Why the standard model
Joint work with Ali Chamseddine

(based on previous work with M. Marcolli)



Space-Time

Flat space (Poincaré, Einstein, Minkowski)
ds® = —dt? + dz? + dy® + dz?
Curved space, gravitational potential guv
ds® = guvdat dx”

Action principle

1
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S= Sg+ Ssm

Classical — Quantum (Feynman)
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Standard Model
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Notations

— Gauge bosons : A, WiT, Z7, g°

— Quarks u?,d?, collective qg

— Leptons : e, A

— Higgs fields : H,¢9, o1, ¢

— Ghosts : G, X0 X+ XY,

— Masses : m)}, my, m2, my,, M (the latter is the
mass of the W)

— Tadpole Constant 3y,

— Cosine and sine of the weak mixing angle

Cw, Sw
— Coupling constants syg = vV4ra (fine struc-
mj;
ture), gs = strong, ap = e

— Cabibbo—Kobayashi—Maskawa mixing matrix :
C)\/ﬁ}

— Structure constants of SU(3) : fabe

— The Gauge is the Feynman—t'Hooft gauge.



sSymmetries of S = Sg 4+ Sqyuy

G=U(1) x SU(2) x SU(3)

G = Map(M, G) x Diff(M)

Question :

Is there a space X whose group of diffeomor-
phisms is directly of that form 7

Answer :
No : for ordinary ‘“‘commutative spaces”

Yes : for noncommutative spaces



A= COO(Ma Mn((c)) — COO(M) X Mn((c)

The group Inn(A) is locally isomorphic to the
group G of smooth maps from M to the small
gauge group G = PSU(n) (quotient of SU(n)
by its center)

1 —Inn(A) — Aut(A) — Out(A) — 1

1 — Map(M,G) — G — Diff(M) — 1.



What is a metric in spectral geometry

It contains the Riemannian paradigm (M, guv)
as a special case.

It does not require the commutativity of co-
ordinates.

It contains spaces X, of complex dimension
z Suitable for the Dim-Reg procedure.

It provides a way of expressing the full stan-
dard model coupled to Einstein gravity as
pure gravity on a modified space-time geo-
metry.

It allows for quantum corrections to the geo-
metry.
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<« |nfrared Ultraviolet ——»
0 5 10 15 20 30 1014 Hz

Meter — Wave length (Krypton (1967) spec-

trum of 86Kr then Caesium (1984) hyperfine
levels of C133)
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In fact, the actual definition of the unit of
length m in the metric system is as a specific
fraction L9220 ~ 30.6633... of the wave
length of the radiation coming from the tran-
sition between two hyperfine levels of the Ce-
sium 133 atom. Indeed the speed of light is

fixed once and for all at the value of

c = 299792458 m/s

and the second s, which is the unit of time,
is defined as the time taken by 9192631770
periods of the above radiation.
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Spectral Triples

A spectral triple (A, H, D) is given by an involu-
tive unital algebra A represented as operators
in a Hilbert space 'H and a self-adjoint ope-
rator D with compact resolvent such that all
commutators [D,a] are bounded for a € A.

A spectral triple is even if the Hilbert space H
is endowed with a Z/2- grading v which com-
mutes with any a € A and anticommutes with
D.
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Real Structure

A real structure of KO-dimension n € Z/8 on
a spectral triple (A, H,D) is an antilinear iso-
metry J : 'H — 'H, with the property that

J2=¢, JD=¢DJ, and Jy=¢£"vJ (1)

The numbers ¢,&’,¢"” € {—1,1} are a function
of n mod 8 given by

nl0 1 2 3 4 5 6 7
/1 1 -1 -1 -1 -1 1 1
g1 -1 1 1 1 -1 11
e’ |1 -1 1 -1

[a,8°] =0 Va,be A, b° = Jp*J1 (2)

[[D,a],°] =0 Va,be A. (3)
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Our road to F'is through the following steps
1. We classify the irreducible triplets (A, H, J).
2. We study the Z/2-gradings v on H.

3. We classify the subalgebras Ar C A which
allow for an operator D that does not com-
mute with the center of A but fulfills the
“order one” condition (3)

[[D,a],t°] =0 Va,be Ap.
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Assume irreducibility, then one of the following
cases holds

— The center Z(A¢) is reduced to C.

— One has Z(Ag) = Ce C and JejJ 1 = e5
where e; € Z(Ac) are the minimal projec-
tions of Z(A¢).
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The case Z(A¢) =C

Let H be a Hilbert space of dimension n. Then
an irreducible solution with Z(A¢) = C exists
iff n = k2 is a square. It is given by Ag =
M, (C) acting by left multiplication on itself and
antilinear involution

J(x) =2, Vxe M. (C).

Three possibilities

— A= M (C) (unitary case)

— A= M (R) (orthogonal case)

- A = My,(H), for even k = 2a, (symplectic
case)
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The case Z(Ag) =CahpC

Let ‘'H be a Hilbert space of dimension n. Then
an irreducible solution with Z(A¢) = Cae C
exists iff n = 2k2 is twice a square. It is given
by Ac = M,(C) & M,(C) acting by left multi-
plication on itself and antilinear involution

J(z,y) = (y*,2"), Vz,ye M(C).
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Intrinsic description

Ac = Endec(W) @ Ende(V).

£ = Homg(V, W),

H=E @ EF,

£* = Homg(W, V)

J(&m) =" €&)
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F of KO-dimension 6 (mod 8)

In the case Z(A¢) =C, let v be a Z/2-grading
of H such that yvAy~1 = A and Jy = €’yJ for
e/ =+1. Then ' =1.

J
case Z(Ac) = C is excluded
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Z,/2-grading

We make the hypothesis that both the grading
and the real form come by assuming that the
vector space W is a right vector space over H
and is non-trivially Z/2-graded.

U
Simplest case : W = H2, V = C4

(The space &€ = Homg(V, W) is related to the
classification of instantons)
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Up to an automorphism of A%V, there exists
a unique involutive subalgebra Ar C A%V of
maximal dimension admitting off-diagonal Di-
rac operators. It is given by

Ap ={(APg, Axdm) | A€ C, ge H, m € M3(C)}

CH® H® Mys(C),

using a field morphism C — H. The involutive
algebra Ap is isomorphic to CaH @ M3(C) and
together with its representation in (H, J,~) it
gives the noncommutative geometry F..
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The product geometry

A=A A, H=H1 ®Ho ,
D=D1®14+71®D2, vy=71Q®72, J =J1®J>2
A=CC(M) R Ap = C®(M, Ar)
H=L*(M,S) @ Hp = L°(M,S ® Hp)

D=@,91+v® Dp

where @,, is the Dirac operator on M.
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Spectral Model

Let M be a Riemannian spin 4-manifold and F
the finite noncommutative geometry of KO-
dimension 6 described above. Let M x F' be
endowed with the product metric.

1. The unimodular subgroup of the unitary
group acting by the adjoint representation
Ad(u) in H is the group of gauge transfor-
mations of SM.

2. The unimodular inner fluctuations of the
metric give the gauge bosons of SM.

3. The full standard model (with neutrino mixing
and seesaw mechanism) minimally coupled
to Einstein gravity is given in Euclidean
form by the action functional

1 ~ ~ -
S = Tr(f(Da/M)+5 (JEDaf), €M,
where D, is the Dirac operator with the

unimodular inner fluctuations. e



Predictions

— Unification of couplings

93fo 1 2_ 2_5 2
27_(_2 _Za 93_92_591'
— See-saw mechanism for neutrino masses with
large Mp ~ A.

— The mass matrices satisfy the constraint at
unification

3 (m)2+(mZ)?+3 (mg)?+3 (m)? = 8 M~
Yo =3 (49)% 4+ )%+ 3 @)%+ 3 [¥9)?

Y2(S) = 4g¢°.

This yields a value of the top mass which
is 1.04 times the observed value when ne-
glecting the yukawa couplings of the bottom
quarks etc...and is hence compatible with ex-
periment.
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— The Higgs scattering parameter
b

a2.

The numerical solution to the RG equations
with the boundary value A\g = 0.356 at A =
1017 GeV gives A\(My) ~ 0.241 and a Higgs
mass of the order of 170 GeV.

— Newton constant (fo ~ 5fp)

X(A) = ¢3

— No proton decay
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Inner fluctuations of metric

One defines a right A-module structure on H
by

tb=10¢, VeEEH, be A

The unitary group of the algebra A then acts
by the “adjoint representation” in ‘H in the
form

EEH — Adw)é =uéu™, VEEH

The inner fluctuations of the metric are given
by

D—Dys=D+A+JA771

where A is a self-adjoint operator of the form

A:Zaj[D,bj], aj,bj c A.



The bosonic part of the spectral action is

S

1
@8 fant — N et+ 00y [ gata(r)

96f2/\2—foc/ 4
R d
2472 vgdia

107r /(_R*R* 3 Cpvpo CHP7) /g d*a
(—2a f2\? + e fo)
- [ 1ol g d*a

+ 4+ + o+

Jfo
5% [ alDuel? Vg d*a
7T
Jo
5 [ aRlel? vgd's

+ 2f_7(32/( 3G, G'"' 4 g5 FO, FHV®

5
+ gg% B, B*) \/gd*x
fo
+ 2% [ blel* vdte
7T
where
1
R'R* = 2P eq5,5 Ry R)g

is the Euler characteristic.
10



We first perform a trivial rescaling of the Higgs
field ¢ so that kinetic terms are normalized.
To normalize the Higgs fields Kkinetic energy
we have to rescale ¢ to :

va fo

Y

H =

7T
so that the kinetic term becomes

1
/ SIDHP Vg da
The normalization of the Kinetic terms imposes
a relation between the coupling constants g1,
g>, g3 and the coefficient fp, of the form
95fo 1 S 5

— 2 e 2 = — .
22 4’ I3 92 391
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The bosonic action then takes the form

2
2&0

S=J (LR‘FO‘OCMWJJC’MV’OJ‘F Yo + 70 R*R*
+ igi,awit 1Fe, prvey 1, giv

+ LIDuH2 - ZHI? - &0 RIH + A0|H|4> S
where
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Standard Model notation notation Spectral Action
Higgs Boson | ¢ = (2L 4+ H —ig0, —iv/26™) H = L2021 4)) Inner metric(®)
Inner metric:0)

Gauge bosons

0 +
A,LL? Z;N W/t 1gZ

(B,W,V)

Fermion masses

M, My Yi13) = 013) Y1) = 0y || Dirac®V in
u, v
CKM matrix %, my Y13 = Cd3, CT Dirac(® in (| 3)
Masses down
f et lep __77lep lept : (0,1) s
Lepton mixing U'Py e, me Yo =UP5yU Dirac in (] 1)
Masses leptons e
Majorana Mg Yr Dirac(®V) on
mass matrix Er® JrER
Gauge couplings || g1 = gtan(6y), 92 = 9,93 = gs g =95 = %g% Fixed at
unification
2
Higgs scattering %92 Qap, ap = 4"% Ao = g2 a% Fixed at
parameter unification
Tadpole constant Bh, (—ap M? + %) | p3 = 2% —£ —pd [HJ?
Graviton G D Dirac(1:0)
TABLE 1. Conversion from Spectral Action to Standard Model




T he mass relation

The relation between the mass matrices comes
from the equality of the Yukawa coupling terms

After Wick rotation to Euclidean and the chiral
transformation U = ¢'475® 1 they are the same
provided the following equalities hold

(k(13))on =
(k(13))on =
(kr1ylon =
(k(j1))on =

Here the symbol 52

l lept
wm’g U epo-luéﬁU epph.,

is the Kronecker delta (not

to be confused with the previous notation 44 ).
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It might seem at first sight that one can simply
use the above equation to define the matrices
k. but this overlooks the fact that one has the
constraint

Trk{iykay + 50k 1)

+3(k{13yk(13) + K(|3)k(13)) = 297

The mass matrices thus satisfy the constraint

S (m9)? 4+ (mZ)? 4+ 3(mf)? + 3 (m§)? = 8 M?
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Running of coupling constants

At one loop :

41 19
691' — (47T)_2 bz 97537 with b= (—7 S _7)7
6 6
41 N
—1 -1
N) = Mz ) — — |log —
a4 (N) aq (Mgz) 127r g M,
N
—1 —1
N) = M — |log ——
675 (N) ( 7) ‘|‘ o g M,
N
—1 —1
N) = M — log ——
Qg (A) ( 7) ‘|‘ o g M,

where My is the mass of the Z9 vector boson.
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Constraint on Higgs scattering parameter

% [ blelt vadte = o [ 1HI* gd'a

gives a further relation in our theory between
the 5\|H|4 coupling and the gauge couplings to
be imposed at the scale A. This is of the form
b

CL2.

X(A) = g3
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Running of Higgs scattering parameter

d) 1 ,
— =\ ——(12)\ B
pn v+ 87T2( + B)
where
1 > 2 >
— 12 —9 — 3
gt Te2129 —992 —391)

3
B = —-(3g3+2015+ 1) -3
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Higgs mass

The Higgs mass is then given by

M? oM
—, myg=V2A—
g g

m%{ = 8\
The numerical solution to these equations with
the boundary value \g = 0.356 at A = 1017
GeV gives A\(My) ~ 0.241 and a Higgs mass of
the order of 170 GeV.
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T he fermion—boson mass relation

In terms of the Yukawa couplings (y?) the mass
constraint reads as

—Z(y )2+ %2243 (¥9)2+3 (¥7)? = 24%v2,

with v = TM the vacuum expectation value of
the Higgs, as above.

In the traditional notation for the Standard
Model the combination

Yo=Y (42)% + (w2)? + 3 @w)? + 3 (¥9)"

is denoted by Yo = Y5(S). Thus, the mass
constraint is of the form

Y2(S) = 4¢°.
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Running of top Yukawa coupling

v

\/z(y.a) = (m?),
dy 1 9
T [53;? —(ag2+b93 +cg3) yt] |
17
(a,b,c) = (=12 8)

127 4’
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y;=0. 596

y¢=0. 516

10910 (H/GeV)
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Gravitational terms

1
0

+7o R*R* — & R |H|2> Vg die,

Curvature square terms :
1 vVpo W 52 0 4
2n 31 n

1
3272

1

M) =
x(M) 392

/E\/§d4x= / R*R*\/gd*z
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Running of gravitational terms

It is gauge independent and known (cf. Avra-
midi)

B 1 133 ,
=z 10"
1 254 1098w + 200 w?
ﬁw — — 5 n
(4m) 60
1 7(56—1710)
B 7

~ (47)2 90
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10910 (1/CGeV)
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95% C.L. limit o(Higgs) / SM
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