of identical particles

In that case the 18 FY amplitudes can be obtained by the action of
the permutation operators Pij on two of them, one Ψl

ij,k and one Ψij,kl

Let us take for instance K ≡ Ψ4
12,3 and H ≡ Ψ12,34.

The K-H amplitudes satisfy the following equations

(E − H0 − V )K = V [(P23 + P13) (ε + P34) K + ε(P23 + P13) H ] (6)

(E − H0 − V )H = V [(P13P24 + P14P23) K + P13P24 H ] (7)

in which ε = ±1 depending on bosons or fermions.
Each amplitude F = K, H is considered as function of its own set of
Jacobi coordinates "x, "y,"z

"xK = ("r2 − "r1)

"yK =
√

4
3
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)
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and expanded in angular momentum variables for each coordinate
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xyz
Yα(x̂, ŷ, ẑ) (8)

Yα are generalized tripolar harmonics containing spin, isospin and an-
gular momentum variables

Fα, called FY components, are the unknowns.

The label α holds for the set of intermediate quantum numbers defined
in a given coupling scheme and includes the specification for the type
of amplitudes K or H.
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COMMENT RESOUDRE (1) ? 
 
AVEC QUELLES CC.LL. ?  

(*) 

(1) 



CC.LL. pour le cas n-3H  

Les A sont les amplitudes de diffusion – élastique et breakup – que l’on cherche 
et que l’on extrait de la solution dans la region asymptotique (systeme “libre”) 
 
 
 
Cette approche (utilisée pour A=3, et A=4 élastique) n’est pas envisageable 
 
Il faut trouver autre chose…..  

The boundary conditions are implemented by imposing at large enough values of z the asymptotic
behaviour of the solutions.
Indeed, at large values of z and for energies below the first inelastic threshold, the solution of equation
(6) factorizes into a bound state solution of the 3N Faddeev equations and a plane wave in the z
direction whereas the solution of (7) vanishes.
The scattering observables are directly extracted from the logarithmic derivative of the K amplitude
in the asymptotic region.
The asymptotic 3N state is calculated with the same numerical scheme than the one used to solve
the 4-body problem.
In this case the factorization property, valid only in cartesian coordinates, is an exact numerical
property and provides a strong stability test.

K(x, y) = �(3)(x, y)
sin q3z

q3
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eiq1⇢4

⇢4
4

H(x, y) = A22(ẑ)�(22)(x, y)
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Guideline of the method* 

R. Lazauskas 

 
•  4-body scattering problem is formulated  
using FY eq. in configuration space 

 O. A. Yakubovsky, Yad. Fiz. 5, 1312 (1967)  
 [Sov. J. Nucl. Phys. 5, 937 (1967)]. 

 
•  FY components (wave function) are expanded in PWs (including spin, isospin 
qn’s) using tripolar harmonics  
 
 

•  Radial parts of FY components are expanded using 
$  Cubic  spline basi s (4-body problem without CS) 
C. de Boor and B. Swartz: SIAM J. Numer. Anal. 10, 582 (1973) 
$  Lagrange  mesh  technique (4-body problem with CS) 
D. Baye, Phys. Status Solidi  B 243 , 1095  (2006); D. Baye, P.-H. Heenen, J. Phys. A 19, 2041 
(1986). 
 

•  After projection large scale linear algebra problem is obtained & solved using 
iterative methods 

 
  

*R.L., PhD Thesis, Université Joseph Fourier, Grenoble 
(2003). 

4 
y 

4 

4
12,3K1 

3 

1 

2 3 

z 

y z 
x x 

34
12H

[ ]( , , ) ˆ ˆ ˆ( , , ) ( , , )

( , , )
ˆ ˆ ˆ( , , ) ( , , )

LST

LST

LST

LST

F x y zK x y z L x y z S T
x y z

F x y z
H x y z L x y z S T

x y z

α α α α
α α α α α α α α α α

α α α

β β β β
β β β β β β β β β β

β β β

= ⊗ ⊗

$ %= ⊗ ⊗& '

∑

∑

r r r

r r r
Convergence for (lx,ly,lz)≤4 

~5000 amplitudes 

Grids of ~303 points 

~108  linear equations 
09/07/14 15 

Guideline of the method* 

R. Lazauskas 

 
•  4-body scattering problem is formulated  
using FY eq. in configuration space 

 O. A. Yakubovsky, Yad. Fiz. 5, 1312 (1967)  
 [Sov. J. Nucl. Phys. 5, 937 (1967)]. 

 
•  FY components (wave function) are expanded in PWs (including spin, isospin 
qn’s) using tripolar harmonics  
 
 

•  Radial parts of FY components are expanded using 
$  Cubic  spline basi s (4-body problem without CS) 
C. de Boor and B. Swartz: SIAM J. Numer. Anal. 10, 582 (1973) 
$  Lagrange  mesh  technique (4-body problem with CS) 
D. Baye, Phys. Status Solidi  B 243 , 1095  (2006); D. Baye, P.-H. Heenen, J. Phys. A 19, 2041 
(1986). 
 

•  After projection large scale linear algebra problem is obtained & solved using 
iterative methods 

 
  

*R.L., PhD Thesis, Université Joseph Fourier, Grenoble 
(2003). 

4 
y 

4 

4
12,3K1 

3 

1 

2 3 

z 

y z 
x x 

34
12H

[ ]( , , ) ˆ ˆ ˆ( , , ) ( , , )

( , , )
ˆ ˆ ˆ( , , ) ( , , )

LST

LST

LST

LST

F x y zK x y z L x y z S T
x y z

F x y z
H x y z L x y z S T

x y z

α α α α
α α α α α α α α α α

α α α

β β β β
β β β β β β β β β β

β β β

= ⊗ ⊗

$ %= ⊗ ⊗& '

∑

∑

r r r

r r r
Convergence for (lx,ly,lz)≤4 

~5000 amplitudes 

Grids of ~303 points 

~108  linear equations 



Complex scaling approach to scattering problems  R.Lazauskas, J.C  PRC84 2011 
 
Le meilleur moyen pour se débarrasser des cc.ll. dans un problème  
de diffusion est …. d’empêcher la diffusion !  

a1

a2

\a1(z)=e     -S   e-iqz iqz
a1

iqx\a0 a0

\a2(z)=e     -S   e iqz
a2

-iqz

a0

(x)=e     -S   e-iqx

Ex: Illustration pour A=2 
 
Remarque: 
 
On intègre l’équation de Schrodinger le long 
d’un chemin arbitraire γi sur C 
Une fois le comportement asymptotique est 
atteint, Sγi(q) ne dépend pas du chemin !!! 

“Pourquoi faire simple quand on peut faire compliqué ? 
 

Parce que “si l’on est sur le bon chemin” on peut se débarrser des 
exponentielles croissantes et confiner le sytème dans un boite 

… tout en extrayant S !!! 



ANALYTICAL CONTINUATION
For simplicity, the continuation method will be explained in the two-body case, for which
we write the radial Schrödinger equation:

[
2µ

h̄2
E + ∂2

x −
l(l − 1)

x2
−

2µ

h̄2
V (x)] ψ(x) = 0 (1)

The analytical continuation of (1) is obtained by extending the definiton of ψ over the
whole complex plane, replacing x by z.
To integrate the equation from 0 to any value z ∈ C, it is necessary to choose a contour
γ, parametrized by its curvilinear absissa. We choose for γ the line z = reiθ, where θ is
kept constant. The standard equation is recovered for θ = 0.

Integ
rati

on co
ntour

θ

x

Equation (1) becomes:

[q̃2 + ∂2
r −

l(l − 1)

r2
− Ṽ (r)] ψ̃θ(r) = 0 (2)

where

• q̃2 = 2µ
h̄2 E e2iθ,

• Ṽθ(r) = e2iθV (reiθ),

• ψ̃θ(r) = ψ(reiθ)

This procedure leads to a Schrödinger equation with complex potential and energy, but
with a wave function depending on a real argument.

Soit à résoudre (eq. radiale reduite onde S) Soit à résoudre (équation radiale reduite en onde S)
[

∂2
x + q2 − v(x)

]

Ψ(x) = 0

On sépare ”onde incidente” et ”onde difusée” en cherchant la solution sous forme

Ψ(x) = sin qx + χ(x)

L’onde diffussée χ obéit une équation inhomogene
[

∂2
x + q2 − v(x)

]

χ(x) = V (x) sin qx

Sur ”le bon chemin”
x → z = xeiθ

et certaines precautions sur V et θ – le terme inhomogene tends vers 0
La solution χ a un comportement exponentiellement decroissant

χ(z) = A(q)e−cqz

On peut extraire A(q) dans sa region asymptotique
Il est plus astucieux – et surtout stable – d’utiliser une formule intégrale (Th. de Green)

A(q) =
∫

∞

0
sin(qx)V (x)χ(x)

1 The Formalism A=3

(E − H0)Ψ = V Ψ V =
∑

ij

Vij +
∑

ijk

Vijk + . . .

[E −H0 − V ]ϕα(x, y) = V (x)
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cijk Si(x) Sj(y) Sk(z)
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BLM
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1

xy
ϕLM

α (x, y) BLM
α (x̂, ŷ) α = {lx, ly} (1)
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Dans R.Lazauskas et J.C  PRC84 2011 nous avons géneralisé cette méthode  
pour résoudre la diffusion A=3,4,… avec des cc.ll. d’etat lié ! 

- Méthode testée sur A=2 et A=3 (n-d,… )  
- Premier calcul pour A=4 (n-3H) R. Lazauskas PRC86, 044002 (2012) 



Exemple: formule intégrale pour amplitude élastique 1+3 

Soit à résoudre (équation radiale reduite en onde S)
[

∂2
x + q2 − v(x)

]

Ψ(x) = 0

On sépare ”onde incidente” et ”onde difusée” en cherchant la solution sous forme

Ψ(x) = sin qx + χ(x)

L’onde diffussée χ obéit une équation inhomogene
[

∂2
x + q2 − v(x)

]

χ(x) = V (x) sin qx

Sur ”le bon chemin”
x → z = xeiθ

et certaines precautions sur V et θ – le terme inhomogene tends vers 0
La solution χ a un comportement exponentiellement decroissant

χ(z) = A(q)e−c(θ)qz

On peut extraire A(q) dans sa region asymptotique
Il est plus astucieux – et surtout stable – d’utiliser une formule intégrale (Th. de Green)

A(q) =
∫ ∞

0
sin(qx)V (x)χ(x)

Pour 1+3 elastique

A13($k) = m
∫ ∫ ∫

dxdydz 6Π†
K(H0 − E)(Kout + Kin) + 3Π†

H(H0 − E)(Hout + H in)

ΠK = (P+ + P−)Q(1 + P+ + P−)Kin

ΠH = P̄+(1 + P+ + P−)Kin

2P+ = (P−)−1 = P23P12)
P̄+ = P13P24)
Q = −P34
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Des expressions equivalents existent pour  A211 et A1111 
 
Elles nécessitent : 
 - le calcul de K et H (“sur le bon chemin”)  
 - le calcul d’une intégrale triple (en fait quintuple…) 



CONCLUSION DE LA PREMIERE PARTIE 
 
Nous avons developpé une méthode pour calculer le break-up à 3 et 4 corps 
 
Son ambition est plus large: résoudre la diffusion à N corps  
 (1) Sans s’encombrer des cc.ll. 
 (2) avec des techniques d’etat lié (*) 
 
Des incroyables progrès “ab initio” ont été faits dans les derniers 20 ans 
pour calculer “exactement” les états liés (NCSM,…)  

Comment faire pour que les “réactions” bénéficient de ces progrès ? 
 

La ramener à des “états liés” semble une piste prometeuse 

(*) JC, A. Deltuva, A. Fonseca, R. Lazauskas “Bound state techniques to solve multiparticle scattering problems” 
     Progress in Particle and Nuclear Physics 74 (2014) 55 

NB. Cela restera toujours “intrinsèquement complexe” 
       A1111 dépend de 8 parametres, A11111 de 11,…. E un seul parametre qqsoit A 
       Donc très limité dans ses applications 
       Sauf si on remplace un cluster par une particule…  
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Table 1 Phase shifts and inelasticity parameters calculated for S-wave Nucleon-deuteron scattering, using MT I–III potential
[13,14]

P.W. Elab (MeV) n-d p-d

This work Ref. [15,16] This work Ref. [15]
2 S 1

2
14.1 Re(δ) 105.5 105.49 108.4 108.41 [3]

η 0.465 0.4649 0.498 0.4983 [1]
4 S 3

2
14.1 Re(δ) 69.0 68.95 72.6 72.60

η 0.978 0.9782 0.983 0.9795 [1]
2 S 1

2
42.0 Re(δ) 41.5 41.35 43.8 43.68 [2]

η 0.502 0.5022 0.505 0.5056
4 S 3

2
42.0 Re(δ) 37.7 37.71 40.1 39.96 [1]

η 0.903 0.9033 0.904 0.9046
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Fig. 2 Comparison of the momentum space AGS results (solid curves) and the current paper ones (dashed-dotted curves). They
contain the deuteron-12C scattering at 30 MeV deuteron laboratory energy (left panel) and the proton-13C elastic scattering at 30.6
MeV proton laboratory energy (right panel). Differential cross sections for the elastic scattering and neutron stripping reaction
are presented as a ratio to the Rutherford cross section dσR/d$. The proton analyzing power is displayed in the bottom of the
right panel figure. The experimental data are taken from Refs. [21–23]

Table 2 Neutron-triton elastic (σe), inelastic (σb) and total (σt ) scattering cross sections (in mb) for the selected neutron laboratory
energies (in MeV) compared with the experimental data

Elab (MeV) MT I–III Exp. [Ref.]

σe σb σt σt

14.4 922 11 933 978 ± 70 [26]
18.0 690 25 715 750 ± 40 [26]
22.1 512 38 550 620 ± 24 [27]

described by the realistic AV18 potential [17], whereas the N −12 C interaction is described by the optical
CH89 potential [18]. The n-12C potential in the 2 P1

2
partial wave is made real and is adjusted to support the

ground state of 13C with 4.946 MeV of binding energy; the parameters are taken from Ref. [19]. This adjust-
ment is made in order to reproduce p − 13C threshold in the transfer reactions. These results are summarized
in Fig. 2 and compared to the ones obtained by the Lisboa group [20], who used the formalism of Alt–Grass-
berger–Sandhas (AGS) equations in momentum space. One may see an excellent agreement between these
two calculations for d +12 C and p +13 C elastic cross sections, as well as for the transfer d +12 C → p +13 C
cross section.

Si l’on introduit des interactions N-Cluster (…et on ferme un peu les yeux) 

On ouvre la voie à la description des très nombreux processus 
Les V seront discutables mais le traitement asymptotique exact 






