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Neutron Stars: Some Historical Facts 

Chandrasekhar shows that massive stars 
will collapse (1931)

Chadwick discovers the neutron (1932) 
(… predicted earlier by Majorana but never published)

Baade-Zwicky introduce the concept of a 
neutron star (1933) 
(… Landau mentions dense stars that look like giant nuclei)

Oppenheimer-Volkoff use GR to compute 
the structure of neutron stars (1939) 
(… predict                       as maximum neutron star mass)M? ' 0.7M�



Neutron Stars: Dame Jocelyn Bell Burnell 

Detected a bit of “scruff”  (1967)

Discovers amazing regularity in the signal  
(P=1.33730119 seconds)

May the signal be from an alien civilization?   
(Little Green Man 1)

Paper announcing first pulsar published   
[Observation of a Rapidly Pulsating Radio Source  
A Hewish, SJ Bell, et al., Nature 217, 709 (1968)]

Nobel awarded to Hewish and Ryle (1974)

“No-Bell” roundly condemned (Hoyle)

“I believe it would demean  
Nobel Prizes if they were  

awarded to research 
students, except in  

very exceptional cases and 
I do not believe this is one 

of them”



The Anatomy of a Neutron Star
Atmosphere (10 cm):  Shapes Thermal Radiation (L=4psR2T4)
Envelope (100 m):  Huge Temperature Gradient (108K 4106K)
Outer Crust (400 m):  Coulomb Crystal (Exotic neutron-rich nuclei)
Inner Crust (1 km):  Coulomb Frustration (“Nuclear Pasta”)
Outer Core (10 km):  Uniform Neutron-Rich Matter (n,p,e,µ)
Inner Core (?):  Exotic Matter (Hyperons, condensates, quark matter)



Neutron Stars: Unique Cosmic Laboratories
Neutron stars are the remnants of massive stellar explosions (CCSN)

Bound by gravity — NOT by the strong force
Catalyst for the formation of exotic state of matter 
Satisfy the Tolman-Oppenheimer-Volkoff equation (vesc /c ~ 1/2)

Only Physics that the TOV equation is sensitive to: Equation of State 
EOS must span about 11 orders of magnitude in baryon density

Increase from 0.7/ 2 Msun transfers ownership to Nuclear Physics!
Predictions on stellar radii differ by several kilometers!

Neutron Stars as Nuclear Physics Gold Mines
Neutron Stars are the remnants of massive stellar explosions

Are bound by gravity NOT by the strong force
Satisfy the Tolman-Oppenheimer-Volkoff equation (v

esc

/c⇠1/2)
Only Physics sensitive to: Equation of state of neutron-rich matter

EOS must span about 11 orders of magnitude in baryon density
Increase from 0.7!2M� must be explained by Nuclear Physics!

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryondensity of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.746 0.15)3 1015 g cm23, or ,10ns.
Evolutionary models resulting in companion masses.0.4M[ gen-

erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period.8ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exoticmatter; green, strange quarkmatter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.976 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases themaximum possiblemass for each EOS. For a 3.15-ms spin period,
this is a=2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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The Equation of State of Neutron-Rich Matter
The EOS of asymmetric matter: a=(N-Z)/A; x=(r-r0)/3r0; T=0 

r0  x0.15 fm-3 — saturation density 4 nuclear density

Symmetric nuclear matter saturates:  
e0  x-16 MeV — binding energy per nucleon 4 nuclear masses
K0x230 MeV — nuclear incompressibility 4 nuclear “breathing” mode

Density dependence of symmetry poorly constrained:  
J  x30 MeV — symmetry energy 4 masses of neutron-rich nuclei
Lx? — symmetry slope 4 neutron skin (Rn-Rp) of heavy nuclei ?
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Bayes’ Theorem  
Thomas Bayes (1701-1761)

A simple example: “False Positives”
A: Individual is infected with the HIV virus
B: Individual tests positive to HIV test

The priors and the likelihood 
P(A) = 1/200 (“prior” knowledge; 0.5% of population is infected)
P(B|A) = 98/100 (likelihood of the evidence; accuracy of test)
P(B) = (1/200)*(98/100)+(199/200)*(2/100) = 496/(100*200)

The odds: the posterior probability
P(A|B) = 49/248 x 20% (odds have increased from 0.5%  
but still very far away from 98%)

P (A|B) =
P (B|A)P (A)

P (B)



Bayes’ Theorem: Application to Model Building

P (M |D) =
P (D|M)P (M)

P (D)

Prior
Posterior

Likelihood
Marginal 

Likelihood

QCD is the fundamental theory of the strong interactions!
M: A theoretical MODEL with parameters and biases
D: A collection of experimental and observational DATA

The Prior P(M): An insightful transformation in DFT

The Likelihood P(D|M)xexp(-c2/2) 

The Marginal Likelihood; overall normalization factor
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Building relativistic mean field models for finite nuclei and neutron stars

Wei-Chia Chen* and J. Piekarewicz†

Department of Physics, Florida State University, Tallahassee, Florida 32306, USA
(Received 18 August 2014; published 7 October 2014)

Background: Theoretical approaches based on density functional theory provide the only tractable method to
incorporate the wide range of densities and isospin asymmetries required to describe finite nuclei, infinite nuclear
matter, and neutron stars.
Purpose: A relativistic energy density functional (EDF) is developed to address the complexity of such diverse
nuclear systems. Moreover, a statistical perspective is adopted to describe the information content of various
physical observables.
Methods: We implement the model optimization by minimizing a suitably constructed χ2 objective function
using various properties of finite nuclei and neutron stars. The minimization is then supplemented by a covariance
analysis that includes both uncertainty estimates and correlation coefficients.
Results: A new model, “FSUGold2,” is created that can well reproduce the ground-state properties of finite nuclei,
their monopole response, and that accounts for the maximum neutron-star mass observed up to date. In particular,
the model predicts both a stiff symmetry energy and a soft equation of state for symmetric nuclear matter,
suggesting a fairly large neutron-skin thickness in 208Pb and a moderate value of the nuclear incompressibility.
Conclusions: We conclude that without any meaningful constraint on the isovector sector, relativistic EDFs
will continue to predict significantly large neutron skins. However, the calibration scheme adopted here is
flexible enough to create models with different assumptions on various observables. Such a scheme—properly
supplemented by a covariance analysis—provides a powerful tool to identify the critical measurements required
to place meaningful constraints on theoretical models.

DOI: 10.1103/PhysRevC.90.044305 PACS number(s): 21.60.Jz, 21.65.Cd, 21.65.Mn

I. INTRODUCTION

Finite nuclei, infinite nuclear matter, and neutron stars are
complex, many-body systems governed largely by the strong
nuclear force. Although quantum chromodynamics (QCD) is
the fundamental theory of the strong interaction, enormous
challenges have prevented us from solving the theory in the
nonperturbative regime of relevance to nuclear systems. To
date, these complex systems can be investigated only in the
framework of an effective theory with appropriate degrees of
freedom. Among the effective approaches, the one based on
density functional theory (DFT) is most promising, as it is the
only microscopic approach that may be applied to the entire
nuclear landscape and to neutron stars. In the past decades nu-
merous energy density functionals (EDFs) have been proposed
which can be grouped into two main branches: nonrelativistic
and relativistic. Skyrme-type functionals are the most popular
ones within the nonrelativistic domain, where nucleons inter-
act via density-dependent effective potentials. Using such a
framework, the Universal Nuclear Energy Density Functional
(UNEDF) Collaboration [1] aims to achieve a comprehensive
understanding of finite nuclei and the reactions involving them
[2–4]. On the other end, relativistic mean field (RMF) models,
based on a quantum field theory having nucleons interacting
via the exchange of various mesons, have been successfully
used since the 1970s and provide a covariant description of
both infinite nuclear matter and finite nuclei [5–10].

*wc09c@my.fsu.edu
†jpiekarewicz@fsu.edu

In the traditional spirit of effective theories, both nonrel-
ativistic and relativistic EDFs are calibrated from nuclear
experimental data that is obtained under normal laboratory
conditions, namely, at or slightly below nuclear saturation
density and with small to moderate isospin asymmetries.
The lack of experimental data at both higher densities and
with extreme isospin asymmetries leads to a large spread
in the predictions of the models, even when they may all
be calibrated to the same experimental data. Consequently,
fundamental nuclear properties, such as the neutron density
of medium-to-heavy nuclei [11–14], proton and neutron drip
lines [15,16], and a variety of neutron-star properties [17–19],
remain largely undetermined.

It has been a common practice for a long time to supplement
experimental results with uncertainty estimates. Indeed, no
experimental measurement could ever be published without
properly estimated “error bars.” Often, the most difficult part
of an experiment is a reliable quantification of systematic
errors, and improving the precision of the measurement
consists of painstaking efforts at reducing the sources of such
uncertainties. On the contrary, theoretical predictions merely
involve reporting a “central value” without any information on
the uncertainties inherent in the formulation or the calculation.
Thus, to determine whether a theory is successful or not, the
only required criterion is to reproduce the experimental data.
Although this approach has certain value—especially if the
examined model reproduces a vast amount of experimental
data—such a criterion is often neither helpful nor meaningful.
The situation becomes even worse if the predictions of an
effective theory are extrapolated into unknown regions, such
as the boundaries of the nuclear landscape and the interior

0556-2813/2014/90(4)/044305(17) 044305-1 ©2014 American Physical Society



Searching for L: The Strategy 
PPNM xLr0 /3 is not a physical observable

Establish a powerful physical argument connecting L to Rskin 
Where do the extra 44 neutrons in 208Pb go? Competition between  
surface tension and the difference S(r0)-S(rsurf)xL.  
The larger the value of L, the thicker the neutron skin of 208Pb 

Ensure that “your” accurately-calibrated DFT supports the correlation   
Statistical Uncertainty: Theoretical error bars and correlation coefficients
What precision in Rskin is required to constrain L to the desire accuracy?

Ensure that “all” accurately-calibrated DFT support the correlation  
Systematic Uncertainty: As with all systematic errors, much harder to quantify

     (… “all models are equal but some models are more equal than others”)
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Theory Informing Experiment
PREX@JLAB: First electroweak evidence 
in favor of Rskin in Pb (error bars too large!)

Precision required in the determination of 
the neutron radius/skin?

As precisely as “humanly possible” - fundamental 
nuclear structure property (cf. charge density) 
To strongly impact Astrophysics?  

Is there a need for a systematic study  
over “many” nuclei? 
PREX, CREX, SREX, ZREX, … 

Is there a need for more than one q-point?   
Radius and diffuseness … or the whole form factor?
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Heaven and Earth  
The enormous reach of the neutron skin

Neutron-star radii are sensitive to the EOS near 2r0
Neutron star masses sensitive to EOS at much higher density 

Neutron skin correlated to a host of neutron-star properties
Stellar radii, proton fraction, enhanced cooling, moment of inertia

We are at a dawn of a new era … the train has left the station    
Predictability typical and uncertainty quantification demanded!
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Editorial: Uncertainty Estimates 

Papers presenting the results 
of theoretical  

calculations are expected to 
include  

uncertainty estimates for the 
calculations  

whenever practicable … 

  



The Composition of the Outer Crust 
High sensitivity to nuclear masses

System unstable to cluster formation
BCC lattice of neutron-rich nuclei imbedded in e-gas

Composition emerges from relatively simple dynamics
Subtle composition between electronic and symmetry energy

Precision mass measurements of exotic nuclei is essential
Both for neutron-star crusts and r-process nucleosynthesis

E/A
tot

= M(N,Z)/A+
3

4
Y 4/3
e k
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+ lattice
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DFT meets BNN

Blume-2006

M(N,Z) = MDFT (N,Z) + �MBNN (N,Z)

Use DFT to predict nuclear masses   
Train BNN by focusing on residuals          

Systematic scattering greatly reduced   
Predictions supplemented by theoretical errors         

PHYSICAL REVIEW C 93, 014311 (2016)

Nuclear mass predictions for the crustal composition of neutron stars:
A Bayesian neural network approach

R. Utama,* J. Piekarewicz,† and H. B. Prosper‡

Department of Physics, Florida State University, Tallahassee, Florida 32306, USA
(Received 25 August 2015; revised manuscript received 14 December 2015; published 20 January 2016)

Background: Besides their intrinsic nuclear-structure value, nuclear mass models are essential for astrophysical
applications, such as r-process nucleosynthesis and neutron-star structure.
Purpose: To overcome the intrinsic limitations of existing “state-of-the-art” mass models through a refinement
based on a Bayesian neural network (BNN) formalism.
Methods: A novel BNN approach is implemented with the goal of optimizing mass residuals between theory
and experiment.
Results: A significant improvement (of about 40%) in the mass predictions of existing models is obtained after
BNN refinement. Moreover, these improved results are now accompanied by proper statistical errors. Finally,
by constructing a “world average” of these predictions, a mass model is obtained that is used to predict the
composition of the outer crust of a neutron star.
Conclusions: The power of the Bayesian neural network method has been successfully demonstrated by a
systematic improvement in the accuracy of the predictions of nuclear masses. Extension to other nuclear
observables is a natural next step that is currently under investigation.

DOI: 10.1103/PhysRevC.93.014311

I. INTRODUCTION

Shortly after the discovery of the neutron by Chadwick, the
remarkable semiempirical nuclear mass formula of Bethe and
Weizsäcker was conceived. Originally proposed by Gamow
and later extended by Weizsäcker, Bethe, Bacher, and oth-
ers [1,2], the “liquid-drop” model (LDM) regards the nucleus
as an incompressible drop consisting of two quantum fluids,
one electrically charged consisting of Z protons and one
neutral containing N neutrons. Given that the nuclear binding
energy B(Z,N ) accounts for only a small fraction (!1%) of the
total mass of the nucleus, it is customary to remove the large,
but well known, contribution from the mass of its constituents.
That is,

B(Z,N ) ≡ Zmp + Nmn − M(Z,N ), (1)

where A = Z + N is the mass (or baryon) number of the
nucleus. In this manner B(Z,N ) encapsulates all the com-
plicated nuclear dynamics. In the context of the liquid-drop
formula, the binding energy is written in terms of a handful of
empirical parameters that represent volume, surface, Coulomb,
asymmetry, and pairing contributions:

B(Z,A) = avA − asA
2/3 − ac

Z2

A1/3
−

(
aa + aas

A1/3

)

× (A − 2Z)2

A
− ap

η(Z,N )
A1/2

+ · · · , (2)

where the pairing coefficient takes values of η = +1,0,−1
depending on whether an even-even, even-odd, or odd-odd
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†jpiekarewicz@fsu.edu
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nucleus is involved. Note that besides the conventional
volume asymmetry term, a surface asymmetry term has also
been included [3]. The handful of empirical coefficients are
determined through a least-squares fit to the thousands of
nuclei whose masses have been determined accurately [4].
It is indeed a remarkable fact that in spite of its enormous
simplicity the 80 year old LDM has stood the test of time.

To a large extent, the reason that the LDM continues to
be enormously valuable even today is because the dominant
contribution to the nuclear binding energy varies smoothly
with both Z and N . Indeed, according to Strutinsky’s energy
theorem [5], the nuclear binding energy may be separated
into two main components: one large and smooth and another
one small and fluctuating. Whereas successful in reproducing
the smooth general trends, the LDM fails to account for
the rapid fluctuations with Z and N around shell gaps. The
explanation for the extra stability observed around certain
“magic numbers” had to await the insights of Haxel, Jensen,
Suess, and Goeppert-Mayer [6,7], who elucidated the vital
role of the spin-orbit interaction in nuclear physics. Since the
seminal work by Goeppert-Mayer and Jensen, who shared
with Wigner the 1963 Nobel Prize, theoretical calculations
have evolved primarily along two separate lines of investiga-
tion. One of them—the so-called microscopic-macroscopic
(“mic-mac”) model—incorporates microscopic corrections
to account for the physics that is missing from the most
sophisticated macroscopic models. Mic-mac approaches have
enjoyed their greatest success in the work of Möller and
co-workers [8–10] and Duflo and Zuker [11]. The second
theoretical approach, falling under the general classification
of microscopic mean-field models, relies on an energy density
functional that is motivated by well known features of the
nuclear dynamics. Such density functionals are expressed in
terms of a handful of empirical constants that are directly fitted
to experimental data [12–15].

2469-9985/2016/93(1)/014311(11) 014311-1 ©2016 American Physical Society



Image Reconstructions meets BNN 
Nature provides precise image of the world   
Models (DFT) aim to reproduce such image 
Image reconstruction (BNN) provides fine tuning

Image reconstructed using Garvey-Kelson “Mass Relations”        



Addressing Future Challenges
Same dynamical origin to neutron skin and NS radius

Same pressure pushes against surface tension and gravity!
Correlation involves quantities differing by 18 orders of magnitude!
NS radius may be constrained in the laboratory (PREX-II, CREX, …)

However, a significant tension has recently emerged! 
Stunning observations have established the existence of massive NS
Recent observations has suggested that NS have small radii
Extremely difficult to reconcile both; perhaps evidence of a phase transition?

Time delay due to NS radiation dipping into  
gravitational well of WD!

The Neutron Star Radius

9.1+1.3
�1.4 km

(90%conf.)

Guillot et al (2013)

<11 km (99% conf).

M-R by J. 
Lattimer

WFF1=
Wiring, Fiks 

and Fabrocini 
(1988) 

Contains 
uncertainties from:

Distance
All spectral 
parameters
Calibration

WFF1 violates causality!



"We have detected gravitational waves. We did it" 
David Reitze, February 11, 2016

The dawn of gravitational wave astronomy 
Initial black hole masses are 36 and 29 solar masses
Final black hole mass is 62 solar masses, 3 solar masses radiated in GW  

What will we learn from NS mergers? 
Tidal polarizability scales as R5 …
NS radius can be measured to better than 1km!

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Observation of Gravitational Waves from a Binary Black Hole Merger

B. P. Abbott et al.*

(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 × 10−21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1σ. The source lies at a luminosity distance of 410þ160

−180 Mpc corresponding to a redshift z ¼ 0.09þ0.03
−0.04 .

In the source frame, the initial black hole masses are 36þ5
−4M⊙ and 29þ4

−4M⊙, and the final black hole mass is
62þ4

−4M⊙, with 3.0þ0.5
−0.5M⊙c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source [1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves [3].
Also in 1916, Schwarzschild published a solution for the

field equations [4] that was later understood to describe a
black hole [5,6], and in 1963 Kerr generalized the solution
to rotating black holes [7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8–10], and in the 1990s higher-order post-
Newtonian calculations [11] preceded extensive analytical
studies of relativistic two-body dynamics [12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade [14–16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations [17–19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar systemPSR B1913þ16
by Hulse and Taylor [20] and subsequent observations of
its energy loss by Taylor and Weisberg [21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding [22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.
Experiments to detect gravitational waves began with

Weber and his resonant mass detectors in the 1960s [23],
followed by an international network of cryogenic reso-
nant detectors [24]. Interferometric detectors were first
suggested in the early 1960s [25] and the 1970s [26]. A
study of the noise and performance of such detectors [27],
and further concepts to improve them [28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29–32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations [33–36].
A century after the fundamental predictions of Einstein

and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the

*Full author list given at the end of the article.
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observations and population synthesis studies suggest
these systems to be most abundant [40]. After energy and
angular momentum losses by GWs have driven the inspiral
of the NSs for several 100 Myrs, there are two different
outcomes of the coalescence. Either the two stars directly
form a black hole (BH) shortly after they fuse (‘‘prompt
collapse’’), or the merging leads to the formation of a
differentially rotating object (DRO) that is stabilized
against the gravitational collapse by rotation and thermal

pressure contributions. Continuous loss of angular momen-
tum by GWs and redistribution to the outer merger remnant
will finally lead to a ‘‘delayed collapse’’ on time scales of
typically several 10–100 ms depending on the mass and the
EoS. For EoSs with a sufficiently highMmax stable or very
long-lived rigidly rotating NSs are the final product.
A prompt collapse occurs for three EoSs of our sample

(marked by x in Table I and Fig. 1). One observes this
scenario only for EoSs with small Rmax. In the simulations
with the remaining EoSs DROs are formed. The evolution
of these mergers is qualitatively similar. The dynamics are
described in [21,22].
For all models that produce a DRO the GW signal is

analyzed by a post-Newtonian quadrupole formula [21].
The inset of Fig. 2 shows the GW amplitude of the plus
polarization at a polar distance of 20 Mpc for NSs de-
scribed by the Shen EoS. Clearly visible is the inspiral
phase with an increasing amplitude and frequency (until
5 ms), followed by the merging and the ringdown of the
postmerger remnant (from 6 ms). All DROs are stable
against collapse well beyond the complete damping of
the postmerger oscillations. In Fig. 2 we plot the spectra
of the angle-averaged effective amplitude, hav¼0:4f~hzðfÞ
(see, e.g., [16]), at a distance of 20 Mpc for the Shen
EoS (solid black) and the eosUU (dash-dotted) together
with the anticipated sensitivity for Advanced LIGO [17]
and the planned Einstein Telescope (ET) [41]. Here

~hzðfÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj~hþj2 þ j~h%j2Þ=2

q
is given by the Fourier trans-

forms, ~hþ=%, of the waveforms for both polarizations
observed along the pole. As a characteristic feature of the
spectra a pronounced peak at fpeak ¼ 2:19 kHz for the
Shen EoS and 3.50 kHz for eosUU is found, which is
known to be connected to the GW emission of the merger
remnant [7]. Recently, this peak has been identified as the
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FIG. 1 (color online). NS M-R relations for all considered
EoSs. Red curves (gray in print version) correspond to EoSs
that include thermal effects consistently, black lines indicate
EoSs supplemented with a thermal ideal gas. The horizontal
line corresponds to the 1:97M& NS [3].
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FIG. 2 (color online). Orientation-averaged spectra of the GW
signal for the Shen (solid) and the eosUU (black dash-dotted)
EoSs and the Advanced LIGO [red dashed (gray in print ver-
sion)] and ET (black dashed) unity SNR sensitivities. The inset
shows the GW amplitude with þ polarization at a polar distance
of 20 Mpc for the Shen EoS.

TABLE I. Used EoSs. Mmax and Rmax are mass and radius of
the maximum-mass TOV configuration, fpeak is the peak fre-

quency of the postmerger GWemission with the FWHM (a cross
indicates prompt collapse of the remnant). f~hzðfpeakÞ is the

effective peak amplitude of the GW signal at a polar distance
of 20 Mpc. The tables of the first five and next seven EoSs are
taken from [25,26], respectively.

Mmax Rmax fpeak, FWHM f~hzðfpeakÞ
EoS with references [M&] [km] [kHz] [10'21]

Sly4 [27] þ!th 2.05 10.01 3.32, 0.20 2.33

APR [28] þ!th 2.19 9.90 3.46, 0.18 2.45

FPS [29] þ!th 1.80 9.30 x x
BBB2 [30] þ!th 1.92 9.55 3.73, 0.22 1.33

Glendnh3 [31]þ!th 1.96 11.48 2.33, 0.13 1.27

eosAU [32] þ!th 2.14 9.45 x x
eosC [33] þ!th 1.87 9.89 3.33, 0.22 1.27

eosL [34] þ!th 2.76 14.30 1.84, 0.10 1.38

eosO [35] þ!th 2.39 11.56 2.66, 0.11 2.30

eosUU [32] þ!th 2.21 9.84 3.50, 0.17 2.64

eosWS [32] þ!th 1.85 9.58 x x
SKA [36] þ!th 2.21 11.17 2.64, 0.13 1.96

Shen [37] 2.24 12.63 2.19, 0.15 1.43

LS180 [36] 1.83 10.04 3.26, 0.25 1.19

LS220 [36] 2.04 10.61 2.89, 0.21 1.63

LS375 [36] 2.71 12.34 2.40, 0.13 1.82

GS1 [38] 2.75 13.27 2.10, 0.12 1.46

GS2 [39] 2.09 11.78 2.53, 0.12 2.15
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pð~dij~θi; ~E;H; IÞ ¼ pð~dij~θi;H; IÞ. (The waveform signal
depends on ~E only through ~Λi which is already included as
a waveform parameter.)
The marginalized PDF [Eq. (20)] is now

pð~EjD;H;IÞ ¼ 1

pðDjH;IÞ

Z
d~θin;1…d~θin;n

× pð~EjH;IÞ
Yn

i¼1

½pðm1i;m2ij~E;H;IÞ

× pð ~Λijm1i;m2i; ~E;H;IÞLð~di; ~θin;i;H;IÞ%;
ð24Þ

where we have defined the quasilikelihood for the intrinsic
parameters as

Lð~di; ~θin;i;H;IÞ ¼
Z

d~θex;ipð~θex;ijH; IÞpð~dij~θi;H; IÞ:

ð25Þ

Because ~Λi is a deterministic function of m1i, m2i and the
EOS parameters,

pð ~Λijm1i; m2i; ~E;H; IÞ ¼ δð ~Λi − ~Λðm1i; m2i; ~EÞÞ: ð26Þ

The marginalized PDF finally becomes

pð~EjD;H; IÞ ¼ 1

pðDjH; IÞ

Z
dm11dm21…dm1ndm2n

× pð~EjH; IÞ
Yn

i¼1

½pðm1i; m2ij~E;H; IÞ

× Lð~di; ~θin;i;H; IÞj ~Λi¼ ~Λðm1i;m2i; ~EÞ
%: ð27Þ

The problem has now been reduced to computing the
quasilikelihood [Eq. (25)] for each BNS event and then
computing Eq. (27).

B. Likelihood and signal-to-noise ratio

The final ingredient we need to evaluate the marginalized
PDF is an expression for the likelihood pð~dij~θi;H; IÞ for
each GWevent.4 In this paper we assume that each detector
in the network has stationary, Gaussian noise and that the
noise between detectors is uncorrelated. This means that
the power spectral density (PSD) SnðfÞa of the noise naðtÞ
in detector a is

h ~naðfÞ ~na&ðf0Þi ¼ 1

2
δðf − f0ÞSnðfÞa; ð28Þ

where ~naðfÞ is the Fourier transform of the noise of
detector a and h·i represents an ensemble average. For a
GW event with true parameters θ̂, resulting in the GW
signal haðt; θ̂Þ, the data stream of detector a will be

daðtÞ ¼ naðtÞ þ haðt; θ̂Þ: ð29Þ

For stationary, Gaussian noise, it is well known that the
probability of obtaining the noise time series nðtÞ is

pn½nðtÞ% ∝ e−ðn;nÞ=2; ð30Þ

where ða; bÞ is the usual inner product between two time
series aðtÞ and bðtÞ weighted by the PSD

ða; bÞ ¼ 4Re
Z

∞

0

~aðfÞ ~b&ðfÞ
SnðfÞ

df: ð31Þ

FIG. 2 (color online). Radius and tidal deformability of
tabulated EOS models (solid line) and the least-squares piece-
wise-polytrope fits (dashed line) to those tabulated models given
in Table I. The 20 vertical lines represent the most likely NS
masses of the ten known BNS systems [38]. Some of these
masses, however, have significant uncertainties. The overlapping
vertical bands represent the 1σ uncertainty in the masses of the
pulsars J1614-2230 (1.97( 0.04M⊙) [1] and J0348þ 0432
(2.01( 0.04M⊙) [2], both in neutron-star–white-dwarf binaries.

4In the following subsections, when we discuss the likelihood
for individual GW events, we omit the event index i for brevity.
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Conclusions 
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Editorial: Uncertainty Estimates

Papers presenting the results of theoretical 
calculations are expected to include 

uncertainty estimates for the calculations 
whenever practicable …

The train has left the station. 
The need for uncertainty estimates 

of theoretical models has 
been recognized in the nuclear 

physics community. So the question is not 
whether to do it or not, 
but how to do it best.

(from a dedicated volume to uncertainty   
quantification in nuclear physics  

on JPG; 11/10/2015)
Wei-Chia Chen and JP 
PRC 90, 044305 (2014)


