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Nuclei	
  comprise	
  99.9%	
  of	
  all	
  baryonic	
  maEer	
  in	
  the	
  Universe	
  and	
  are	
  the	
  fuel	
  that	
  burns	
  
in	
  stars.	
  The	
  rather	
  complex	
  nature	
  of	
   the	
  nuclear	
   forces	
  among	
  protons	
  and	
  neutrons	
  
generates	
  a	
  broad	
  range	
  and	
  diversity	
  in	
  the	
  nuclear	
  phenomena	
  that	
  can	
  be	
  observed.	
  
(SciDAC	
  review)	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  THE	
  SAME	
  LAWS	
  GOVERN	
  TERRESTRIAL	
  NUCLEI	
  	
  AND	
  NUCLEI	
  IN	
  COSMOS.	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  But	
  there	
  is	
  fundamental	
  problem:	
  
	
  

We	
  do	
  not	
  know	
  the	
  nature	
  of	
  the	
  nuclear	
  force	
  from	
  first	
  
principles	
  and	
  have	
  to	
  rely	
  on	
  models	
  



Nuclear	
  force:	
  

TWO	
  NUCLEONS	
  IN	
  VACUUM	
  	
  :	
  
nucleon-­‐nucleon	
  sca-ering	
  
tractable	
  with	
  many	
  parameters	
  
no	
  unique	
  model	
  as	
  yet	
  

(Argonne,	
  Bonn,	
  Nijmegen,	
  Paris	
  etc)	
  
‘realisUc’	
  potenUals	
  
	
  
Empirical	
  or	
  One-­‐Boson-­‐Exchange	
  
	
  
Chiral	
  effecUve	
  field	
  theories	
  –	
  relaUon	
  with	
  Quantum	
  Chromodynamics	
  
(QDC	
  non-­‐perturbaUve	
  at	
  low	
  energies)	
  



NUCLEON-­‐NUCLEON	
  INTERACTION	
  IN	
  NUCLEAR	
  MEDIUM:	
  	
  
force	
  depends	
  on	
  density	
  and	
  momentum	
  –	
  	
  
strong	
  and	
  electro-­‐weak	
  interacUons	
  play	
  role	
  –	
  intractable?	
  

NUCLEAR	
  MANY-­‐BODY	
  PROBLEM	
  



Nuclear	
  maEer	
  



Finite	
  nuclei	
  
Neutron	
  stars	
  
Core-­‐Colapse	
  	
  
Supernovae	
  

Quark	
  superfluid	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  Infinite	
  A	
  in	
  an	
  infinite	
  volume	
  V	
  	
  but	
  A/V	
  finite	
  
	
  	
  	
  	
  	
  	
  	
  No	
  Coulomb	
  force	
  ,	
  NO	
  SURFACE	
  EFFECTS	
  
	
  	
  	
  	
  	
  	
  	
  Uniform	
  density	
  distribuUon	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
	
  
	
  

E(N,Z )
A

= aV ! aSA
!1/3 ! aCZ

2A-4/3 ! aSym
N ! Z( )2

A2 ! !  aP  A-7/4

CONCEPT	
  OF	
  NUCLEAR	
  MATTER	
  

E(N ,Z = 0)
A

! E(N = Z )
A

= aSym

R = r0A
1/3    V = 4

3
!R3    "0 =

A
V

SaturaUon	
  point	
  



Two	
  reasons	
  for	
  using	
  nuclear	
  ma-er:	
  
	
  
1.   Simple	
  bench-­‐marks	
  	
  for	
  tesUng	
  nuclear	
  models	
  

	
  

	
  
	
  

2.   Nuclear	
  maEer	
  exists	
  on	
  astrophysical	
  objects	
  
	
  	
  	
  	
  	
  (neutron	
  stars	
  or	
  supernovae)	
  as	
  well	
  as	
  in	
  the	
  	
  
	
  	
  	
  	
  	
  interior	
  	
  of	
  heavy	
  nuclei	
  

av   !  "16 MeV
aSym !   30 MeV

#0   !   0.16 fm"3



RealisIc	
  
bare	
  nucleon	
  	
  

Phenomenological	
  
density	
  dependence	
  

20-­‐60	
  adjustable	
  parameters	
  
Several	
  thousands	
  of	
  data	
  points:	
  
Free	
  nucleon-­‐nucleon	
  scaEering	
  
and	
  properUes	
  of	
  deuteron	
  

10-­‐15	
  adjustable	
  parameters	
  
Several	
  tens	
  of	
  data	
  points:	
  
Symmetric	
  nuclear	
  maEer	
  at	
  saturaUon,	
  	
  
Ground	
  state	
  properUes	
  of	
  finite	
  nuclei	
  

Used	
  in	
  nuclear	
  maEer	
  calculaUons,	
  
shell	
  model,	
  ab-­‐iniUo	
  theories	
  

Used	
  in	
  mean-­‐field	
  models	
  
non-­‐relaUvisUc	
  Hartree-­‐Fock	
  

NO	
  DENSITY	
  DEPENDENT	
  
FURTHER	
  TREATMENT	
  
NEEDED	
  TO	
  USE	
  IN	
  	
  
NUCLEAR	
  ENVIRONMENT	
  

DENSITY	
  DEPENDENCE	
  INCLUDED	
  
IN	
  AN	
  EMPIRICAL	
  WAY	
  THROUGH	
  
PARAMETERS	
  



A18	
  (two-­‐body):	
  	
  
staUc,	
  long	
  range	
  	
  
one-­‐pion	
  exchange	
  
+	
  
	
  medium/short	
  range	
  	
  
18	
  two-­‐body	
  operators	
  

UIX	
  (three-­‐body)	
  
staUc,	
  long-­‐range	
  	
  
two-­‐pion	
  exchange	
  
+	
  
medium/short	
  range	
  
empirical	
  repulsive	
  term	
  

+	
  
relaUvisUc	
  boost	
  	
  
+	
  

! 2"
2e! 3"

EXAMPLE	
  1:	
  REALISTIC	
  POTENTIAL	
  	
  A18+δv+UIX*	
  (Akmal	
  et	
  al,	
  PRC58,1804	
  (1998))	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Normal	
  density	
  in	
  fm-­‐3	
  and	
  E/A	
  in	
  MeV	
  in	
  SNM	
  
	
  
Ρ0	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  A18	
  	
  	
  	
  	
  	
  A18+δv	
  	
  	
  	
  	
  A18+UIX	
  	
  	
  	
  	
  	
  	
  	
  	
  A18+δv+UIX*	
  	
  	
  	
  	
  	
  corr	
  	
  	
  	
  

0.12	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐10.52	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐10.54	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  15.04	
  
0.16	
  	
  	
  	
  	
  	
  -­‐14.59	
  	
  	
  -­‐12.54	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐11.85	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐12.16	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐16.00	
  
0.20	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐11.28	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐12.21	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐15.09	
  

correcUon	
  

EXAMPLE	
  1:	
  REALISTIC	
  BARE	
  NUCLEON	
  POTENTIAL	
  –	
  ARGONNE	
  18	
  	
  



Example	
  of	
  the	
  structure	
  of	
  an	
  Argonne	
  potenUal	
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and single-particle energies in the Bethe-Goldstone equation
has been shown to introduce errors well below 1 MeV for the
binding energy at saturation [19].

Concerning the inclusion of three-body forces in the BHF
approach, we use the formalism developed in Refs. [5–7],
namely a microscopic model based on meson exchange with
intermediate excitation of nucleon resonances (Delta, Roper,
and nucleon-antinucleon). The meson parameters in this
model are constrained to be compatible with the two-nucleon
potential, where possible.

For the use in BHF calculations, this TBF is reduced to
an effective, density-dependent, two-body force by averaging
over the third nucleon in the medium, the average being
weighted by the BHF defect function g, which takes account
of the nucleon-nucleon in-medium correlations [6,8,20]:

Vij (r) = ρ

∫
d3rk

∑

σk ,τk

[1 − g(rik)]2[1 − g(rjk)]2Vijk. (5)

The resulting effective two-nucleon potential has the operator
structure

Vij (r) = (τ i ·τ j )(σ i ·σ j )V τσ
C (r) + (σ i ·σ j )V σ

C (r) + VC(r)

+ Sij (r̂)
[
(τ i ·τ j )V τ

T (r) + VT (r)
]

(6)

and the components V τσ
C , V σ

C , VC, V τ
T , VT are density depen-

dent. They are added to the bare potential in the Bethe-
Goldstone equation (1) and are recalculated together with
the defect function in every iteration step until convergence
is reached. This approach has so far been followed with the
Paris [6], the V14, and the V18 [7] potentials and the results
will be shown in the following presentation of our results. For
complete details, the reader is refered to Refs. [5–7].

We begin in Fig. 1 with the saturation curves obtained with
our set of NN potentials. On the standard BHF level (black
curves) one obtains in general too strong binding, varying
between the results with the Paris, V18, and Bonn C potentials
(less binding), and those with the Bonn A, N3LO, and IS
(very strong binding). Including TBF (with the Paris, V14,
and V18 potentials; red curves) adds considerable repulsion
and yields results slightly less repulsive than the DBHF ones
with the Bonn potentials [16] (green curves). This is not
surprising, because it is well known that the major effect of the
DBHF approach amounts to including the TBF corresponding
to nucleon-antinucleon excitation by 2σ exchange within the
BHF calculation [6,7]. This is illustrated for the case of the V18
potential (open stars) by the dashed (red) curve in the
figure, which includes only the 2σ -exchange “Z-diagram”
TBF contribution. The remaining TBF components are overall
attractive and produce the final solid (red) curve in the
figure.

Figure 2 shows the saturation points of symmetric matter
extracted from the previous results. Indeed there is a strong
linear correlation between saturation density and energy,
confirming the concept of the Coester line. One can roughly
identify three groups of results: The DBHF results with the
Bonn potentials as well as the BHF+TBF results with the Paris,
V14, and V18 potentials lie in close vicinity of the empirical
value. The BHF results with Paris, V14, V18, and Bonn C form
a group with about 1–2 MeV too-large binding and saturation

FIG. 1. (Color online) Energy per nucleon of symmetric nuclear
matter obtained with different potentials and theoretical approaches.
For details see text.

at about 0.27 fm−3. The remaining potentials, in particular the
most recent CD-Bonn, N3LO, and IS, yield strong overbinding
at larger density, more than twice saturation density in the
latter cases. From a practical point of view, it would therefore
appear convenient to use the potentials of the former group
for approximate many-body calculations, because the required
corrections are smaller, at least for Brueckner-type approaches.

Historically, there is the observation that the position of
a saturation point on the Coester line seems to be strongly

FIG. 2. (Color online) Saturation points obtained with different
potentials and theoretical approaches. The (online blue) square
indicates the empirical region.

047304-2

Binding	
  energy	
  per	
  parUcle	
  In	
  symmetric	
  nuclear	
  maEer	
  
As	
  calculated	
  using	
  various	
  “realisUc”	
  models.	
  Empirical	
  
data	
  to	
  match	
  are	
  	
  B/A	
  =	
  -­‐16	
  MeV	
  at	
  ρ	
  =	
  0.16	
  fm-­‐3	
  

	
  	
  Li	
  et	
  al.,	
  PRC74,	
  047304	
  (2006)	
  

The	
  minimum	
  of	
  all	
  curves	
  	
  
should	
  be	
  Ρ	
  =	
  0.16	
  fm-­‐3	
  and	
  
the	
  corresponding	
  B/A	
  	
  
should	
  be	
  -­‐16	
  MeV	
  
	
  
AddiUonal	
  adjustment	
  
such	
  as	
  an	
  addiUon	
  of	
  
3	
  body	
  forces	
  Is	
  needed	
  



EXAMPLE	
  2:	
  PHENOMENOLOGICAL	
  DENSITY	
  DEPENDENT	
  POTENTIAL:	
  
THE	
  SKYRME	
  INTERACTION	
  

Tony Hilton Royle Skyrme �
        1922 - 1987 �

P.-­‐G.	
  Reinhard,	
  Phys.	
  Scr.	
  91,	
  023002	
  (2016).	
  	
  



Parameters	
  adjustable	
  to	
  experiment:	
  
t0,	
  t1,	
  t2,	
  t3,	
  t4,	
  t5,	
  x0,	
  x1,	
  x2,	
  x3,	
  x4,	
  x5,	
  α,	
  β,	
  γ	
  



	
  NUCLEAR	
  MATTER	
  PROPERTIES	
  FROM	
  MEAN	
  FIELD	
  MODELS	
  WITH	
  DENSITY	
  
DEPENDENT	
  SKYRME	
  	
  EFFECTIVE	
  INTERACTION:	
  	
  	
  

	
  
	
  
1.   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  240	
  non-­‐relaUvisUc	
  models	
  based	
  on	
  the	
  Skyrme	
  interacUon	
  -­‐	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  density	
  dependent	
  effecUve	
  nucleon-­‐nucleon	
  force	
  dependent	
  on	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  up	
  to	
  15	
  adjustable	
  parameters	
  were	
  recently	
  tested	
  against	
  the	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  most	
  	
  up-­‐to-­‐date	
  constraints	
  on	
  properUes	
  of	
  nuclear	
  maEer:	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  5	
  saUsfied	
  all	
  the	
  constraints	
  M.	
  Dutra	
  et	
  al.,	
  	
  PRC	
  85,	
  035201	
  (2012)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  BUT	
  ONLY	
  2	
  OF	
  THEM	
  	
  (SQMC(700)	
  and	
  KDEv1)	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ALSO	
  WORK	
  SATISFACTORILY)	
  	
  IN	
  FINITE	
  NUCLEI!!!	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  P.	
  Stevenson	
  et	
  al.,	
  arXiv:1210.1592	
  (2012)	
  
	
  	
  





EXAMPLES	
  OF	
  RESULTS	
  OF	
  THE	
  SYMMETRY	
  ENERGY	
  OF	
  NUCLEAR	
  
MATTER	
  USING	
  DIFFERENT	
  SKYRME	
  MODELS	
  

Santos	
  et	
  al.,	
  arXiv:1507.05856v1	
  (2015)	
  	
  

S(!) = S(!0 )" L (!0 " !)
3!0

           S(!0 ) # aSym # 30 MeVSymmetric	
  nuclear	
  ma-er:	
  

Energy	
  per	
  parIcle	
  



TheoreIcal	
  calculaIons	
  of	
  properIes	
  of	
  PNM	
  at	
  sub-­‐saturaIon	
  density:	
  

 0
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BHF (nn + 3n forces, Av 18 + UIX)  
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Qu. Mont. C. with no 3 body forces  

Qu. Mont. C. with 3 body forces  

FIG. 3: (Color online) Density dependence of pressure in PNM as predicted in BHF, QuMoCa and

CEFT without (with) three-body forces left (right) panel. The QMC model prediction is shown in

the right panel. For more details see text and [40].

36

With	
  and	
  without	
  
3-­‐body	
  forces	
  
	
  
Pressure	
  is	
  too	
  low	
  
In	
  all	
  models	
  without	
  
3-­‐body	
  force,	
  but	
  this	
  force	
  
Is	
  unknown	
  and	
  empirical	
  
expressions	
  introduce	
  
addiUonal	
  parameters	
  
	
  
Solid	
  line:	
  QMC	
  model	
  
	
  Whi$enbury	
  et	
  al.2014	
  

N3LO,	
  BHF,	
  QuMoCa	
  

EXAMPLE	
  	
  3.	
  
Other	
  techniques:	
  	
  Quantum	
  Monte	
  Carlo,	
  Chiral	
  EffecUve	
  Field	
  Theory	
  



Matthias Hempel
Russbach, 14.3.2014

From progenitor stars via CCSNe to neutron stars

• what is the state of 
matter during all these 
stages?

progenitor star at 
onset of collapse

core-collapse 
supernova explosion

cold neutron star

15

Slide	
  from	
  M.Hempel,	
  Russbach,	
  2014	
  	
  



The	
  EquaUon	
  of	
  State	
  (EoS)	
  

           P = !2 " # / !( )
"!

$
%&

'
() s/!

           #(!,T ) = # f
f
* (!,T )  

SummaUon	
  over	
  f	
  includes	
  all	
  hadronic	
  (baryons,	
  mesons),	
  	
  
leptonic	
  and	
  quark	
  	
  (if	
  applicable)	
  components	
  present	
  
	
  in	
  the	
  system	
  at	
  density	
  ρ	
  	
  and	
  temperature	
  T	
  	
  

RelaUon	
  between	
  pressure	
  P,	
  energy	
  density	
  ε,	
  	
  
parUcle	
  number	
  density	
  ρ	
  	
  at	
  temperature	
  T	
  

INPUT	
  TO	
  MODEL	
  CALCULATION	
  OF	
  NEUTRON	
  STARS:	
  

GravitaUonal	
  mass	
  a	
  related	
  radius	
  of	
  a	
  cold	
  neutron	
  star	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Basic	
  model	
  of	
  (non-­‐rotaUng)	
  neutron	
  star	
  properUes:	
  
	
  
Tolman-­‐Oppenheimer-­‐Volkoff	
  (TOV)	
  equaUons	
  for	
  hydrostaUc	
  equilibrium	
  	
  
of	
  a	
  spherical	
  object	
  with	
  isotropic	
  mass	
  distribuUon	
  in	
  general	
  relaUvity:	
  
	
  
-­‐	
  	
  	
  Input:	
  The	
  EquaUon	
  of	
  State	
  	
  P(ε)	
  –	
  pressure	
  	
  as	
  a	
  funcUon	
  of	
  energy	
  density	
  
-­‐	
  	
  	
  	
  	
  Output:	
  	
  Mass	
  as	
  a	
  funcUon	
  of	
  Radius	
  	
  M(R)	
  

I.   Precise	
  determinaUon	
  of	
  a	
  neutron	
  star	
  mass	
  alone	
  	
  is	
  not	
  sufficient	
  to	
  
compare	
  	
  models	
  with	
  observaUon.	
  

	
  
II.   Strong	
  dependence	
  on	
  the	
  equaUon	
  of	
  state	
  –	
  
	
  	
  	
  	
  	
  	
  	
  	
  NUCLEAR	
  AND	
  PARTICLE	
  PHYSICS	
  

dP
dr

= !GM (r)"
r2

(1+ P / "c2 )(1+ 4#r3P /M (r)c2 )
1! 2GM (r) / rc2

M (r) = 4#r '2
0

r

$ "(r ' )dr '
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SUMMARY	
  I:	
  
	
  
1.   Nuclear	
  maEer	
  constraints	
  on	
  the	
  nuclear	
  force	
  are	
  not	
  adequate:	
  

2.   The	
  models	
  have	
  too	
  many	
  correlated	
  parameters	
  for	
  much	
  fewer	
  
	
  	
  	
  	
  	
  	
  	
  reliable	
  experimental	
  data	
  which	
  are	
  also	
  correlated.	
  
	
  	
  	
  	
  	
  	
  	
  Their	
  sensiUvity	
  to	
  the	
  parameters	
  is	
  variable	
  to	
  say	
  the	
  least.	
  
	
  
3.   The	
  only	
  firm	
  parameter	
  of	
  neutron	
  stars	
  is	
  their	
  mass	
  which	
  is	
  
	
  	
  	
  	
  	
  	
  	
  however	
  dependent	
  on	
  the	
  radius.	
  	
  
	
  
4.	
  Radii	
  are	
  very	
  hard	
  to	
  measure	
  and	
  it	
  is	
  very	
  rare	
  to	
  have	
  both	
  
	
  	
  	
  	
  	
  mass	
  and	
  radius	
  known	
  with	
  enough	
  accuracy	
  for	
  the	
  same	
  star.	
  
	
  
See	
  review	
  with	
  details:	
  JRS,	
  Eur.	
  Phys.	
  J.	
  A	
  (2016)	
  52:	
  66	
  
	
  



Finite	
  Nuclei	
  



	
  	
  	
  	
  Coupled	
  Cluster	
  Method	
  
	
  	
  	
  	
  No	
  Core	
  Shell	
  Model	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  Quamtum	
  Monte	
  Carlo	
  
	
  	
  	
  	
  Green's	
  FuncIon	
  Approaches	
  
	
  	
  	
  	
  MR-­‐IM-­‐SRG	
  
	
  

Shell	
  model	
  

Density	
  funcUonal	
  models	
  
mean	
  field	
  models	
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Caurier,	
  E.	
  et	
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Advantages:	
  Calculates	
  excited	
  states,	
  transiUon	
  probabiliUes,	
  decays,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  electromagneUc	
  moments,	
  etc	
  for	
  spherical	
  and	
  deformed	
  nuclei	
  
Disadvantages:	
  Limited	
  valence	
  space	
  when	
  going	
  away	
  from	
  major	
  shells,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  need	
  to	
  use	
  different	
  effecUve	
  interacUon	
  in	
  different	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  shells,	
  no	
  calculaUon	
  for	
  ground	
  states,	
  no	
  nuclear	
  maEer	
  

Courtesy	
  of	
  O
.Sorlin	
  

Pb208	
  



Density	
  funcUonal	
  theory	
  -­‐>	
  Energy	
  density	
  funcUonal	
  	
  	
  

Advantages:	
  calculaUon	
  of	
  ground	
  state	
  properUes,	
  binding	
  energies,	
  radii,	
  HF	
  single-­‐parUcle	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  energies,	
  spin-­‐orbit	
  spli�ng,	
  deformaUons,	
  	
  giant	
  resonances	
  

Disadvantages:	
  calculaUon	
  of	
  realisUc	
  excitaUon	
  states	
  difficult	
  (RPA),	
  no	
  transiUons	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  probabiliUes,	
  beta-­‐decay,	
  electromagneUc	
  moments,	
  pairing	
  has	
  to	
  be	
  added	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

One	
  	
  N	
  –	
  body	
  problem	
   N	
  one-­‐body	
  problems	
  	
  	
  

hEp://ejc2011.sciencesconf.org/conference/ejc2011/EJC2011_lacroix.pdf	
  

Needs	
  input	
  of	
  a	
  phenomenological	
  density	
  dependent	
  nucleon-­‐nucleon	
  potenUal	
  
Skyrme,	
  Gogny	
  etc.	
  introduces	
  uncertainty	
  as	
  these	
  potenUals	
  have	
  many	
  parameters	
  

Hartree-­‐Fock	
  method	
  



EXAMPLES	
  OF	
  RESULTS	
  OF	
  VARIOUS	
  SKYRME	
  HARTREE-­‐FOCK	
  MODELS	
  I	
  

DeviaUons	
  in	
  calculated	
  and	
  experimental	
  binding	
  energies	
  for	
  various	
  forces	
  

Differences	
  between	
  theory	
  and	
  experiment	
  for	
  ground	
  state	
  binding	
  
energy	
  as	
  calculated	
  using	
  different	
  Skyrme	
  models	
  



Current	
  status	
  od	
  the	
  two-­‐neutron	
  separaUon	
  energies	
  in	
  Cd	
  region.	
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Data	
  essenUal	
  for	
  	
  modeling	
  of	
  the	
  r-­‐process	
  nucleosynthesis	
  



Courtesy	
  of	
  Heiko	
  Hergert,	
  NS	
  2016,	
  Knoxville	
  TN	
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AB-­‐INITIO:	
  (eg.	
  MR-­‐iM-­‐SRG,	
  Coupled	
  clusters,	
  No-­‐core	
  shell	
  model,	
  Green’s	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  funcUon	
  models,	
  Quantum	
  Monte	
  Carlo	
  etc.	
  
	
  
Techniques	
  based	
  on	
  EffecUve	
  field	
  theory	
  –	
  include	
  only	
  nucleon-­‐pion	
  interacUon.	
  
	
  
Advantage:	
  	
  Provide	
  ground-­‐state	
  and	
  excited	
  states	
  properUes	
  (include	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  correlaUons	
  in	
  the	
  mean	
  field)	
  calculate	
  interacUon	
  +	
  operators,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  esUmate	
  errors	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Disadvantages:	
  	
  Dependence	
  on	
  cut-­‐off	
  parameters,	
  uncertainty	
  in	
  3-­‐body	
  forces,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  computaUonally	
  expensive	
  to	
  include	
  higher	
  orders	
  in	
  theories	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  to	
  apply	
  to	
  heavier	
  nuclei.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ALREADY	
  MULTIPLE	
  MODELS	
  EXIST	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  SUMMARY	
  II:	
  
	
  
Current	
  models	
  have	
  limited	
  predicUve	
  power	
  –	
  they	
  have	
  too	
  many	
  	
  
parameters	
  and	
  it	
  is	
  impossible	
  to	
  constrain	
  them	
  unambiguously	
  
	
  
Models	
  are	
  o�en	
  adjusted	
  to	
  fit	
  only	
  a	
  selected	
  class	
  of	
  data	
  well,	
  	
  
but	
  	
  they	
  failure	
  elsewhere	
  is	
  neglected	
  .	
  Such	
  models	
  cannot	
  be	
  right.	
  	
  
Even	
  	
  “minimal”	
  models	
  are	
  of	
  a	
  limited	
  use	
  in	
  a	
  	
  broader	
  context.	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Suggested	
  path	
  towards	
  a	
  soluUon	
  ?	
  

Look	
  for	
  new	
  physics!	
  	
  



FUNDAMENTAL	
  QUESTIONS:	
  
	
  
1.	
  Is	
  the	
  nucleon	
  immutable?	
  
	
  
2.	
  When	
  immersed	
  to	
  a	
  nuclear	
  medium	
  with	
  
	
  	
  	
  	
  applied	
  scalar	
  field	
  	
  with	
  strength	
  of	
  order	
  	
  
	
  	
  	
  	
  of	
  half	
  of	
  its	
  mass	
  is	
  it	
  really	
  unchangeable?	
  
	
  
3.	
  Is	
  this	
  effect	
  relevant	
  to	
  nuclear	
  structure?	
  
	
  

En
er
gy
	
  sc

al
es
	
  in
	
  h
ad

ro
n	
  
an

d	
  
N
uc
le
i	
  

	
  	
  	
  	
  Replace	
  interacUon	
  between	
  nucleons	
  
	
  
	
  
	
  	
  	
  	
  By	
  interacUon	
  between	
  valence	
  quarks	
  
	
  	
  	
  	
  in	
  individual	
  non-­‐overlapping	
  nucleons	
  
	
  
	
  	
  	
  Look	
  for	
  the	
  modificaUon	
  of	
  the	
  quark	
  
	
  	
  	
  dynamics	
  in	
  a	
  nucleon	
  due	
  to	
  presence	
  
	
  	
  	
  of	
  other	
  nucleons	
  	
  
	
  	
  	
  ACCOUNT	
  FOR	
  THE	
  	
  MEDIUM	
  EFFECT	
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FIG. 10: Isosurface and surface plot of C(!y) for a 10-sweep
smeared T-shape source with quark positions as in the seventh
configuration of Table I. The maximum expulsion is 8.3% and
the isosurface is set to 4.4%. Further details are described in
the caption of Fig. 6.

FIG. 11: Isosurface and surface plot of C(!y) for a 10-sweep
smeared Y-shape source with quark positions as in the seventh
configuration of Table I. The maximum expulsion is 8.3% and
the isosurface is set to 4.4%. Further details are described in
the caption of Fig. 6.

FIG. 12: Isosurface and surface plot of C(!y) for a 10-sweep
smeared L-shape source with quark separations of " = 10.
The maximum expulsion is 8.8% and the isosurface is set to
4.4%. Further details are described in the caption of Fig. 6.

tive three-quark potential for the various quark positions,
source shapes and Euclidean time evolutions. The vac-
uum expectation value for W3Q is

〈W3Q(τ)〉 =
∞
∑

n=0

Cn exp(−a Vn τ), (4)

where Vn is the potential energy of the n-th excited state
and Cn describes the overlap of the source with the n-
th state. The effective potential is extracted from the
Wilson loop via the standard ratio

a V ("r, τ) = ln

(

W3Q("r, τ)

W3Q("r, τ + 1)

)

. (5)

If the ground state is indeed dominant, plotting V as a
function of τ will show a plateau and any curvature can
be associated with excited state contributions. Statistical
uncertainties are estimated via the jackknife method [16].

Our results for the various quark positions and source
shapes are shown in Fig. 16. All small shapes are stable
against noise over a long period of time evolution and
even some of the largest shapes show some stability be-
fore being lost into the noise.

Robust plateaus are revealed for the first four quark
positions of Table I for the T and Y shape sources. This
suggests the ground state has been isolated and indeed
the four lowest effective potentials of the T- and Y-shape
sources agree. This result was foreseen in the qualita-
tive analysis where Figs. 6 and 7 for the T- and Y-shape
sources respectively displayed the same correlations be-
tween the action density and the quark positions.

Conversely, the disagreement between Figs. 10 and 11
indicates the ground state has not been isolated in one
or possibly both cases. Indeed the nontrivial slopes of
the seventh effective potentials of Fig. 16 for the Y- and
T-shape sources confirm this. On the other hand, the
curves are sufficiently flat to estimate an effective poten-
tial at small values of τ , and given knowledge of the node
position from our qualitative analysis, one can make con-
tact with models for the effective potential.

The expected "r dependence of the baryonic potential
is [2, 4]

V3Q =
3

2
V0 −

1

2

∑

j<k

g2CF

4πrjk
+ σL , (6)

where CF = 4/3, σ is the string tension of the qq̄ poten-
tial and L is a length linking the quarks. There are two
models which predominate the discussion of L; namely
the ∆ and Y ansätze.

In the ∆-ansatz, the potential is expressed by a sum
of two body potentials [4]. In this case L = L∆/2 =
3〈dqq〉/2 where L∆ is the sum of the inter-quark dis-
tances. In the Y-ansatz [2, 6], L = LY = 3〈rs〉 is the
sum of the distances of the quarks to the Fermat point.

La�ce	
  QCD	
  simulaUons	
   SchemaUc	
  (Guichon)	
  



1.   	
  Start	
  with	
  a	
  baryon	
  as	
  an	
  MIT	
  (MassachuseEs	
  InsUtute	
  of	
  Technology)	
  bag	
  (with	
  
one	
  qluon	
  exchange)	
  	
  immersed	
  in	
  a	
  mean	
  scalar	
  field	
  created	
  by	
  the	
  other	
  
nucleons	
  

	
  
	
  
2.   Solve	
  the	
  bag	
  equaUons	
  in	
  the	
  density	
  dependent	
  scalar	
  field	
  
	
  	
  	
  	
  	
  	
  to	
  obtain	
  a	
  dynamical	
  nucleon	
  effecUve	
  mass	
  
	
  
	
  
	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  WHAT	
  WE	
  DO:	
  
	
  
	
  
	
  
	
  
	
  

MN
* = MN ! g!N! + d

2
g!N!( )2

	
  	
  	
  	
  	
  	
  The	
  last	
  term	
  	
  represents	
  the	
  response	
  of	
  the	
  nucleon	
  to	
  the	
  scalar	
  field	
  with	
  	
  
	
  	
  	
  	
  	
  	
  d	
  being	
  the	
  scalar	
  polarizability	
  –	
  the	
  ORIGIN	
  OF	
  MANY-­‐	
  BODY	
  FORCES	
  in	
  QMC.	
  
	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  d	
  =	
  0.0044	
  +	
  0.211RB	
  −	
  0.0357RB

2	
  ,	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  where	
  RB	
  is	
  	
  the	
  bag	
  radius	
  and	
  the	
  coupling	
  	
  constant	
  gσN	
  of	
  	
  the	
  composite	
  nucleon	
  to	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  the	
  σ	
  field	
  at	
  zero	
  density	
  is	
  a	
  parameter	
  to	
  	
  be	
  fiEed	
  to	
  data.	
  



Obtain	
  Lagrangian	
  density	
  on	
  a	
  hadronic	
  level	
  (baryons,	
  mesons)	
  +leptons,	
  	
  
using	
  the	
  effecUve	
  baryon	
  mass	
  M*N,	
  	
  solve	
  the	
  field	
  equaUons	
  in	
  a	
  mean	
  field	
  	
  
approximaUon	
  (Hartree-­‐Fock),	
  and	
  proceed	
  to	
  calculate	
  standard	
  
observables.	
  

For	
  technical	
  details	
  see	
  Guichon	
  et	
  al	
  NPA772,1	
  (2006),	
  Stone	
  et	
  al	
  
NPA792,	
  341	
  (2007)	
  ,	
  Whi$enbury	
  et	
  al.	
  PRC	
  89,	
  065801(2014)	
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as functions of the scalar field (as in Ref. [15]) through a
calculated, density-dependent, scalar coupling, gσB(σ̄ ).

The saturation of symmetric nuclear matter [11] is a
natural effect of the self-consistent response of the quark wave
functions to the mean scalar field, a direct consequence of
which is the reduction of the effective σN coupling as the σ
field increases. By analogy with the electric polarizability of an
atom, which tends to arrange its internal structure to oppose
an applied electric field, this reduction of the σN coupling
is characterized as the scalar polarizability of the nucleon. It
is remarkable that the influence of baryon substructure, in a
mean-field approximation, is entirely described in terms of the
parametrization of the effective mass of the baryon through
the density-dependent scalar coupling derived from the quark
model of the baryon and g

q
σ . One can therefore replace the

explicit description of the internal structure of the baryons by
constructing an effective Lagrangian on the hadronic level,
with the calculated nonlinear σ -baryon couplings given in
Ref. [15],

M∗
B = MB − wσBgσN σ̄ + d

2
w̃σB (gσN σ̄ )2 (2)

(where the weightings wσB and w̃σB simply allow the use
of a unique coupling to nucleons), and proceed to solve the
relativistic mean-field equations in a standard way [22].

The QMC Lagrangian density used in this work is given by
a combination of baryon, meson, and lepton components,

L =
∑

B

LB +
∑

m

Lm +
∑

"

L", (3)

for the octet of baryons B ∈ {N,#,$,%}, selected mesons
m ∈ {σ,ω,ρ,π}, and leptons " ∈ {e−,µ−} with the individual
Lagrangian densities,

LB = )̄B

[
iγµ∂µ − MB + gσB(σ )σ − ,

µ
ωBωµ

− $,µ
ρB · $ρµ − $,πB · $π

]
)B, (4)

∑

m

Lm = 1
2

(
∂µσ∂µσ − m2

σ σ 2) − 1
4
-µν-

µν + 1
2
m2

ωωµωµ

− 1
4

$Rµν · $Rµν + 1
2
m2

ρ $ρµ · $ρµ

+ 1
2

(
∂µ $π · ∂µ $π − m2

π $π · $π
)
, (5)

for which the vector meson field strength tensors are -µν =
∂µων − ∂νωµ and $Rµν = ∂µ $ρν − ∂ν $ρµ, and

L" = )̄"(iγµ∂µ − m"))". (6)

For the baryon masses we take the average over the isospin
multiplet of their experimental values, where as for the mesons
and leptons we simply use the experimental values.

In a mean-field description of infinite nuclear matter with
uniform density, one can set spatial derivatives of all fields
to zero and replace the meson field operators with their
expectation values:

σ → 〈σ 〉 ≡ σ̄ , (7)

ωµ → 〈ωµ〉 = 〈δµ0ωµ〉 ≡ ω̄, (8)

$ρµ → 〈$ρµ〉 = 〈δµ0δa3ρµa〉 ≡ ρ̄, (9)

$π → 〈$π〉 = 0. (10)

This is usually called the Hartree mean-field approximation.
The next step is to include the Fock level contributions

involving the meson-baryon vertices which are expressed as

,σB = gσBCB(σ̄ )F σ (k2)1 = −∂M∗
B

∂σ̄
F σ (k2)1, (11)

$,ηB = εµ
η

$,µηB = εµ
η

[
gηBγµF

η
1 (k2) + ifηBσµν

2M∗
B

kνF
η
2 (k2)

]
$t ;

η ∈ {ω,ρ}, (12)
$,πBB ′ = igπBB ′F π (k2)γ µkµγ5 $τ , (13)

with the isospin matrix $t only applicable to isovector mesons.
For nucleons and cascade particles $t = $τ

2 . For the ρ meson
the flavor dependence is contained completely in the isospin
matrix, such that gρB = gρN = gρ . The pion-baryon inter-
action is assumed to be described by an SU(3) invariant
Lagrangian with the mixing parameter α = 2/5 [19] from
which the hyperon-pion coupling constants can be given in
terms of the pion-nucleon coupling, gπBB ′ = gπNNχBB ′ =
gA

2fπ
χBB ′ [19,25].
The ratios of tensor to vector couplings κB

(ω,ρ) =
fB(ω,ρ)/gB(ω,ρ) given in Table I are rescaled using the free
proton mass

κB
(ω,ρ) → κB

(ω,ρ) × M∗
B

Mp

. (14)

Equation (14) is used in all variants of the model (“scenarios”),
considered in this work except where a result is labeled “Eff.
Proton Mass.” The reason for this choice is that the derivation
of the QMC model is based on an order-by-order expansion
in the effect of the scalar field; using the effective mass of the
proton in the Pauli term coupling assumes that the scalar field
does not appear in some other way at the level of momentum-
dependent couplings. A systematic expansion would ensure
that all effects are included consistently to a given order. In
the absence of such a derivation it would be natural to write
the couplings in terms of the free baryon mass as is done in

TABLE I. Relations between baryon magnetic moments and
anomalous isoscalar and isovector magnetic moments κB

(IS,IV ) =:
κB

(ω,ρ) = fB(ω,ρ)/gB(ω,ρ) using experimental magnetic moments [29].

Relation Magnetic moments κB
(IS,IV ) =: κB

(ω,ρ)
(nm)

µp = 1 + 1
2

(
κN

IS + κN
IV

)
µn = −1.913 κN

IS = −0.12

µn = 1
2

(
κN

IS − κN
IV

)
µp = 2.793 κN

IV = 3.706

µ# = κ#
IS µ# = −0.61 κ#

IS = −0.61

µ$+ = 1 +
(
κ$

IS + κ$
IV

)
µ$− = −1.16 κ$

IS = 0.649

µ$− = −1 +
(
κ$

IS − κ$
IV

)
µ$+ = 2.458 κ$

IV = 0.809

µ%0 = 1
2

(
κ%

IS + κ%
IV

)
µ%− = −0.65 κ%

IS = −0.9

µ%− = −1 + 1
2

(
κ%

IS − κ%
IV

)
µ%0 = −1.25 κ%

IV = −1.5993
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as functions of the scalar field (as in Ref. [15]) through a
calculated, density-dependent, scalar coupling, gσB(σ̄ ).

The saturation of symmetric nuclear matter [11] is a
natural effect of the self-consistent response of the quark wave
functions to the mean scalar field, a direct consequence of
which is the reduction of the effective σN coupling as the σ
field increases. By analogy with the electric polarizability of an
atom, which tends to arrange its internal structure to oppose
an applied electric field, this reduction of the σN coupling
is characterized as the scalar polarizability of the nucleon. It
is remarkable that the influence of baryon substructure, in a
mean-field approximation, is entirely described in terms of the
parametrization of the effective mass of the baryon through
the density-dependent scalar coupling derived from the quark
model of the baryon and g

q
σ . One can therefore replace the

explicit description of the internal structure of the baryons by
constructing an effective Lagrangian on the hadronic level,
with the calculated nonlinear σ -baryon couplings given in
Ref. [15],

M∗
B = MB − wσBgσN σ̄ + d

2
w̃σB (gσN σ̄ )2 (2)

(where the weightings wσB and w̃σB simply allow the use
of a unique coupling to nucleons), and proceed to solve the
relativistic mean-field equations in a standard way [22].
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∂µων − ∂νωµ and $Rµν = ∂µ $ρν − ∂ν $ρµ, and

L" = )̄"(iγµ∂µ − m"))". (6)

For the baryon masses we take the average over the isospin
multiplet of their experimental values, where as for the mesons
and leptons we simply use the experimental values.

In a mean-field description of infinite nuclear matter with
uniform density, one can set spatial derivatives of all fields
to zero and replace the meson field operators with their
expectation values:

σ → 〈σ 〉 ≡ σ̄ , (7)
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$π → 〈$π〉 = 0. (10)

This is usually called the Hartree mean-field approximation.
The next step is to include the Fock level contributions

involving the meson-baryon vertices which are expressed as
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with the isospin matrix $t only applicable to isovector mesons.
For nucleons and cascade particles $t = $τ

2 . For the ρ meson
the flavor dependence is contained completely in the isospin
matrix, such that gρB = gρN = gρ . The pion-baryon inter-
action is assumed to be described by an SU(3) invariant
Lagrangian with the mixing parameter α = 2/5 [19] from
which the hyperon-pion coupling constants can be given in
terms of the pion-nucleon coupling, gπBB ′ = gπNNχBB ′ =
gA

2fπ
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The ratios of tensor to vector couplings κB
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fB(ω,ρ)/gB(ω,ρ) given in Table I are rescaled using the free
proton mass
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(ω,ρ) → κB

(ω,ρ) × M∗
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Mp

. (14)

Equation (14) is used in all variants of the model (“scenarios”),
considered in this work except where a result is labeled “Eff.
Proton Mass.” The reason for this choice is that the derivation
of the QMC model is based on an order-by-order expansion
in the effect of the scalar field; using the effective mass of the
proton in the Pauli term coupling assumes that the scalar field
does not appear in some other way at the level of momentum-
dependent couplings. A systematic expansion would ensure
that all effects are included consistently to a given order. In
the absence of such a derivation it would be natural to write
the couplings in terms of the free baryon mass as is done in
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ApplicaUon	
  to	
  nuclear	
  maEer:	
  



Parameters	
  (very	
  liEle	
  maneuvering	
  space)	
  :	
  	
  
	
  
I.	
  	
  3	
  nucleon-­‐meson	
  coupling	
  constants	
  	
  in	
  vacuum	
  
	
  

	
  
	
  
	
  
	
  
	
  
	
  
Constrained	
  by	
  saturaUon	
  properUes	
  of	
  symmetric	
  nuclear	
  
maEer	
  (saturaUon	
  density	
  and	
  energy)	
  and	
  the	
  symmetry	
  energy	
  
(difference	
  between	
  the	
  energy	
  per	
  parUcle	
  in	
  SNM	
  and	
  PNM)	
  
	
  

g!N ,g"N ,g#N

G!N = g!N
2 /m!

2      G"N = g"N
2 /m"

2       G#N = g#N
2 /m#

2

 
g!N = 3g!

q d!r
Bag
" qq(!r )        g#N = 3g#

q         g$N = g$
q



II.	
  	
  Meson	
  masses:	
  ω,	
  ρ,	
  π	
  	
  keep	
  their	
  	
  physical	
  values	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  650	
  MeV	
  	
  	
  <	
  	
  	
  	
  	
  	
  	
  Mσ	
  	
  	
  	
  	
  <	
  	
  	
  700	
  MeV	
  
	
  
	
  
III.	
  	
  	
  Bag	
  radius	
  (free	
  nucleon	
  radius):	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  1	
  fm	
  	
  (limited	
  sensiUvity	
  within	
  change	
  +/-­‐	
  20%)	
  
	
  
	
  
All	
  other	
  parameters	
  either	
  calculated	
  within	
  the	
  model	
  
or	
  fixed	
  by	
  symmetry.	
  



Results	
  of	
  QMC	
  to	
  dense	
  nuclear	
  maEer	
  
and	
  neutron	
  stars	
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  core	
  as	
  calculated	
  in	
  the	
  QMC	
  model	
  
(nucleon-­‐hyperon	
  interacUon	
  calculated	
  in	
  a	
  mean	
  field	
  approximaUon)	
  

The	
  first	
  evidence	
  of	
  a	
  deeply	
  bound	
  
state	
  of	
  Ξ-­‐-­‐14N	
  system"K.Nakazawa	
  
et	
  al.,Prog.	
  Theor.	
  Exp.	
  Phys.	
  (2015),	
  	
  
	
  
New	
  results	
  Emiko	
  Hyama	
  –	
  private	
  
communicaIon	
  	
  

Non-­‐Existence	
  of	
  bound	
  Σ	
  hypernuclei	
  

Existence	
  of	
  Λ	
  -­‐	
  hypernuclei	
  

JRS,	
  Guichon,	
  Matevosyan,	
  Thomas,	
  NPA	
  792,	
  341	
  (2007)	
  	
  	
  

Existence	
  of	
  cascade-­‐hypernucleus	
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Figure 1: The composition of neutron star matter as a function of baryon density. Hyperons appear around 2n0. The
presence of the Σ hyperons depends crucially on the sign of the hyperon-nucleon potential, there are no Σ hyperons
present for a repulsive potential. Left plot: attractive Σ potential, right plot: repulsive Σ potential (see [13] for the details
of the model used).

of M < 1.4M! which is incompatible with observations. Hence, at high densities repulsive
interactions between hyperons and nucleons are important for the stability of neutron stars.

Modern many-body approaches use as input the two-body potentials as deduced from hyperon-
nucleon scattering data. For the Nijmegen soft-core hyperon nucleon potentials Vidana et al.
find that the maximum mass is only Mmax = 1.47M! which reduces to even Mmax = 1.34M!
when the hyperon-hyperon potentials are switched on [19]. Also Baldo et al. find values of
Mmax = 1.26M! even when including three-body nucleon interactions [18]. More recently
Schulze et al. [20] and Djapo et al. [26] confirm that Mmax < 1.4M! for modern microscopic (ab
initio) approaches. Hence, the neutron star equation of state gets too soft at high densities giv-
ing too low masses. Probably the underlying reason are missing three-body forces for hyperons
(YNN, YYN, YYY), which give additional repulsive contributions at high densities. If so then
it seems that neutron stars can not live without hyperon three-body forces. Certainly, here more
input is needed from hypernuclear physics by e.g. the study of light double hypernuclei in the
near future to extract the hyperonic three-body forces.

5. Maximum possible mass of neutron stars

There is another strange hadron with strong relations to the physics of the maximum possible
mass of neutron stars. Kaons produced subthreshold in heavy-ion experiments can serve as a
messenger of the high-density zone created in the collision. Kaons are produced by associated
production e.g. via NN→ NΛK, and NN→NNKK in elementary proton-proton collisions. In
the medium, i.e. in heavy-ion collisions, rescattering processes open up as πN → ΛK, πΛ →
NK from produced pions which have a lower q-value and are therefore able to pump up the
kaon production rates substantially compared to the elementary pp-collisions. At subthreshold
bombarding energies of heavy ions the matter can be compressed up to 3n0. However, kaons have
a long mean-free path, they scatter elastically with nucleons and pions, only hyperons can absorb
them as kaons carry an antistrange quark. Hence, kaons can escape from the high density zone

J. Schaffner-Bielich / Nuclear Physics A 835 (2010) 279–286282

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  RelaUvisUc	
  mean	
  fields	
  with	
  GM1	
  interacUon	
  	
  	
  
Empirical	
  hyperon-­‐N	
  potenUals	
  fiEed	
  self-­‐consistently	
  to	
  data.	
  
(J.	
  Schaeffner-­‐Bielich)	
  	
  

In	
  these	
  models	
  the	
  hyperon-­‐nucleon	
  interacUon	
  have	
  to	
  be	
  put	
  in	
  by	
  hand	
  (or	
  fiEed).	
  
QMC	
  calculates	
  it	
  within	
  the	
  model.	
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2	
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  mass	
  neutron	
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  observaUon	
  –	
  no	
  hyperon	
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Parameters	
  of	
  the	
  QMC	
  models	
  for	
  nuclear	
  maEer	
  as	
  derived	
  in	
  
JRS,	
  Guichon,	
  Matevosyan,	
  Thomas,	
  NPA	
  792,	
  341	
  (2007)	
  	
  	
  
	
  
	
  



ApplicaUon	
  to	
  finite	
  nuclei	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  ApplicaUon	
  to	
  finite	
  nuclei(non-­‐relaUvisUc	
  approximaUon):	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Derive	
  local	
  QMC	
  energy	
  funcUonal	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  implemented	
  into	
  a	
  2D	
  Hartree-­‐Fock	
  +	
  BCS	
  model	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  (spherical	
  and	
  quadrupole	
  and	
  octupole	
  deformaUon)	
  

Stone,	
  Guichon,	
  Reinhard,	
  Thomas	
  	
  PRL	
  116,	
  092501	
  (2016)	
  



Quadrupole	
  deformaUon	
  and	
  ground	
  state	
  binding	
  energy	
  for	
  selected	
  SHE	
  nuclei	
  

Skyrme	
  SV-­‐min	
  
P.	
  Klupfel,	
  P.-­‐G.	
  Reinhard,	
  	
  
T.	
  J.	
  Burvenich,	
  	
  and	
  J.	
  A.	
  Maruhn,	
  	
  	
  
Phys.	
  Rev.	
  	
  C	
  79,	
  034310	
  (2009)	
  

Finite	
  Range	
  Droplet	
  Model	
  (FRDM)	
  
P.	
  Moller	
  et	
  al.,	
  ADNDT,	
  59,	
  185	
  
	
  (1995)	
  	
  



Spectrum	
  of	
  single-­‐parUcle	
  energies	
  in	
  the	
  ground	
  state	
  of	
  78Ni	
  

Data	
  taken	
  from	
  Grawe	
  et	
  al.,	
  Rep.Prog.Phys.	
  70,	
  1525	
  (2007)	
  

En
er
gy
	
  [M

eV
]	
  



Final	
  parameters:	
  
	
  
	
  

G! = 11.847 ± 0.020 fm2

G" = 8.268 ± 0.020 fm2

G# = 7.682 ± 0.025 fm2

M! = 3.66 ± 0.01 fm2

Consistent	
  with	
  SNM	
  properUes:	
  
E0	
  =-­‐16.03	
  MeV,	
  ρ0	
  =	
  0.153	
  fm−3	
  ,	
  	
  
K0	
  =	
  340	
  MeV,	
  S0	
  =	
  29.99	
  MeV,	
  
	
  L	
  =	
  23.35	
  MeV	
  
	
  m*/m	
  =	
  0.77	
  

Note	
  that	
  in	
  QMC	
  we	
  determine	
  error	
  of	
  the	
  parameters.	
  	
  
	
  
The	
  set	
  is	
  unique	
  within	
  these	
  	
  errors	
  for	
  the	
  current	
  Hamiltonian	
  
	
  	
  
(PracUcally	
  impossible	
  to	
  idenUfy	
  a	
  unique	
  set	
  for	
  other	
  mean-­‐field	
  models	
  
with	
  many	
  more	
  parameters	
  –	
  see	
  eg.	
  Klupfel	
  et	
  al.,	
  PRC	
  79,	
  034310	
  (2009))	
  



AddiUon	
  of	
  the	
  pion	
  exchange	
  



The	
  effect	
  of	
  the	
  pion	
  –	
  Ca	
  region	
  I	
  



The	
  effect	
  of	
  the	
  pion-­‐II	
  



CorrelaUon	
  of	
  neutron	
  skin,	
  point	
  proton	
  and	
  neutron	
  radii	
  in	
  48Ca	
  

From	
  Hagen	
  et	
  al.,	
  Nat.Phys.	
  12,	
  186	
  (2016)	
  
Red	
  circles:	
  	
  	
  	
  NNLOsat	
  	
  	
  PRC	
  91,	
  051301(R)	
  (2015)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Yellow	
  symbols:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Blue	
  squares:	
  	
  	
  	
  	
  	
  	
  	
  Ch-­‐Int.	
  PRC	
  83,	
  031301	
  (2011)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  QMC(π)	
  
Grey	
  diamonds:	
  	
  	
  	
  DFT	
  PRC	
  85,	
  041302	
  (2012)	
  
	
  



Sudden	
  increase	
  in	
  nuclear	
  size	
  above	
  48Ca	
  

! < rch
2 >48,52

Garcia	
  Ruiz	
  et	
  al.,	
  Nat.	
  Phys.	
  12,	
  594	
  (2016)	
  

0.530(5)	
  	
  fm2	
  exp	
  
0.340	
  	
  	
  	
  	
  	
  	
  fm2	
  QMC(π)	
  
0.192	
  	
  	
  	
  	
  	
  	
  fm2	
  SV-­‐min	
  

! < rch
2 >48,50

0.293(37)	
  fm2	
  exp	
  
0.169	
  	
  	
  	
  	
  	
  	
  	
  fm2	
  	
  QMC(π)	
  
0.107	
  	
  	
  	
  	
  	
  	
  	
  fm2	
  	
  	
  	
  SV-­‐min	
  

★	
  

★	
  

Is
ot
op

e	
  
sh
i�
	
  



BE,	
  SN	
  and	
  Δ	
  =	
  (Sn(48Ca)	
  −	
  Sn(49Ca))/2	
  in	
  MeV,	
  Rch	
  in	
  fm.	
  

	
  	
  	
  See	
  also	
  Hebeler	
  et	
  al.,	
  PRC	
  83,	
  031301	
  (2011)	
  	
  more	
  explanaUon	
  

Ab	
  iniUo	
  predicUons	
  of	
  observables	
  in	
  48Ca	
  for	
  models	
  with	
  varying	
  
	
  two-­‐body	
  cut-­‐off	
  parameters	
  and	
  EM	
  and	
  PWA	
  two-­‐body	
  potenUals	
  
(Basis	
  for	
  esUmaUon	
  of	
  uncertainUes)	
  

Supplementary	
  material,	
  Hagen	
  et	
  al.,	
  Nat.Phys.	
  12,	
  186	
  (2016)	
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SUMMARY	
  III:	
  
If	
  a	
  model	
  works	
  it	
  has	
  to	
  work	
  everywhere	
  

IF	
  IT	
  FAILS,	
  PLAYING	
  WITH	
  PARAMETERS	
  OF	
  ADDITION	
  OF	
  TERMS	
  WITHOUT	
  	
  
A	
  CLEAR	
  PHYSICAL	
  MEANING	
  	
  IS	
  NOT	
  THE	
  WAY	
  FORWARD	
  

.	
  
IT	
  IS	
  THE	
  PHYSICS	
  WHICH	
  HAS	
  TO	
  BE	
  LOOKED	
  INTO.	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  It	
  is	
  just	
  the	
  beginning…….	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  



Back-­‐up	
  slides	
  



	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  QMC	
  force	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Skyrme	
  force	
  
	
  
Parameters:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  4	
  (unique)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  10+	
  	
  (infinite)	
  
	
  
Physics	
  base:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  more	
  fundamental	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  more	
  empirical	
  
	
  
Nuclear	
  maEer:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  valid	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  someUmes	
  valid	
  
	
  
Finite	
  nuclei:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  1	
  –	
  2	
  %	
  level	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  less	
  than	
  	
  1	
  –	
  2	
  %	
  level	
  	
  	
  
	
  
Neutron	
  stars:	
  	
  (rel)	
  	
  	
  	
  	
  valid	
  up	
  to	
  ~6-­‐7	
  ρ0	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  not	
  valid	
  above	
  ~	
  3	
  ρ0	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  hyperons	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  nucleon	
  only	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  
Future:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  development	
  (pions	
  +)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ?	
  





Overview	
  of	
  the	
  results	
  (compared	
  to	
  	
  a	
  Skyrme	
  interacUon	
  SV-­‐min	
  *)	
  	
  
	
  

*)	
  P.	
  Klupfel	
  et	
  al.,	
  Phys.	
  Rev.	
  	
  C	
  79,	
  034310	
  (2009)	
  



Phase	
  transiIons:	
  
	
  
Gas	
  –liquid	
  crust	
  –	
  core	
  transiIon	
  
	
  
Uniform	
  beta	
  equilibrium	
  hadronic	
  ma-er:	
  
nucleons,	
  hyperons,	
  boson	
  condensates	
  
	
  
Supernova	
  ma-er	
  (no	
  equilibrium)	
  
	
  
hadronic	
  –	
  quark	
  ma-er	
  
	
  
quark	
  ma-er	
  (superfluid	
  phases)	
  



Nuclear	
  “pasta”	
  structures	
  

•  Ravenhall	
  et	
  al	
  1983	
  &	
  
Hashimoto	
  et	
  al	
  1984	
  

	
  

Concept	
  of	
  “pasta”	
  structures.	
  
Minimizing	
  	
  free-­‐energy	
  of	
  the	
  
inhomogeneous	
  structure,	
  
i.e.,	
  achieving	
  the	
  balance	
  
between	
  surface	
  tension	
  and	
  
the	
  Coulomb	
  repulsion	
  	
  
à	
  nuclear	
  pasta	


Figure	
  from	
  K.	
  Oyamatsu,	
  NPA561,	
  431	
  (1993)	
  	
  

•  Baym,	
  Bethe,	
  Pethick,	
  1971	
  
	
  

“Nuclei	
  inside-­‐out”	
  

uniform	


uniform	


Courtesy	
  Toshi	
  Maruyama	
  

Courtesy	
  Toshi	
  Maruyama	
  



Fully	
  3D	
  RMF	
  calculaIons	


“droplet”  
[fcc] 

ρB = 0.012 fm-3 

“rod”  
[honeycomb] 

0.024 fm-3 

“slab” 
 

0.05 fm-3 

“tube” [honeyco
mb] 

0.08 fm-3 

“bubble”  
[fcc] 

0.094 fm-3 

Yp  = Z/A = 0.5	


proton	


electron	


[Phys.LeE.	
  B713	
  (2012)	
  284]	


Courtesy	
  Toshi	
  Maruyama	
  



Fully	
  3D	
  calculaIon	
  –	
  pasta	
  in	
  kaon	
  condensate	


p	
 K-	


0.45	
 0.60	


0.70	
 0.72	


0.75	


p	
 K-	


[M.	
  Okamoto,	
  PhD	
  thesis,	
  Univ.	
  Tsukuba	
  ]	


Courtesy	
  Toshi	
  Maruyama	
  



cases studied in this Letter, we set the proton fraction equal
to 0.3, a likely value for CCSNmatter. The minimum of the
free energy in a cell at a given particle number density,
temperature, and proton fraction is sought as a function of
three free parameters: the number of particles in the cell
(determining the cell size) and !, ", the parameters of the
quadrupole moment of the neutron distribution. Each
minimization takes approximately 12 hours of CPU time
on a single core of the Cray XT5/XK6 machine and is
performed in a trivially parallel mode, typically using
45 000 processors.

We present here a complete calculation for T ¼ 2 MeV
and the particle number density range 0:02–0:12 fm"3. We
observed the onset of the pasta phase and its dissolution to
uniform matter. All classical pasta formations, starting
from spherical droplets through rods, slabs, tubes (cylin-
drical holes), and bubbles (spherical holes) were observed
fully self-consistently for all Skyrme force models. The
shapes are illustrated in Fig. 1 for the SMC700 Skyrme
force as an example at threshold densities for each shape.
We show the 3D image in the top row and the yx, xz, and yz
projections in the 2nd, 3rd, and 4th rows, respectively. In
the tube and bubble regions we found the cylindrical
(spherical) holes appearing exactly in the edges (corners)
of the unit cell and not in the center as expected in the bcc
or fcc symmetries, which are in principle allowed in a
cubic box. The reason for this effect is likely to be that
in our model we calculate the density distribution only in
one octant of the cell and assemble the whole cell using
reflection symmetry. This procedure reduces the higher
order bcc and fcc symmetries to a simple cubic symmetry.
The use of reflection symmetry makes the 3D-SHF model

manageable. Removal of that symmetry would increase the
demand on computational time by a factor of 8 which is not
realistic at this time.
In addition, we determined the transition densities

between individual phases as shown in Fig. 2. For com-

FIG. 1 (color online). First row: Pasta phases calculated using the SQMC700 Skyrme interaction, T ¼ 2 MeV and yp ¼ 0:3. Rows
2, 3, 4: 2D projection of the pasta phases on the (y, x), (x, z), and (y, z) planes, respectively. The neutron density distribution is shown at
the density corresponding to the onset of each phase, known with the uncertainty given in brackets. Blue (red) color indicates the
bottom (top) of the density scale: 0.001 (dark blue)—0.02475 (light blue)—0.0485 (green)—0.07225 (light orange)—0.095 (red) fm"3.
The pasta formation shown here appears for all the Skyrme models, but the threshold density changes somewhat; see Fig. 2. For more
explanation see text.
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FIG. 2 (color online). Comparison of phase diagrams at T ¼
2 MeV and yp ¼ 0:3 as calculated for the four Skyrme inter-
actions used in the 3D-SHF model. The sequence of phases from
bottom to top is spherical droplets (magenta): no pasta, rods
(yellow), cross-rods (blue), slabs (red), cylindrical holes (tubes,
orange), and spherical holes (bubbles, green). The white gaps
between colored boxes represent transition regions in which
calculation is not available. The onset densities of each phase
can be compared with results of Sonoda et al. [12], who found
the following regions of densities (all in fm"3 rounded to 3
decimal places): 0.017–0.029 (spherical droplets), 0.034 (rods),
0.059–0.063 (slabs), 0.080–0.084 (cylindrical holes), and 0.088–
0.109 (spherical holes). For more explanation see text.
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cases studied in this Letter, we set the proton fraction equal
to 0.3, a likely value for CCSNmatter. The minimum of the
free energy in a cell at a given particle number density,
temperature, and proton fraction is sought as a function of
three free parameters: the number of particles in the cell
(determining the cell size) and !, ", the parameters of the
quadrupole moment of the neutron distribution. Each
minimization takes approximately 12 hours of CPU time
on a single core of the Cray XT5/XK6 machine and is
performed in a trivially parallel mode, typically using
45 000 processors.

We present here a complete calculation for T ¼ 2 MeV
and the particle number density range 0:02–0:12 fm"3. We
observed the onset of the pasta phase and its dissolution to
uniform matter. All classical pasta formations, starting
from spherical droplets through rods, slabs, tubes (cylin-
drical holes), and bubbles (spherical holes) were observed
fully self-consistently for all Skyrme force models. The
shapes are illustrated in Fig. 1 for the SMC700 Skyrme
force as an example at threshold densities for each shape.
We show the 3D image in the top row and the yx, xz, and yz
projections in the 2nd, 3rd, and 4th rows, respectively. In
the tube and bubble regions we found the cylindrical
(spherical) holes appearing exactly in the edges (corners)
of the unit cell and not in the center as expected in the bcc
or fcc symmetries, which are in principle allowed in a
cubic box. The reason for this effect is likely to be that
in our model we calculate the density distribution only in
one octant of the cell and assemble the whole cell using
reflection symmetry. This procedure reduces the higher
order bcc and fcc symmetries to a simple cubic symmetry.
The use of reflection symmetry makes the 3D-SHF model

manageable. Removal of that symmetry would increase the
demand on computational time by a factor of 8 which is not
realistic at this time.
In addition, we determined the transition densities

between individual phases as shown in Fig. 2. For com-

FIG. 1 (color online). First row: Pasta phases calculated using the SQMC700 Skyrme interaction, T ¼ 2 MeV and yp ¼ 0:3. Rows
2, 3, 4: 2D projection of the pasta phases on the (y, x), (x, z), and (y, z) planes, respectively. The neutron density distribution is shown at
the density corresponding to the onset of each phase, known with the uncertainty given in brackets. Blue (red) color indicates the
bottom (top) of the density scale: 0.001 (dark blue)—0.02475 (light blue)—0.0485 (green)—0.07225 (light orange)—0.095 (red) fm"3.
The pasta formation shown here appears for all the Skyrme models, but the threshold density changes somewhat; see Fig. 2. For more
explanation see text.
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FIG. 2 (color online). Comparison of phase diagrams at T ¼
2 MeV and yp ¼ 0:3 as calculated for the four Skyrme inter-
actions used in the 3D-SHF model. The sequence of phases from
bottom to top is spherical droplets (magenta): no pasta, rods
(yellow), cross-rods (blue), slabs (red), cylindrical holes (tubes,
orange), and spherical holes (bubbles, green). The white gaps
between colored boxes represent transition regions in which
calculation is not available. The onset densities of each phase
can be compared with results of Sonoda et al. [12], who found
the following regions of densities (all in fm"3 rounded to 3
decimal places): 0.017–0.029 (spherical droplets), 0.034 (rods),
0.059–0.063 (slabs), 0.080–0.084 (cylindrical holes), and 0.088–
0.109 (spherical holes). For more explanation see text.
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First	
  row:	
  Pasta	
  phases	
  in	
  neutron	
  
ma-er	
  calculated	
  using	
  the	
  
SQMC700	
  Skyrme	
  interacIon,	
  T	
  =	
  2	
  
MeV	
  and	
  yp	
  =	
  0.3	
  Rows	
  2,	
  3,	
  4:	
  2D	
  
projecIon	
  of	
  the	
  pasta	
  phases	
  on	
  
the	
  (y,	
  x),	
  (x,	
  z),	
  and	
  (y,	
  z)	
  planes,	
  
respecIvely.	
  	
  

Pais	
  and	
  Stone:	
  PRL	
  109,	
  2012	
  	
  

Comparison	
  of	
  phase	
  diagrams	
  at	
  T=	
  2	
  MeV	
  
and	
  yp	
  =3	
  	
  as	
  calculated	
  for	
  the	
  four	
  Skyrme	
  
interacIons	
  used	
  in	
  the	
  the	
  fully	
  selfconsistent	
  
3D-­‐SHF	
  model.	
  	
  



So�	
  solids:	
  emulsions,	
  foams,	
  colloids,	
  polymers,	
  gels	
  	
  ,	
  liquid	
  crystals,	
  cytoplasma	
  
	
  
Flexible	
  internal	
  structure,	
  weak	
  interacIons,	
  easily	
  influenced	
  by	
  external	
  condiIons	
  

Max	
  Plank	
  InsUtute	
  for	
  Dynamics	
  and	
  Self	
  –	
  OrganisaUon	
  

Liquid	
  crystal	
  

Granular	
  ma-er	
  
under	
  stress	
  

Geometry	
  of	
  fluid	
  interfaces	
  



Heavy	
  Ion	
  Collisions	
  



Measurement:	
  	
  	
  Beam	
  energy	
  	
  35	
  A	
  MeV	
  –	
  5.5	
  A	
  TeV	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Collisions	
  (Au,Au),	
  	
  (Sn,Sn)	
  ,	
  (Cu,Cu)	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  but	
  also	
  (p,p)	
  for	
  a	
  comparison	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Transverse	
  and	
  EllipIcal	
  parIcle	
  flow	
  
	
  
	
  
CalculaIon:	
  	
  	
  	
  	
  	
  	
  Transport	
  models	
  -­‐-­‐	
  empirical	
  mean	
  field	
  potenIals	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Fit	
  to	
  data	
  à	
  energy	
  density	
  à	
  P	
  (ε)	
  	
  à	
  the	
  EoS	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (extrapolaIon	
  to	
  equilibrium,	
  zero	
  temperature,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  infinite	
  ma-er)	
  (e.g	
  Danielewicz	
  et	
  al.,	
  Science	
  298,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  2002,	
  Bao-­‐An	
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(SOM)]. Different theoretical formulations

concerning the energy density would lead to
different pressures (that is, to different EOSs

for nuclear matter) in the equilibrium limit, in
these simulations, and in the actual collisions.

At an elapsed time of 3 ! 10"23 s in the
reaction, the central density (in Fig. 1b#) ex-

ceeds 3 $0. The corresponding back panel,

labeled (b), indicates a central pressure great-

er than 90 MeV/fm3 (1 MeV/fm3 % 1.6 !
1032 Pa; that is, 1.6 ! 1027 atmospheres).

These densities and pressures are achieved by
inertial confinement; the incoming matter

from both projectile and target is mixed and
compressed in the high-density region where
the two nuclei overlap. Participant nucleons

from the projectile and target, which follow
small impact parameter trajectories (at x,y &
0), contribute to this mixture by smashing
into the compressed region, compressing it

further. The calculated transverse pressure in
the central region reaches '80% of its equi-

librium value after '4 ! 10"23 s (Fig. 1c#)

and is equilibrated for the later times in Fig.

1. Equilibrium is lost at even later times, but

only after the flow dynamics are essentially
complete.

Spectator nucleons, which are those that

avoid the central region by following large
impact parameter trajectories (with large !x!
( 6 fm), initially block the escape of com-

pressed matter along trajectories in the reac-

tion plane and force the matter to flow out of

the compressed region in directions perpen-

dicular to the reaction plane (Fig. 1, b to d).

Later, after these spectator nucleons pass,

nucleons from the compressed central region
preferentially escape along in-plane trajecto-

ries parallel to the reaction plane that are no
longer blocked. This enhancement of in-

plane emission is beginning to occur to a
limited extent in Fig. 1e at this incident en-

ergy of 2 GeV per nucleon. This later in-

plane emission becomes the dominant direc-

tion at higher incident energies of 5 GeV per

nucleon, where the passage time is consider-

ably less. Thus, emission first develops out of

plane (along the y axis in Fig. 1) and then
spreads into all directions in the x-y plane.

The achievement of high densities and
pressures, coupled with their impact on the
motions of ejected particles, provide the sen-

sitivity of collision measurements to the

EOS. The directions in which matter expands

and flows away from the compressed region
depend primarily on the time scale for the

blockage of emission in the reaction plane by
the spectator matter and the time scale for the

expansion of the compressed matter near x &
y & z & 0. The blockage time scale can be
approximated by 2R/()

cmvcm), where R/)
cm is

the Lorentz contracted nuclear radius, and
vcm and )

cm are the incident nucleon velocity
and the Lorentz factor, respectively, in the
center-of-mass reference frame. The block-

age time scale therefore decreases monoton-

ically with the incident velocity. The expan-

sion time scale can be approximated by R/cs

where cs % c*+P/+e is the sound velocity in
the compressed matter and c is the velocity of

light. The expansion time scale therefore de-

pends (via cs) on the energy density e and on
the nuclear mean field potential U according
to Eqs. 2 and 3 and the associated discussion.

This provides sensitivity to the density de-

pendence of the mean field potential, which is

important because uncertainties in the density
dependence of the mean field make a domi-

nant contribution to the uncertainty in the
EOS. More repulsive mean fields lead to
higher pressures and to a more rapid expan-

sion when the spectator matter is still present.

This causes preferential emission perpendic-

ular to the reaction plane where particles can
escape unimpeded. Less repulsive mean
fields lead to slower expansion and preferen-

tial emission in the reaction plane after the

spectators have passed.Analyses of EOS-dependent observ-

ables. The comparison of in-plane to out-of-

plane emission rates provides an EOS-depen-

dent experimental observable commonly
referred to as elliptic flow. The sideways

deflection of spectator nucleons within the
reaction plane, due to the pressure of the

compressed region, provides another observ-

able. This sideways deflection or transverse

flow of the spectator fragments occurs pri-

marily while the spectator fragments are ad-

jacent to the compressed region, as shown in
Fig. 1b’ to 1d’. The velocity arrows in Fig.

1d’ and 1e’ suggest that the changes in the
nucleon momenta that result from a sideways

deflection are not large. However, these

changes can be extracted precisely from the

analysis of emitted particles (31). In general,

larger deflections are expected for more re-

pulsive mean fields, which generate larger

pressures; and conversely, smaller deflec-

tions are expected for less repulsive ones.
In terms of the coordinate system in Fig.

1, matter to the right (positive x) of the
compressed zone, originating primarily from
the projectile, is deflected along the positive x

direction; and the matter to the left, from the

target, is deflected to the negative x direction.

Experimentally, one distinguishes spectator

matter from the projectile and the target by
measuring its rapidity y, a quantity that in the
nonrelativistic limit reduces to the velocity
component vz along the beam axis (35). For

increasing values of the rapidity, the mean
value of the x component of the transverse
momentum increases monotonically (12, 14–
16, 31). Denoting this mean transverse mo-

mentum as ,px( and corresponding trans-

verse momentum per nucleon in the detected
particle as ,px/A(, we find that larger values

for the pressure in the compressed zone, due
to more repulsive EOSs, lead to larger values

for the directed transverse flow F defined
(12) by

F !
d-px/A.

d/ y/ycm0 " y/y
cm ! 1 (4)where ycm is the rapidity of particles at rest in

the center of mass and A is the number of

nucleons in the detected particle. (F can be

viewed qualitatively as the tangent of the
mean angle of deflection in the reaction
plane. Larger values for F correspond to larg-

Fig. 1. Overview ofthe dynamics for aAu 1 Au collision.Time increases fromleft to right, the cen-ter of mass is at r% 0,and the orientation ofthe axes is the samethroughout the figure.The trajectories ofprojectile and targetnuclei are displacedrelative to a “head-on” collision by an im-pact parameter of b %6 fm (6 ! 10"13 cm).The three-dimensionalsurfaces (middle pan-el) correspond to con-tours of a constantdensity $ ' 0.1 $0. The magenta arrows indicate the initial velocities of the projectile and target

(left panel) and the velocities of projectile and target remnants following trajectories that avoid the

collision (other panels). The bottom panels show contours of constant density in the reaction plane

(the x-z plane). The outer edge corresponds to a density of 0.1 $0, and the color changes indicate

steps in density of 0.5 $0. The back panels show contours of constant transverse pressure in the x-y

plane. The outer edge indicates the edge of the matter distribution, where the pressure is

essentially zero, and the color changes indicate steps in pressure of 15 MeV/fm3 (1 MeV/fm3 %

1.6 ! 1032 Pa; that is, '1.6 ! 1027 atmospheres). The black arrows in both the bottom and the

back panels indicate the average velocities of nucleons at selected points in the x-z plane and x-y

planes, respectively.
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(SOM)]. Different theoretical formulations
concerning the energy density would lead to
different pressures (that is, to different EOSs
for nuclear matter) in the equilibrium limit, in
these simulations, and in the actual collisions.

At an elapsed time of 3 ! 10"23 s in the
reaction, the central density (in Fig. 1b#) ex-
ceeds 3 $0. The corresponding back panel,
labeled (b), indicates a central pressure great-
er than 90 MeV/fm3 (1 MeV/fm3 % 1.6 !
1032 Pa; that is, 1.6 ! 1027 atmospheres).
These densities and pressures are achieved by
inertial confinement; the incoming matter
from both projectile and target is mixed and
compressed in the high-density region where
the two nuclei overlap. Participant nucleons
from the projectile and target, which follow
small impact parameter trajectories (at x,y &
0), contribute to this mixture by smashing
into the compressed region, compressing it
further. The calculated transverse pressure in
the central region reaches '80% of its equi-
librium value after '4 ! 10"23 s (Fig. 1c#)
and is equilibrated for the later times in Fig.
1. Equilibrium is lost at even later times, but
only after the flow dynamics are essentially
complete.

Spectator nucleons, which are those that
avoid the central region by following large
impact parameter trajectories (with large !x!
( 6 fm), initially block the escape of com-
pressed matter along trajectories in the reac-
tion plane and force the matter to flow out of
the compressed region in directions perpen-
dicular to the reaction plane (Fig. 1, b to d).
Later, after these spectator nucleons pass,
nucleons from the compressed central region
preferentially escape along in-plane trajecto-
ries parallel to the reaction plane that are no
longer blocked. This enhancement of in-
plane emission is beginning to occur to a
limited extent in Fig. 1e at this incident en-
ergy of 2 GeV per nucleon. This later in-
plane emission becomes the dominant direc-
tion at higher incident energies of 5 GeV per
nucleon, where the passage time is consider-
ably less. Thus, emission first develops out of
plane (along the y axis in Fig. 1) and then
spreads into all directions in the x-y plane.

The achievement of high densities and
pressures, coupled with their impact on the
motions of ejected particles, provide the sen-
sitivity of collision measurements to the
EOS. The directions in which matter expands
and flows away from the compressed region
depend primarily on the time scale for the
blockage of emission in the reaction plane by
the spectator matter and the time scale for the
expansion of the compressed matter near x &
y & z & 0. The blockage time scale can be
approximated by 2R/()cmvcm), where R/)cm is
the Lorentz contracted nuclear radius, and
vcm and )cm are the incident nucleon velocity
and the Lorentz factor, respectively, in the
center-of-mass reference frame. The block-

age time scale therefore decreases monoton-
ically with the incident velocity. The expan-
sion time scale can be approximated by R/cs

where cs % c*+P/+e is the sound velocity in
the compressed matter and c is the velocity of
light. The expansion time scale therefore de-
pends (via cs) on the energy density e and on
the nuclear mean field potential U according
to Eqs. 2 and 3 and the associated discussion.
This provides sensitivity to the density de-
pendence of the mean field potential, which is
important because uncertainties in the density
dependence of the mean field make a domi-
nant contribution to the uncertainty in the
EOS. More repulsive mean fields lead to
higher pressures and to a more rapid expan-
sion when the spectator matter is still present.
This causes preferential emission perpendic-
ular to the reaction plane where particles can
escape unimpeded. Less repulsive mean
fields lead to slower expansion and preferen-
tial emission in the reaction plane after the
spectators have passed.
Analyses of EOS-dependent observ-

ables. The comparison of in-plane to out-of-
plane emission rates provides an EOS-depen-
dent experimental observable commonly
referred to as elliptic flow. The sideways
deflection of spectator nucleons within the
reaction plane, due to the pressure of the
compressed region, provides another observ-
able. This sideways deflection or transverse
flow of the spectator fragments occurs pri-
marily while the spectator fragments are ad-
jacent to the compressed region, as shown in
Fig. 1b’ to 1d’. The velocity arrows in Fig.
1d’ and 1e’ suggest that the changes in the
nucleon momenta that result from a sideways

deflection are not large. However, these
changes can be extracted precisely from the
analysis of emitted particles (31). In general,
larger deflections are expected for more re-
pulsive mean fields, which generate larger
pressures; and conversely, smaller deflec-
tions are expected for less repulsive ones.

In terms of the coordinate system in Fig.
1, matter to the right (positive x) of the
compressed zone, originating primarily from
the projectile, is deflected along the positive x
direction; and the matter to the left, from the
target, is deflected to the negative x direction.
Experimentally, one distinguishes spectator
matter from the projectile and the target by
measuring its rapidity y, a quantity that in the
nonrelativistic limit reduces to the velocity
component vz along the beam axis (35). For
increasing values of the rapidity, the mean
value of the x component of the transverse
momentum increases monotonically (12, 14–
16, 31). Denoting this mean transverse mo-
mentum as ,px( and corresponding trans-
verse momentum per nucleon in the detected
particle as ,px/A(, we find that larger values
for the pressure in the compressed zone, due
to more repulsive EOSs, lead to larger values
for the directed transverse flow F defined
(12) by

F !
d-px/A.

d/ y/ycm0
"

y/y
cm ! 1

(4)

where ycm is the rapidity of particles at rest in
the center of mass and A is the number of
nucleons in the detected particle. (F can be
viewed qualitatively as the tangent of the
mean angle of deflection in the reaction
plane. Larger values for F correspond to larg-

Fig. 1. Overview of
the dynamics for a
Au 1 Au collision.
Time increases from
left to right, the cen-
ter of mass is at r% 0,
and the orientation of
the axes is the same
throughout the figure.
The trajectories of
projectile and target
nuclei are displaced
relative to a “head-
on” collision by an im-
pact parameter of b %
6 fm (6 ! 10"13 cm).
The three-dimensional
surfaces (middle pan-
el) correspond to con-
tours of a constant
density $ ' 0.1 $0. The magenta arrows indicate the initial velocities of the projectile and target
(left panel) and the velocities of projectile and target remnants following trajectories that avoid the
collision (other panels). The bottom panels show contours of constant density in the reaction plane
(the x-z plane). The outer edge corresponds to a density of 0.1 $0, and the color changes indicate
steps in density of 0.5 $0. The back panels show contours of constant transverse pressure in the x-y
plane. The outer edge indicates the edge of the matter distribution, where the pressure is
essentially zero, and the color changes indicate steps in pressure of 15 MeV/fm3 (1 MeV/fm3 %
1.6 ! 1032 Pa; that is, '1.6 ! 1027 atmospheres). The black arrows in both the bottom and the
back panels indicate the average velocities of nucleons at selected points in the x-z plane and x-y
planes, respectively.
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(SOM)]. Different theoretical formulations
concerning the energy density would lead to
different pressures (that is, to different EOSs
for nuclear matter) in the equilibrium limit, in
these simulations, and in the actual collisions.

At an elapsed time of 3 ! 10"23 s in the
reaction, the central density (in Fig. 1b#) ex-
ceeds 3 $0. The corresponding back panel,
labeled (b), indicates a central pressure great-
er than 90 MeV/fm3 (1 MeV/fm3 % 1.6 !
1032 Pa; that is, 1.6 ! 1027 atmospheres).
These densities and pressures are achieved by
inertial confinement; the incoming matter
from both projectile and target is mixed and
compressed in the high-density region where
the two nuclei overlap. Participant nucleons
from the projectile and target, which follow
small impact parameter trajectories (at x,y &
0), contribute to this mixture by smashing
into the compressed region, compressing it
further. The calculated transverse pressure in
the central region reaches '80% of its equi-
librium value after '4 ! 10"23 s (Fig. 1c#)
and is equilibrated for the later times in Fig.
1. Equilibrium is lost at even later times, but
only after the flow dynamics are essentially
complete.

Spectator nucleons, which are those that
avoid the central region by following large
impact parameter trajectories (with large !x!
( 6 fm), initially block the escape of com-
pressed matter along trajectories in the reac-
tion plane and force the matter to flow out of
the compressed region in directions perpen-
dicular to the reaction plane (Fig. 1, b to d).
Later, after these spectator nucleons pass,
nucleons from the compressed central region
preferentially escape along in-plane trajecto-
ries parallel to the reaction plane that are no
longer blocked. This enhancement of in-
plane emission is beginning to occur to a
limited extent in Fig. 1e at this incident en-
ergy of 2 GeV per nucleon. This later in-
plane emission becomes the dominant direc-
tion at higher incident energies of 5 GeV per
nucleon, where the passage time is consider-
ably less. Thus, emission first develops out of
plane (along the y axis in Fig. 1) and then
spreads into all directions in the x-y plane.

The achievement of high densities and
pressures, coupled with their impact on the
motions of ejected particles, provide the sen-
sitivity of collision measurements to the
EOS. The directions in which matter expands
and flows away from the compressed region
depend primarily on the time scale for the
blockage of emission in the reaction plane by
the spectator matter and the time scale for the
expansion of the compressed matter near x &
y & z & 0. The blockage time scale can be
approximated by 2R/()cmvcm), where R/)cm is
the Lorentz contracted nuclear radius, and
vcm and )cm are the incident nucleon velocity
and the Lorentz factor, respectively, in the
center-of-mass reference frame. The block-

age time scale therefore decreases monoton-
ically with the incident velocity. The expan-
sion time scale can be approximated by R/cs

where cs % c*+P/+e is the sound velocity in
the compressed matter and c is the velocity of
light. The expansion time scale therefore de-
pends (via cs) on the energy density e and on
the nuclear mean field potential U according
to Eqs. 2 and 3 and the associated discussion.
This provides sensitivity to the density de-
pendence of the mean field potential, which is
important because uncertainties in the density
dependence of the mean field make a domi-
nant contribution to the uncertainty in the
EOS. More repulsive mean fields lead to
higher pressures and to a more rapid expan-
sion when the spectator matter is still present.
This causes preferential emission perpendic-
ular to the reaction plane where particles can
escape unimpeded. Less repulsive mean
fields lead to slower expansion and preferen-
tial emission in the reaction plane after the
spectators have passed.
Analyses of EOS-dependent observ-

ables. The comparison of in-plane to out-of-
plane emission rates provides an EOS-depen-
dent experimental observable commonly
referred to as elliptic flow. The sideways
deflection of spectator nucleons within the
reaction plane, due to the pressure of the
compressed region, provides another observ-
able. This sideways deflection or transverse
flow of the spectator fragments occurs pri-
marily while the spectator fragments are ad-
jacent to the compressed region, as shown in
Fig. 1b’ to 1d’. The velocity arrows in Fig.
1d’ and 1e’ suggest that the changes in the
nucleon momenta that result from a sideways

deflection are not large. However, these
changes can be extracted precisely from the
analysis of emitted particles (31). In general,
larger deflections are expected for more re-
pulsive mean fields, which generate larger
pressures; and conversely, smaller deflec-
tions are expected for less repulsive ones.

In terms of the coordinate system in Fig.
1, matter to the right (positive x) of the
compressed zone, originating primarily from
the projectile, is deflected along the positive x
direction; and the matter to the left, from the
target, is deflected to the negative x direction.
Experimentally, one distinguishes spectator
matter from the projectile and the target by
measuring its rapidity y, a quantity that in the
nonrelativistic limit reduces to the velocity
component vz along the beam axis (35). For
increasing values of the rapidity, the mean
value of the x component of the transverse
momentum increases monotonically (12, 14–
16, 31). Denoting this mean transverse mo-
mentum as ,px( and corresponding trans-
verse momentum per nucleon in the detected
particle as ,px/A(, we find that larger values
for the pressure in the compressed zone, due
to more repulsive EOSs, lead to larger values
for the directed transverse flow F defined
(12) by

F !
d-px/A.

d/ y/ycm0
"

y/y
cm ! 1

(4)

where ycm is the rapidity of particles at rest in
the center of mass and A is the number of
nucleons in the detected particle. (F can be
viewed qualitatively as the tangent of the
mean angle of deflection in the reaction
plane. Larger values for F correspond to larg-

Fig. 1. Overview of
the dynamics for a
Au 1 Au collision.
Time increases from
left to right, the cen-
ter of mass is at r% 0,
and the orientation of
the axes is the same
throughout the figure.
The trajectories of
projectile and target
nuclei are displaced
relative to a “head-
on” collision by an im-
pact parameter of b %
6 fm (6 ! 10"13 cm).
The three-dimensional
surfaces (middle pan-
el) correspond to con-
tours of a constant
density $ ' 0.1 $0. The magenta arrows indicate the initial velocities of the projectile and target
(left panel) and the velocities of projectile and target remnants following trajectories that avoid the
collision (other panels). The bottom panels show contours of constant density in the reaction plane
(the x-z plane). The outer edge corresponds to a density of 0.1 $0, and the color changes indicate
steps in density of 0.5 $0. The back panels show contours of constant transverse pressure in the x-y
plane. The outer edge indicates the edge of the matter distribution, where the pressure is
essentially zero, and the color changes indicate steps in pressure of 15 MeV/fm3 (1 MeV/fm3 %
1.6 ! 1032 Pa; that is, '1.6 ! 1027 atmospheres). The black arrows in both the bottom and the
back panels indicate the average velocities of nucleons at selected points in the x-z plane and x-y
planes, respectively.
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er deflections.) The open and solid points in
Fig. 2 show measured values for the directed
transverse flow in collisions of 197Au projec-
tile and target nuclei at incident kinetic ener-
gies Ebeam/A, ranging from about 0.15 to 10
GeV per nucleon (29.6 to 1970 GeV total
beam kinetic energies) and at impact param-
eters of b ! 5 to 7 fm (5 " 10#13 to 7 "
10#13 cm) (13–16). The scale at the top of
this figure provides theoretical estimates for
the maximum densities achieved at selected
incident energies. The maximum density in-
creases with incident energy; the flow data
are most strongly influenced by pressures
corresponding to densities that are somewhat
less than these maximum values.

The data in Fig. 2 display a broad maxi-
mum centered at an incident energy of about
2 GeV per nucleon. The short dashed curve
labeled “cascade” shows results for the trans-
verse flow predicted by Eq. 1, in which the
mean field is neglected. The disagreement of
this curve with the data shows that a repulsive
mean field at high density is needed to repro-
duce these experimental results. The other
curves correspond to predictions using Eq. 1
and mean field potentials of the form

U ! $a% " b%&)/[1'(0.4%/%0)&–1] ' (Up

(5)

Here, the constants a, b, and & are chosen to
reproduce the binding energy and the satura-
tion density of normal nuclear matter while
providing different dependencies on density
at much higher density values, and (Up de-
scribes the momentum dependence of the
mean field potential (28, 33, 34) (see SOM
text). These curves are labeled by the curva-

ture K § 9 dp/d%)s/% of each EOS about the
saturation density %0. Calculations with larger
values of K, for the mean fields above, gen-
erate larger transverse flows, because those
mean fields generate higher pressures at high
density. The precise values for the pressure at
high density depend on the exact form chosen
for U. To illustrate the dependence of pres-
sure on K for these EOSs, we show the
pressure for zero temperature symmetric
matter predicted by the EOSs with K ! 210
and 300 MeV in Fig. 3. The EOS with K !
300 MeV generates about 60% more pres-
sure than the one with K ! 210 MeV at
densities of 2 to 5 %0 (Fig. 3).

Complementary information can be ob-
tained from the elliptic flow or azimuthal
anisotropy (in-plane versus out-of-plane
emission) for protons (24, 25, 36). This is
quantified by measuring the average value
*cos2+,, where + is the azimuthal angle of
the proton momentum relative to the x axis
defined in Fig. 1. (Here, tan+ ! py/px , where
px and py are the in-plane and out-of-plane
components of the momentum perpendicular
to the beam.) Experimental determinations of
*cos2+, include particles that, in the cen-
ter-of-mass frame, have small values for the
rapidity y and move mainly in directions
perpendicular to the beam axis. Negative val-
ues for *cos2+, indicate that more protons
are emitted out of plane (+ - 90°or + -
270°) than in plane (+ - 0°or + - 180°), and
positive values for *cos2+, indicate the
reverse situation.

Experimental values for *cos2+, for in-
cident kinetic energies Ebeam/A ranging from
0.4 to 10 GeV per nucleon (78.8 to 1970 GeV
total beam kinetic energies) and impact pa-
rameters of b ! 5 to 7 fm (5 x 10#13 to 7 "
10#13 cm) (17–19) are shown in Fig. 4. Neg-
ative values for *cos2+,, reflecting a pref-
erential out-of-plane emission, are observed
at energies below 4 GeV/A, indicating that
the compressed region expands while the

spectator matter is present and blocks the
in-plane emission. Positive values for
*cos2+,, reflecting a preferential in-plane
emission, are observed at higher incident en-
ergies, indicating that the expansion occurs
after the spectator matter has passed the com-
pressed zone. The curves in Fig. 4 indicate
predictions for several different EOSs. Cal-
culations without a mean field, labeled “cas-
cade,” provide the most positive values for
*cos2+,. More repulsive, higher-pressure
EOSs with larger values of K provide more
negative values for *cos2+, at incident en-
ergies below 5 GeV per nucleon, reflecting a
faster expansion and more blocking by the
spectator matter while it is present.

Transverse and elliptic flows are also in-
fluenced by the momentum dependencies
(Up of the nuclear mean fields and the scat-
tering by the residual interaction within the
collision term I indicated in Eq. 1. Experi-
mental observables such as the values for
*cos2+, measured for peripheral collisions,
where matter is compressed only weakly and
is far from equilibrated (28), now provide
significant constraints on the momentum de-
pendence of the mean fields (21, 28). This is
discussed further in the SOM (see SOM text).
The available data (30) constrain the mean-
field momentum dependence up to a density
of about 2 %0. For the calculated results
shown in Figs. 2 to 4, we use the momentum
dependence characterized by an effective
mass m* ! 0.7 mN, where mN is the free
nucleon mass, and we extrapolate this depen-
dence to still higher densities. We also make
density-dependent in-medium modifications
to the free nucleon cross-sections following
Danielewicz (28, 32) and constrain these

Fig. 2. Transverse flow results. The solid and
open points show experimental values for the
transverse flow as a function of the incident
energy per nucleon. The labels “Plastic Ball,”
“EOS,” “E877,” and “E895” denote data taken
from Gustafsson et al. (13), Partlan et al. (14),
Barrette et al. (15), and Liu et al. (16), respec-
tively. The various lines are the transport the-
ory predictions for the transverse flow dis-
cussed in the text. %max is the typical maximum
density achieved in simulations at the respec-
tive energy.

Fig. 3. Zero-temperature EOS for symmetric
nuclear matter. The shaded region corresponds
to the region of pressures consistent with the
experimental flow data. The various curves and
lines show predictions for different symmetric
matter EOSs discussed in the text.

Fig. 4. Elliptical flow results. The solid and open
points show experimental values for the ellip-
tical flow as a function of the incident energy
per nucleon. The labels “Plastic Ball,” “EOS,”
“E895,” and “E877” denote the data of Gutbrod
et al. (17), Pinkenburg et al. (18), Pinkenburg et
al. (18), and Braun-Munzinger and Stachel (19),
respectively. The various lines are the transport
theory predictions for the elliptical flow dis-
cussed in the text.
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TheoreIcal	
  	
  predicIons	
  	
  for	
  the	
  EoS	
  for	
  symmetrical	
  ma-er	
  inferred	
  
	
  from	
  dynamical	
  calculaIons	
  by	
  Danielewicz	
  et	
  al,	
  2002.	
  	
  
The	
  mean	
  field	
  potenIal	
  was	
  fi-ed	
  to	
  transverse	
  and	
  ellipIcal	
  flow.	
  	
  
	
  	
  

Limits	
  from	
  experiment/simulaIon	
  shown	
  by	
  solid	
  black	
  lines	
  
ρ	
  =	
  	
  parIcle	
  number	
  density,	
  ρ0	
  =	
  0.16	
  fm-­‐3	
  saturaIon	
  density	
  of	
  	
  
symmetric	
  nuclear	
  ma-er	
  



	
  	
  MaEer	
  in	
  HIC	
  and	
  compact	
  objects	
  have	
  different	
  EoS:	
  	
  	
  
Central	
  A-­‐A	
  collision:	
  
	
  Strongly	
  beam	
  energy	
  dependent	
  
Beam	
  energy	
  	
  <	
  	
  1GeV/	
  A:	
  
	
  
Temperature:	
  	
  <	
  50	
  MeV	
  
Energy	
  density:	
  	
  ~	
  1	
  -­‐2	
  GeV/fm3	
  
	
  Baryon	
  density	
  <	
  ρ0	
  
Time	
  scale	
  to	
  cool-­‐down:	
  	
  10-­‐22-­‐24	
  s	
  
No	
  neutrinos	
  
	
  
Strong	
  InteracUon:	
  	
  (S,	
  B	
  and	
  L	
  conserved)	
  
Time	
  scale	
  10-­‐24	
  s	
  	
  
	
  
NEARLY	
  SYMMETRIC	
  MATTER	
  
	
  
InelasUc	
  NN	
  scaEerings,	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  N,N*,	
  Δ’s	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  LOTS	
  of	
  PIONS	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  strangeness	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  less	
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  ?	
  (Local)EQUILIBRIUM?	
  

	
  Proto-­‐neutron	
  star:	
  
	
  (progenitor	
  mass	
  dependent)	
  
~	
  8	
  –	
  20	
  solar	
  mass	
  
	
  
Temperature:	
  	
  <	
  50	
  MeV	
  
Energy	
  density:	
  	
  ~	
  1	
  GeV/fm3	
  
Baryon	
  density	
  ~	
  2-­‐3	
  ρs	
  
Time	
  scale	
  to	
  cool-­‐down:	
  1	
  -­‐10	
  s	
  
Neutrino	
  rich	
  maEer	
  	
  
	
  
Strong	
  +Weak	
  InteracUon:	
  (B	
  and	
  L	
  	
  con)	
  
Time	
  scale	
  10-­‐10	
  s	
  (ρ	
  and	
  T	
  dependent)	
  
	
  
HIGHLY	
  ASYMMETRIC	
  MATTER	
  
	
  
Higher	
  T:	
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  produced	
  in	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  in	
  weak	
  processes	
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  T:	
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N,	
  strange	
  baryons	
  and	
  mesons,	
  
NO	
  PIONS,	
  leptons	
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