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Inflation

• At early times, a field with negative pressure drives a nearly exponential 
expansion, slowly evolving in its potential 

• Its quantum fluctuations induce the primordial fluctuations 

• Scalar 

• Tensors (Gravitational waves) 

• If the roll down the potential is slow enough  

• the spectrum of primordial fluctuation is determined by the first two 
derivatives of the potential 

• there is no measurable NG

�

V (�)
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Table 1. Cosmological parameter definitions

Parameter Definition

⌦b . . . . . . . . . . . Baryon fraction today (compared to critical density)
⌦c . . . . . . . . . . . . Cold dark matter fraction today (compared to critical density)
✓MC . . . . . . . . . . . Approximation to the angular size of sound horizon at last scattering
⌧ . . . . . . . . . . . . . Thomson scattering optical depth of reionized intergalactic medium
Ne↵ . . . . . . . . . . . Number of massive and massless neutrinos
⌃m⌫ . . . . . . . . . . Sum of neutrino masses
YP . . . . . . . . . . . . Fraction of baryonic mass in primordial helium
⌦K . . . . . . . . . . . Spatial curvature parameter
wde . . . . . . . . . . . Dark energy equation of state parameter (i.e., p/⇢) (assumed constant)
R . . . . . . . . . . . . Curvature perturbation
I . . . . . . . . . . . . Isocurvature perturbation
PX = k3|Xk |2/2⇡2 . Power spectrum of X
AX . . . . . . . . . . . X power spectrum amplitude (at k⇤ = 0.05 Mpc�1)
ns . . . . . . . . . . . . Scalar spectrum spectral index (at k⇤ = 0.05 Mpc�1)
dns/d ln k . . . . . . . Running of scalar spectral index (at k⇤ = 0.05 Mpc�1)
d2ns/d ln k2 . . . . . Running of running of scalar spectral index (at k⇤ = 0.05 Mpc�1)
r . . . . . . . . . . . . . Tensor-to-scalar power ratio (at k⇤ = 0.05 Mpc�1)
nt . . . . . . . . . . . . Tensor spectrum spectral index (at k⇤ = 0.05 Mpc�1)
dnt/d ln k . . . . . . . Running of tensor spectral index (at k⇤ = 0.05 Mpc�1)

2.1. Cosmic inflation

Inflation was developed in a series of papers by Starobinsky
(1980); Guth (1981); Albrecht & Steinhardt (1982); and Linde
(1982, 1983). (See also Sato (1981) and Brout et al. (1978) for
interesting precursors.) By generating an equation of state with
a negative pressure (i.e., w = p/⇢ ⇡ �1) before the radia-
tion epoch, inflation solves a number of cosmological conun-
drums (the monopole, horizon, smoothness, and entropy prob-
lems), which had plagued all cosmological models extrapolat-
ing a matter-radiation equation of state all the way back to the
singularity. Such an equation of state with a large negative pres-
sure and the resulting nearly-exponential expansion are obtained
from a scalar field, the inflaton, with a canonical kinetic term,
slowly rolling in the framework of Einstein gravity.

The homogeneous evolution of the inflaton field, �, is gov-
erned by the equation of motion

�̈(t) + 3H(t)�̇(t) + V� = 0, (1)

and the Friedmann equation

H2 =
1

3Mpl
2

 

1
2
�̇2 + V(�)

!

. (2)

Here H = ȧ/a is the Hubble parameter, the subscript � denotes
the derivative with respect to �, Mpl = (8⇡G)�1/2 is the reduced
Planck mass, and V is the potential. The evolution during the
stage of quasi-exponential expansion, when the scalar field rolls
slowly down the potential, can be approximated by neglecting
the second time derivative in Eq. 1 and the kinetic energy term
in Eq. 2, so that

3H(t)�̇(t) ⇡ �V� , (3)

H2 ⇡ V(�)
3Mpl

2 . (4)

Necessary conditions for the slow-roll described above are ✏V ⌧
1 and |⌘V | ⌧ 1, where the slow-roll parameters ✏V and ⌘V are

defined as

✏V =
M2

plV
2
�

2V2 , (5)

⌘V =
M2

plV��
V

. (6)

An analogous hierarchy of parameters, called the Hubble
flow function (HFF) slow-roll parameters, measures instead the
deviation from an exact exponential expansion. This hierarchy
is defined as ✏1 = �Ḣ/H2, ✏i+1 ⌘ ✏̇i/(H✏i), with i � 1. By using
Eq. 3, we have that ✏1 ⇡ ✏V , ✏2 ⇡ �2⌘V + 4✏V .

2.2. Quantum generation of fluctuations

Without quantum fluctuations, inflationary theory would fail.
Classically, any initial spatial curvature or gradients in the scalar
field, as well any inhomogeneities in other fields, would rapidly
decay away during the quasi-exponential expansion. The result-
ing Universe would be too homogeneous and isotropic compared
with observations. Quantum fluctuations must exist in order to
satisfy the uncertainty relations that follow from the canonical
commutation relations of quantum field theory. The quantum
fluctuations in the inflaton, and in the transverse and traceless
parts of the metric, are amplified by the nearly exponential ex-
pansion, yielding the scalar and tensor primordial power spectra,
respectively.

Many essentially equivalent approaches to quantizing the
linearized cosmological fluctuations can be found in the origi-
nal literature (see, e.g., Mukhanov & Chibisov, 1981; Hawking,
1982; Guth & Pi, 1982; Starobinsky, 1982; Bardeen et al., 1983).
A simple formalism, which we shall follow here, was intro-
duced by Mukhanov (1988); Mukhanov et al. (1992) and Sasaki
(1986). In this approach a gauge-invariant inflaton fluctuation Q
is constructed and canonically quantized. This gauge-invariant
variable Q is the inflaton fluctuation ��(t, x) in the uniform cur-
vature gauge. The mode function of the inflaton fluctuations
��(t, x) obeys the evolution equation

(a��k)00 +
 

k2 � z00

z

!

(a��k) = 0, (7)
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The parameters of the scalar and tensor power spectra may
be calculated approximately in the framework of the slow-roll
approximation by evaluating the following equations at the value
of the inflation field �⇤ where the mode k⇤ = a⇤H⇤ crosses the
Hubble radius for the first time. (For a nice review of the slow-
roll approximation, see for example Liddle & Lyth (1993)). The
number of e-folds before the end of inflation, N⇤, at which the
pivot scale k⇤ exits from the Hubble radius, is

N⇤ =
Z te

t⇤
dt H ⇡ 1

M2
pl

Z �e

�⇤
d�

V
V�
, (12)

where the equality holds in the slow-roll approximation, and
subscript ‘e’ refers to the end of inflation.

The coefficients of Eqs. 10 and 11 at their respective leading
orders in the slow-roll parameters are given by

As ⇡ V
24⇡2M4

pl✏V
(13)

At ⇡ 2V
3⇡2M4

pl

(14)

ns � 1 ⇡ 2⌘V � 6✏V (15)
nt ⇡ �2✏V (16)

dns/d ln k ⇡ �16✏V⌘V + 24✏2V + 2⇠2V (17)

dnt/d ln k ⇡ �4✏V⌘V + 8✏2V (18)

d2ns/d ln k2 ⇡ �192✏3V + 192✏2V⌘V � 32✏V⌘2
V

� 24✏V⇠2V + 2⌘V⇠
2
V + 2$3

V ,
(19)

where the slow-roll parameters ✏V and ⌘V are defined in Eqs. 5
and 6, and the higher order parameters are defined as follows

⇠2V =
M4

plV�V���
V2 , (20)

and

$3
V =

M6
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2
�V����

V3 . (21)

In single field inflation with a standard kinetic term, as dis-
cussed here, the tensor spectrum shape is not independent from
the other parameters. The slow-roll paradigm implies a tensor-
to-scalar ratio, at the pivot scale, of

r =
Pt(k⇤)
PR(k⇤)

⇡ 16✏ ⇡ �8nt , (22)

referred to as the consistency relation. This consistency relation
is also useful to understand how r is connected to the evolution
of the inflaton:

��

Mpl
⇡ 1p

8

Z N
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dN
p

r . (23)

The above relation, called the Lyth bound (Lyth, 1997), im-
plies that an inflaton variation of the order of the Planck mass
is needed to produce r & 0.01. Such a threshold is useful to
classify large and small field inflationary models with respect to
the Lyth bound.

2.3. Ending inflation and the epoch of entropy generation

The greatest uncertainty in calculating the perturbation spectrum
predicted from a particular inflationary potential arises in estab-
lishing the correspondence between the comoving wavenumber
today, and the inflaton energy density when the mode of that
wavenumber crossed the Hubble radius during inflation (Kinney
& Riotto, 2006). This correspondence depends both on the infla-
tionary model and on the cosmological evolution from the end
of inflation to the present.

After the slow-roll stage, �̈ becomes as important as the cos-
mological damping term 3H�̇. Inflation ends gradually as the
inflaton picks up kinetic energy so that w is no longer slightly
above �1, but rather far from that value. We may arbitrarily
deem that inflation ends when w = �1/3 (the value dividing
the cases of an expanding and a contracting comoving Hubble
radius), or, equivalently, at ✏V ⇡ 1, after which the epoch of
entropy generation starts. Because of couplings to other fields,
the energy initially in the form of scalar field vacuum energy
is transferred to the other fields by perturbative decay (reheat-
ing), possibly preceded by a non-perturbative stage (preheating).
There is considerable uncertainty about the mechanisms of en-
tropy generation, or thermalization, which subsequently lead to
a standard w = 1/3 equation of state for radiation.

On the other hand, if we want to identify some k⇤ today with
the value of the inflaton field at the time this scale left the hori-
zon, Eq. 12 needs to be matched to an expression that quantifies
how much k⇤ has shrunk relative to the size of the horizon be-
tween the end of inflation and the time that mode re-enters the
horizon. This quantity depends both on the inflationary potential
and the details of the entropy generation process, and is given by

N⇤ ⇡ 71.21 � ln
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(24)

where ⇢end is the energy density at the end of inflation, ⇢th is
an energy scale by which the Universe has thermalized, a0H0 is
the present horizon scale, Vhor is the potential energy when the
present horizon scale left the horizon during inflation, and wint
characterizes the effective equation of state between the end of
inflation and the energy scale specified by ⇢th. In predicting the
primordial power spectra at observable scales for a specific in-
flaton potential, this uncertainty in the reheating history of the
Universe becomes relevant and can be taken into account by al-
lowing N⇤ to vary over a range of values. Note that wint is not
intended to provide a detailed model for entropy generation, but
rather to parameterize the uncertainty regarding the expansion
rate of the Universe during this intermediate era. Nevertheless,
constraints on wint provide observational limits on the uncertain
physics during this period.

The first two terms of Eq. 24 are model independent, with
the second term being roughly 5 for k⇤ = 0.05 Mpc�1. If ther-
malization occurs rapidly, or if the reheating stage is close to
radiation-like, the magnitude of the last term in Eq. 24 is . 1.
For most reasonable inflation models, the fourth term isO(1) and
the third term ⇠ �10, motivating the commonly assumed range
50 < N⇤ < 60. Nonetheless, more extreme values on both ends
are in principle possible (Liddle & Leach, 2003). In the figures
of Sect. 4 we will mark the range 50 < N⇤ < 60 to guide the
reader’s eye.
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Temperature anisotropies  
(microK level)



CMB

Large scales (>1º) primordial perturbations

small scales (<1º) acoustic oscillations



A map of the density perturbation
Large scales: primordial perturbations  

Small scales: acoustic oscillation of the photon fluids, 
in the density perturbations, dragged down by the 

infall of the baryons 



Polarization
• Quadrupolar anisotropies, seen by the electrons, 

on the last scatering surface give rise to exces 
polarization 

• Orientation linked to velocity field gradients at 
recombinaison (tangencial around cold spots, 
radial around hot spots) 

!
!
!
!
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• Secondary scattering during reionization causes 
large scale polarization signal

Observer

Last scattering  
surface

Planck Collaboration: The Planck mission

Fig. 27. Stacked maps of the CMB intensity I and polarization Qr at the position of the temperature extrema, at a common resolution of 30 arcmin.
Maps are displayed for CMB temperature cold spots (left) and hot spots (right) for the Planck CMB estimates (top row) and for the ⇤CDMPlanck
best fit model prediction (bottom row).

plitude with expectations of a pure ISW e↵ect. Using more re-
cent void catalogues leads to the detection of a signal at up to
2.5� with scales and amplitudes more consistent with expecta-
tions of the ISW e↵ect. Taking advantage of the large frequency
coverage of Planck, we have confirmed that the stacked signal is
stable from 44 to 353 GHz, supporting the cosmological origin
of this detection.

9.5. The cosmic infrared background

CIB anisotropies are expected to trace large-scale structures
and probe the clustering properties of galaxies, which in turn
are linked to those of their host dark matter halos. Because
the clustering of dark matter is well understood, observations
of anisotropies in the CIB constrain the relationship between
dusty, star-forming galaxies and the dark matter distribution.
Correlated anisotropies also depend on the mean emissivity per
comoving unit volume of dusty, star-forming galaxies and can
be used to measure the star formation history.

The extraction of CIB anisotropies in Planck/HFI (Planck
Collaboration XVIII 2011; Planck Collaboration XXXII 2013)
is limited by our ability to separate the CIB from the CMB
and the Galactic dust. At multipole `=100, the power spec-
trum of the CIB anisotropies has an amplitude less than 0.2 %
of the CMB power spectrum at 217 GHz, and less than 25 %
of the dust power spectrum in very di↵use regions of the sky
(NHI < 2.5 ⇥ 1020cm�2) at 857 GHz. Using HI data from three
radio telescopes (Parkes, GBT and E↵elsberg) and cleaning
the CMB using the 100 GHz map as a template, it has been
possible to obtain new measurements of the CIB anisotropies
with Planck/HFI. The CIB has been extracted from the maps
on roughly 2300 square degrees (Planck Collaboration XXXII
2013). Auto- and cross-power spectra have been computed, from
217 to 3000 GHz, using both PlanckHFI and IRAS. Two ap-
proaches have been developed to model the power spectra. The
first one uses only the linear part of the clustering and gives
strong constraints on the evolution of the star formation rate up
to high redshift. The second one is based on a parametrized rela-
tion between the dust-processed infrared luminosity and (sub-
)halo mass, probing the interplay between baryonic and dark
matter throughout cosmic times at an unmatched redshift depth,

complementing current and foreseeable optical or near-infrared
measurements.

9.6. Lensing and the cosmic infrared background

Planck’s multi-frequency observations provide information on
both the integrated history of star formation (via the CIB) and the
distribution of dark matter (via the lensing e↵ect on the cosmic
microwave background, or CMB). In the upper frequency bands
(353, 545, and 857 GHz), the dominant extragalactic signal is
not the CMB, but the CIB, composed of redshifted thermal ra-
diation from UV-heated dust, enshrouding young stars. The CIB
contains much of the energy from processes involved in structure
formation. According to current models, the dusty star-forming
galaxies (DSFGs) that give rise to the CIB have a redshift dis-
tribution peaked between z ⇠ 1 and z ⇠ 2, and tend to live in
1011–1013 M� dark matter halos.

Gravitational lensing by large-scale structure produces small
shear and magnification e↵ects in the observed fluctuations,
which can be exploited to reconstruct an integrated measure of
the gravitational potential along the line of sight. This “CMB
lensing potential” is sourced primarily by dark matter halos lo-
cated at 1 . z . 3, halfway between ourselves and the last scat-
tering surface.

The conjunction of these two unique probes allows us to
measure directly the connection between dark and luminous
matter in the high redshift (1  z  3) Universe (Planck
Collaboration XVIII 2013). We use a three-point statistic opti-
mized to detect the correlation between these two tracers. We
report the first detection of the correlation between the CIB and
CMB lensing using Planck data only. The well matched redshift
distribution of these two signals leads to a detection significance
with a peak value of 42� at 545 GHz. Equivalently, we measure
a correlation as high as 80 % across these two tracers. Our full
set of multi-frequency measurements (both CIB auto- and CIB-
lensing cross-spectra) are consistent with a simple halo-based
model, with a characteristic mass scale for the halos hosting CIB
sources of log10 (M/M�) = 11.6±1.5. Leveraging the frequency
dependence of our signal, we isolate the high redshift contribu-
tion to the CIB, and constrain the star formation rate (SFR) den-
sity at z � 1. We measure directly the SFR density with around
4� significance for three redshift bins between z = 1 and 7, thus
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What do we learn ?
• Amplitude and slope of the fluctuations 

• Sound horizon: location of the first peak 

• Total matter: Changes the contrast between the peaks 

• Baryon density: Changes the ratio between peak heights 

• Reionization fraction: Increase the power at large scale. Good 
constraint only when using  large scale polarization. Marginal 
constraint from lensing 

!

• Ho: indirect measurement from the above parameters 

!

• Curvature: large scales (ISW) small scales (lensing) 

• Neutrino masses: small scales (lensing)



Observing the CMB 



Observing the CMB 

CMB  
contributes to  
~1% of the white noise 

Just buy a few hundred of those ! 
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Observing the CMB 
from space



COBE 1992 
Nobel 2006 (G. Smooth & J. Mather)



Wilkinson Microwave Anisotropie Probe (WMAP) 
2003-2009 

First three peaks 
TE polarization

– 104 –

Fig. 33.— The TE spectrum. The WMAP data points and error bars are in black. The red
theory curve is fit to the full WMAP data, including the TT angular power spectrum data.
Note that the vertical axis on these spectra is (l + 1)Cl/(2π) instead of l(l + 1)Cl/(2π); this

vertical scale differs from that of the TT spectrum plot by a factor of l. The lowest l TE bin
where 2 ≤ l ≤ 7 has been adjusted using a pixel likelihood code.



Max Planck (1858-1927)



Planck (1993-23/10/2013)
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Planck in numbers
Driving goal 

Perform the definitive temperature 
anisotropies measurement 

• Primary 1.5m 

• 2 instruments 

• LFI, 3 bands, 22 polarized radiometers 

• HFI, 6 bands, 50 bolometers (32 polarized) 

• 4 stage cooler chain, going down to 0.1K 
• last stage is a He3/He4 dilution cooler 

• Flawless operation ! 

• 2yr: 4 sky survey for HFI (until 01/2012) 

• 4yr: 8 sky surveys for LFI 

• Data releases 

• 2013 : 1yr survey 

• 2015 : full mission 

• 2016…
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Planck 2015 
Microwave sky 



Relative calibration over l=40-495 
tenth of percent accuracy !



North ecliptic pole - 70GHz  



North ecliptic pole - 100GHz  



Planck 2015 
Microwave sky 



Planck Collaboration: Di↵use foregrounds component separation

Acmb
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A94/100
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Fig. 5. Maximum posterior amplitude intensity maps derived from the joint baseline analysis of Planck, WMAP and 408 MHz
observations. From left to right and top to bottom, the components are 1) CMB temperature; 2) synchrotron brightness temperature at
408 MHz; 3) free-free emission measure; 4) spinning dust brightness temperature at 30 GHz; 5) thermal dust brightness temperature
at 545 GHz; 6) 94/100 GHz line emission, evaluated for the 100-ds1 detector map; and 7–9) CO line emission for J=1!0, J=2!1,
J=3!2. Panels 2–5 employ the non-linear HDR color scale, while all other employ linear color scales.

the exact mathematical definition. However, we note that the as-
sumption of constant line ratios is not strictly valid because of
the non-zero velocity of molecular clouds, and this either red- or
blueshifts intrinsic line frequency. Furthermore, because also the
derivative of the bandpass profile evaluated at the line frequency
varies between detectors, the e↵ective observed line ratio also
vary on the sky. As we shall see in Sect. 5, this e↵ect repre-
sents in fact the dominant residual systematic in some of our
frequency channels after component separation. In future analy-
ses, this e↵ect may be exploited to construct an e↵ective velocity
map of the Galaxy, possibly allowing us to mitigate this particu-
lar systematic e↵ect.

Thermal Sunyaev-Zeldovich The last of the main astrophysi-
cal components included in this analysis is the thermal Sunyaev-
Zeldovich (SZ) e↵ect, which is caused by CMB photons scatter-
ing on hot electrons in clusters. After such scattering, the e↵ec-
tive spectrum no longer follows a perfect blackbody, but is rather
given by the expression5 listed in Table 2. The only free param-
eter for this e↵ect is the Compton parameter, ysz, which for our
purposes acts a simple amplitude parameter. Note that the e↵ec-
tive SZ spectrum is negative below and positive above 217 GHz,

5 For simplicity, we adopt the non-relativistic expression for the ther-
mal SZ e↵ect in this paper.

and this distinct feature provides a unique observational signa-
ture. Still, the e↵ect is small for all but the very brightest clus-
ters on the sky, and the ysz map is therefore particularly sensitive
to both modelling and systematic errors. In this paper, we only
fit for the thermal SZ e↵ect in two separate regions around the
Coma and Virgo clusters, which are by far the two strongest SZ
objects on the sky, in order to prevent these from contaminat-
ing the other components. Full-sky SZ reconstruction within the
present global analysis framework requires significantly better
control of systematic e↵ects than what is achieved in the current
analysis, in particular at high frequencies.

Monopoles and dipoles In addition to the above astrophysi-
cal components, the microwave sky exhibits important signal
contributions in the form of monopoles and dipoles. The prime
example of the former is the CMB monopole of 2.7255 K it-
self, and a second important contributor is the cosmic infrared
background (CIB; see Planck Collaboration XXX 2014 and ref-
erences therein). The main dipole contribution comes from the
CMB dipole, which has an amplitude of 3,365.5 (3,364.0) µK as
measured by LFI (HFI); the di↵erence between the LFI and HFI
measurements of 1.5 µK is within quoted uncertainties (Planck
Collaboration A01 2014).

Ideally, the CMB dipole contribution should be removed
during the map making step (Planck Collaboration A07 2014;
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Planck Collaboration: Cosmological parameters

Table 1. Parameters of the base ⇤CDM cosmology (as defined in PCP13) determined from the publicly released nominal-mission
CamSpec DetSet likelihood [2013N(DS)] and the 2013 full-mission CamSpec DetSet and crossy-yearly (Y1 ⇥Y2) likelihoods with
the extended sky coverage [2013F(DS) and 2013F(CY)]. These three likelihoods are combined with the WMAP polarization like-
lihood to constrain ⌧. The column labelled 2015F(CHM) lists parameters for a CamSpec cross-half-mission likelihood constructed
from the 2015 maps using similar sky coverage to the 2013F(CY) likelihood (but greater sky coverage at 217 GHz and di↵erent
point source masks, as discussed in the text). The column labelled 2015F(CHM) (Plik) lists parameters for the Plik cross-half-
mission likelihood that uses identical sky coverage to the CamSpec likelihood. The 2015 temperature likelihoods are combined
with the Planck lowP likelihood to constrain ⌧. The last two columns list the deviations of the Plik parameters from those of
the nominal-mission and the CamSpec 2015(CHM) likelihoods. To help refer to specific columns, we have numbered the first six
explicitly.

[1] Parameter [2] 2013N(DS) [3] 2013F(DS) [4] 2013F(CY) [5] 2015F(CHM) [6] 2015F(CHM) (Plik) ([2] � [6])/�[6] ([5] � [6])/�[5]

100✓MC . . . . . . . . . 1.04131 ± 0.00063 1.04126 ± 0.00047 1.04121 ± 0.00048 1.04094 ± 0.00048 1.04086 ± 0.00048 0.71 0.17
⌦bh2 . . . . . . . . . . . 0.02205 ± 0.00028 0.02234 ± 0.00023 0.02230 ± 0.00023 0.02225 ± 0.00023 0.02222 ± 0.00023 �0.61 0.13
⌦ch2 . . . . . . . . . . . 0.1199 ± 0.0027 0.1189 ± 0.0022 0.1188 ± 0.0022 0.1194 ± 0.0022 0.1199 ± 0.0022 0.00 �0.23
H0 . . . . . . . . . . . . 67.3 ± 1.2 67.8 ± 1.0 67.8 ± 1.0 67.48 ± 0.98 67.26 ± 0.98 0.03 0.22
ns . . . . . . . . . . . . 0.9603 ± 0.0073 0.9665 ± 0.0062 0.9655 ± 0.0062 0.9682 ± 0.0062 0.9652 ± 0.0062 �0.67 0.48
⌦m . . . . . . . . . . . . 0.315 ± 0.017 0.308 ± 0.013 0.308 ± 0.013 0.313 ± 0.013 0.316 ± 0.014 �0.06 �0.23
�8 . . . . . . . . . . . . 0.829 ± 0.012 0.831 ± 0.011 0.828 ± 0.012 0.829 ± 0.015 0.830 ± 0.015 �0.08 �0.07
⌧ . . . . . . . . . . . . . 0.089 ± 0.013 0.096 ± 0.013 0.094 ± 0.013 0.079 ± 0.019 0.078 ± 0.019 0.85 0.05
109Ase�2⌧ . . . . . . . . 1.836 ± 0.013 1.833 ± 0.011 1.831 ± 0.011 1.875 ± 0.014 1.881 ± 0.014 �3.46 �0.42

pixel-based likelihood that extends up to multipoles ` = 29. Use
of the polarization information in this likelihood is denoted as
“lowP” in this paper The optical depth inferred from the lowP
likelihood combined with the Planck TT likelihood is typically
⌧ ⇡ 0.07, and is about 1� lower than the typical values of
⌧ ⇡ 0.09 inferred from the WMAP polarization likelihood (see
Sect. 3.4) used in the 2013 papers. As discussed in Sect. 3.4
(and in more detail in Planck Collaboration XI 2015) the LFI
70 GHz and WMAP polarization maps are consistent when both
are cleaned with the HFI 353 GHz polarization maps.7

(3) In the 2013 papers, the Planck temperature likelihood was
a hybrid: over the multipole range `= 2–49, the likelihood
was based on the Commander algorithm applied to 94 % of
the sky computed using a Blackwell-Rao estimator. The like-
lihood at higher multipoles (`=50–2500) was constructed from
cross-spectra over the frequency range 100–217 GHz using the
CamSpec software (Planck Collaboration XV 2014), which is
based on the methodology developed in (Efstathiou 2004) and
(Efstathiou 2006). At each of the Planck HFI frequencies, the
sky is observed by a number of detectors. For example, at
217 GHz the sky is observed by four unpolarized spider-web
bolometers (SWBs) and eight polarization sensitive bolometers
(PSBs). The TOD from the 12 bolometers can be combined to
produce a single map at 217 GHz for any given period of time.
Thus, we can produce 217 GHz maps for individual sky surveys
(denoted S1, S2, S3, etc.), or by year (Y1, Y2) or split by half-
mission (HM1, HM2). We can also produce a temperature map
from each SWB and a temperature and polarization map from

7Throughout this paper, we adopt the following labels for likeli-
hoods: (i) Planck TT denotes the combination of the TT likelihood at
multipoles ` � 30 and a low-` temperature-only likelihood based on
the CMB map recovered with Commander; (ii) Planck TT+lowP fur-
ther includes the Planck polarization data in the low-` likelihood, as de-
scribed in the main text; (iii) labels such as Planck TE+lowP denote the
T E likelihood at ` � 30 plus the polarization-only component of the
map-based low-` Planck likelihood; and (iv) Planck TT,TE,EE+lowP
denotes the combination of the likelihood at ` � 30 using TT , T E,
and EE spectra and the low-` temperature+polarization likelihood. We
make occasional use of combinations of the polarization likelihoods at
` � 30 and the temperature+polarization data at low-`, which we denote
with labels such as Planck TE+lowT,P.

quadruplets of PSBs. For example, at 217 GHz we produce four
temperature and two temperature+polarization maps. We refer
to these maps as detectors-set maps (or “DetSets” for short);
note that the DetSet maps can also be produced for any arbitrary
time period. The high multipole likelihood used in the 2013 pa-
pers was computed by cross-correlating HFI DetSet maps for
the “nominal” Planck mission extending over 15.5 months.8 For
the 2015 papers we use the full-mission Planck data extending
over 29 months for the HFI and 48 months for the LFI. In the
Planck 2015 analysis, we have produced cross-year and cross-
half-mission likelihoods in addition to a DetSet likelihood. The
baseline 2015 Planck temperature-polarization likelihood is also
a hybrid, matching the high multipole likelihood at ` = 30 to the
Planck pixel-based likelihood at lower multipoles.

(4) The sky coverage used in the 2013 CamSpec likelihood was
intentionally conservative, retaining 58 % of the sky at 100 GHz
and 37.3 % of the sky at 143 and 217 GHz. This was done to
ensure that on the first exposure of Planck cosmological results
to the community, corrections for Galactic dust emission were
demonstrably small and had negligible impact on cosmological
parameters. In the 2015 analysis we make more aggressive use
of the sky at each of these frequencies. We have also tuned the
point-source masks to each frequency, rather than using a sin-
gle point-source mask constructed from the union of the point
source catalogues at 100, 143, 217, and 353 GHz. This results in
many fewer point source holes in the 2015 analysis compared to
the 2013 analysis.

(5) Most of the results in this paper are derived from a revised
Plik likelihood based on cross half-mission spectra. The Plik
likelihood has been modified since 2013 so that it is now similar
to the CamSpec likelihood used in PCP13. Both likelihoods use
similar approximations to compute the covariance matrices. The
main di↵erence is in the treatment of Galactic dust corrections
in the analysis of the polarization spectra. The two likelihoods
have been written independently and give similar (but not iden-
tical) results, as discussed further below. The Plik likelihood is

8Although we analysed a Planck full-mission temperature likeli-
hood extensively prior to the release of the 2013 papers.
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Planck Collaboration: Cosmological parameters

Table 3. Parameters of the base ⇤CDM cosmology computed from the 2015 baseline Planck likelihoods illustrating the consistency
of parameters determined from the temperature and polarization spectra at high multipoles. Column [1] uses the TT spectra at
low and high multipoles and is the same as column [6] of Table 1. Columns [2] and [3] use only the T E and EE spectra at high
multipoles, and only polarization at low multipoles. Column [4] uses the full likelihood. The last column lists the deviations of the
cosmological parameters determined from the TT+lowP and TT,TE,EE+lowP likelihoods.

Parameter [1] Planck TT+lowP [2] Planck TE+lowP [3] Planck EE+lowP [4] Planck TT,TE,EE+lowP ([1] � [4])/�[1]

⌦bh2 . . . . . . . . . . 0.02222 ± 0.00023 0.02228 ± 0.00025 0.0240 ± 0.0013 0.02225 ± 0.00016 �0.1
⌦ch2 . . . . . . . . . . 0.1197 ± 0.0022 0.1187 ± 0.0021 0.1150+0.0048

�0.0055 0.1198 ± 0.0015 0.0
100✓MC . . . . . . . . 1.04085 ± 0.00047 1.04094 ± 0.00051 1.03988 ± 0.00094 1.04077 ± 0.00032 0.2
⌧ . . . . . . . . . . . . . 0.078 ± 0.019 0.053 ± 0.019 0.059+0.022

�0.019 0.079 ± 0.017 �0.1
ln(1010As) . . . . . . 3.089 ± 0.036 3.031 ± 0.041 3.066+0.046

�0.041 3.094 ± 0.034 �0.1
ns . . . . . . . . . . . . 0.9655 ± 0.0062 0.965 ± 0.012 0.973 ± 0.016 0.9645 ± 0.0049 0.2
H0 . . . . . . . . . . . 67.31 ± 0.96 67.73 ± 0.92 70.2 ± 3.0 67.27 ± 0.66 0.0
⌦m . . . . . . . . . . . 0.315 ± 0.013 0.300 ± 0.012 0.286+0.027

�0.038 0.3156 ± 0.0091 0.0
�8 . . . . . . . . . . . . 0.829 ± 0.014 0.802 ± 0.018 0.796 ± 0.024 0.831 ± 0.013 0.0
109Ase�2⌧ . . . . . . 1.880 ± 0.014 1.865 ± 0.019 1.907 ± 0.027 1.882 ± 0.012 �0.1

which do not depend strongly on ⌧ are consistent between the TT
and T E spectra to within typically 0.5� or better. Furthermore,
the cosmological parameters derived from the T E spectra have
comparable errors to the TT parameters. None of the conclu-
sions in this paper would change in any significant way were we
to use the T E parameters in place of the TT parameters. The
consistency of the cosmological parameters for base ⇤CDM be-
tween temperature and polarization therefore gives added confi-
dence that Planck parameters are insensitive to the specific de-
tails of the foreground model that we have used to correct the
TT spectra. The EE parameters are also typically within about
1� of the TT parameters, though because the EE spectra from
Planck are noisier than the TT spectra, the errors on the EE pa-
rameters are significantly larger than those from TT . However,
both the T E and EE likelihoods give lower values of ⌧, As and
�8, by over 1� compared to the TT solutions. Note that the T E
and EE entries in Table 3 do not use any information from the
temperature in the low multipole likelihood. The tendency for
higher values of �8, As, and ⌧ in the Planck TT+lowP solution is
driven, in part, by the temperature power spectrum at low multi-
poles.

Columns [4] and [5] of Table 3 compare the parameters of
the TT likelihood with the full TT,T E, EE likelihood. These
are in agreement, shifting by less than 0.2�. Although we have
emphasized the presence of systematic e↵ects in the Planck
polarization spectra, which are not accounted for in the errors
quoted in column [4] of Table 3, the consistency of the TT and
TT,T E, EE parameters provides strong evidence that residual
systematics in the polarization spectra have little impact on the
scientific conclusions in this paper. The consistency of the base
⇤CDM parameters from temperature and polarization is illus-
trated graphically in Fig. 6. As a rough rule-of-thumb, for base
⇤CDM, or extensions to ⇤CDM with spatially flat geometry,
using the full TT,T E, EE likelihood produces improvements in
cosmological parameters of about the same size as adding BAO
to the Planck TT+lowP likelihood.

3.4. Constraints on the reionization optical depth parameter ⌧

The reionization optical depth parameter ⌧ provides an important
constraint on models of early galaxy evolution and star forma-
tion. The evolution of the inter-galactic Ly↵ opacity measured in
the spectra of quasars can be used to set limits on the epoch of
reionization (Gunn & Peterson 1965). The most recent measure-

ments suggest that the reionization of the inter-galactic medium
was largely complete by a redshift z ⇡ 6 (Fan et al. 2006). The
steep decline in the space density of Ly↵ emitting galaxies over
the redshift range 6 <⇠ z <⇠ 8 also implies a low redshift of reion-
ization (Choudhury et al. 2014). As a reference, for the Planck
parameters listed in Table 3, instantaneous reionization at red-
shift z = 7 results in an optical depth of ⌧ = 0.048.

The optical depth ⌧ can also be constrained from observa-
tions of the CMB. The WMAP9 results of Bennett et al. (2013)
give ⌧ = 0.089 ± 0.014, corresponding to an instantaneous red-
shift of reionization zre = 10.6 ± 1.1. The WMAP constraint
comes mainly from the EE spectrum in the multipole range
` = 2–6. It has been argued (e.g., Robertson et al. 2013, and ref-
erences therein) that the high optical depth reported by WMAP
cannot be produced by galaxies seen in deep redshift surveys,
even assuming high escape fractions for ionizing photons, im-
plying additional sources of photoionizing radiation from still
fainter objects. Evidently, it would be useful to have an indepen-
dent CMB measurement of ⌧.

The ⌧ measurement from CMB polarization is di�cult be-
cause it is a small signal, confined to low multipoles, requiring
accurate control of instrumental systematics and polarized fore-
ground emission. As discussed by Komatsu et al. (2009), uncer-
tainties in modelling polarized foreground emission are com-
parable to the statistical error in the WMAP ⌧ measurement.
In particular, at the time of the WMAP9 analysis there was
very little information available on polarized dust emission. This
situation has been partially rectified by the 353 GHz polariza-
tion maps from Planck (Planck Collaboration Int. XXII 2014;
Planck Collaboration Int. XXX 2014). In PPL13, we used pre-
liminary 353 GHz Planck polarization maps to clean the WMAP
Ka, Q, and V maps for polarized dust emission, using WMAP
K-band as a template for polarized synchrotron emission. This
lowered ⌧ by about 1� to ⌧ = 0.075 ± 0.013 compared to
⌧ = 0.089 ± 0.013 using the WMAP dust model.12 However,
given the preliminary nature of the Planck polarization analysis
we decided to use the WMAP polarization likelihood, as pro-
duced by the WMAP team, in the Planck 2013 papers.

In the 2015 papers, we use Planck polarization maps based
on low-resolution LFI 70 GHz maps, excluding Surveys 2 and
4. These maps are foreground-cleaned using the LFI 30 GHz

12Note that neither of these error estimates reflect the true uncer-
tainty in foreground removal.
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Planck Collaboration: Cosmological parameters

Fig. 7. Marginalized constraints on parameters of the base ⇤CDM model for various data combinations, excluding low multipole
polarization, compared to the Planck TT+lowP constraints.

WMAP polarization data are statistically consistent. The HFI
polarization maps have higher signal-to-noise than the LFI and
could, in principle, provide a third cross-check. However, at the
time of writing, we are not yet confident that systematics in the
HFI maps at low multipoles (` <⇠ 20) are at negligible levels. A
discussion of HFI polarization at low multipoles will therefore
be deferred pending the third Planck data release.

Given the di�culty of making accurate CMB polarization
measurements at low multipoles, it is useful to investigate other
ways of constraining ⌧. Measurements of the temperature power
spectrum provide a highly accurate measurement of the ampli-
tude Ase�2⌧. However, as shown in PCP13 CMB lensing breaks
the degeneracy between ⌧ and As. The observed Planck TT spec-
trum is, of course, lensed, so the degeneracy between ⌧ and As
is partially broken when we fit models to the Planck TT likeli-
hood. However, the degeneracy breaking is much stronger if we
combine the Planck TT likelihood with the Planck lensing like-
lihood constructed from measurements of the power spectrum of
the lensing potential C��` . The 2015 Planck TT and lensing like-
lihoods are statistically more powerful than their 2013 counter-
parts and the corresponding determination of ⌧ is more precise.
The 2015 Planck lensing likelihood is summarized in Sec. 5.1
and discussed in more detail in Planck Collaboration XV (2015).
The constraints on ⌧ and zre

13 for various data combinations ex-
cluding low multipole polarization data from Planck are summa-
rized in Fig. 7 and compared with the baseline Planck TT+lowP
parameters. This figure also shows the shifts of other parame-
ters of the base ⇤CDM cosmology, illustrating their sensitivity
to changes in ⌧.

13We use the same specific definition of zre as in the 2013 papers,
where reionization is assumed to be relatively sharp with a mid-point
parameterized by a redshift zre and width �zre = 0.5. Unless otherwise
stated we impose a flat prior on the optical depth with ⌧ > 0.01.

The Planck constraints on ⌧ and zre in the base⇤CDM model
for various data combinations are:

⌧ = 0.078+0.019
�0.019, zre = 9.9+1.8

�1.6, Planck TT+lowP; (17a)

⌧ = 0.070+0.024
�0.024, zre = 9.0+2.5

�2.1, Planck TT+lensing; (17b)

⌧ = 0.066+0.016
�0.016, zre = 8.8+1.7

�1.4, Planck TT+lowP (17c)
+lensing;

⌧ = 0.067+0.016
�0.016, zre = 8.9+1.7

�1.4, Planck TT+lensing (17d)
+BAO;

⌧ = 0.066+0.013
�0.013, zre = 8.8+1.3

�1.2, Planck TT+lowP (17e)
+lensing+BAO.

The constraint from Planck TT+lensing+BAO on ⌧ is com-
pletely independent of low multipole CMB polarization data and
agrees well with the result from Planck polarization (and has
comparable precision). These results all indicate a lower redshift
of reionization than the value zre = 11.1± 1.1 derived in PCP13,
based on the WMAP9 polarization likelihood. The low values
of ⌧ from Planck are also consistent with the lower value of ⌧
derived from the WMAP Planck 353 GHz-cleaned polarization
likelihood, suggesting strongly that the WMAP9 value is biased
slightly high by residual polarized dust emission.

The Planck results of Eqs. (17a) – (17e) provide evidence for
a lower optical depth and redshift of reionization than inferred
from WMAP (Bennett et al. 2013), partially alleviating the dif-
ficulties in reionizing the intergalactic medium using starlight
from high redshift galaxies. A key goal of the Planck analysis
over the next year is to assess whether these results are consis-
tent with the HFI polarization data at low multipoles.

Given the consistency between the LFI and WMAP polariza-
tion maps when both are cleaned with the HFI 353 GHz polariza-
tion maps, we have also constructed a combined WMAP+Planck
low-multipole polarization likelihood (denoted lowP+WP). This
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Fig. 9. Marginalized joint 68 % and 95 % CL for (ns , r0.002)
using Planck TT+lowP+BAO (upper panel) and Planck
TT,TE,EE+lowP (lower panel).

2013 results (⌦K = �0.007+0.018
�0.019 at 95 % CL). However, due to

the remaining degeneracies left by the uncertainties in polariza-
tion on large angular scales, a full appreciation of the improve-
ment due to the full mission temperature and lensing data can be
obtained by using lowP+WP, which leads to ⌦K = �0.003+0.012

�0.014
at 95 % CL. Let us also finally note that negative values allowed
for the curvature are decreased when the running is combined,
showing that the low-` temperature deficit could also contribute
to the estimate of these parameters.

The trend found for ⇤CDM+r+⌦K is even clearer when spa-
tial curvature and the running of the spectral index are varied at
the same time. Then, the Planck temperature plus polarization
data are compatible with r values as large as 0.19 (95 % CL), at
the cost of an almost 4� deviation from spatial flatness (which,
however, disappears as soon as lensing or BAO data are consid-
ered).

6. Implications for single-field slow-roll inflation

In this section we study the implications of Planck 2015 con-
straints on standard slow-roll single-field inflationary models.

6.1. Constraints on slow-roll parameters

We first present the Planck 2015 constraints on slow-roll pa-
rameters obtained through the analytic perturbative expansion
in terms of the Hubble flow functions (HFFs) ✏i for the primor-
dial spectra of cosmological fluctuations during slow-roll infla-
tion (Stewart & Lyth, 1993; Gong & Stewart, 2001; Leach et al.,
2002). When restricting to first order in ✏i, we obtain

✏1 < 0.0068 (95 % CL, Planck TT+lowP) , (34)
✏2 = 0.029+0.008

�0.007 (68 % CL, Planck TT+lowP) . (35)

When high-` polarization is included we obtain ✏1 < 0.0066 at
95 % CL and ✏2 = 0.030+0.007

�0.006 at 68 % CL. When second-order
contributions in the HFFs are included, we obtain

✏1 < 0.012 (95 % CL, Planck TT+lowP) , (36)
✏2 = 0.031+0.013

�0.011 (68 % CL, Planck TT+lowP) , (37)
�0.41 < ✏3 < 1.38 (95 % CL, Planck TT+lowP) . (38)

When high-` polarization is included we obtain ✏1 < 0.011 at
95 % CL, ✏2 = 0.032+0.011

�0.009 at 68 % CL, and �0.32 < ✏3 < 0.89 at
95 % CL.
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Fig. 10. Marginalized joint 68 % and 95 % CL regions for (✏1 , ✏2)
(top panel) and (✏V , ⌘V ) (bottom panel) for Planck TT+lowP (red
contours), Planck TT,TE,EE+lowP (blue contours), and com-
pared with the Planck 2013 results (grey contours).

The potential slow-roll parameters are obtained as derived
parameters by using their exact expressions as function of ✏i
(Leach et al., 2002; Finelli et al., 2010):
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Fig. 11. Marginalized joint 68 % and 95 % CL regions for (✏1 , ✏2 , ✏3) (top panels) and (✏V , ⌘V , ⇠2V ) (bottom panels) for Planck
TT+lowP (red contours), Planck TT,TE,EE+lowP (blue contours), and compared with the Planck 2013 results (grey contours).

Fig. 12. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck in combination with other data sets, compared
to the theoretical predictions of selected inflationary models.
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Beware that some results are model dependent…
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Fig. 9. Marginalized joint 68 % and 95 % CL for (ns , r0.002)
using Planck TT+lowP+BAO (upper panel) and Planck
TT,TE,EE+lowP (lower panel).

2013 results (⌦K = �0.007+0.018
�0.019 at 95 % CL). However, due to

the remaining degeneracies left by the uncertainties in polariza-
tion on large angular scales, a full appreciation of the improve-
ment due to the full mission temperature and lensing data can be
obtained by using lowP+WP, which leads to ⌦K = �0.003+0.012

�0.014
at 95 % CL. Let us also finally note that negative values allowed
for the curvature are decreased when the running is combined,
showing that the low-` temperature deficit could also contribute
to the estimate of these parameters.

The trend found for ⇤CDM+r+⌦K is even clearer when spa-
tial curvature and the running of the spectral index are varied at
the same time. Then, the Planck temperature plus polarization
data are compatible with r values as large as 0.19 (95 % CL), at
the cost of an almost 4� deviation from spatial flatness (which,
however, disappears as soon as lensing or BAO data are consid-
ered).

6. Implications for single-field slow-roll inflation

In this section we study the implications of Planck 2015 con-
straints on standard slow-roll single-field inflationary models.

6.1. Constraints on slow-roll parameters

We first present the Planck 2015 constraints on slow-roll pa-
rameters obtained through the analytic perturbative expansion
in terms of the Hubble flow functions (HFFs) ✏i for the primor-
dial spectra of cosmological fluctuations during slow-roll infla-
tion (Stewart & Lyth, 1993; Gong & Stewart, 2001; Leach et al.,
2002). When restricting to first order in ✏i, we obtain

✏1 < 0.0068 (95 % CL, Planck TT+lowP) , (34)
✏2 = 0.029+0.008

�0.007 (68 % CL, Planck TT+lowP) . (35)

When high-` polarization is included we obtain ✏1 < 0.0066 at
95 % CL and ✏2 = 0.030+0.007

�0.006 at 68 % CL. When second-order
contributions in the HFFs are included, we obtain

✏1 < 0.012 (95 % CL, Planck TT+lowP) , (36)
✏2 = 0.031+0.013

�0.011 (68 % CL, Planck TT+lowP) , (37)
�0.41 < ✏3 < 1.38 (95 % CL, Planck TT+lowP) . (38)

When high-` polarization is included we obtain ✏1 < 0.011 at
95 % CL, ✏2 = 0.032+0.011

�0.009 at 68 % CL, and �0.32 < ✏3 < 0.89 at
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pared with the Planck 2013 results (grey contours).

The potential slow-roll parameters are obtained as derived
parameters by using their exact expressions as function of ✏i
(Leach et al., 2002; Finelli et al., 2010):
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Fig. 11. Marginalized joint 68 % and 95 % CL regions for (✏1 , ✏2 , ✏3) (top panels) and (✏V , ⌘V , ⇠2V ) (bottom panels) for Planck
TT+lowP (red contours), Planck TT,TE,EE+lowP (blue contours), and compared with the Planck 2013 results (grey contours).

Fig. 12. Marginalized joint 68 % and 95 % CL regions for ns and r0.002 from Planck in combination with other data sets, compared
to the theoretical predictions of selected inflationary models.
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Fig. 14. The SMICA CMB map (with 3 % of the sky replaced by a constrained Gaussian realization).

Fig. 15. Spatial distribution of the noise RMS on a color scale of 25 µK
for the SMICA CMB map. It has been estimated from the noise map
obtained by running SMICA through the half-ring maps and taking the
half-di↵erence. The average noise RMS is 17 µK. SMICA does not
produce CMB values in the blanked pixels. They are replaced by a con-
strained Gaussian realization.

for bandpowers at ` < 50, using the cleanest 87 % of the sky. We
supplement this ‘low-`’ temperature likelihood with the pixel-
based polarization likelihood at large-scales (` < 23) from the
WMAP 9-year data release (Bennett et al. 2012). These need to
be corrected for the dust contamination, for which we use the
WMAP procedure. However, we have checked that switching
to a correction based on the 353 GHz Planck polarization data,
the parameters extracted from the likelihood are changed by less
than 1�.

At smaller scales, 50 < ` < 2500, we compute the power
spectra of the multi-frequency Planck temperature maps, and
their associated covariance matrices, using the 100, 143, and

Fig. 16. Angular spectra for the SMICA CMB products, evaluated over
the confidence mask, and after removing the beam window function:
spectrum of the CMB map (dark blue), spectrum of the noise in that
map from the half-rings (magenta), their di↵erence (grey) and a binned
version of it (red).

217 GHz channels, and cross-spectra between these channels11.
Given the limited frequency range used in this part of the analy-
sis, the Galaxy is more conservatively masked to avoid contam-
ination by Galactic dust, retaining 58 % of the sky at 100 GHz,
and 37 % at 143 and 217 GHz.

11 interband calibration uncertainties have been estimated by compar-
ing directly the cross spectra and found to be within 2.4 and 3.4⇥10�3

respectively for 100 and 217 GHz with respect to 143 GHz
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Table 9. Results for the fNL parameters of the primordial local, equilateral, and orthogonal shapes, determined by the KSW, binned
and modal estimators from the SMICA, NILC, SEVEM, and C-R foreground-cleaned maps. Both independent single-shape results and
results marginalized over the point source bispectrum and with the ISW-lensing bias subtracted are reported; error bars are 68%
CL .

Independent ISW-lensing subtracted

KSW Binned Modal KSW Binned Modal

SMICA

Local . . . . . . . . . . . . . . . . 9.8 ± 5.8 9.2 ± 5.9 8.3 ± 5.9 . . . . . 2.7 ± 5.8 2.2 ± 5.9 1.6 ± 6.0
Equilateral . . . . . . . . . . . . �37 ± 75 �20 ± 73 �20 ± 77 . . . . . �42 ± 75 �25 ± 73 �20 ± 77
Orthogonal . . . . . . . . . . . . �46 ± 39 �39 ± 41 �36 ± 41 . . . . . �25 ± 39 �17 ± 41 �14 ± 42

NILC

Local . . . . . . . . . . . . . . . . 11.6 ± 5.8 10.5 ± 5.8 9.4 ± 5.9 . . . . . 4.5 ± 5.8 3.6 ± 5.8 2.7 ± 6.0
Equilateral . . . . . . . . . . . . �41 ± 76 �31 ± 73 �20 ± 76 . . . . . �48 ± 76 �38 ± 73 �20 ± 78
Orthogonal . . . . . . . . . . . . �74 ± 40 �62 ± 41 �60 ± 40 . . . . . �53 ± 40 �41 ± 41 �37 ± 43

SEVEM

Local . . . . . . . . . . . . . . . . 10.5 ± 5.9 10.1 ± 6.2 9.4 ± 6.0 . . . . . 3.4 ± 5.9 3.2 ± 6.2 2.6 ± 6.0
Equilateral . . . . . . . . . . . . �32 ± 76 �21 ± 73 �13 ± 77 . . . . . �36 ± 76 �25 ± 73 �13 ± 78
Orthogonal . . . . . . . . . . . . �34 ± 40 �30 ± 42 �24 ± 42 . . . . . �14 ± 40 �9 ± 42 �2 ± 42

C-R

Local . . . . . . . . . . . . . . . . 12.4 ± 6.0 11.3 ± 5.9 10.9 ± 5.9 . . . . . 6.4 ± 6.0 5.5 ± 5.9 5.1 ± 5.9
Equilateral . . . . . . . . . . . . �60 ± 79 �52 ± 74 �33 ± 78 . . . . . �62 ± 79 �55 ± 74 �32 ± 78
Orthogonal . . . . . . . . . . . . �76 ± 42 �60 ± 42 �63 ± 42 . . . . . �57 ± 42 �41 ± 42 �42 ± 42

squeezed configurations, its impact is well known to be largest
for the local shape. The ISW-lensing bias is also important for
orthogonal measurements (there is a correlation coe�cient r ⇠
�0.5 between the local and orthogonal CMB templates), while
it is very small in the equilateral limit. The values of the ISW-
lensing bias we subtract, summarized in Table 1, are calculated
assuming the Planck best-fit cosmological model as our fidu-
cial model. The same fiducial parameters were of course consis-
tently used to compute the theoretical bispectrum templates and
the estimator normalization. Regarding the point source contam-
ination, we detect a Poissonian bispectrum at high significance
in the SMICA map, see Sect. 5.3. However, marginalizing over
point sources still carries a nearly negligible impact on the final
primordial fNL results, because the Poisson bispectrum template
has very small correlations with all the other shapes.

In light of the discussion at the beginning of this section, we
take the numbers from the KSW SMICA analysis in Table 8 as the

Table 10. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the subopti-
mal wavelet estimator from the SMICA foreground-cleaned map.
Both independent single-shape results and results marginalized
over the point source bispectrum and with the ISW-lensing bias
subtracted are reported; error bars are 68% CL. As explained in
the text, our current wavelets pipeline performs slightly worse in
terms of error bars and correlation to primordial templates than
the other bispectrum estimators, but it still provides a useful in-
dependent cross-check of other techniques.

Independent ISW-lensing subtracted

Wavelets Wavelets

SMICA

Local . . . . . . . . . 10 ± 8.5 0.9 ± 8.5
Equilateral . . . . . 89 ± 84 90 ± 84
Orthogonal . . . . . �73 ± 52 �45 ± 52

final local, equilateral and orthogonal fNL constraints for the cur-
rent Planck data release. These results clearly show that no evi-
dence of NG of the local, equilateral or orthogonal type is found
in the data. After ISW-lensing subtraction, all fNL for the three
primordial shapes are consistent with 0 at 68% CL. Note that
these numbers have been cross-checked using two completely
independent KSW pipelines, one of which is an extension to
Planck resolution of the pipeline used for the WMAP analysis
(Bennett et al. 2012).

Unlike other methods, the KSW technique is not designed
to provide a reconstruction of the full bispectrum of the data.
However, the related skew-C` statistic described in Sect. 3.2.2
allows, for each given shape, visualization and study of the con-
tribution to the measured fNL from separate `-bins. This is a
useful tool to study potential spurious NG contamination in the
data. We show for the SMICA map in Fig. 5 the measured skew-
C` spectrum for optimal detection of primordial local, equilat-
eral and orthogonal NG, along with the best-fitting estimates of
fNL from the KSW method for di↵erent values of `. Contrary to
the case of the point source and ISW-lensing foregrounds (see
Sect. 5), the skew-C` statistics do not show convincing evidence
for detection of the primordial shapes. In particular the skew-
spectrum related to primordial local NG does not have the right
shape, suggesting that whatever is causing this NG signal is not
predominantly local. Again, point sources contribute very little
to this statistic; ISW-lensing contributes, but only a small frac-
tion of the amplitude, so there are indications of additional NG
not captured by these foregrounds. In any event the estimators
are consistent with no primordial signal of the types considered.

As mentioned before, our analysis went beyond the simple
application of the KSW estimator to the SMICA map. All fNL
pipelines developed for Planck analysis were actually applied
to all component-separated maps by SMICA, NILC, SEVEM, and
C-R. We found from simulations in the previous Sections that
the KSW, binned, and modal pipelines saturate the Cramér-Rao
bound, while the wavelet estimator in its current implementation
provides slightly suboptimal results. Wavelets remain however a
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Fig. 5. Modal reconstruction for the WMAP-9 bispectrum (left) and the Planck SMICA DR2 T-only bispectrum (right) plotted for
the domain `  450 using identical isosurface levels. Here, we employed the full 2001 eigenmodes for both the Planck analysis at
`max = 2000 and for WMAP-9 analysis at `max = 600, but for comparison purposes we have only used the first 600 eigenmodes
in order to obtain a comparable resolution. The main features in the WMAP-9 bispectrum have counterparts in the Planck version,
revealing an oscillatory pattern in the central region, as well as features on the tetrapyd surface. The WMAP-9 bispectrum has a
much larger noise signal beyond ` = 350 than the more sensitive Planck experiment, leading to residuals in this region.

Table 11. Results for the fNL parameters of the primordial lo-
cal, equilateral, and orthogonal shapes, determined by the KSW
estimator from the SMICA foreground-cleaned map. Both inde-
pendent single-shape results and results with the ISW-lensing
bias subtracted are reported; error bars are 68 % CL. The di↵er-
ence between the last column in this table and the correspond-
ing values in the previous table is that in the second column here
the equilateral and orthogonal shapes have been analysed jointly.
The final reported results of the paper are shown in bold.

fNL(KSW)

Shape and method Independent ISW-lensing subtracted

SMICA (T)
Local . . . . . . . . . 10.2 ± 5.7 2.5 ± 5.7

Equilateral . . . . . . �13 ± 70 �16 ± 70

Orthogonal . . . . . �56 ± 33 �34 ± 33

SMICA (T+E)
Local . . . . . . . . . 6.5 ± 5.0 0.8 ± 5.0

Equilateral . . . . . . 3 ± 43 �4 ± 43

Orthogonal . . . . . �36 ± 21 �26 ± 21

of features evident in the polarization bispectra from the di↵er-
ent foreground-cleaned maps which, although inherently nois-
ier, have qualitative similarities. At a quantitative level, however,
the polarization bispectra modes from di↵erent methods are less
correlated in polarization than in temperature, as we discuss in
Sect. 7.

6.2.2. Binned bispectrum reconstruction

The (reconstructed) binned bispectrum of a given map is a
natural product of the binned bispectrum estimator code, see

Sect. 3.3. To test if any bin has a significant NG signal, we study
the binned bispectrum divided by its expected standard devia-
tion, a quantity for which we will use the symbol Bi1i2i3 . With
the binning used in the estimator, the pixels are dominated by
noise. We thus smooth in three dimensions with a Gaussian ker-
nel of a certain width �bin. To avoid edge e↵ects due to the sharp
boundaries of the domain of definition of the bispectrum, we
renormalize the smoothed bispectrum, so that the pixel values
would be normal-distributed for a Gaussian map.

In Figs. 8 and 9, we show slices of this smoothed binned
signal-to-noise bispectrum Bi1i2i3 with a Gaussian smoothing of
�bin = 2, as a function of `1 and `2. Very red or very blue regions
correspond to a significant NG of any type. The two figures only
di↵er in the value chosen for the `3-bin, which is [518, 548] for
the first figure, and [1291, 1345] for the second. We have de-
fined two cross-bispectra here: BT2E

i1i2i3 ⌘ BTT E
i1i2i3 + BT ET

i1i2i3 + BETT
i1i2i3 ,

and BT E2
i1i2i3 ⌘ BT EE

i1i2i3 + BET E
i1i2i3 + BEET

i1i2i3 . These two cross-bispectra
are then divided by their respective standard deviations (taking
into account the covariance terms) to produce the correspond-
ing BT2E

i1i2i3 and BT E2
i1i2i3 . Those three di↵erent permutations are not

equal a priori due to the condition i1  i2  i3 that is imple-
mented in the code to reduce computations by a factor of six.
However, part of the smoothing procedure is to add the other
five identical copies, so that in the end the plots are symmetric
under interchange of `1 and `2 (and Bi1i2i3 is symmetric under
interchange of all its indices). The grey areas in the plots are re-
gions where the bispectrum is not defined, either because it is
outside of the triangle inequality, or because of the limitation
`Emax = 2000. Given that in both plots `3 is fixed at less than
2000, BT E2

i1i2i3 is not defined if both `1 and `2 are larger than 2000,
while BEEE

i1i2i3 is undefined if either `1 or `2 (or both) are larger
than 2000.

Results are shown for the four component separation meth-
ods SMICA, SEVEM, NILC, and Commander, and for TTT, T2E,
TE2, and EEE. In addition we show on the second line of each
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Addition of Polarization shrunk the constraint volume by a factor 3
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Primordial gravitational 
waves  signature?

March 2014 
Bicep2 announce a detection of primordial B 
Polarization at large scale. 
Large scale B polarization is a signature of the 
gravitational waves background



BICEP2

September 2014 
Planck 353GHz data predicts that up to 100% of the 

BICEP2 signal could be dust emission



February 2015 
!
• Joint Planck 353/Bicep2-Keck analysis 
• No significant primordial B Polarization 

after 353GHz cleaning 
• BKP constraint on r similar to Planck 
• Joint constraint improves the upper limit 
!
!
• Polarized dust emission is the key…

Planck Collaboration: Cosmological parameters

Fig. 21. Left: Constraints on the tensor-to-scalar ratio r0.002 in the ⇤CDM model, using Planck TT+lowP and Planck
TT+lowP+lensing+BAO+JLA+H0 (red and blue, respectively) assuming negligible running and the inflationary consistency rela-
tion. The result is model-dependent; for example, the grey contours show how the results change if there were additional relativistic
degrees of freedom with �Ne↵ = 0.39 (disfavoured, but not excluded, by Planck). Dotted lines show loci of approximately con-
stant e-folding number N, assuming simple V / (�/mPl)p single-field inflation. Solid lines show the approximate ns–r relation for
quadratic and linear potentials to first order in slow roll; red lines show the approximate allowed range assuming 50 < N < 60 and
a power-law potential for the duration of inflation. The solid black line (corresponding to a linear potential) separates concave and
convex potentials. Right: Equivalent constraints in the ⇤CDM model when adding B-mode polarization results corresponding to the
default configuration of the BICEP2/Keck Array+Planck (BKP) likelihood. These exclude the quadratic potential at a higher level
of significance compared to the Planck-alone constraints.

limited by cosmic variance of the dominant scalar anisotropies,
and it is also model dependent. In polarization, in addition to B-
modes, the EE and T E spectra also contain a signal from tensor
modes coming from reionization and last scattering. However,
in this release the addition of Planck polarization constraints at
` � 30 do not significantly change the results from temperature
and low-` polarization (see Table 5).

Figure 21 shows the 2015 Planck constraint in the ns–r plane,
adding r as a one-parameter extension to base ⇤CDM. Note that
for base ⇤CDM (r = 0), the value of ns is

ns = 0.9655 ± 0.0062, Planck TT+lowP. (38)

We highlight this number here since ns, a key parameter for in-
flationary cosmology, shows one of the largest shifts of any pa-
rameter in base ⇤CDM between the Planck 2013 and Planck
2015 analyses (about 0.7�). As explained in Sect. 3.1, part of
this shift was caused by the ` ⇡ 1800 systematic in the nominal-
mission 217 ⇥ 217 spectrum used in PCP13.

The red contours in Fig. 21 show the constraints from Planck
TT+lowP. These are similar to the constraints shown in Fig. 23
of PCP13, but with ns shifted to slightly higher values. The ad-
dition of BAO or the Planck lensing data to Planck TT+lowP
lowers the value of ⌦ch2, which at fixed ✓⇤ increases the small-
scale CMB power. To maintain the fit to the Planck tempera-
ture power spectrum for models with r = 0, these parameter
shifts are compensated by a change in amplitude As and the tilt
ns (by about 0.4�). The increase in ns to match the observed
power on small scales leads to a decrease in the scalar power
on large scales, allowing room for a slightly larger contribution

from tensor modes. The constraints shown by the blue contours
in Fig. 21, which add Planck lensing, BAO, and other astrophys-
ical data, are therefore tighter in the ns direction and shifted to
slightly higher values, but marginally weaker in the r-direction.
The 95 % limits on r0.002 are

r0.002 < 0.10, Planck TT+lowP, (39a)
r0.002 < 0.11, Planck TT+lowP+lensing+ext, (39b)

consistent with the results reported in PCP13. Note that we as-
sume the second-order slow-roll consistency relation for the ten-
sor spectral index. The result in Eqs. (39a) and (39b) are mildly
scale dependent, with equivalent limits on r0.05 being weaker by
about 5 %.

PCP13 noted a mismatch between the best-fit base ⇤CDM
model and the temperature power spectrum at multipoles ` <⇠ 40,
partly driven by the dip in the multipole range 20 <⇠ ` <⇠ 30. If
this mismatch is simply a statistical fluctuation of the ⇤CDM
model (and there is no compelling evidence to think otherwise),
the strong Planck limit (compared to forecasts) is the result of
chance low levels of scalar mode confusion. On the other hand if
the dip represents a failure of the ⇤CDM model, the 95 % limits
of Eqs. (39a) and (39b) may be underestimates. These issues are
considered at greater length in Planck Collaboration XX (2015)
and will not be discussed further in this paper.

As mentioned above, the Planck temperature constraints on
r are model-dependent and extensions to ⇤CDM can give sig-
nificantly di↵erent results. For example, extra relativistic de-
grees of freedom increase the small-scale damping of the CMB
anisotropies at a fixed angular scale, which can be compensated
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by increasing ns, allowing a larger tensor mode. This is illus-
trated by the grey contours in Fig. 21, which show the constraints
for a model with �Ne↵ = 0.39. Although this value of �Ne↵ is
disfavoured by the Planck data (see Sect. 6.4.1) it is not excluded
at a high significance level.

This example emphasizes the need for direct tests of
tensor modes based on measurements of a large-scale B-
mode pattern in CMB polarization. Planck B-mode constraints
from the 100 and 143 GHz HFI channels, presented in
Planck Collaboration XI (2015), give a 95% upper limit of r <⇠
0.27. However, at present the tightest B-mode constraints on r
come from the BKP analysis of the BICEP2/Keck field, which
covers approximately 400 deg2 centered on RA 0h, Dec. �57.5�.
These measurements probe the peak of the B-mode power spec-
trum at around ` = 100, corresponding to gravitational waves
with k ⇡ 0.01 Mpc�1 that enter the horizon during recombina-
tion (i.e., somewhat smaller than the scales that contribute to the
Planck temperature constraints on r). The results of BKP give a
posterior for r that peaks at r0.05 ⇡ 0.05, but is consistent with
r0.05 = 0. Thus, at present there is no convincing evidence of a
primordial B-mode signal. At these low values of r, there is no
longer any tension with Planck temperature constraints.

The analysis of BKP constrains r defined relative to a fixed
fiducial B-mode spectrum, and on its own does not give a use-
ful constraint on either the scalar amplitude or ns. A combined
analysis of the Planck CMB spectra and the BKP likelihood can,
self-consistently, give constraints in the ns–r plane, as shown in
the right-hand panel of Fig. 21. The BKP likelihood pulls the
contours to slightly non-zero values of r, with best fits of around
r0.002 ⇡ 0.03, but at very low levels of statistical significance.
The BKP likelihood also rules out the upper tail of r values al-
lowed by Planck alone. The joint Planck+BKP likelihood anal-
yses give the 95 % upper limits

r0.002 < 0.08, Planck TT+lowP+BKP, (40a)
r0.002 < 0.09, Planck TT+lowP+lensing+ext+BKP. (40b)

The exact values of these upper limits are weakly dependent
on the details of the foreground modelling applied in the BKP
analysis (see BKP for further details). The results given here are
for the baseline two-parameter model, varying the B-mode dust
amplitude and frequency scaling, using the lowest five B-mode
bandpowers.

Allowing a running of the scalar spectral index as an addi-
tional free parameter weakens the Planck constraints on r0.002, as
shown in Fig. 22. The coloured samples in Fig. 22 illustrate how
a negative running allows the large-scale scalar spectral index
ns,0.002 to shift towards higher values, lowering the scalar power
on large scales relative to small scales, thereby allowing a larger
tensor contribution. However adding the BKP likelihood, which
directly constrains the tensor amplitude on smaller scales, sig-
nificantly reduces the extent of this degeneracy leading to a 95%
upper limit of r0.002 < 0.10 even in the presence of running (i.e.,
similar to the results of Eqs. 40a and 40b).

The Planck+BKP joint analysis rules out a quadratic infla-
tionary potential (V(�) / m2�2, predicting r ⇡ 0.16) at over
99% confidence and reduces the allowed range of parameter
space for models with convex potentials. Starobinsky-type mod-
els are an example of a wider class of inflationary theory in
which ns � 1 = O(1/N) is not a coincidence, yet r = O(1/N2)
(Roest 2014; Creminelli et al. 2014). These models have con-
cave potentials, and include a variety of string-inspired models
with exponential potentials. Models with r = O(1/N) are how-
ever still allowed by the data, including a simple linear potential

Fig. 22. Constraints on the tensor-to-scalar ratio r0.002 in
the ⇤CDM model with running, using Planck TT+lowP
(samples, coloured by the running parameter), and Planck
TT+lowP+lensing+BAO (black contours). Dashed contours
show the corresponding constraints also including the BKP B-
mode likelihood. These are compared to the constraints when
the running is fixed to zero (blue contours). Parameters are plot-
ted at the scale k = 0.002 Mpc�1, which is approximately the
scale at which Planck constrains tensor fluctuations; however,
the scalar tilt is only constrained well on much smaller scales.
The inflationary slow-roll consistency relation is used here for nt
(though the range of running allowed is much larger than would
be expected in most slow-roll models).

and fractional-power monomials, as well as regions of parameter
space in between where ns � 1 = O(1/N) is just a coincidence.
Models that have sub-Planckian field evolution, so satisfying the
Lyth bound (Lyth 1997; Garcia-Bellido et al. 2014), will typi-
cally have r <⇠ 2 ⇥ 10�5 for ns ⇡ 0.96, and are also consistent
with the tensor constraints shown in Fig. 21. For further discus-
sion of the implications of the Planck 2015 data for a wide range
of inflationary models see Planck Collaboration XX (2015).

In summary, the Planck limits on r are consistent with the
BKP limits from B-mode measurements. Both data sets are
consistent with r = 0. However, both datasets are compati-
ble with a tensor-scalar ratio of r ⇡ 0.09 at the 95% level.
The Planck temperature constraints on r are limited by cos-
mic variance. The only way of improving these limits, or po-
tentially detecting gravitational waves with r <⇠ 0.09, is through
direct B-mode detection. The Planck 353 GHz polarization maps
(Planck Collaboration Int. XXX 2014) show that at frequencies
of around 150 GHz, Galactic dust emission is an important con-
taminant at the r ⇡ 0.05 level even in the cleanest regions of the
sky. BKP demonstrates further that on small regions of the sky
covering a few hundred square degrees (typical of ground based
B-mode experiments), the Planck 353 GHz maps are of limited
use as monitors of polarized Galactic dust emission because of
their low signal-to-noise level. To achieve limits substantially
below r ⇡ 0.05 will require observations of comparable high
sensitivity over a range of frequencies, and with increased sky
coverage. The forthcoming measurements from Keck Array and
BICEP3 at 95 GHz and the Keck Array receivers at 220 GHz
should o↵er significant improvements on the current constraints.
A number of other ground-based and sub-orbital experiments
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Planck 2015 - Take away
• More data in T, better processed and analysed 

• P, even with possible residuals is already quite powerful, constraints 
comparable to BAO  

!
• Some tension with external datasets on the amplitude of matter fluctuations 

• where we actually have theoretical uncertainties 

!
• ΛCDM is just fine  

• no convincing evidence for any simple extension 

• Inflation is fine 

• no NG 

• power spectrum consistent with simplest inflation models 

• Still no primordial gravitational waves detection


