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Why and How

Scientific Rationale

“ Solving PDE on curved manyfold (not just GR but also expanding

systems, non cartesian grids)

" Modeling relativistic outflow - High Energy Astrophysical Engines

Strong magnetic field in NS and BH (Magnetars, GRBs, AGN
launching)

Mean field effects, resistivity in NS evolution, dynamo action

Relativistically Hot Systems (QGP - BH-MHD)
Model for strongly magnetized NS
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3+1 Formalism - Metric

'Ws
>, —
Yuv = uv + Nuhy
r [ Line element j
ds® = —a’dt? + v;(dx' + B'dt)(dx + B dt)
a Lapse Function A" Shift-Vector

[Extrinsic Curvature]

K, = —%‘)‘%Bvang = —(V,n, +n,n*Vyn,).
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3+1 Formalism - Fluid

Fidis descrbed by  sress-energy tensor 74 - (Baryon x|

[ 3+1 Contractions of the stress-energy tensor ]

E = Twn“n”, [ Energy density j

S, = —%é“nVTW, [Momentum density]

Saﬁ — fya“fyB”TW, [ Stress density ]

[ Perfect Fluids ]

E=phl? —p, S =phT%',  SY = phT'*v'v’ 4+ py
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The 3+1 Equations - Metric

Einstein Equations ] GHY = 8 THY

L4

[ Evolutionary Equations ]

Opyij = —2akKy; + DifS; + Dy b,
&gKij — 5k5’kKw + K]majﬁk + K;W(?Zﬁk — DZ’D]'O&—I—
+ Oé[Rz'j -+ KKZ] — QKiZKlj] + 4’7’(’&[’7@(5 — E) — QSZ]]

[ Constraints Equations J

2 Z L . .
R+ K* - K;; KV = 167E, Hamiltonian

D;i(K" — Ky7) = 875", Momentum
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CFC Approximation

[ Maximal Slicing ] [ Conformal Flatness j
K.=0 Vi = Y f; = diag(1, r2, r?sin® )

[ Traceless Curvature ]

~. . . o o ) .
2041 = (LAY = VB + VI5' = SV,5" V.

[ Constraint Equations ]

Aw _ [27TE 4+ %fikfjlleijﬁkl] ¢5 7 A(Oéw) = [27T(E + QS) + gfikfjljijﬁkl] awS ’

. 1 . . . . ~.. o
AP+ VT8 = ApBli= 16ma!s’ + 20040V, ($) |

Wilson 2003
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XCFC Approximation
K = %Aij _—— Al = %T T — Al = (LW

[ XCFC System j

ALWZ — 87'(']“']3]',
N 1 A
Aty = —2rEyp~" + gfikfleZ]Akl¢_7a

. R 7 A
Alay) = 27 (E + QS)w_Q + éfikfﬂA”Aklw_S]ozw,
ApBt = 16may 5 f98; + 249V (ap~F),

[ Stable - Hierarchical - Use Proper Conserved Variables j

6 ” 6 6
=SS, E:=y¢SE, §:=q¢55.
Cordero-Carrion et al 2009, Bucciantini & Del Zanna 2011
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Metric Solvers - Scalar

Ag=h(1+q):=H

° g=(1—1) or g = (o) — 1)
@ h Source Terms

[ Semi-spectral decomposition of the scalar quantities ]

2A, 2dA, 1(1+1)

?;Al s Z(mz P P AZ>YZ<Q>=H’

[ Radial Equation for each harmonic solved using FD - tridiagonal inversion J

d*A;  2dA; (1 +1)

d?“2 | Al Hl7

- =
r dr r?

N. Bucciantini: Astronum 2013, Biarritz



Metric Solvers - Vector

(AX)? = HH(X?)

o A=V(V-) -V x(Vx)

Semi-spectral decomposition of the vector quantities

x=3 (Al(r)Yl(H)e,z + By(r)Y",(0)e; + Cy(r)Y"y(0)e qg) .

Radial Equation for each harmonic solved using FD - Matrix inversion

4 d2 8 d [(1+1) rd 7 7
gﬁAl + 23 (rgAz — Az) S (Az + gaBz — ng) =H,| ,

2 2 d 1 d 8A,  4l(l+1) ;
e e P

@ 2d_, I(+1
oyl WD

dr? rdr r?2

C, = HY,
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The GRMHD equations

[ GR-MHD stress-energy tensor ]

TH = phutu” + pgh¥ + FF F*™ — 2F*P F,zgh"

[ GR-MHD equations j + [ Ohm’s law

V(pu) =0 V= Fy, = 0.

V. TH =0  V,*FF =0

[ 3+1 Splitting j

E = phl> —p+ % (E:E'+ B;B'),

S' = phI'*v" + €9*E; By,

SY = phI'*v'! + pyY — E'E’ — B'B? + §(EkEk + B, B")y"
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Algorithm

Initial Condition are derived by solving the XCFC equation for a given
energy distribution

GR-MHD equations are solved on a fixed metric for conserved quantities

The solution for W and the conformal factor are solved

Primitive variables are recomputed

N N N )

The equation for the lapse and shift vector are solved - metric is updated

J
J
J
J

[ Metric update non sync with fluid j
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NS dynamics - vibrations

Simple Test of the metric solver in the perturbative regime

NS -Oscillations

Vibration Modes

-

All the harmonic

frequencies for | = 0,2,4
are recovered with high
Q even for very small

amplitude of the

oscillations ~ 1.e-4

)

No evidence for drift in
the central density

N. Bucciantini: Astronum 2013, Biarritz

Bucciantini & Del Zanna 2011

12



NS Dynamics - migration

Central density p(t)/0.(0)
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NS Dynamics - BH collapse

©

f
(I”

™y
L

/

.

BH Collapse of a supra-massive rotating
NS

~

)

AH and Disk

11.00

0.01

Bucciantini & Del Zanna 2011
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Goodness of XCFC

RNS—-XNS RNS-XCFC
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The XNS code

® Ohm’s law = E'=¢*v;B,=0 and FU=¢e%B,

e Maxwell Egs. =  0i(yAB)=0 e J = 1ek9;(aBy)
o B B’ Can be expressed as a function of just the ¢ component

of the vector potential Ag

e V, T/ =0 = Euler's Equation a4 Oh L — g

e Integrability of Lorenz Force
L,' — G,ijJBK — 8,%/
o AXxisymmetry ls =0=[B =B’ =00 By = .7(A;)/c]

[ Equilibrium is given by Bernoulli Integral j

Ino‘f {Inhﬂ—%:O
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The Grad-Shafranov

Purely Toroidal

Integrability of Euler’s Equation requires B =./Bs;B?:

ap?rsin 0B = Ky, (a?y*r?sin® Oph)™

K2
M= — (a?2)*r? sin® Oph)*m 1
2m —
Poloidal Fields
T, M, Ay Related by Grad-Shafranov:

ALAy = —phyp®r?sin 9qu> 0A,0 In (?p_z) — Z—:%

A, =02+ 305 —

r2tan@ tan 6

Purely Poloidal Twisted-Torus
M = POL(A¢ + %fA?b) M = kPOLA(b

ﬁ =0 9 = a(A¢ — Ag]ax)@(Aq; — Ag‘ax)
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Solving the GS Equation

(BX)? = HO(X?)

~

o A=V(V- )=V x (Vx)

Semi-spectral decomposition of the vector quantities

oo

X = (Al(r)Yl(H)e,z + By(r)Y",(0)e; + Cy(r)Y"y(0)e qg) .

[=0

Only the phi-component need to be solver - Matrix inversion -

@ 2d ., l(+1
LG Gt

dr? rdr r2

C, = HY?,

Non Linear in the source term - lterative
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Parametrizing NS

NS are parametrized using several quantities

Baryon Mass

Proper Mass
Gravitational Mass
Kinetic Energy

Magnetic Energy
Magnetic Azimuthal Flux
Magnetic Dipole Moment
Helicity

Binding Energy
Circumferential Radius
Eccentricity

Q000 QQO®C C (C(
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B (1.e18 G)

B (1.e18 G)

Toroidal Case

Density (1.e14 g/cm3) M = 2 1 (&2w4 I’2 sin th)zm
m—

1

-
Concentrated fields (low
m) have stronger effects.

R(km)

Existence of max. fields
\J

N

Density (1.e14 g/cm3)

(10" G]

max
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Density (1.e14 g/cm3)

Poloidal Case

Density (1.e14 g/cm3)

0.20 [

0.15 F

0.10 [

0.05 [

0.00 —=
0.0
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Twisted Torus

M = kPOLAcb

/

Currents are fully confined
Toroidal field is fully confined

F = a(Ag — AZ)O(A, — AJ™) [ Deformation is oblate

Density (1.e14 g/cm3)

(¥

Btor | Bpol (1.e18 G)
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Conclusion & Developments
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