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Outline

Introduction

Part I : Symmetry-broken correlation expansions
• Symmetries in (nuclear) many-body theory  

• Mid-mass systems from Bogoliubov many-body perturbation theory 

Intermezzo: „The curse of dimensionality“ 

Part II : Pre-processing the many-body problem
• Reduction principles for ‘effective problems’ 

• Size of Hilbert space and nuclear observables 

Outlook
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Introduction

What is ab initio many-body theory and what are its (current) limits?
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Nuclear structure from first principles
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Ab initio
“The approximate solution must be systematically improvable 

and approach the exact solution in a well-defined limit.”

Input Hamiltonian
(derived from EFT) Many-body expansion

H |� J A�
k i = E JA�

k |� J A�
k i
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This talk:
Take the Hamiltonian as given and investigate 

the many-body expansion scheme for the wave function.
(Expansion of Hamiltonian and many-body solution are kept independent)

Next step:
Combined treatment of EFT and many-body approximations.

‘Renormalization of pionless effective field theory in the A-body sector’
Drissi, Duguet, Somà, arXiv:1908.07578 (2019) 
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Ab initio nuclear structure
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‘Exact’ solution (early 2000’s)
• Explicit few-body solution from (A=3,4,5) 
• Light systems from CI and Monte-Carlo (A<12) 
• Limited due to exponential/factorial scaling
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Closed-shell systems (2005-now)
• Ground-state expansion from mean-field determinant 

MBPT, CC, SCGF, IMSRG, …
• EOM-methods for systems near closed shells and spectra 
• Low polynomial scaling enables for large basis size
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• Full access to medium-mass isotopic/isotonic chains 
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Shell closures
(2,8,20,28,50,82,…)

Number of nuclei
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Hybrid methods (2014-now)
• Construction of dressed Hamiltonian in limited valence space 

• Access to arbitrary open-shell nuclei in medium-mass regime 

• Dressing of operator involves polynomial computational cost 
… but diagonalization scales factorially
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Shell closures
(2,8,20,28,50,82,…)

Number of nuclei

10-50
50-100

200-300

Hybrid methods (2014-now)
• Construction of dressed Hamiltonian in limited valence space 

• Access to arbitrary open-shell nuclei in medium-mass regime 

• Dressing of operator involves polynomial computational cost 
… but diagonalization scales factorially
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Key question:
What is the most efficient way
to describe strongly correlated 

systems?



Part I
Symmetry-broken 

correlation  expansions 

Exploiting symmetry breaking for strongly correlated systems
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Many-body expansions
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Horizontal expansion

• Authorize breaking of symmetry group G

• Mixing of vacua within manifold of rotated states

U(1)   : pairing correlations

SU(2) : quadrupolar correlations

Vertical expansion

• Account of dynamic correlation effects

• Expansion in terms of particle-hole excitations

• Collectivity is complicated to account for!

|�i = |�i +
X

��
c�� |�

�
� i +
X

�<b
�<j

c�b�j |�
�b
�j i + ...

<latexit sha1_base64="bupzexUBXpG7ICf7GpAlh6WGMkY="></latexit>

• Historically preferred strategy in ab initio theory

• Goal: determine wave-function coefficients

• Large variety of different expansion schemes

|�i =
Z

G
dg ƒ (g)R(g)|�i

<latexit sha1_base64="40QTreZayXA2y2t86mbwx51qQcE="></latexit>

• Historically preferred strategy in EDF theory

• Rot. states are related in non-perturbative way
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Combined expansions
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Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian

• Generation of symmetry-broken vacuum
• Account of non-dynamical correlation effects
• Grants access to genuine open-shell nuclei
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Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian

• Operator basis w.r.t. A-body reference state
• Enables for approximating three-body effects

• Partially circumvents curse of dimensionality

O(eff)
pqrs ⌘
X

t�
�pqtrs� �t�

<latexit sha1_base64="u22vPCPJlxR8y+WCJhcZgUcr490="></latexit>

Combined expansions
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Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian

• Systematic account of dynamic correlation
• Vertical expansion in elementary excitations
• Finite truncation yields polynomial scaling

Quasi-particle excitation

ΔE>0

Particle-hole excitation

ΔE=0

Lifting the degeneracy

Combined expansions
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Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian

• Integration over broken symmetry group
• Non-perturbative physics from rotated states
• Good quantum numbers in finite systems

Mexican-hat potential for gauge integration

Work in progress!

‘Projected coupled cluster theory’
Qiu, Henderson, Zhao, Scuseria, J. Chem. Phys. 147, 064111 (2017)

‘Particle-number projected Bogoliubov-coupled-cluster theory’
Qiu, Henderson, Duguet, Scuseria, Phys. Rev C 99, 044301 (2019) 

Combined expansions

‘Symmetry-broken and restored coupled-cluster theory’
Duguet, Signoracci, J. Phys. G: Nucl. Part. Phys.  44 015103 (2017)
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Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian

• What is the quality of the Hamiltonian?
• Have we reached modelspace convergence?
• Performance of many-body scheme?

Feedback loop

Experimental data
Confirmation

Disagreement

Source of uncertainty

Combined expansions



October 2019A. Tichai — Recent advances in ab initio nuclear structure  — 5

Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian

• What is the quality of the Hamiltonian?
• Have we reached modelspace convergence?
• Performance of many-body scheme?

Feedback loop

Experimental data
Confirmation

Disagreement

Source of uncertainty

Combined expansions
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Deformed mean-field

Normal ordering

Correlation expansion

Symmetry restoration

Observables

Nuclear Hamiltonian
Chiral 

effective field theory

Hartree-Fock-Bogoliubov 
(particle-number breaking)

Quasiparticle 
normal ordering

Bogoliubov many-body 
perturbation theory

5

Combined expansions
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Quasiparticle representation
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• Breaking of particle-number conservation linked to (abelian) global U(1) gauge symmetry

U(1) =
¶
S(�) ⌘ e�A� , � 2 [0,2�]

©
<latexit sha1_base64="+shCKGGtI2jPq+j/hXi6w5Gvd8w="></latexit>
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• Breaking of particle-number conservation linked to (abelian) global U(1) gauge symmetry

U(1) =
¶
S(�) ⌘ e�A� , � 2 [0,2�]

©
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• Hamiltonian is replaced by grand potential operator involving Lagrange multiplier

� = H � �A
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• Hamiltonian is replaced by grand potential operator involving Lagrange multiplier
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• Correlated reference state is of product type in quasi-particle space (change of algebra!)

|�i = C
Y

k
�k |0i �†k =

X

p
Upkc†p + Vpkcp �k =

X

p
U?pkcp + V?pkc

†
p

<latexit sha1_base64="egyQOyHN9zT6gLKbRykqnqUkNmQ="></latexit>

Bogoliubov transformation
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• While the operators commute with particle number the reference state is not an eigenstate of A

[H,S(�)] = [A, S(�)] = [�, S(�)] = 0
<latexit sha1_base64="chK4jNiD2Is9NWCyRCY8HT6L7Y0="></latexit>

A|�i 6= A0|�i
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• Breaking of particle-number conservation linked to (abelian) global U(1) gauge symmetry

U(1) =
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• Hamiltonian is replaced by grand potential operator involving Lagrange multiplier

� = H � �A
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Bogoliubov transformation
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• Final task: design of a correlation expansion for vacuum obeying Bogoliubov algebra

• While the operators commute with particle number the reference state is not an eigenstate of A

[H,S(�)] = [A, S(�)] = [�, S(�)] = 0
<latexit sha1_base64="chK4jNiD2Is9NWCyRCY8HT6L7Y0="></latexit>

A|�i 6= A0|�i
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• Hamiltonian is replaced by grand potential operator involving Lagrange multiplier
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Bogoliubov transformation
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• Partitioning: definition of a splitting into unperturbed part and perturbation

� = �0 + �1 ��th [�0, S(�)] 6= 0 �nd [�1, S(�)] 6= 0
<latexit sha1_base64="7w+mBc0NojyODUpHnQnV4/uY4mE="></latexit>
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• Correlation energy obtained from extension of Goldstone’s formula to symmetry-broken phase
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• Partitioning: definition of a splitting into unperturbed part and perturbation
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• Correlation energy obtained from extension of Goldstone’s formula to symmetry-broken phase

• Low-order expressions are obtained from using generalized Wick’s theorem 

E(2) = �
1

24

X

k1k2k3k4

�40
k1k2k3k4�

04
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4
<latexit sha1_base64="I4J+O6ZVUNqgjz9Bbs2fXgTNSbw="></latexit>

grand potential 
matrix elements

Hartree-Fock 
matrix elements

E(2) =
1

4

X

�b�j

H�b�jH�j�b

�� + �j � �� � �b
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Hartree-Fock-Bogoliubov 
quasiparticle energiesHartree-Fock 

single-particle energies

E(2) =
1

4

X

�b�j

H�b�jH�j�b

�� + �j � �� � �b
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• Correlation energy obtained from extension of Goldstone’s formula to symmetry-broken phase

• Low-order expressions are obtained from using generalized Wick’s theorem 
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Sum run over full space 
Computational scaling: 

Sum run over particle/hole subspaces 
Computational scaling: 

N2
p N

2
h
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Perturbative expansion

7

• Partitioning: definition of a splitting into unperturbed part and perturbation

� = �0 + �1 ��th [�0, S(�)] 6= 0 �nd [�1, S(�)] 6= 0
<latexit sha1_base64="7w+mBc0NojyODUpHnQnV4/uY4mE="></latexit>

��A0
0 = h�|�1

�X

k=1

Ä 1

�00 � �0
�1
äk�1
|�ic

<latexit sha1_base64="o6a1azP5VpFBsShbNM36HkxowNI="></latexit>

• Correlation energy obtained from extension of Goldstone’s formula to symmetry-broken phase

• When applied to closed-shell systems BMBPT(p) reduces to HFMBPT(p)

• Low-order expressions are obtained from using generalized Wick’s theorem 
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Medium-mass results

• Excellent agreement of all methods with ‘exact’ results (IT-NCSM) 

• Different truncation schemes yield consistent description of open-shell nuclei 

• BMBPT is optimal for cheap survey calculations of next-generation chiral Hamiltonians

8

A. Tichai et al. / Physics Letters B 786 (2018) 195–200 199

Fig. 2. Absolute ground-state binding energies (top) and two-neutron separation energies (bottom) along O, Ca and Ni isotopic chains. Results are displayed for second-order 
BMBPT ( ), second-order NCSM-PT ( ), large-scale IT-NCSM ( ), GSCGF-ADC(2) ( ), MR-IMSRG(2) ( ) and CR-CC(2,3) ( ). Experimental value are shown as black bars [34].

MR-IMSRG and GSCGF calculations are systematically displayed. 
While the IMSRG flow is truncated at the two-body level, i.e., 
yielding the IMSRG(2) approximation [12,15,20], GSCGF includes 
skeleton self-energy diagrams up to second order, i.e., yielding 
the so-called ADC(2) approximation [17,43]. Finally, closed-shell 
CC calculations performed at the CR-CC(2,3) level [41] are added 
whenever available. Each of these many-body methods systemat-
ically incorporates large classes of perturbation theory diagrams 
beyond second-order BMBPT.

We find that second-order BMBPT ground-state energies are in 
very good agreement with the more sophisticated methods for 
all systems under consideration, i.e., the relative deviation does 
not exceed 2%. In particular all methods are similar and in good 
agreement with IT-NCSM in O isotopes. MR-IMSRG(2) and NCSM-
PT (when available) do provide a stronger binding compared to 
second-order BMBPT. On the other hand, GSCGF-ADC(2) results are 
very comparable to second-order BMBPT while being often slightly 
less bound. Of course, it will be of great interest to perform this 
comparison again once proper third-order and/or particle-number-
restored BMBPT are systematically available. The consistency of 
the absolute binding energies and two-neutron separation energies 
provided by all the many-body methods further confirms that dis-
crepancies with experimental data, e.g., the systematic overbinding 
in Ca and Ni isotopes or the incorrect behavior of S2N around 56Ni, 
reflect the shortcomings of the employed chiral Hamiltonian. CR-
CC(2,3) calculations further incorporates the effect of triple excita-
tions that are absent from MR-IMSRG(2), GSCGF-ADC(2) or second-
and third-order BMBPT. Corresponding results demonstrate that a 
highly-accurate description of mid-mass systems requires the in-
corporation of triples, i.e., six-quasi-particle excitations in the lan-
guage of BMBPT. The leading contributions of this type appear 
at fourth order in the BMBPT expansion. In addition, one should 
eventually consider the explicit inclusion of the 3N interaction 
without resorting to the NO2B approximation, as demonstrated in 
the CC context [44,45].

Fig. 3 provides the computational runtime in CPU hours of 
second- and third-order BMBPT calculations for several isotopic 
chains. The tin isotopic chain is included here for the record even 
though the corresponding results were not displayed in Figs. 1
and 2 due to the poor performance of the chiral Hamiltonian and 
to the lack of convergence of the calculation with respect to the 
E3max = 14 truncation in this mass region. BMBPT calculations 
were performed on an Intel Xeon X5650 computing node with 12 

Fig. 3. Computational runtime versus mass number from BMBPT(2) ( ), BMBPT(3∗) 
( ), MR-IMSRG(2) ( ) and ADC(2) calculations.

cores at 2.67 GHz. The runtime is essentially independent of the 
mass number of the system for fixed values of emax and E3max. 
A typical run requires only up to 15 CPUh for open-shell nuclei 
and as little as 6 CPUh in closed-shell nuclei. The reduction in the 
closed-shell case is achieved by exploiting that the Bogoliubov ma-
trix V (U ) becomes zero for particle (hole) states when the grand 
potential is normal ordered, i.e., one recovers the benefit of an ex-
plicit partition between particle and hole states. Since our code is 
designed to treat systems with pairing we do not make use of op-
timizations that are only valid in the limiting case of HF-MBPT. 
Therefore, the employed BMBPT code is a factor of 5–10 slower 
than a fully-optimized HF-MBPT code.

Most importantly, Fig. 3 demonstrates that third-order BMBPT 
calculations generate results similar to state-of-the-art medium-
mass approaches at a computational cost that is about two or-
ders of magnitude smaller, e.g., MR-IMSRG(2) requires roughly 
2000 CPUh per run when applied to an open-shell system. The 
computational advantage of low-order BMBPT calculations over 
non-perturbative approaches could make BMBPT a particularly 
useful tool to provide cheap systematic tests of newly generated 
chiral EFT Hamiltonians over a wide range of nuclei.

5. Conclusions

We presented the first full-fledged ab initio application of Bo-
goliubov many-body perturbation theory to finite nuclei. Expand-

Runtime 
 NCSM:    20.000 hours 
 MCPT:      2.000 hours 
 IMSRG:     1.500 hours 
 ADC:           400 hours  
 BMBPT:      < 1min !

Chiral NN+3N Hamiltonian 
NO2B approximation 
SRG: α = 0.08 fm4 
13 major shells (1820 s.p. states) 
canonical HFB reference

Calculation details

Tichai et al., PLB 786 195 (2018)
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Next-generation Hamiltonians

• New families of nuclear Hamiltonians available with highly improved medium-mass accuracy 

• Third-order a posteriori correction BMBPT(3*) provides systematic improvement  

• Neutron-rich calcium isotopes not fully converged w.r.t. size of modelspace 

• Reference state accounts for 30 % of overall binding: 70 % is due to dynamic correlations
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Intermezzo
The curse of dimensionality

Practical challenges for a famous problem
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Intermezzo - The infamous ‘Hoyle state’

• First excited 0+-state in C12 exhibits 
notorious slow model-space 
convergence 

• Independent of input Hamiltonian, 
resolution scale (SRG) or basis 
parameters  

• Finite oscillator basis cannot account 
for collective structure of the 
excitation 

• Lattice EFT simulations reveal 
localisation of three α-particles

10

Maris et al.,  Phys. Rev. C 90, 014314 (2014)
MARIS, VARY, CALCI, LANGHAMMER, BINDER, AND ROTH PHYSICAL REVIEW C 90, 014314 (2014)
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FIG. 8. (Color online) Excitation spectra of 12C with the chiral
NN + 3N interactions, obtained with the NCSM and the IT-NCSM,
as a function of Nmax, and compared with experiment. The solid lines
represent the NCSM result and dashed lines represent the IT-NCSM
results, with boxes indicating the typical threshold-extrapolation
uncertainties. These results are calculated at !! = 20 MeV with
the SRG evolution scale α = 0.0625 fm4. For Nmax = 10, only IT-
NCSM calculations targeting the lowest four eigenstates are currently
available.

also show excitation energies at Nmax = 10, which were
obtained in an IT-NCSM calculation targeting the four lowest
eigenstates.

For the excitation energies of the negative-parity states
relative to the 3−0 state, as shown in Fig. 9, the agreement
of the IT-NCSM and the full NCSM is equally good. Based on
the direct threshold extrapolation of the excitation energies
within the negative-parity space, the uncertainties of the
IT-NCSM energies are comparable to the uncertainties of
the positive-parity excitation energies. Note, however, that
the uncertainties of excitation energies of the negative-parity
states relative to the positive-parity ground state, as reported
in Table I, are significantly larger. This results from the
larger uncertainties of the threshold extrapolations for the
absolute energies of the 3−0 and the 0+0 states needed to
determine the offset of the negative-parity with respect to the
positive-parity spectrum. The uncertainties in this offset induce
sizable systematic uncertainties in the excitation energies of
the negative-parity states, as seen in Table I.

For radii and electromagnetic observables the threshold ex-
trapolations typically produce larger error bars, particularly for
long-range observables like the radii or quadrupole moments
and transitions. Nevertheless, even for these observables, the
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FIG. 9. (Color online) Excitation of the negative-parity spectra
of 12C with respect to the lowest 3−0 state using the chiral NN + 3N

interaction, obtained with the NCSM and the IT-NCSM, as a function
of Nmax, and compared with experiment. The solid lines represent the
NCSM result and dashed lines represent the IT-NCSM results. These
results are calculated at !! = 20 MeV with the SRG evolution scale
α = 0.0625 fm4. For Nmax = 9, only IT-NCSM calculated eigenstates
are currently available.

results in Table I show that the NCSM and IT-NCSM results
fall within the quoted IT-NCSM uncertainty in the majority of
cases.

There is a systematic trend in uncertainties of the IT-NCSM
results when going from Nmax = (6,7) to Nmax = (8,9). First
of all, the uncertainty estimates increase with increasing Nmax.
This is attributable to the fact that the IT-NCSM space covers
a smaller fraction of the complete Nmax space so that the
threshold extrapolation has to account for the contribution
of a larger fraction of discarded basis states. Second, the
fraction of cases in which the IT-NCSM agrees with the NCSM
within the uncertainties is reduced for Nmax = (8,9). This
might be explained by uncertainties that are not accounted for
by the threshold extrapolation and uncertainty quantification
protocol. An example are inaccuracies resulting from building
the importance-truncated space for Nmax = (8,9) on refer-
ence states that already result from an importance-truncated
Nmax = (6,7) calculation; the uncertainties inherited from the
Nmax = (6,7) states and the additional reference threshold Cmin
are not yet accounted for by the Nmax = (8,9) uncertainty
estimate. Because a numerical propagation of these uncertain-
ties is computationally expensive, one might consider other
threshold extrapolation schemes that are robust in this respect.
A promising candidate is a threshold extrapolation based on
the energy variance [53,54] and studies along these lines are
in progress.

These benchmark comparisons show that the intrinsic un-
certainty estimates extracted from the threshold extrapolation
provide a suitable guideline for the accuracy of the IT-NCSM
results. However, one has to keep in mind that the estimates
do not capture the accumulation of uncertainties throughout a
sequence of importance-truncated calculations with increasing
Nmax. The relative size of the uncertainties depends on the
observable and the structure of the states. If the resulting
uncertainty appears too large for a specific application, one

014314-8
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Intermezzo - Clustering

11

Spectroscopy of C12 emerges 
from interplay between α-particles

1d5/2

1s1/2

1p3/2

1p1/2

2s1/2

1d3/2

8

2

20

4p4h-excitation ( ΔN = 5 )

Note:
No-core shell model includes 4p4h-excitations 
… but only the ones close to the Fermi surface

(Nmax truncation)

Full configuration space required!
(Single-particle truncation)
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Intermezzo - A quick estimate

12

Naive expectation: 4p4h-excitations are important for clustering
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Converged results in C12 : 12 occupied states and 2000 virtual states
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>106 Tb

Explosion of 
required resources
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Intermezzo - A quick estimate
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Naive expectation: 4p4h-excitations are important for clustering
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Converged results in C12 : 12 occupied states and 2000 virtual states

1p1h-excitations 

2p2h-excitations 

3p3h-excitations 

4p4h-excitations 

100 kb

4 Gb

100 Tb

>106 Tb

Take away-message:
Brute force does not resolve this…

New technology required!



Part II
Pre-processing 

the many-body problem

Why is quantum mechanics so hard?
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‘Effective’ problems
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parameter space of 
reduced problem
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Quality of reduced solution

14

Q
ua

lit
y 

of
 s

ol
ut

io
n

Size of reduced problem
(increase in required resources)

‘Good’ reduction scheme
‘Bad’ reduction scheme

Example:
Breaking a security system



October 2019A. Tichai — Recent advances in ab initio nuclear structure  —

Quality of reduced solution
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Size of reduced problem
(increase in required resources)

‘Good’ reduction scheme
‘Bad’ reduction scheme

Example:
Breaking a security system

Key question:
Can we come up with a

 effective many-body problem 
which has a ‘good’ reduction?
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Importance truncation

• Challenge in wave-function theory is the growth of basis dimension of A-body Hilbert space

15

(NCSM: Roth, Navrátil, Barret, …; QMC: Abe, Otsuka, …; CC: Deustua, Shen, Piecuch)
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Importance truncation

• Challenge in wave-function theory is the growth of basis dimension of A-body Hilbert space

15

• Often the largest part of Hilbert space is (almost) irrelevant for nuclear observable

• Idea of importance truncation (IT): pre-selection of relevant Hilbert-space elements

A priori importance measure 
(e.g. based on MBPT arguments)

Wave-function amplitudes

Tn(�
(p)
min) ⌘ {t2n0k1...k2n

such that�(p)(t2n0(p)k1...k2n) � �
(p)
min}
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(NCSM: Roth, Navrátil, Barret, …; QMC: Abe, Otsuka, …; CC: Deustua, Shen, Piecuch)
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Importance truncation

• Challenge in wave-function theory is the growth of basis dimension of A-body Hilbert space

15
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• Sum over important states only, i.e. states of the parameter space of the effective problem

• Often the largest part of Hilbert space is (almost) irrelevant for nuclear observable

• Idea of importance truncation (IT): pre-selection of relevant Hilbert-space elements

A priori importance measure 
(e.g. based on MBPT arguments)

Wave-function amplitudes

Tn(�
(p)
min) ⌘ {t2n0k1...k2n
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�40
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4
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Importance truncation

• Challenge in wave-function theory is the growth of basis dimension of A-body Hilbert space
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• Sum over important states only, i.e. states of the parameter space of the effective problem

• Systematically improvable: Full value of observable is obtained in the limit of zero threshold  

This is very much in the ab initio spirit!

• Often the largest part of Hilbert space is (almost) irrelevant for nuclear observable

• Idea of importance truncation (IT): pre-selection of relevant Hilbert-space elements

A priori importance measure 
(e.g. based on MBPT arguments)

Wave-function amplitudes

Tn(�
(p)
min) ⌘ {t2n0k1...k2n
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Analysis of double amplitudes

• Storage requirements of IT wave function reduced by several orders of magnitude

16

Tichai, Ripoche, Duguet, EPJ A 55:90, (2019)

Chiral NN+3N Hamiltonian 
α = 0.08 fm4 
13 major shells (1820 s.p. states) 
canonical HFB reference 
4-quasi-particle excitations 
18O

1st pre-processing paradigm:
‘Make hard calculations routine’

Calculation details
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99.9 % accuracy with 0.1% of configurations!

• Estimate quality of IT based on 2nd-order energy correction in CC-like form
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Analysis of triple amplitudes

• Explosion of storage requirements without data compression ( > 10 Tb ) 

• Estimate error on observables via BCCSD[T] correction (fourth-order complete!)

17
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Chiral NN+3N Hamiltonian 
α = 0.08 fm4 
13 major shells (1820 s.p. states) 
canonical HFB reference 
6-quasi-particle excitations 
18O

Calculation details

2nd pre-processing paradigm:
‘Make impossible calculations feasible’

Tichai, Ripoche, Duguet, EPJ A 55:90, (2019)

• Storage of pre-processed amplitudes possible: full IT-BCCSDT in reach!
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Perspectives

18

Ab initio nuclear structure
• Improved chiral EFT interactions for medium-mass applications 
• Novel computational tools to deal with size of many-body tensors in heavy systems 
• Doubly open-shell nuclei from simultaneously breaking U(1) and SU(2) symmetry 

Pre-processing tools
• Application of importance truncation to non-perturbative many-body frameworks  
• Further investigation of rank-reduction schemes using tensor-factorization tools 
• Exceed boundaries of conventional computational strategies in many-body theory

Correlation expansions
• Systematic understanding of convergence properties of BMBPT expansion 
• Extension to other nuclear observables and low-lying excited states 
• Implementation of HFB-based symmetry-broken coupled-cluster theory
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Epilogue
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Ab initio?

The renaissance of MBPT after the ‘great depression’ of the 80's
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MBPT - Partitioning

• Variation of partitioning (reference states) changes qualitative behaviour of MBPT expansion 

• Optimized Hartree-Fock state captures the bulk part of the binding energy 

• HO determinant does not account for correct asymptotics of single-particle wave functions
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FIG. 1. Partial sums of 16O in HO basis (a) and HF basis (b) for the
NN+3N-full interaction with ↵ = 0.08fm4 and truncation parameters
Nmax = 2 (l), 4 ( H) and 6 (F). The corresponding energy correc-
tions for each order are displayed in (c) and (d), respectively. All
calculations are performed at oscillator frequency ~⌦ = 24 MeV.

cillatory behavior of the partial sums. However, even in these
cases we can easily extract a robust estimate for the asymp-
totic value. In the case of 4He the suppression is independent
of ↵ and we observe the same rapid convergence for all inter-
actions.

The numerical values of the partial sums for selected or-
ders of HF-MPBT for the three nuclei and the di↵erent flow
parameters are summarized in Tab. I together with the results
of direct CI calculations for the same Hamiltonians and model
spaces. The higher-order partial sums are in good agreement
with the CI results—in most cases the deviation of the ground-
state energy is much smaller than 0.1%.

Based on our detailed analysis of high-order HF-MBPT and
due to the exponential suppression of the energy corrections,
we can take low-order partial sums as a reasonable approxi-
mation to the converged results. This motivates the investiga-
tion of third-order partial sums for selected medium-mass and
heavy closed-shell nuclei in the following.

Explicit Summation for Heavy Nuclei. For heavier nuclei
and larger model spaces we cannot compute the high-order
perturbation series explicitly and, thus, we cannot investigate
the convergence characteristics explicitly. We can, however,
evaluate the perturbative contributions up to third order very
e�ciently. To demonstrate the validity of a low-order per-
turbative approximation, we need to compare our results to
established ab initio techniques, in our case, coupled-cluster
calculations with sophisticated triples corrections.

We consider a sequence of closed-shell nuclei ranging from
4He to 132Sn and perform calculations in second and third-
order HF-MBPT in a large model space truncated with respect
to the single-particle principal quantum number emax = 12.
We restrict ourselves to SRG-evolved Hamiltonians with flow
parameter ↵ = 0.08 fm4, which was used extensively in previ-
ous calculations and showed favorable order-by-order conver-
gence in our high-order studies. We cannot perform CI cal-
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FIG. 2. Partial sums for varying flow parameters in HF-MBPT for
4He (a), 16O (b) and 24O (c). The corresponding energy corrections
are given in (d), (e) and (f), respectively. The model space for the first
and second panel are truncated at Nmax = 6. The truncation for the
third panel is given by Nmax = 4. The flow parameters for the di↵er-
ent data sets are ↵ = 0.02 fm4 (l), 0.04 fm4 ( H) and 0.08 fm4(F). All
calculations use a NN+3N-full interaction with oscillator frequency
~⌦ = 24 MeV.

culations for these large spaces, however, the coupled-cluster
framework has proven to provide accurate results for ground-
state energies of closed-shell nuclei [1–4]. We compare the
HF-MBPT results to recent CC calculations at the CCSD and
the CR-CC(2, 3) level [5, 6, 42]. Starting from a HF reference
state this approach provides a complete inclusion of singly and
doubly excited clusters on top of the reference state and, in the
case of CR-CC(2, 3) an approximate non-iterative inclusion of
triply excited clusters [43–46].

In Figs. 3 and 4 the ground-state energies per nucleon (a) as
well as the correlation energy Ecorr = E � EHF per nucleon (b)
from HF-MBPT and CR-CC(2, 3) are depicted for an initial
chiral NN+3N and an initial chiral NN interaction. The SRG-
induced three-nucleon contribution are taken into account in
both cases, leading to the NN+3N-full and NN+3N-induced
interactions, respectively.

These figures show a remarkable result: The binding ener-
gies in third-order HF-MBPT and CR-CC(2,3) are in excel-
lent agreement with each other. The relative di↵erences are
in most cases much smaller than 1%. The same observation
holds for the correlation energy, i.e., the corrections to the HF
energy. The third-order energy corrections contribute approx-
imately 0.2 MeV to the overall binding energy per nucleon
and are, therefore, non negligible even though the third-order
energy corrections in HF-MBPT are one order of magnitude
smaller than the second-order correction.

Chiral NN+3N Hamiltonian 
4 major shells (140 s.p. states) 
Nmax = 4 
SRG parameter α = 0.08 fm4 
Møller-Plesset partitioning

Calculation details

HF

HO
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Account of IR-divergence:
‘You must have a good leading order’
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MBPT - Hamiltonian

• Softness of interaction has strong 
impact on convergence characteristics 

• Strong suppression of high-order 
corrections via SRG-evolved 
Hamiltonians
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FIG. 1. Partial sums of 16O in HO basis (a) and HF basis (b) for the
NN+3N-full interaction with ↵ = 0.08fm4 and truncation parameters
Nmax = 2 (l), 4 ( H) and 6 (F). The corresponding energy correc-
tions for each order are displayed in (c) and (d), respectively. All
calculations are performed at oscillator frequency ~⌦ = 24 MeV.

cillatory behavior of the partial sums. However, even in these
cases we can easily extract a robust estimate for the asymp-
totic value. In the case of 4He the suppression is independent
of ↵ and we observe the same rapid convergence for all inter-
actions.

The numerical values of the partial sums for selected or-
ders of HF-MPBT for the three nuclei and the di↵erent flow
parameters are summarized in Tab. I together with the results
of direct CI calculations for the same Hamiltonians and model
spaces. The higher-order partial sums are in good agreement
with the CI results—in most cases the deviation of the ground-
state energy is much smaller than 0.1%.

Based on our detailed analysis of high-order HF-MBPT and
due to the exponential suppression of the energy corrections,
we can take low-order partial sums as a reasonable approxi-
mation to the converged results. This motivates the investiga-
tion of third-order partial sums for selected medium-mass and
heavy closed-shell nuclei in the following.

Explicit Summation for Heavy Nuclei. For heavier nuclei
and larger model spaces we cannot compute the high-order
perturbation series explicitly and, thus, we cannot investigate
the convergence characteristics explicitly. We can, however,
evaluate the perturbative contributions up to third order very
e�ciently. To demonstrate the validity of a low-order per-
turbative approximation, we need to compare our results to
established ab initio techniques, in our case, coupled-cluster
calculations with sophisticated triples corrections.

We consider a sequence of closed-shell nuclei ranging from
4He to 132Sn and perform calculations in second and third-
order HF-MBPT in a large model space truncated with respect
to the single-particle principal quantum number emax = 12.
We restrict ourselves to SRG-evolved Hamiltonians with flow
parameter ↵ = 0.08 fm4, which was used extensively in previ-
ous calculations and showed favorable order-by-order conver-
gence in our high-order studies. We cannot perform CI cal-
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FIG. 2. Partial sums for varying flow parameters in HF-MBPT for
4He (a), 16O (b) and 24O (c). The corresponding energy corrections
are given in (d), (e) and (f), respectively. The model space for the first
and second panel are truncated at Nmax = 6. The truncation for the
third panel is given by Nmax = 4. The flow parameters for the di↵er-
ent data sets are ↵ = 0.02 fm4 (l), 0.04 fm4 ( H) and 0.08 fm4(F). All
calculations use a NN+3N-full interaction with oscillator frequency
~⌦ = 24 MeV.

culations for these large spaces, however, the coupled-cluster
framework has proven to provide accurate results for ground-
state energies of closed-shell nuclei [1–4]. We compare the
HF-MBPT results to recent CC calculations at the CCSD and
the CR-CC(2, 3) level [5, 6, 42]. Starting from a HF reference
state this approach provides a complete inclusion of singly and
doubly excited clusters on top of the reference state and, in the
case of CR-CC(2, 3) an approximate non-iterative inclusion of
triply excited clusters [43–46].

In Figs. 3 and 4 the ground-state energies per nucleon (a) as
well as the correlation energy Ecorr = E � EHF per nucleon (b)
from HF-MBPT and CR-CC(2, 3) are depicted for an initial
chiral NN+3N and an initial chiral NN interaction. The SRG-
induced three-nucleon contribution are taken into account in
both cases, leading to the NN+3N-full and NN+3N-induced
interactions, respectively.

These figures show a remarkable result: The binding ener-
gies in third-order HF-MBPT and CR-CC(2,3) are in excel-
lent agreement with each other. The relative di↵erences are
in most cases much smaller than 1%. The same observation
holds for the correlation energy, i.e., the corrections to the HF
energy. The third-order energy corrections contribute approx-
imately 0.2 MeV to the overall binding energy per nucleon
and are, therefore, non negligible even though the third-order
energy corrections in HF-MBPT are one order of magnitude
smaller than the second-order correction.

Tichai, Langhammer, Binder, Roth, PLB 756 283, (2016)
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MBPT - open-shell nuclei

• Exponential convergence of MCPT expansion for various nuclei and targeting states 

• Converged results agrees up to numerical accuracy with exact no-core-shell model limit 

• NCSM reference state capture static correlations in open-shell nuclei (and lift the degeneracy)
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Frontiers in MBPT 

• Excellent reproduction of ground-state energies obtained from large-scale IT-NCSM 

• MCPT enables for description of even and odd systems due to working within m-scheme 

• Better agreement when enlarging the variational space for the construction of reference states 

• MCPT calculations require two orders of magnitude less computational resources
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Fig. 2. Reference energies ( , ) and second-order NCSM-PT energies ( , ) with Nref
max = 0 and 2, respectively, for the ground states of 11−20C, 16−26O, and 17−31F for 

the NN+3N-full interaction with α = 0.08  fm4 and model-space truncation emax = 12. All calculations are performed with a Hartree–Fock optimized single-particle basis at 
h̄" = 20 MeV. Importance-truncated NCSM calculations ( ) are shown for comparison [39 ]. Experimental values are indicated by black bars [40].

Fig. 3. Reference energies ( , ) and second-order NCSM-PT energies ( , ) with Nref
max = 2 for the ground states of 11–20C, 16–26O, and 17–31F for the NN+3N-ind (squares) 

and NN+3N-full interaction (circles). The SRG flow parameter is given by α = 0.08  fm4 and all calculations are performed within a emax = 12 truncated model space. We use 
Hartree–Fock optimized single-particle basis at h̄" = 20 MeV. Experimental values are indicated by black bars [40].

than 24O. It was already observed in prior calculations that the in-
clusion of chiral 3N forces is necessary for the correct reproduction 
of the experimentally observed dripline [44,19 ].

We observe a similar trend in the fluorine chain, where the in-
clusion of chiral 3N induces a kink in the ground-state binding 
energies at 25F, i.e., at neutron number N = 16 as in the neigh-
bouring 24O. Beyond 25F ground-state energies remain constant 
up to 30F which corresponds to opening up the f7/2 shell. The 
NN+3N-ind interaction predicts a completely different behaviour 
with smoothly decreasing ground-state energies up to 29 F, in con-
tradiction to experiment.

7. Excitation spectra

By evaluating the second-order correction for different refer-
ence states extracted from the NCSM spectrum in the Nref

max space 
we can address the excited states directly. We obtain the abso-
lute NCSM-PT energies of the excited states from separate calcula-
tions of the second-order correction and subsequently subtract the 
NCSM-PT ground-state energy to extract excitation energies. Fig. 4
presents the excitation spectra of selected carbon and oxygen iso-
topes compared to direct NCSM calculations.

It is well known that same-parity excitation energies in NCSM 
converge much faster with Nmax than absolute energies. There-
fore, many of the NCSM excitation energies shown in the right-
hand columns of each panel in Fig. 4 are already quite stable. The 
NCSM-PT, which leads to stable absolute energies for the excited 
states, can hardly improve the convergence of the excitation en-
ergies. We find similar stability with respect to Nmax and Nref

max
and good agreement for practically all excitation energies. In cases 
where the level ordering changes in the NCSM at large Nmax the 

NCSM-PT calculations give the correct level ordering right away, 
examples are lowest two states in 15C, and the third and fourth 
state in 19 O. As for the ground-state energies, an NCSM-PT cal-
culation for Nref

max = 2 provides a good compromise of accuracy 
and computational efficiency, in particular since going to Nmax

ref = 4
yields no further improvement for most of the calculations. Due to 
the scaling with the reference-space dimension, the NCSM-PT cal-
culations with Nref

max = 4 reference states need about two orders of 
magnitude more computing time than with Nref

max = 2. We further 
note that absolute energies in NCSM are far from being converged.

8. Conclusion and outlook

We have introduced a hybrid ab initio approach, the NCSM-PT, 
that combines the flexibility of the NCSM with the efficiency of 
MBPT techniques to compute ground and excited-state energies in 
arbitrary open-shell systems in large model spaces. The NCSM in 
small model spaces is used to define a multi-determinantal refer-
ence state that contains the most important multi-particle multi-
hole correlations and the second-order correction from multi-
configurational perturbation theory are used to capture correla-
tion effects from a large model-space. Everything is formulated 
in an m-scheme basis, so that even and odd-mass nuclei and ex-
cited states can be treated directly. We find very good agreement 
of the ground-state and excitation energies obtained in NCSM-PT 
with direct NCSM calculations—the accuracy of the NCSM-PT is on 
par with more demanding approaches like the multi-reference IM-
SRG. We presented the first no-core ab initio calculations for the of 
neutron-rich fluorine isotopes, which reproduce the so called oxy-
gen anomaly.

Tichai, Gebrerufael, Vobig, Roth, PLB 786 448-452 (2018)
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Frontiers in MBPT 

• Good agreement of level orderings and excitation energies obtained from IT-NCSM 

• Enlargement of reference space necessary to obtain correct J for the ground-state of 19O

Tichai, Gebrerufael, Vobig, Roth, PLB 786 448-452 (2018)452 A. Tichai et al. / Physics Letters B 786 (2018) 448–452

Fig. 4. Spectra obtained via second-order NCSM-PT for selected carbon and oxygen isotopes for the NN+3N-full interaction with α = 0.08 fm4, emax = 12, and h̄" = 16 MeV. 
These calculations are performed with a harmonic-oscillator basis to separate centre-of-mass contaminations in the reference states. Importance-truncated NCSM calculations 
for a sequence of model spaces are displayed in the right panel. For 19,20O and Nref

max = 4 we introduced an additional truncation cµcµ′ ≥ 10−6 (µ ̸= µ′) for the calculation 
of the second-order energy corrections in NCSM-PT in order to reduce computing time.

Because of its low computational cost compared to standard 
NCSM calculations, this approach is ideally suited for exploratory 
calculations over a large range of nuclei. With the rapid progress 
in the construction of consistent NN+3N interactions from chiral 
EFT at various orders and with different regulators [45,46], survey 
calculations for testing and constraining new nuclear interactions 
will be of great importance.
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Frontiers in MBPT 

• Excellent agreement of all methods with ‘exact’ results (IT-NCSM) 

• Different truncation schemes yield consistent description of open-shell nuclei 

• BMBPT is optimal for cheap survey calculations of next-generation chiral Hamiltonians
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Fig. 2. Absolute ground-state binding energies (top) and two-neutron separation energies (bottom) along O, Ca and Ni isotopic chains. Results are displayed for second-order 
BMBPT ( ), second-order NCSM-PT ( ), large-scale IT-NCSM ( ), GSCGF-ADC(2) ( ), MR-IMSRG(2) ( ) and CR-CC(2,3) ( ). Experimental value are shown as black bars [34].

MR-IMSRG and GSCGF calculations are systematically displayed. 
While the IMSRG flow is truncated at the two-body level, i.e., 
yielding the IMSRG(2) approximation [12,15,20], GSCGF includes 
skeleton self-energy diagrams up to second order, i.e., yielding 
the so-called ADC(2) approximation [17,43]. Finally, closed-shell 
CC calculations performed at the CR-CC(2,3) level [41] are added 
whenever available. Each of these many-body methods systemat-
ically incorporates large classes of perturbation theory diagrams 
beyond second-order BMBPT.

We find that second-order BMBPT ground-state energies are in 
very good agreement with the more sophisticated methods for 
all systems under consideration, i.e., the relative deviation does 
not exceed 2%. In particular all methods are similar and in good 
agreement with IT-NCSM in O isotopes. MR-IMSRG(2) and NCSM-
PT (when available) do provide a stronger binding compared to 
second-order BMBPT. On the other hand, GSCGF-ADC(2) results are 
very comparable to second-order BMBPT while being often slightly 
less bound. Of course, it will be of great interest to perform this 
comparison again once proper third-order and/or particle-number-
restored BMBPT are systematically available. The consistency of 
the absolute binding energies and two-neutron separation energies 
provided by all the many-body methods further confirms that dis-
crepancies with experimental data, e.g., the systematic overbinding 
in Ca and Ni isotopes or the incorrect behavior of S2N around 56Ni, 
reflect the shortcomings of the employed chiral Hamiltonian. CR-
CC(2,3) calculations further incorporates the effect of triple excita-
tions that are absent from MR-IMSRG(2), GSCGF-ADC(2) or second-
and third-order BMBPT. Corresponding results demonstrate that a 
highly-accurate description of mid-mass systems requires the in-
corporation of triples, i.e., six-quasi-particle excitations in the lan-
guage of BMBPT. The leading contributions of this type appear 
at fourth order in the BMBPT expansion. In addition, one should 
eventually consider the explicit inclusion of the 3N interaction 
without resorting to the NO2B approximation, as demonstrated in 
the CC context [44,45].

Fig. 3 provides the computational runtime in CPU hours of 
second- and third-order BMBPT calculations for several isotopic 
chains. The tin isotopic chain is included here for the record even 
though the corresponding results were not displayed in Figs. 1
and 2 due to the poor performance of the chiral Hamiltonian and 
to the lack of convergence of the calculation with respect to the 
E3max = 14 truncation in this mass region. BMBPT calculations 
were performed on an Intel Xeon X5650 computing node with 12 

Fig. 3. Computational runtime versus mass number from BMBPT(2) ( ), BMBPT(3∗) 
( ), MR-IMSRG(2) ( ) and ADC(2) calculations.

cores at 2.67 GHz. The runtime is essentially independent of the 
mass number of the system for fixed values of emax and E3max. 
A typical run requires only up to 15 CPUh for open-shell nuclei 
and as little as 6 CPUh in closed-shell nuclei. The reduction in the 
closed-shell case is achieved by exploiting that the Bogoliubov ma-
trix V (U ) becomes zero for particle (hole) states when the grand 
potential is normal ordered, i.e., one recovers the benefit of an ex-
plicit partition between particle and hole states. Since our code is 
designed to treat systems with pairing we do not make use of op-
timizations that are only valid in the limiting case of HF-MBPT. 
Therefore, the employed BMBPT code is a factor of 5–10 slower 
than a fully-optimized HF-MBPT code.

Most importantly, Fig. 3 demonstrates that third-order BMBPT 
calculations generate results similar to state-of-the-art medium-
mass approaches at a computational cost that is about two or-
ders of magnitude smaller, e.g., MR-IMSRG(2) requires roughly 
2000 CPUh per run when applied to an open-shell system. The 
computational advantage of low-order BMBPT calculations over 
non-perturbative approaches could make BMBPT a particularly 
useful tool to provide cheap systematic tests of newly generated 
chiral EFT Hamiltonians over a wide range of nuclei.

5. Conclusions

We presented the first full-fledged ab initio application of Bo-
goliubov many-body perturbation theory to finite nuclei. Expand-

Runtime 
 NCSM:    20.000 hours 
 MCPT:      2.000 hours 
 IMSRG:     1.500 hours 
 ADC:           400 hours  
 BMBPT:      < 1min !

Chiral NN+3N Hamiltonian 
NO2B approximation 
SRG: α = 0.08 fm4 
13 major shells (1820 s.p. states) 
canonical HFB reference

Calculation details
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