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Introduction
The LSND signal does not fit.

Complicate the simple picture:
add new flavours

modify oscillation physics

Sterile neutrinos, CPT, Lorentz, MaVaNs, xDims, 
anomalous muon decay, neutrino decay...

(more or less radically)

Beyond resolving the LSND puzzle, this exotic neutrino 
physics might be justified by new physics beyond the SM, 
and might give rise to subleading effects in other neutrino 
experiments.



Introduction
The LSND signal does not fit.

Complicate the simple picture:
add new flavours

modify oscillation physics

Sterile neutrinos, CPT, Lorentz, MaVaNs, xDims, 

(more or less radically)

anomalous muon decay, neutrino decay...

We will review aspects of:

Beyond resolving the LSND puzzle, this exotic neutrino 
physics might be justified by new physics beyond the SM, 
and might give rise to subleading effects in other neutrino 
experiments.



Why  Lorentz  and/or  CPT
Lorentz, CPT:  - fundamental ingredients of ordinary 

     Quantum Field Theories (including the SM)

Why should they be violated in the neutrino sector?

- have been tested with high precision
         (K0-K0 system, charged lepton sector...)



-               suggests                                      :

Why  Lorentz  and/or  CPT
Lorentz, CPT:  - fundamental ingredients of ordinary 

     Quantum Field Theories (including the SM)

Why should they be violated in the neutrino sector?

- have been tested with high precision
         (K0-K0 system, charged lepton sector...)

- neutrinos are “special”: no conserved charge, 
  can be Majorana      requires new physics beyond SM

Quantum Gravity might violate Lorentz and/or CPT

Still very speculative possibilities!

⇑
mν ∼ eV Λnew ∼

M2
weak

mν

∼ 10
−4

MPl



Lorentz



but               is enough to affect neutrino propagation!

Basics
Possible origin: - spontaneous breaking

- non trivial background in x-dim
- non-commutative field theory
- quantum gravity...

In absence of an explicit model, parameterize as:

for neutrinos (renormalizable case):

L = LSM + LLorentz!
!

!

= (aµ)ijL̄iγ
µLj +

i

2
(cµν)ijL̄iγ

µ
↔

Dν LjLLorentz!
!

!

charged leptons interactions

⇑

Colladay, Kostelecky 1997

aµ

GeV
, cµν must be tiny

∼ 10
−17

Kostelecky, Mewes 2003
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FIG. 1: Pνµ→νµ averaged over azimuthal angle for the bicycle
model (solid) and for a conventional case with mass (dotted).
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FIG. 2: Pνµ→νµ averaged over zenith angle for the bicycle
model (solid) and for a conventional case with mass (dotted).

atmospheric neutrinos, which is a signal for Lorentz vi-
olation. For example, consider neutrinos propagating in
the horizontal plane of the detector. Neutrinos originat-
ing from the east or west have cosΘ = 0, ∆m2

Θ
= 0, and

hence no oscillations. In contrast, those entering the de-
tector from the north or south experience a pseudomass
of ∆m2

Θ
= ∆m2

0◦ cos2 χ. Figure 2 shows the survival
probability averaged over zenith angle as a function of az-
imuthal angle. Although this model predicts no east-west
asymmetry beyond the usual case, north-east or north-
south asymmetries appear. Similar ‘compass’ asymme-
tries are typical in all direction-dependent models.

The basic features of solar-neutrino oscillations pre-
dicted by the model are also compatible with observa-
tion. Observed solar neutrinos propagate in the Earth’s
orbital plane, which lies at an angle η ! 23◦ relative to
the equatorial plane. The value of cos2 Θ therefore varies
from zero at the two equinoxes to its maximum of sin2 23◦

at the two solstices. Assuming adiabatic propagation in
the Sun, the average νe survival probability is

(Pνe→νe)adiabatic = sin2 θ sin2 θ0 + cos2 θ cos2 θ0, (5)

where θ0 is the mixing angle at the core, given by re-
placing −c̊E with −c̊E + GF ne/

√
2 in Eq. (4). Figure

3 shows the adiabatic probability as a function of en-
ergy averaged over one year. The predicted neutrino
flux is half the expected value at low energies and de-
creases at higher energies, consistent with existing data.
Also shown is the adiabatic probability at approximately
weekly intervals between an equinox and a solstice. Over
much of the year, it remains near the average. There is a
strong reduction near each equinox, but the adiabatic ap-
proximation fails there because oscillations cease, and so
the true survival probability peaks sharply to unity. The
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FIG. 3: (Pνe→νe)adiabatic averaged over one year (solid) and
at intervals between an equinox and a solstice (dashed).
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FIG. 4: (Pνe→νe)adiabatic for some modified models.

combination of effects produces ripples in the binned flux
near the equinoxes, which might be detected in detailed
experimental analyses of existing or future data.

Although detection of the semiannual variation would
represent a definite positive signal for Lorentz violation,
its absence cannot serve to eliminate this type of model.
Simple modifications of the model exist that exhibit sim-
ilar overall behavior for solar and atmospheric neutrinos
but have only a small semiannual variation. As an illus-
tration, consider the replacement of the coefficient (aL)Z

eµ

with a coefficient (aL)T
eµ of half the size. This has the ef-

fect of replacing the solid and dashed curves of Fig. 3
with those shown in Fig. 4. The semiannual variations
in this type of model lie below existing statistical sen-
sitivities. Replacing also (aL)Z

µτ with (aL)T
µτ is another

option, which removes all orientation dependence in the
model. Another example of a small modification is a 10%
admixture of (aL)T

ee, which raises the survival probability
of 0.5 at low energies to about 0.6 without appreciably
affecting other results. The ensuing survival probabil-
ity in the adiabatic approximation is shown as the dot-
ted line in Fig. 4. Other more complicated modifications
that could be countenanced but that nonetheless retain
the flavor of the simple model include allowing depen-
dence on directions other than Z, or even introducing
arbitrary coefficients (aL)µ

ee, (aL)µ
eµ, (aL)µ

eτ , and (cL)µν
ee ,

which yields a model with 21 degrees of freedom. More
general possibilities also exist [7]. We conclude that pos-
itive signals for Lorentz violation could be obtained by
detailed fitting of existing experimental data, but that it
is challenging and perhaps even impossible at present to
exclude the possibility that the observed neutrino oscil-
lations are due to Lorentz and CPT violation rather than
to mass differences.

-Unusual energy dependence of flavor conversions:

instead of usual     :
L

E
L or L E

however conspiracies can reproduce 
the usual dependance at given energies:
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olation. For example, consider neutrinos propagating in
the horizontal plane of the detector. Neutrinos originat-
ing from the east or west have cosΘ = 0, ∆m2

Θ
= 0, and

hence no oscillations. In contrast, those entering the de-
tector from the north or south experience a pseudomass
of ∆m2

Θ
= ∆m2

0◦ cos2 χ. Figure 2 shows the survival
probability averaged over zenith angle as a function of az-
imuthal angle. Although this model predicts no east-west
asymmetry beyond the usual case, north-east or north-
south asymmetries appear. Similar ‘compass’ asymme-
tries are typical in all direction-dependent models.

The basic features of solar-neutrino oscillations pre-
dicted by the model are also compatible with observa-
tion. Observed solar neutrinos propagate in the Earth’s
orbital plane, which lies at an angle η ! 23◦ relative to
the equatorial plane. The value of cos2 Θ therefore varies
from zero at the two equinoxes to its maximum of sin2 23◦

at the two solstices. Assuming adiabatic propagation in
the Sun, the average νe survival probability is

(Pνe→νe)adiabatic = sin2 θ sin2 θ0 + cos2 θ cos2 θ0, (5)

where θ0 is the mixing angle at the core, given by re-
placing −c̊E with −c̊E + GF ne/

√
2 in Eq. (4). Figure

3 shows the adiabatic probability as a function of en-
ergy averaged over one year. The predicted neutrino
flux is half the expected value at low energies and de-
creases at higher energies, consistent with existing data.
Also shown is the adiabatic probability at approximately
weekly intervals between an equinox and a solstice. Over
much of the year, it remains near the average. There is a
strong reduction near each equinox, but the adiabatic ap-
proximation fails there because oscillations cease, and so
the true survival probability peaks sharply to unity. The
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combination of effects produces ripples in the binned flux
near the equinoxes, which might be detected in detailed
experimental analyses of existing or future data.

Although detection of the semiannual variation would
represent a definite positive signal for Lorentz violation,
its absence cannot serve to eliminate this type of model.
Simple modifications of the model exist that exhibit sim-
ilar overall behavior for solar and atmospheric neutrinos
but have only a small semiannual variation. As an illus-
tration, consider the replacement of the coefficient (aL)Z

eµ

with a coefficient (aL)T
eµ of half the size. This has the ef-

fect of replacing the solid and dashed curves of Fig. 3
with those shown in Fig. 4. The semiannual variations
in this type of model lie below existing statistical sen-
sitivities. Replacing also (aL)Z

µτ with (aL)T
µτ is another

option, which removes all orientation dependence in the
model. Another example of a small modification is a 10%
admixture of (aL)T

ee, which raises the survival probability
of 0.5 at low energies to about 0.6 without appreciably
affecting other results. The ensuing survival probabil-
ity in the adiabatic approximation is shown as the dot-
ted line in Fig. 4. Other more complicated modifications
that could be countenanced but that nonetheless retain
the flavor of the simple model include allowing depen-
dence on directions other than Z, or even introducing
arbitrary coefficients (aL)µ

ee, (aL)µ
eµ, (aL)µ

eτ , and (cL)µν
ee ,

which yields a model with 21 degrees of freedom. More
general possibilities also exist [7]. We conclude that pos-
itive signals for Lorentz violation could be obtained by
detailed fitting of existing experimental data, but that it
is challenging and perhaps even impossible at present to
exclude the possibility that the observed neutrino oscil-
lations are due to Lorentz and CPT violation rather than
to mass differences.

-Direction dependence of flavor conversions:

atmospheric neutrinos at SK:
            depends on azimuthal anglePνµ→νµ

terrestrial experiments:
            changes due to Earth rotation

3

(B(1)
s )ab = N̂XN̂Y

(

(cL)XX
ab − (cL)Y Y

ab

)

−
(

N̂XN̂X − N̂Y N̂Y
)

(cL)XY
ab , (11)

(B(1)
c )ab = − 1

2

(

N̂XN̂X − N̂Y N̂Y
)(

(cL)XX
ab − (cL)Y Y

ab

)

− 2N̂XN̂Y (cL)XY
ab . (12)

In these expressions, N̂X , N̂Y , N̂Z are directional factors
containing information about the neutrino-beam direc-
tion with respect to the Earth. At the detector location,
let θ be the angle between the beam and the vertical up-
ward direction, let φ be the angle between the beam and
south measured towards the east, and let χ be the colat-
itude of the detector. Then, the directional factors are
given explicitly as





N̂X

N̂Y

N̂Z



 =





cosχ sin θ cosφ + sin χ cos θ
sin θ sin φ

− sin χ sin θ cosφ + cosχ cos θ



 . (13)

Any given short-baseline experiment is sensitive
to three complex combinations of (aL)µ coefficients,

(A(0)
s )ab, (A(0)

c )ab, (C(0))ab, and five complex combina-

tions of (cL)µνcoefficients, (A(1)
s )ab, (A(1)

c )ab, (B(1)
s )ab,

(B(1)
c )ab, (C(1))ab. However, the directional dependence

implies that a combination of experiments testing a spe-
cific oscillation mode νa → νb can provide access to all
components of (aL)µ

ab and (cL)µν
ab , provided the directions

of the associated neutrino beams differ.
For the special case of the transition mode relevant to

LSND, the probability takes the form

Pν̄µ→ν̄e #
L2

(h̄c)2
| (C)ēµ̄

+ (As)ēµ̄ sin ω⊕T⊕ + (Ac)ēµ̄ cosω⊕T⊕

+ (Bs)ēµ̄ sin 2ω⊕T⊕ + (Bc)ēµ̄ cos 2ω⊕T⊕ |2,
(14)

where ω⊕ # 2π/(23 h 56 min) is the Earth’s sidereal
frequency and T⊕ is a standardized time [23]. The time
variation is a direct consequence of the directional de-
pendence. In the short-baseline approximation, we find
harmonics up to 2ω⊕, but more generally all higher har-
monics can occur.

In Eq. (14), the complex factors (As)ēµ̄, (Ac)ēµ̄,
(Bs)ēµ̄, (Bc)ēµ̄, and (C)ēµ̄ are experiment-dependent lin-
ear combinations of the SME coefficients (aL)µ and
(cL)µν for Lorentz violation. These combinations depend
on the energy of the neutrinos. Their decomposition into
energy-independent quantities takes a form analogous to
that of Eq. (4):

(C)ēµ̄ = (C(0))ēµ̄ + E(C(1))ēµ̄,

(As)ēµ̄ = (A(0)
s )ēµ̄ + E(A(1)

s )ēµ̄,

(Ac)ēµ̄ = (A(0)
c )ēµ̄ + E(A(1)

c )ēµ̄,

(Bs)ēµ̄ = E(B(1)
s )ēµ̄, (Bc)ēµ̄ = E(B(1)

c )ēµ̄. (15)
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FIG. 1: Variations of the percent probability Pν̄µ→ν̄e over
one sidereal day for three sample configurations with averaged
probability 〈Pν̄µ→ν̄e〉 = 0.26%: (C)ēµ̄ #= 0 (dashed), (As)ēµ̄ #=
0 (dotted), and (C)ēµ̄ = (As)ēµ̄ #= 0 (solid).

There are therefore a total of eight complex experiment-

dependent coefficients: (A(0)
s )ēµ̄, (A(0)

c )ēµ̄, (C(0))ēµ̄,

(A(1)
s )ēµ̄, (A(1)

c )ēµ̄, (B(1)
s )ēµ̄, (B(1)

c )ēµ̄, (C(1))ēµ̄. A com-
prehensive analysis of the LSND data for the above en-
ergy and sidereal dependence would in principle yield
measurements of 16 of the possible 102 real degrees of
freedom in the neutrino sector of the minimal SME. We
remark in passing that the inclusion of a mass-squared
matrix (m̃2)ab for neutrinos in the present formalism is
straightforward. For example, in Eq. (15) it suffices to
extend the definition of (C)ēµ̄ to (C)ēµ̄ = (2E)−1(m̃2)∗ēµ̄+

(C(0))ēµ̄ + E(C(1))ēµ̄. It turns out that the general two-
generation model with a mass-squared matrix and both
(aL)µ and (cL)µν coefficients has 41 degrees of freedom,
while its rotation-invariant restriction has eight [12].

The published results from LSND permit the extrac-
tion of a measurement for one combination of these de-
grees of freedom. In the experiment, copious numbers
of ν̄µ were produced. An excess of ν̄e over background
was observed, which was interpreted as ν̄µ oscillating
into ν̄e. The corresponding oscillation probability is
Pν̄µ→ν̄e # 0.26 ± 0.08%. Since this published result in-
volves all events irrespective of sidereal time, it represents
an average over the run time of the experiment. To a
good approximation, it can be taken as representing the
expectation over a sidereal day, 〈Pν̄µ→ν̄e〉 # 0.26±0.08%.
Using Eq. (14) and this result, we obtain a nonzero
measurement for a combination of SME coefficients for
Lorentz violation:

|(C)ēµ̄|
2 + 1

2 |(As)ēµ̄|
2 + 1

2 |(Ac)ēµ̄|
2

+ 1
2 |(Bs)ēµ̄|

2 + 1
2 |(Bc)ēµ̄|

2

#
(h̄c)2〈Pν̄µ→ν̄e〉

L2

#
(

(3 ± 1) × 10−19 GeV
)2

. (16)

Since the LSND neutrino energy lies in the range 10 MeV

∼< E ∼< 50 MeV, this result corresponds to values of the
SME coefficients for Lorentz violation of order 10−19 GeV
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model (solid) and for a conventional case with mass (dotted).
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atmospheric neutrinos, which is a signal for Lorentz vi-
olation. For example, consider neutrinos propagating in
the horizontal plane of the detector. Neutrinos originat-
ing from the east or west have cosΘ = 0, ∆m2

Θ
= 0, and

hence no oscillations. In contrast, those entering the de-
tector from the north or south experience a pseudomass
of ∆m2

Θ
= ∆m2

0◦ cos2 χ. Figure 2 shows the survival
probability averaged over zenith angle as a function of az-
imuthal angle. Although this model predicts no east-west
asymmetry beyond the usual case, north-east or north-
south asymmetries appear. Similar ‘compass’ asymme-
tries are typical in all direction-dependent models.

The basic features of solar-neutrino oscillations pre-
dicted by the model are also compatible with observa-
tion. Observed solar neutrinos propagate in the Earth’s
orbital plane, which lies at an angle η ! 23◦ relative to
the equatorial plane. The value of cos2 Θ therefore varies
from zero at the two equinoxes to its maximum of sin2 23◦

at the two solstices. Assuming adiabatic propagation in
the Sun, the average νe survival probability is

(Pνe→νe)adiabatic = sin2 θ sin2 θ0 + cos2 θ cos2 θ0, (5)

where θ0 is the mixing angle at the core, given by re-
placing −c̊E with −c̊E + GF ne/

√
2 in Eq. (4). Figure

3 shows the adiabatic probability as a function of en-
ergy averaged over one year. The predicted neutrino
flux is half the expected value at low energies and de-
creases at higher energies, consistent with existing data.
Also shown is the adiabatic probability at approximately
weekly intervals between an equinox and a solstice. Over
much of the year, it remains near the average. There is a
strong reduction near each equinox, but the adiabatic ap-
proximation fails there because oscillations cease, and so
the true survival probability peaks sharply to unity. The
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FIG. 4: (Pνe→νe)adiabatic for some modified models.

combination of effects produces ripples in the binned flux
near the equinoxes, which might be detected in detailed
experimental analyses of existing or future data.

Although detection of the semiannual variation would
represent a definite positive signal for Lorentz violation,
its absence cannot serve to eliminate this type of model.
Simple modifications of the model exist that exhibit sim-
ilar overall behavior for solar and atmospheric neutrinos
but have only a small semiannual variation. As an illus-
tration, consider the replacement of the coefficient (aL)Z

eµ

with a coefficient (aL)T
eµ of half the size. This has the ef-

fect of replacing the solid and dashed curves of Fig. 3
with those shown in Fig. 4. The semiannual variations
in this type of model lie below existing statistical sen-
sitivities. Replacing also (aL)Z

µτ with (aL)T
µτ is another

option, which removes all orientation dependence in the
model. Another example of a small modification is a 10%
admixture of (aL)T

ee, which raises the survival probability
of 0.5 at low energies to about 0.6 without appreciably
affecting other results. The ensuing survival probabil-
ity in the adiabatic approximation is shown as the dot-
ted line in Fig. 4. Other more complicated modifications
that could be countenanced but that nonetheless retain
the flavor of the simple model include allowing depen-
dence on directions other than Z, or even introducing
arbitrary coefficients (aL)µ

ee, (aL)µ
eµ, (aL)µ

eτ , and (cL)µν
ee ,

which yields a model with 21 degrees of freedom. More
general possibilities also exist [7]. We conclude that pos-
itive signals for Lorentz violation could be obtained by
detailed fitting of existing experimental data, but that it
is challenging and perhaps even impossible at present to
exclude the possibility that the observed neutrino oscil-
lations are due to Lorentz and CPT violation rather than
to mass differences.

-Unusual energy dependence of flavor conversions:

instead of usual     :
L

E
L or L E

however conspiracies can reproduce 
the usual dependance at given energies:
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model (solid) and for a conventional case with mass (dotted).

atmospheric neutrinos, which is a signal for Lorentz vi-
olation. For example, consider neutrinos propagating in
the horizontal plane of the detector. Neutrinos originat-
ing from the east or west have cosΘ = 0, ∆m2

Θ
= 0, and

hence no oscillations. In contrast, those entering the de-
tector from the north or south experience a pseudomass
of ∆m2

Θ
= ∆m2

0◦ cos2 χ. Figure 2 shows the survival
probability averaged over zenith angle as a function of az-
imuthal angle. Although this model predicts no east-west
asymmetry beyond the usual case, north-east or north-
south asymmetries appear. Similar ‘compass’ asymme-
tries are typical in all direction-dependent models.

The basic features of solar-neutrino oscillations pre-
dicted by the model are also compatible with observa-
tion. Observed solar neutrinos propagate in the Earth’s
orbital plane, which lies at an angle η ! 23◦ relative to
the equatorial plane. The value of cos2 Θ therefore varies
from zero at the two equinoxes to its maximum of sin2 23◦

at the two solstices. Assuming adiabatic propagation in
the Sun, the average νe survival probability is

(Pνe→νe)adiabatic = sin2 θ sin2 θ0 + cos2 θ cos2 θ0, (5)

where θ0 is the mixing angle at the core, given by re-
placing −c̊E with −c̊E + GF ne/

√
2 in Eq. (4). Figure

3 shows the adiabatic probability as a function of en-
ergy averaged over one year. The predicted neutrino
flux is half the expected value at low energies and de-
creases at higher energies, consistent with existing data.
Also shown is the adiabatic probability at approximately
weekly intervals between an equinox and a solstice. Over
much of the year, it remains near the average. There is a
strong reduction near each equinox, but the adiabatic ap-
proximation fails there because oscillations cease, and so
the true survival probability peaks sharply to unity. The
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combination of effects produces ripples in the binned flux
near the equinoxes, which might be detected in detailed
experimental analyses of existing or future data.

Although detection of the semiannual variation would
represent a definite positive signal for Lorentz violation,
its absence cannot serve to eliminate this type of model.
Simple modifications of the model exist that exhibit sim-
ilar overall behavior for solar and atmospheric neutrinos
but have only a small semiannual variation. As an illus-
tration, consider the replacement of the coefficient (aL)Z

eµ

with a coefficient (aL)T
eµ of half the size. This has the ef-

fect of replacing the solid and dashed curves of Fig. 3
with those shown in Fig. 4. The semiannual variations
in this type of model lie below existing statistical sen-
sitivities. Replacing also (aL)Z

µτ with (aL)T
µτ is another

option, which removes all orientation dependence in the
model. Another example of a small modification is a 10%
admixture of (aL)T

ee, which raises the survival probability
of 0.5 at low energies to about 0.6 without appreciably
affecting other results. The ensuing survival probabil-
ity in the adiabatic approximation is shown as the dot-
ted line in Fig. 4. Other more complicated modifications
that could be countenanced but that nonetheless retain
the flavor of the simple model include allowing depen-
dence on directions other than Z, or even introducing
arbitrary coefficients (aL)µ

ee, (aL)µ
eµ, (aL)µ

eτ , and (cL)µν
ee ,

which yields a model with 21 degrees of freedom. More
general possibilities also exist [7]. We conclude that pos-
itive signals for Lorentz violation could be obtained by
detailed fitting of existing experimental data, but that it
is challenging and perhaps even impossible at present to
exclude the possibility that the observed neutrino oscil-
lations are due to Lorentz and CPT violation rather than
to mass differences.

-Direction dependence of flavor conversions:

atmospheric neutrinos at SK:
            depends on azimuthal anglePνµ→νµ

terrestrial experiments:
            changes due to Earth rotation

3

(B(1)
s )ab = N̂XN̂Y

(

(cL)XX
ab − (cL)Y Y

ab

)

−
(

N̂XN̂X − N̂Y N̂Y
)

(cL)XY
ab , (11)

(B(1)
c )ab = − 1

2

(

N̂XN̂X − N̂Y N̂Y
)(

(cL)XX
ab − (cL)Y Y

ab

)

− 2N̂XN̂Y (cL)XY
ab . (12)

In these expressions, N̂X , N̂Y , N̂Z are directional factors
containing information about the neutrino-beam direc-
tion with respect to the Earth. At the detector location,
let θ be the angle between the beam and the vertical up-
ward direction, let φ be the angle between the beam and
south measured towards the east, and let χ be the colat-
itude of the detector. Then, the directional factors are
given explicitly as





N̂X

N̂Y

N̂Z



 =





cosχ sin θ cosφ + sin χ cos θ
sin θ sin φ

− sin χ sin θ cosφ + cosχ cos θ



 . (13)

Any given short-baseline experiment is sensitive
to three complex combinations of (aL)µ coefficients,

(A(0)
s )ab, (A(0)

c )ab, (C(0))ab, and five complex combina-

tions of (cL)µνcoefficients, (A(1)
s )ab, (A(1)

c )ab, (B(1)
s )ab,

(B(1)
c )ab, (C(1))ab. However, the directional dependence

implies that a combination of experiments testing a spe-
cific oscillation mode νa → νb can provide access to all
components of (aL)µ

ab and (cL)µν
ab , provided the directions

of the associated neutrino beams differ.
For the special case of the transition mode relevant to

LSND, the probability takes the form

Pν̄µ→ν̄e #
L2

(h̄c)2
| (C)ēµ̄

+ (As)ēµ̄ sin ω⊕T⊕ + (Ac)ēµ̄ cosω⊕T⊕

+ (Bs)ēµ̄ sin 2ω⊕T⊕ + (Bc)ēµ̄ cos 2ω⊕T⊕ |2,
(14)

where ω⊕ # 2π/(23 h 56 min) is the Earth’s sidereal
frequency and T⊕ is a standardized time [23]. The time
variation is a direct consequence of the directional de-
pendence. In the short-baseline approximation, we find
harmonics up to 2ω⊕, but more generally all higher har-
monics can occur.

In Eq. (14), the complex factors (As)ēµ̄, (Ac)ēµ̄,
(Bs)ēµ̄, (Bc)ēµ̄, and (C)ēµ̄ are experiment-dependent lin-
ear combinations of the SME coefficients (aL)µ and
(cL)µν for Lorentz violation. These combinations depend
on the energy of the neutrinos. Their decomposition into
energy-independent quantities takes a form analogous to
that of Eq. (4):

(C)ēµ̄ = (C(0))ēµ̄ + E(C(1))ēµ̄,

(As)ēµ̄ = (A(0)
s )ēµ̄ + E(A(1)

s )ēµ̄,

(Ac)ēµ̄ = (A(0)
c )ēµ̄ + E(A(1)

c )ēµ̄,

(Bs)ēµ̄ = E(B(1)
s )ēµ̄, (Bc)ēµ̄ = E(B(1)

c )ēµ̄. (15)
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FIG. 1: Variations of the percent probability Pν̄µ→ν̄e over
one sidereal day for three sample configurations with averaged
probability 〈Pν̄µ→ν̄e〉 = 0.26%: (C)ēµ̄ #= 0 (dashed), (As)ēµ̄ #=
0 (dotted), and (C)ēµ̄ = (As)ēµ̄ #= 0 (solid).

There are therefore a total of eight complex experiment-

dependent coefficients: (A(0)
s )ēµ̄, (A(0)

c )ēµ̄, (C(0))ēµ̄,

(A(1)
s )ēµ̄, (A(1)

c )ēµ̄, (B(1)
s )ēµ̄, (B(1)

c )ēµ̄, (C(1))ēµ̄. A com-
prehensive analysis of the LSND data for the above en-
ergy and sidereal dependence would in principle yield
measurements of 16 of the possible 102 real degrees of
freedom in the neutrino sector of the minimal SME. We
remark in passing that the inclusion of a mass-squared
matrix (m̃2)ab for neutrinos in the present formalism is
straightforward. For example, in Eq. (15) it suffices to
extend the definition of (C)ēµ̄ to (C)ēµ̄ = (2E)−1(m̃2)∗ēµ̄+

(C(0))ēµ̄ + E(C(1))ēµ̄. It turns out that the general two-
generation model with a mass-squared matrix and both
(aL)µ and (cL)µν coefficients has 41 degrees of freedom,
while its rotation-invariant restriction has eight [12].

The published results from LSND permit the extrac-
tion of a measurement for one combination of these de-
grees of freedom. In the experiment, copious numbers
of ν̄µ were produced. An excess of ν̄e over background
was observed, which was interpreted as ν̄µ oscillating
into ν̄e. The corresponding oscillation probability is
Pν̄µ→ν̄e # 0.26 ± 0.08%. Since this published result in-
volves all events irrespective of sidereal time, it represents
an average over the run time of the experiment. To a
good approximation, it can be taken as representing the
expectation over a sidereal day, 〈Pν̄µ→ν̄e〉 # 0.26±0.08%.
Using Eq. (14) and this result, we obtain a nonzero
measurement for a combination of SME coefficients for
Lorentz violation:

|(C)ēµ̄|
2 + 1

2 |(As)ēµ̄|
2 + 1

2 |(Ac)ēµ̄|
2

+ 1
2 |(Bs)ēµ̄|

2 + 1
2 |(Bc)ēµ̄|

2

#
(h̄c)2〈Pν̄µ→ν̄e〉

L2

#
(

(3 ± 1) × 10−19 GeV
)2

. (16)

Since the LSND neutrino energy lies in the range 10 MeV

∼< E ∼< 50 MeV, this result corresponds to values of the
SME coefficients for Lorentz violation of order 10−19 GeV
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Pν̄µ→ν̄e

A very non-conventional phenomenology,
very unlikely to fit all neutrino data. 

(Θzenith = 36o)



- assume Lorentz for one state only:

- allow: massive neutrinos + Lorentz

A Lorentz model for LSND
- drop: directional dependence
- encode all Lorentz effects in the dispersion relation                :

Lorentz

de Gouvêa, Grossman 2006

E = E(!p)

E ! |!p| +
m2

2|!p|
+

f(|!p|2)

2|!p|
(

|!p| ! m,
√

f
)

and take f(|!p|) = 2E0 aN

(

|!p|

E0

)2N

standard

|νL〉 = cos ζ cos θL |νe〉 + cos ζ sin θL |νµ〉 + sin ζ |ντ 〉



Lorentz-induced oscillations

- allow: massive neutrinos + Lorentz

A Lorentz model for LSND
- drop: directional dependence
- encode all Lorentz effects in the dispersion relation                :

Lorentz

de Gouvêa, Grossman 2006

E = E(!p)

E ! |!p| +
m2

2|!p|
+

f(|!p|2)

2|!p|
(

|!p| ! m,
√

f
)

and take f(|!p|) = 2E0 aN

(

|!p|

E0

)2N

- assume Lorentz for one state only: |νL〉 = cos ζ cos θL |νe〉 + cos ζ sin θL |νµ〉 + sin ζ |ντ 〉

i
dνα

dt
= Hαβ νβNeutrino oscillations are described by:

standard

mass-induced oscillations

H = UPMNS
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choose:                 and                              .

A Lorentz model for LSND
(A)  LSND, SBL                     :

∆m2
ij L

E
! 1 oscillations dominated by Lorentz 

(B) solar neutrinos + Kamland:
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FIG. 1: Survival probability of solar neutrinos (Pee) as a function of the solar neutrino energy

(E), for E0 = 15 MeV and different values of aN . The different curves correspond to N = 5 and

a5 = 0 (solid, black line), a5 = 5 × 10−5 eV2/MeV (dashed, red line), a5 = 5 × 10−6 eV2/MeV

(dotted, green line), and 5 × 10−7 eV2/MeV (dashed-dotted, blue line). See text for details.

choices are made, KamLAND data is completely oblivious to LIV effects, given that relevant

reactor neutrino energies are less than 10 MeV.

Next we consider atmospheric neutrinos. For the values of N in which we are interested,

LIV effects for E ≥ 100 MeV are very large and νL is basically decoupled from the other

two neutrinos. Thus, we are left with a standard effective two-flavor oscillation scheme

between these two states, governed by the oscillation frequency ∆13. Since we choose νL to

be mostly νe, the other two neutrinos are mostly linear combinations of νµ and ντ , such that

νµ → ντ oscillations proceed as if there were no LIV effects. Effects due to the deviation

of νL from a pure νe state can be readily computed, and turn out to be very small. We

have checked that, for the parameter values considered here, such deviations are within the

current experimental uncertainties.4

All considerations above constrain

P LSND
µe ∼ 10−3 sin2

[

2.54 × 10−6

(

E

15 MeV

)2N−1 (

L

m

)

]

, (10)

so that N is the only left-over parameter. Since we wish to avoid averaged-out oscillations for

typical LSND energies and baselines (if at all possible), the best one can do is to choose the

oscillation phase to be close π/2 for typical LSND parameters, L ∼ 30 m and E ∼ 50 MeV.

This translates into 2N − 1 = 9, or N = 5.5 This is far from providing a good fit to the

4 These effects are indeed very small, and it is not clear whether one will be able to probe them in future

atmospheric neutrino experiments.
5 For smaller values of N , there is “no hope” of reconciling solar and LSND data. A detailed discussion
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2
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! 1



Bottom line:  a highly non-trivial energy dependence is needed 
                        to fit all data.  Even more so after MiniBooNE.
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FIG. 1: Survival probability of solar neutrinos (Pee) as a function of the solar neutrino energy

(E), for E0 = 15 MeV and different values of aN . The different curves correspond to N = 5 and

a5 = 0 (solid, black line), a5 = 5 × 10−5 eV2/MeV (dashed, red line), a5 = 5 × 10−6 eV2/MeV

(dotted, green line), and 5 × 10−7 eV2/MeV (dashed-dotted, blue line). See text for details.

choices are made, KamLAND data is completely oblivious to LIV effects, given that relevant

reactor neutrino energies are less than 10 MeV.

Next we consider atmospheric neutrinos. For the values of N in which we are interested,

LIV effects for E ≥ 100 MeV are very large and νL is basically decoupled from the other

two neutrinos. Thus, we are left with a standard effective two-flavor oscillation scheme

between these two states, governed by the oscillation frequency ∆13. Since we choose νL to

be mostly νe, the other two neutrinos are mostly linear combinations of νµ and ντ , such that

νµ → ντ oscillations proceed as if there were no LIV effects. Effects due to the deviation

of νL from a pure νe state can be readily computed, and turn out to be very small. We

have checked that, for the parameter values considered here, such deviations are within the

current experimental uncertainties.4

All considerations above constrain
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2.54 × 10−6
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, (10)

so that N is the only left-over parameter. Since we wish to avoid averaged-out oscillations for

typical LSND energies and baselines (if at all possible), the best one can do is to choose the

oscillation phase to be close π/2 for typical LSND parameters, L ∼ 30 m and E ∼ 50 MeV.

This translates into 2N − 1 = 9, or N = 5.5 This is far from providing a good fit to the

4 These effects are indeed very small, and it is not clear whether one will be able to probe them in future

atmospheric neutrino experiments.
5 For smaller values of N , there is “no hope” of reconciling solar and LSND data. A detailed discussion
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Sterile shortcuts
in Extra Dimensions



Sterile shortcuts in x-dims
Päs, Pakvasa, Weiler 2005

R

G, νs

Framework:

Dg ! x: (3)

The geodesic for the active state on the brane is slightly
more complicated:

Db !
Z
brane

!!!!!!!!!!!!!!!!!!!!!!
dx2 " dy2

q
!

Z x !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1" A2k2cos2kx

p
dx: (4)

We use subscripts b and g to denote the brane and bulk
spaces, respectively.

In terms of the coordinate x, the parameter describing
the shortcut in the bulk is

!#x$ ! Db %Dg

Db
! 1% x

Rx
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1" A2k2cos2kx

p
dx

: (5)

While mathematically correct, this description of the geo-
desics as functions of x has a shortcoming, in that x is not a
coordinate easily identified in an experiment on the brane.
It is useful to consider a more physical set of brane coor-
dinates. They will lead to essentially the same parameter !.

Consider the space-coordinate transformation

u ! y% A sinkx (6)

and

z !
Z x !!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

1" A2k2cos2kx
p

dx: (7)

Under this transformation, the line element in (1) trans-
forms into

ds2 ! dt2 % dz2 % du2 % 2Ak coskx#z$
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1" A2k2cos2kx#z$

p du dz:

(8)

Note that in (u, z) coordinates, u ! 0 defines the location
of the brane, and z labels the physical distance along the
brane. Consequently, a photon moving along the brane
(u ! 0) satisfies the equation

ds2 ! dt2 % dz2; (9)

and thus travels in time tf the distance

zb ! tf: (10)

On the other hand, in (x, y) coordinates, the brane is
described by the periodic sine function, while the geodesic
in the bulk follows a straight line along mean y, given by

yg ! 0; Dg ! t: (11)

Using Eqs. (6) and (7), the bulk geodesic equation (11) can
be transformed into the (u, z) system,

ug ! %A sin#kt$; (12)

zg !
Z tf

0

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
1" A2k2cos2kt

p
dt

!
!!!!!!!!!!!!!!!!!!!
1" A2k2

p

k
E
"
ktf;

!!!!!!!!!!!!!!!!!!!
A2k2

1" A2k2

s #
; (13)

where E#p; q$ denotes the elliptic integral of the second
kind.

The bulk geodesic intersects the brane at ug ! 0, which
according to Eq. (12) occurs at the discrete times

tint !
n"
k

; (14)

where n is an integer. However, if the size of the brane’s
fluctuations is small on the scale of an experimental detec-
tor, then it is not required that the two geodesics be in
intersection, and tint has no special significance.

From a comparison of the integrand in (13) to the result
of (10), one readily infers that zg > zb, which means that in
a common time interval the bulk test particle seemingly
travels farther in the physical z-coordinate than the brane
particle. In other words, the specific metric (8) allows
apparent superluminal propagation. The shortcut in the
bulk can be parametrized by

!#tf$ !
zg % zb

zg
! 1% ktf

!!!!!!!!!!!!!!!!!!!!!!!
#1" A2k2$

p
E
"
ktf;

!!!!!!!!!!!!
A2k2

1"A2k2

q # :

(15)

We note that this ! and the one defined in Eq. (5) are
formally the same when the space-coordinate x is replaced
by the physical time-coordinate t.

The parameter ! depends very weakly on tf when many
fluctuations are traversed, i.e. when tf & 2"=k. In fact, we
are free to choose tf according to Eq. (14). With this
choice, the shortcut parameter depends only on the geome-
try Ak of the brane fluctuation, according to

! ! 1% "=2
!!!!!!!!!!!!!!!!!!!!!!!
#1" A2k2$

p
Ec
"
"
2 ;

!!!!!!!!!!!!
A2k2

1"A2k2

q # : (16)

In the latter equation, we have used the relation E#n"; q$ !
2nEc#"2 ; q$; the expression Ec#"2 ; q$ is called the complete
elliptic integral. In the model developed here, an inference

νactive

νsterile
brane

geodesic

FIG. 1 (color online). Schematic representation of a periodi-
cally curved brane in Minkowski spacetime. A coordinate trans-
formation leads to an equivalent description as a nondiagonal
metric with a flat brane, as described in the text.
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a large extra dimension, with a wavy brane

A sin(kx)

ε =
L5d − L4d

L5d

"

(

Ak

2

)2

neutrino states evolution: |να〉 = e
−E(t+∆t)|να〉

|νs〉 = e
−Et|νs〉

H = U

(

∆m
2

2E

0

)

U
†
+

1

2
Eε

(

1

−1

)

a resonance in the oscillation probability: Eres =

√

∆m2 cos 2θ

2ε



Sterile shortcuts in x-dims

HF ! "!m2

4E
# cos2" sin2"
sin2" cos2"

! "
" E

#
2

1 0
0 #1

! "
:

(23)

The bulk term may beat against the brane term to give
resonant mixing, i.e., for some energy Eres even a small
standard angle can become large or even maximal in the
brane-bulk model. The resonance condition is that the two
diagonal elements in HF be equal, which implies

Eres !
######################
!m2 cos2"

2#

s
: (24)

Since the value of # is unknown, the resonance energy
could have almost any value, a priori. However, if # $ 1,
as we assume, then we have the result !m2 $ E2

res. Still,
there is much parameter space available for resonance. Our
aim is to accommodate the LSND result in a four-neutrino
framework, and so we will restrict the resonance energy
with this in mind. It is worth noting that according to (24),
a determination of Eres fixes #, if !m2 and cos2" can be
independently determined. One way to independently de-
termine !m2 and cos2" is to observe the active-sterile
oscillation parameters far below resonance, where the
oscillations are described by the standard formulas. Note
that knowledge of #, when available, yields the shape-
parameter Ak of the brane fluctuation, according to
Eq. (17).

The value of Eres naturally divides the energy domain
into three regions. Below the resonance, oscillation pa-
rameters reduce to their standard values and give the
familiar oscillation results. At resonance, the mixing angle
attains a maximum (but the effect on the oscillation proba-
bility can be reduced by a compensating factor in the !m2

term). Above resonance, the oscillations are suppressed.
Our strategy to accommodate the LSND data in a four-
neutrino framework will be to set the resonant energy well
below the CDHS data to suppress oscillations for this
experiment, but at or above the LSND energies, so as to
not suppress (or even, to enhance) the LSND signal.

To find the new eigenvalue difference !H and the new
mixing angle ~" affected by the bulk, one diagonalizes the
2% 2 system. In terms of the new !H and ~" one obtains the
usual expression for the flavor-oscillation probability

Pas ! sin22~"sin2&!HD=2'; (25)

with new values given in terms of standard values by

sin 22~" ! sin22"

sin22"" cos22"
$
1#

!
E
Eres

"
2
%
2 ; (26)

!H ! !m2

2E

##################################################################
sin22"" cos22"

$
1#

!
E
Eres

"
2
%
2

s
: (27)

The width of the resonance is easily derived from the
classical amplitude in Eq. (26).1 Fig. 2 shows sin22~" for
different values of sin22" as a function of energy.

For E ( Eres, the sterile state decouples from the active
state, as sin22~" ! 0. Although the example presented in
this section contains a single sterile state and a single active
state, the decoupling of the sterile state(s) from the active
state(s) is a general feature.

IV. ACCOMMODATING THE LSND RESULT

As the sterile neutrino mass is not protected by the gauge
symmetry of the standard model, it is natural to assume it
to be larger than the masses of the active neutrinos. We thus
focus here on a 3" 1 neutrino spectrum [14], i.e. three
active neutrinos are separated by the LSND mass-squared
gap !m2

LSND from the dominantly sterile state $4 ) $s.
In the present model, ! ~m2

LSND differs from the standard
formalism by the square-root factor in (27). If the new

1A short calculation gives the Full Width in energy at a
fraction f of Maximum (FWfM) as

!E&FWfM'
Eres

!
$
1" tan2"

############
1# f
f

s %
1=2

#
$
1# tan2"

############
1# f
f

s %
1=2

; (28)

which, for small " reduces to 2"
#######
1#f
f

q
. Thus, the resonance is

very narrow for a small standard angle. For example, Full Width
at Half Max is !E&FWHM' ! 2"Eres for small angle. For a
larger standard angle, the resonance becomes less dramatic.

1 5 10 50 100 500 1000

1. 10 6

0.00001

0.0001

0.001

0.01

0.1

1

E [MeV]

2
2θ~

si
n

FIG. 2. Oscillation amplitude sin22~" as a function of the
neutrino energy E$, for a resonance energy of Eres ! 40 MeV.
The different curves correspond to different values for the
standard angle, sin22" ! 0:2, 0.1, 0.01, 0.001 (from above).
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Fig. 5 for resonance energies of 200, 300, and 400 MeV. As
can be seen, the strongly enhanced oscillation probability
is unmistakable.

On the other hand, if Eres lies below the MiniBooNE
threshold energy, then active-sterile mixing is strongly
suppressed for MiniBooNE. At energies E ! Eres, one
uses Eq. (26) in Eq. (41) to approximate

sin 22~!MiniBooNE ’ 1

16
sin22!"tan42!

!
E
Eres

"#8
: (43)

Thus a null result is predicted for MiniBooNE in the case
of a resonance energy (as in our 33 MeV example) below
the MiniBooNE threshold of O$100% MeV.

However, if Eres is too low for an observable effect in
MiniBooNE, a distortion in the LSND spectrum is ex-
pected (see Fig. 3). A strong "# disappearance signal
also is predicted for an experiment using neutrinos from
stopped pions, being proposed for the Spallation Neutron
Source (SNS). This we discuss next.

F. Muon-neutrino disappearance at the SNS

While the sterile neutrino effectively decouples from the
active sector at the CDHS energy and above, there is no
suppression of the active-sterile mixing at and below the
resonance. Therefore, a significant effect is predicted for
"# disappearance at lower energies.

Just such a lower energy "# disappearance experiment
has been proposed [20] at the Spallation Neutron Source
(SNS) being built at Oak Ridge. The neutrino source would
be stopped $&’s, which undergo two-body decay to pro-
duce a monochromatic "# beam at 30 MeV. In addition to

the SNS source for stopped pions, there is the possibility of
a high-intensity ‘‘proton driver’’ at Fermilab which would
also include stopped pions on its physics agenda. Detector
distances at either site would be under 100 m from the pion
source. Thus, the D=E is sufficiently small that only the
LSND %m2 can affect neutrino flavor change.

The amplitude for "#-survival is given by Eq. (35), and
the term oscillating with distance is sin2$%HD=2%, with %H
given in Eq. (27). The effects predicted for the stopped-
pion "# source at the SNS are shown in Fig. 6. The
depletion of the "# beam due to substantial low-energy
sterile-active mixing is considerable. For E ' Eres, or for
! near maximal, the oscillation length is insensitive to Eres.
This explains the nearly common distance for the various
minima in the figure.

We note that the large "#-depletion in Fig. 6 is specific
to the parameters we have chosen, and so should be inter-
preted as illustrative only. Smaller mixing leads to smaller
depletion. If a "& component were added to the "a state, the
"#-depletion may be less. Nevertheless, observable deple-
tion of "# ’s from stopped pions is one of the more robust
predictions of the brane-bulk model.

V. FURTHER IMPLICATIONS FOR
ASTROPHYSICS AND COSMOLOGY

A. BBN

Successful big bang nucleosynthesis (BBN) puts severe
constraints on the equilibration between active neutrinos

0 20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

1Pµµ

D [m]

FIG. 6 (color online). The muon-neutrino survival probability
versus distance, for a monochromatic neutrino-beam energy of
30 MeV from stopped pions. The solid curves are parametrized
by resonance energies 33, 100, 200 (identical for 300 and
400 MeV), in order of decreasing depletion. The dashed curve
is the result with no bulk shortcut. The low-energy parameters
for the 33 MeV resonance are chosen as in Fig. 3: sin2!" ( 0:01;
sin22! ( 0:9; %m2 ( 0:7 eV2; while the parameters for the
other curves are chosen as in Fig. 4: sin2!" ( 0:1; sin22! (
0:45; %m2 ( 0:8 eV2. The vertical lines indicate the range of
possible source to near/far detector distances.

200 400 600 800 1000
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0.06
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0.1

E [MeV]

Pµe

FIG. 5 (color online). Bulk-shortcut oscillation probabilities
for MiniBooNE as a function of the neutrino energy. Shown is
a scenario with sin2!" ( 0:1; sin22! ( 0:45; %m2 ( 0:8 eV2.
The resonance energy is varied, Eres ( 200, 300, 400 MeV, from
left to right (light to dark). For comparison, the expectation for a
standard oscillation solution (%m2 ( 0:8 eV, sin22!LSND (
0:006) for LSND is displayed (dashed line). The vertical line
indicates the energy threshold of MiniBooNE.
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Oscillation probability determined by neutrino energy.
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Bugey LSND
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standard oscillations
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400 MeV

Predictions for MiniBooNE:

Eν (MeV)

oscillation peak at             .E ! Eres

and no signal at  E > Eres



CPT



Basics

(1) CPT can be induced by Lorentz
               (see above discussion)

CPT is conserved in any local, Lorentz invariant QFT.

(2) CPT can manifest itself in               (requires non-locality):
               Origin: non-perturbative effects in strings, quantum gravity...
               In the neutrino sector, the main motivation is LSND.
               From other sectors, there are strong bounds:

Phenomenological approach:
           assume that CPT couples dominantly to neutrinos
           and use new parameters                and   

m != m̄

(mK0 − mK̄0) < 10−18
mK

(m
e
+ − m

e
−) < 10−9

me

m̄i != mi θ̄ij != θij



CPT version 1
Murayama, Yanagida 2001

Baremboim et al. 2001neutrinos anti-neutrinos
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Figure 1: Possible neutrino mass spectrum in the case of maximal CPT violation. Al-

though the figure shows an example of large mixing, our approach is agnostic about the

mixing matrix.

energy effective field theory will inherit CPT invariance from the CPT symmetry of the

underlying worldsheet dynamics. However it has been suggested that nonperturbative

string effects may violate CPT directly, and it is also plausible that the choice of string

vacuum may violate CPT spontaneously in the low energy four dimensional effective field

theory [9].

We now observe that, in braneworld models of string phenomenology, the neutrino

sector is the most likely messenger of CPT violation to the rest of the Standard Model.

This is because the source of dynamical or spontaneous CPT violation will lie in the bulk,

and the Standard Model effects will only be visible via couplings of Standard Model fields

(assumed to reside on branes) to suitable bulk messengers. The generic candidates for the

bulk fields which act as the messengers of CPT are (i) gravity and (ii) the right-handed

neutrinos (i.e., the SU(2)L singlet neutrinos Ni). If the extra dimensions are not large

enough, gravity effects are difficult to observe, while the right-handed neutrinos can still

have easily observable Dirac mass couplings. These are precisely the braneworld scenarios

6

But: Kamland: 
     disappear with          consistent with solar         ;
this CPT scenario: disfavoured.
ν̄e ∆m̄

2
∆m

2

(2002)

- solar     oscillate with

- atmospheric      and      with 

- LSND               with 

νe ∆m
2
21 ≡ ∆m

2
Sun

νµ ν̄µ

∆m
2

31 = ∆m̄
2

31 ≡ ∆m
2

atm

ν̄µ → ν̄e ∆m̄
2
31 ≡ ∆m

2
LSND



CPT version 2
Baremboim et al. 2002neutrinos anti-neutrinos

s
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atmospheric

KamLAND

atmospheric , LSND

Figure 2: Possible neutrino mass spectrum with almost no electron content in the heavy

state. Although the figure shows an explict mixing pattern, there is a whole family of

mixing matrices that can do an equally good job. The flavor content is distributed as

follows: electron flavor (red), muon flavor (brown) and tau flavor (yellow)

differences but a much slighter effect in the mixing matrix. This is seen in Fig. 2 where

the flavor distribution in the neutrino and antineutrino spectra is rather similar. The

most distinctive feature of this family of solutions is its θ23, which lives far away from

maximal mixing, or in other words which has a large component of antitau neutrino in the

heavy state. The small antimuon neutrino component in the heavy state is not bounded

by the non observation of muon neutrino disappearance over short baselines in the CDHS

experiment[15], as the antineutrino component in this experiment was minimal.

KamLAND could have observed an oscillation signal driven by the smaller antineutrino

mass splitting and interpreted it as LMA oscillations. To explicitly see how this might

have happened, we will choose two sample points in our parameter space and calculate the

transition probabilities for it. Let us emphasize that we have not performed a chi-squared

fit and therefore the points we are selecting (by eye and not by chi) are not optimized to

give the best fit to the existing data. Instead, they must be regarded as two among the

many equally good sons in this family of solutions.

6
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- atmospheric      with

- Kamland      disappear with      
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A dedicated global fit is needed.
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CPT global fit
Gonzalez-Garcia, Maltoni, Schwetz 2003
updated in Gonzalez-Garcia, Maltoni 2007

First: all data but LSND: best fit is very close to CPT conserving

where terms proportional to ∆m̄2
21 which are irrelevant for LSND distances

and energies have been neglected. In Eq. (257):

∆m2
LSND = ∆m̄2

31 , sin2 2θLSND = s̄2
23 sin2 2θ̄13 . (258)

For the neutrino sector relevant information arises from solar neutrino experi-
ments and the K2K and MINOS LBL experiments. The relevant probabilities
are given in Eq. (76) for solar neutrinos and Eq. (79) for K2K and MINOS.

Finally, the analysis of atmospheric neutrino data involves oscillations of both
neutrinos and anti-neutrinos, and, in the framework of 3ν + 3ν̄ mixing, mat-
ter effects become relevant and its effect has to be quantified by numerically
solving the evolution equations for neutrinos and antineutrinos.

The basic approach to test the status of the scheme in Fig. 47 as a possible
explanation of the LSND anomaly together with all other neutrino and anti-
neutrino oscillation data is as follows. First, one performs a global analysis of
all the relevant data, but leaving out LSND data. The goal of this analysis
is to obtain the allowed ranges of parameters ∆m2

LSND and sin2 2θLSND as
defined in Eq. (258) from this all-but-LSND data set. We one compares these
allowed regions to the corresponding allowed parameter region from LSND,
and quantify at which CL both regions become compatible.

In this approach one starts by defining the most general χ2 for the all-but-
LSND data set:

χ2
all-but-LSND(∆m2

21, ∆m2
31, θ12, θ13, θ23|∆m̄2

21, ∆m̄2
31, θ̄12, θ̄13, θ̄23) =

χ2
sol(∆m2

21, θ12, θ13) + χ2
K2K(∆m2

31, θ23, θ13)

+ χ2
Bugey+CHOOZ+KLAND(∆m̄2

21, ∆m̄2
31, θ̄12, θ̄13)

+ χ2
atm(∆m2

21, ∆m2
31, θ12, θ23, θ13|∆m̄2

21, ∆m̄2
31, θ̄12, θ̄23, θ̄13) . (259)

In order to test the status of the CPT interpretation of the LSND signal using
data independent of the “tension” between LSND and KARMEN results [310]
the constraints from the non-observation of ν̄µ → ν̄e transitions at KARMEN
have not been included.

Using all the data described above except from the LSND experiment we find
the following all-but-LSND best fit point:

∆m2
21 = 6.8 × 10−5 eV2 , ∆m̄2

21 = 7.9 × 10−5 eV2 ,

|∆m2
31| = 2.7 × 10−3 eV2 , |∆m̄2

31| = 1.8 × 10−3 eV2 ,

sin2 θ12 = 0.30 , sin2 θ̄12 = 0.31 or 0.69 ,

sin2 θ13 = 0 , sin2 θ̄13 = 0 ,

sin2 θ23 = 0.46 or 0.54 , sin2 θ̄23 = 0.5 .

(260)

138Then: how much CPT 
         is allowed by
         all-but-LSND data:

!!

0 0.2 0.4 0.6 0.8 1

sin
2
!

12

0

0.1

0.2

0.3

0.4

0.5

s
in

2
!

1
2

!

!

0 0.2 0.4 0.6 0.8 1

sin
2
!

23

0

0.2

0.4

0.6

0.8

1

s
in

2
!

2
3

0.01 0.1 1

sin
2
!

13

0.01

0.1

1

s
in

2
!

1
3

!

1 10

"m
2

21
 [10

-5
 eV

2
]

1

10

"
m

2 2
1
 [

1
0

-5
 e

V
2
]

!

-1-10

"m
2

31
 [10

-3
 eV

2
]

-2

-3

-4
-5

"
m

2 3
1
 [

1
0

-3
 e

V
2
] !

2

3

4
5

!

1 10

!

Fig. 48. Allowed regions for neutrino and anti-neutrino mass splittings and mixing
angles in the CPT violating scenario. Different contours correspond to the two-di-
mensional allowed regions at 90%, 95%, 99% and 3σ CL. The best fit point is marked
with a star.
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Fig. 49. 90%, 95%, 99%, and 3σ CL allowed regions (filled) in the (∆m̄2
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LSND,
sin2 2θLSND) plane required to explain the LSND signal together with the corre-
sponding allowed regions from our global analysis of all-but-LSND data. The con-
tour lines correspond to ∆χ2 = 26 and 30 (4.7σ and 5.1σ, respectively).
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CPT global fit
Gonzalez-Garcia, Maltoni, Schwetz 2003
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Finally: compare with LSND:
disagreement mainly due to
                            (at     )
agreement is possible
at             only

3σ

> 4.7σ
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Fig. 48. Allowed regions for neutrino and anti-neutrino mass splittings and mixing
angles in the CPT violating scenario. Different contours correspond to the two-di-
mensional allowed regions at 90%, 95%, 99% and 3σ CL. The best fit point is marked
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Fig. 49. 90%, 95%, 99%, and 3σ CL allowed regions (filled) in the (∆m̄2
31 = ∆m2

LSND,
sin2 2θLSND) plane required to explain the LSND signal together with the corre-
sponding allowed regions from our global analysis of all-but-LSND data. The con-
tour lines correspond to ∆χ2 = 26 and 30 (4.7σ and 5.1σ, respectively).
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CPT + one sterile neutrino?? Barger, Marfatia, Whisnant 2003

CPT global fit
Gonzalez-Garcia, Maltoni, Schwetz 2003
updated in Gonzalez-Garcia, Maltoni 2007

Finally: compare with LSND:
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Fig. 48. Allowed regions for neutrino and anti-neutrino mass splittings and mixing
angles in the CPT violating scenario. Different contours correspond to the two-di-
mensional allowed regions at 90%, 95%, 99% and 3σ CL. The best fit point is marked
with a star.
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Fig. 49. 90%, 95%, 99%, and 3σ CL allowed regions (filled) in the (∆m̄2
31 = ∆m2

LSND,
sin2 2θLSND) plane required to explain the LSND signal together with the corre-
sponding allowed regions from our global analysis of all-but-LSND data. The con-
tour lines correspond to ∆χ2 = 26 and 30 (4.7σ and 5.1σ, respectively).
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If anything requires

Basics

∆m
2
Sun = 8

+0.3
−0.3 · 10−5 eV

2
∆m

2
Atm = 2.5

+0.2
−0.2 · 10−3 eV

2

∆m
2 != ∆m

2
Sun,Atm

The SM provides 3 neutrinos ∆m
2

⇑

2 independent
(m1, m2, m3)

,

⇑
1 extra neutrino
with no SM interactions
(Z-width):   “sterile”

LSND is such a case. 
But also: - r-process nucleosynthesis

- pulsar kicks
- solar flux modulation
- ...

G.Fuller >2000, G.McLaughlin 2006

A.Kusenko >1997

Caldwell, Sturrock 2005

Okada, Yasuda 1996, Bilenky et al 1998, Barger 2000...



Basics
From the theory point of view: any fermion 
with no SM gauge interactions is a sterile neutrino

Nothing forbids its mixing with active neutrinos

right handed   .
mirror fermion
modulino
goldstino
...

νSM +
“mirror world”

string theory
global sym in SuSY

...

L ⊃
M

2
ν

2

s +
mD

v
νsLH

effectively parameterized by its mass and mixing angle(s)
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Fig. 46. ∆χ2 as a function of the active-sterile admixture ηs = |V ν
s1|2+ |V ν

s2|2 and the
parameter dµ = |V ν

µ1|2 + |V ν
µ2|2 from the analysis of solar+KamLAND data (green

line) and atmospheric+LBL data (blue lines) in (2+2)-schemes. In the left panels
we show the atmospheric+LBL χ2 for the restricted (θ23 = 0), real (δ23 = {0, π})
and general cases. The red line in the central panel show the increase in the χ2 once
the solar+KamLAND and atmospheric+LBL data are combined together.

in χ2 for the analysis of solar (+ KamLAND) neutrino data as a function of
the active-sterile admixture ηs = |V ν

s1|2 + |V ν
s2|2 = c2

23c
2
24. From the figure we

conclude that the solar data favour pure νe → νa oscillations but sizable active-
sterile admixtures are still allowed. In this curve the 8B flux allowed to take
larger values than in the SSM which, as discussed above so the active-sterile
bound is as model independent as possible.

Similar analysis can be performed for the atmospheric neutrino data [297] to
obtain the allowed regions for the oscillation parameters ∆m2

43 and tan2 θ34

from the global analysis for different values of θ23 and θ24 (or, equivalently,
of the projections dµ = |V ν

µ1|2 + |V ν
µ2|2 and ηs = |V ν

s1|2 + |V ν
s2|2). The global

minimum corresponds to almost pure atmospheric νµ − ντ oscillations and
the allowed regions become considerably smaller for increasing values of the
mixing angle θ23, which determines the size of the projection of νµ over the
neutrino states oscillating with ∆m2

43, and for increasing values of the mixing
angle θ24, which determines the active-sterile admixture in which the almost-
νµ oscillates. Therefore the atmospheric neutrino data give an upper bound
on both mixings which further implies a lower bound on the combination
ηs = |V ν

s1|2 + |V ν
s2|2 = c2

23c
2
24. The same combination is limited from above by

the solar neutrino data.

In the left panel of Fig. 46 we show the shift in χ2 for the analysis of the
atmospheric (+ LBL) data as a function of the active-sterile admixture ηs =
|V ν

s1|2 + |V ν
s2|2 = c2

23c
2
24, in the general case (in which the analysis is optimized

with respect to both the parameter dµ = |V ν
µ1|2 + |V ν

µ2|2 = s2
23 and the Dirac

phase δ23) as well as the real case (when only the values δ23 = {0, π} are
considered, as in our previous analyses) and the restricted case (θ23 = 0).
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Figure 9.2: Collection of data in the νe, νµ

sector. The mixing angle θ on the hori-
zontal axis is different for the different ex-
periments. Bound from Karmen and LSND
region (shaded) for νµ → νe. Bounds
from Bugey and Chooz (ν̄e disappearance),
CDHS (ν̄µ disappearance), CCFR (νµ disap-
pearance). All at 90% CL (2 dof).

Figure 9.3: 3+1 oscillations. The region
of the (∆m2, sin2 2θeµ) plane favored by LSND
is compared with the combined constraint from
cosmology and ν experiments (continuos lines).
Dropping the cosmological bound on ν masses
(horizontal line), the dashed line shows the
constraints from the ν data in fig. 9.2 and SK.
All at 99% CL (2 dof).

Various future experiments plan to test the claim of [15]. In our view, a discussion of what
should be considered as a convincing evidence for 0ν2β, is useful, because any experiment (past
and future) needs to confront with this issue. Observing 0ν2β with different nuclei seems really
advisable for two reasons: to be fully sure that the signal is not faked by a spurious line, and in
view of theoretical uncertainties on 0ν2β matrix elements.

9.2 LSND

In the LSND [12] and Karmen [13] experiments, a proton beam is used to produce π+, that
decay as

π+ → µ+νµ, µ+ → e+νeν̄µ

generating ν̄µ, νµ and νe neutrinos. The resulting neutrino beam also contains a small ν̄e contami-
nation, about ν̄e/ν̄µ <∼ 10−3. In Karmen both π+ and µ+ decay at rest, so that the SM prediction
for the neutrino energy spectra can be easily computed: νµ have an energy of 29.8 MeV, while νe

and ν̄µ have a continuos spectrum up to 52.8 MeV. In LSND π+ and µ+ decay at rest produce
most of the neutrinos. Decay-in-flight of π+ produce some flux of νµ with higher energy, that has
been used for νµ → νe searches.

Strumia (2000)

LSND
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Steriles and cosmology

Examples of non-standard cosmologies:
- low TRH scenarios (the Universe exited from inflation very late)

- exotic neutrino interactions (all neutrinos in the Universe decayed into scalars)

- large leptonic asymmetry
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Steriles and cosmology

Q.  Do they carry an uncertainty? Yes (statistical & methodological).
The discussed limits are conservative. 
Future data will reduce all errors.

Examples of non-standard cosmologies:
- low TRH scenarios (the Universe exited from inflation very late)

- exotic neutrino interactions (all neutrinos in the Universe decayed into scalars)

- large leptonic asymmetry
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Figure 9.2: Data in the νe, νµ sector. The
mixing angle θ on the horizontal axis is dif-
ferent for the different experiments. Bound
from MiniBoone, Karmen and LSND region
(shaded) for νµ → νe. Bounds from Bugey
and Chooz (ν̄e disappearance), CDHS ((ν)

µ

disappearance), CCFR (νµ disappearance).
All at 90% CL (2 dof).

Figure 9.3: 3+1 oscillations. The region
of the (∆m2, sin2 2θeµ) plane favored by LSND
is compared with the combined constraint from
cosmology and ν experiments (continuos lines).
Dropping the cosmological bound on ν masses
(horizontal line), the dashed line shows the
constraints from ν experiments only. All at
99% CL (2 dof).

2.2 MeV γ line obtained when n is captured by a proton). These experiments are more sensitive
to oscillations than older experiments, that used higher neutrino energy (see table 9.1).

LSND finds an evidence for ν̄µ → ν̄e, that ranges between 3 to 7σ depending on how data are
analyzed (the final publication claims a 3.8σ excess in the total number of ν̄e events; our analyses
are made with the ‘official’ χ2 provided by the LSND collaboration, where χ2

best fit−χ2
no oscillation ≈

52). This happens because LSND has a poor signal/background ratio: choosing the selection
cuts as in [91] the LSND sample contains 1000 background events and less than 100 signal
events, distinguished only on a statistical basis. The statistical significance of the LSND signal
depends on how cuts are chosen, and relies on the assumption that all sources of background have
been correctly computed. The main backgrounds are cosmic rays and νe misidentification. The
final LSND results for the average oscillation probabilities are reported in table 9.1. The LSND
anomaly can be interpreted as due to oscillations. Fitting LSND data alone in a two-flavour
context gives the best-fit regions shown in fig. 9.3a.

Karmen finds 15 events versus an expected background of 15.8 events. Karmen has a
few times less statistics than LSND and has a pulsed beam, allowing to reduce the cosmic ray
background (Karmen also has a better shield) and νe misidentification (due to a nuclear decay
with a life-time different than the one characteristic of n capture). Furthermore Karmen has a
baseline somewhat shorter than LSND. At the end Karmen excludes a significant part, but not

Global fit:

Maltoni, Schwetz 2007 
(0705.0107)

Strumia, Vissani review

χ
2 = 24.7 (2 dof)

! 4 σ
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Figure 9.2: Collection of data in the νe, νµ

sector. The mixing angle θ on the hori-
zontal axis is different for the different ex-
periments. Bound from Karmen and LSND
region (shaded) for νµ → νe. Bounds
from Bugey and Chooz (ν̄e disappearance),
CDHS (ν̄µ disappearance), CCFR (νµ disap-
pearance). All at 90% CL (2 dof).

Figure 9.3: 3+1 oscillations. The region
of the (∆m2, sin2 2θeµ) plane favored by LSND
is compared with the combined constraint from
cosmology and ν experiments (continuos lines).
Dropping the cosmological bound on ν masses
(horizontal line), the dashed line shows the
constraints from the ν data in fig. 9.2 and SK.
All at 99% CL (2 dof).

Various future experiments plan to test the claim of [15]. In our view, a discussion of what
should be considered as a convincing evidence for 0ν2β, is useful, because any experiment (past
and future) needs to confront with this issue. Observing 0ν2β with different nuclei seems really
advisable for two reasons: to be fully sure that the signal is not faked by a spurious line, and in
view of theoretical uncertainties on 0ν2β matrix elements.

9.2 LSND

In the LSND [12] and Karmen [13] experiments, a proton beam is used to produce π+, that
decay as

π+ → µ+νµ, µ+ → e+νeν̄µ

generating ν̄µ, νµ and νe neutrinos. The resulting neutrino beam also contains a small ν̄e contami-
nation, about ν̄e/ν̄µ <∼ 10−3. In Karmen both π+ and µ+ decay at rest, so that the SM prediction
for the neutrino energy spectra can be easily computed: νµ have an energy of 29.8 MeV, while νe

and ν̄µ have a continuos spectrum up to 52.8 MeV. In LSND π+ and µ+ decay at rest produce
most of the neutrinos. Decay-in-flight of π+ produce some flux of νµ with higher energy, that has
been used for νµ → νe searches.

Strumia (2000)
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FIG. 21. Zenith angle distribution of SuperKamiokande 1289 days data samples. Dots, solid line
and dashed line correspond to data, MC with no oscillation and MC with best fit oscillation
parameters, respectively.
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FIG. 46: Allowed region of oscillation parameters evaluated
with the number of events only (left) and the Erec

ν spectrum
shape only (right). Both information allow the consistent
region on the parameters space.
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FIG. 47: Allowed region of oscillation parameters evaluated
with partial data of K2K-I-only (left)/K2K-II-only (right).
Both data allow the consistent region on the parameter space.

a statistical fluctuation with no neutrino oscillation is
0.0015% (4.3σ). In a two flavor oscillation scenario, the
allowed ∆m2 region at sin2 2θ = 1 is between 1.9 and
3.5 × 10−3 eV2 at the 90 % C.L. with a best-fit value of
2.8 × 10−3 eV2.
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The model is more complicated:
for technical reasons, requires 
- null MiniBooNE,
- large                  , only in matter
  (null DChooz, signal in Daya Bay, LBL)

θ13(∼ 15o)
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Conclusions

In a more general perspective:
       The exotic physics stimulated by LSND

- opens to interesting sectors of new physics
- may appear as subleading effect in other    exp’s

Neutrino Physics
- is the physics of the least tested particles in SM
- has discovered new physics in the latest 15y

ν

The LSND puzzle prompted theorists to investigate 
many scenorios of exotic neutrino physics, most of which 
now disfavoured.
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Signal Channel Environment SI ∆m2
min,max( eV2) Medium ∆m2

min,max( eV2) ref.

SNO νe → νe, νµ, ντ solar-interior 6.5 × 10−5 8.2 × 10−5 Unknown Unknown [14]

Super-K(solar) νe → νe, νµ solar-interior 3 × 10−5 1.9 × 10−4 Unknown Unknown [15]

Super-K(atm) νµ → νx air/HDM 1.9 × 10−3 3.0 × 10−3 1.5 × 10−3 1.5 × 10−2 [16, 17]

KamLAND νe → νx HDM 10−5 10−4 10−5 10−4 [18]

K2K νµ → νx HDM 1 × 10−3 4 × 10−3 1 × 10−3 4 × 10−3 [19, 20]

LSND νµ → νe HDM 4 × 10−2 1.2 4 × 10−2 1.2 [21, 22]

Null Search Channel Environment SI ∆m2
min( eV2) Medium ∆m2

min( eV2) ref.

KARMEN νµ → νe ∼ 50% air 5 × 10−2 0.1 [21]

Bugey νe → νx air 10−2 N/A [23, 24]

CHOOZ νe → νx ∼ 80 − 90% air 7 × 10−4 4 × 10−3 [25, 26]

Palo Verde νe → νx ∼ 95% HDM 2 × 10−3 2 × 10−3 [27, 28]

CDHS νµ → νx Unknown 0.25 Unknown [29]

NOMAD νµ → ντ ∼ 60% HDM 0.7 1.2 [30, 31]

νe → ντ 5.9 9.8

CHORUS νµ → ντ ∼ 60% HDM 0.6 1 [32, 31]

νe → ντ 7.1 11.8

Future Expmt. Channel Environment SI ∆m2
min( eV2) Medium ∆m2

min( eV2) ref.

MiniBooNE νµ → νe HDM 2 × 10−2 2 × 10−2 [33]

OPERA νµ → ντ HDM 10−3 10−3 [34]

MINOS νµ → νe, νµ, ντ HDM 10−3 10−3 [34]

Table 1: Range of allowed mass splittings for standard interactions (SI) versus large, medium
dependent interactions. ∆m2

min,max defines the range of values allowed by the signal at 90% C.L.
∆m2

min is the upper bound on ∆m2 at sin2 2θ = 1 at 90% C.L. HDM is High Density Medium.

to determine how V ′′
0 (φ̄), and hence M eff

i , depends on density. Without such a model, we
are unable to extract δm2 and sin2 2θ from the solar neutrino data, as the non-standard
dependences of δm2and sin2 2θ on solar density are unknown. One might argue that the
concordance of the SNO result with the KamLAND reactor neutrino result, two exper-
iments which occur in very different media, indicates that such new matter dependence
must be very small. The agreement of the results may indicate that the new couplings
considered here are indeed very small and that the standard neutrino picture is in fact
correct. However, this need not be the case, as the standard MSW solution may not be
highly sensitive to the new effects. For example, the new effects considered here, while
leading to significant differences between HDM and air parameters, could saturate above
earth densities, leading to only small changes in the MSW solution. In any case, this is
a highly model dependent question, and in keeping with the binary HDM/air analysis we
conduct here, this is left for future work [11].

Second, the standard analysis of the Super-K data utilizes an up-down ratio of νe and
νµ events [12], one pathlength of which is mostly in air, and the other pathlength mostly in
rock, which could potentially have very different mixings and splittings. To find the range
of allowed parameters in HDM, one can instead make use of the ratio of upward stopping to
upward through-going muon sample [13], with limits as given in the final column of table 1.
Notice that these limits are considerably less restrictive than those of the whole set.

Third, for negative searches partially in rock or air, ∆m2
min is scaled by the fraction

of the path in HDM. One can see this by noting that for small ∆m2L/4E, the amplitudes

– 4 –

MaVaNs and LSND

~90% HDM 
according 

to J. Steinberger

K.Zurek 2004

(Barger et al 2006)

(HDM = High Density Medium)

1.3% (16%) and 0.7% (14.3%) for the two methods.
Allowed regions of oscillation parameters are evaluated
by calculating the likelihood ratio of each point to the
best-fit point and are drawn in Fig. 3. Both methods give
essentially the same results. In order to be conservative,
the result from method 1 is shown in the figure as it gives
a slightly larger allowed region at the 99% C.L. The
90% C.L. contour crosses the sin22! ! 1 axis at 1.5 and
3:9" 10#3 eV2 for !m2. The oscillation parameters pre-
ferred by the total flux suppression and the energy dis-
tortions alone also agree well. Finally, the uncertainties of
neutrino interactions are studied using the same proce-
dure as the spectrum measurement at the ND. It is found
that the effects of the interaction model difference on all
the results are negligible due to the cancellation caused by
using the same models in both the ND and SK.

In conclusion, both the number of observed neutrino
events and the observed energy spectrum at SK are con-
sistent with neutrino oscillation. The probability that the
measurements at SK are explained by statistical fluctua-
tion is less than 1%. The measured oscillation parameters
are consistent with the ones suggested by atmospheric
neutrinos. At the time of this Letter the K2K experiment

has collected approximately one-half of its planned 1020

protons on target.
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FIG. 3 (color online). Allowed regions of oscillation parame-
ters. Dashed, solid, and dot-dashed lines are 68.4%, 90%, and
99% C.L. contours, respectively. The best-fit point is indicated
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