
Heiko Hergert
Department of Physics, The Ohio State University

Pushing the Boundaries of 
Ab Initio Nuclear Structure



H. Hergert - The Ohio State University - ESNT Program “Radioactive Ion Beam Experiments and Three-Nucleon Forces”, CEA Saclay, 04/07/14

Outline

• Nuclear Interactions from Chiral Effective Field Theory

• Similarity Renormalization Group

• In-Medium SRG 

• Results for Finite Nuclei

• Outlook



H. Hergert - The Ohio State University - ESNT Program “Radioactive Ion Beam Experiments and Three-Nucleon Forces”, CEA Saclay, 04/07/14

Why Ab Initio Nuclear Structure?
[from

 J. E
rler et al., N

ature 486, 509 (2012)]

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 andUNEDF1 functionals are compared to experiment2 and
FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Mapof bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z5 12, 68 and 120 (blue
error bars). The S2n5 2MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z5 100.

RESEARCH LETTER

5 1 0 | N A T U R E | V O L 4 8 6 | 2 8 J U N E 2 0 1 2

Macmillan Publishers Limited. All rights reserved©2012

6900±500 
nuclei



H. Hergert - The Ohio State University - ESNT Program “Radioactive Ion Beam Experiments and Three-Nucleon Forces”, CEA Saclay, 04/07/14

[from
 J. E

rler et al., N
ature 486, 509 (2012)]

Why Ab Initio Nuclear Structure?

• phenomenological Energy Density Functionals

• Skyrme (~100 parameterizations), Gogny, ...

• fit to binding energies, radii, close to valley of stability

• uncertainty increases for exotic nuclei, spectroscopic 
observables

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 andUNEDF1 functionals are compared to experiment2 and
FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Mapof bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z5 12, 68 and 120 (blue
error bars). The S2n5 2MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z5 100.
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Why Ab Initio Nuclear Structure?

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 andUNEDF1 functionals are compared to experiment2 and
FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Mapof bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z5 12, 68 and 120 (blue
error bars). The S2n5 2MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z5 100.
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• Interacting Shell Model: 
oxygen drip line depends 
on interaction        

• phenomen. interactions not 
interchangeable between 
many-body methods

• systematic improvements ?

• theoretical uncertainties ?

• systematic link to QCD ?

Why Ab Initio Nuclear Structure?

Three-Body Forces and the Limit of Oxygen Isotopes
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The limit of neutron-rich nuclei, the neutron drip line, evolves regularly from light to medium-mass

nuclei except for a striking anomaly in the oxygen isotopes. This anomaly is not reproduced in shell-

model calculations derived from microscopic two-nucleon forces. Here, we present the first microscopic

explanation of the oxygen anomaly based on three-nucleon forces that have been established in few-body

systems. This leads to repulsive contributions to the interactions among excess neutrons that change the

location of the neutron drip line from 28O to the experimentally observed 24O. Since the mechanism is

robust and general, our findings impact the prediction of the most neutron-rich nuclei and the synthesis of

heavy elements in neutron-rich environments.

DOI: 10.1103/PhysRevLett.105.032501 PACS numbers: 21.10.!k, 21.30.!x, 21.60.Cs, 27.30.+t

One of the central challenges of nuclear physics is to
develop a unified description of all nuclei created in the
laboratory and the cosmos based on the underlying forces
between neutrons and protons (nucleons). This involves
understanding the sequences of isotopes in the nuclear
chart, Fig. 1, from the limits of proton-rich nuclei to the
neutron drip line. These limits have been established ex-
perimentally up to oxygen with proton number Z ¼ 8.
Mapping out the neutron drip line for larger Z [1] and
exploring unexpected structures in neutron-rich nuclei are
a current frontier in the physics of rare isotopes. The years
of discovery in Fig. 1 highlight the tremendous advances
made over the last decade.

Figure 1 shows that the neutron drip line evolves regu-
larly with increasing proton number, with an odd-even
bound-unbound pattern due to neutron halos and pairing
effects. The only known anomalous behavior is present in
the oxygen isotopes, where the drip line is strikingly close
to the stability line [2]. Already in the fluorine isotopes,
with one more proton, the drip line is back to the regular
trend [3]. In this Letter, we discuss this puzzle and show
that three-body forces are necessary to explain why 24O
[4,5] is the heaviest oxygen isotope.

Three-nucleon (3N) forces were introduced in the pio-
neering work of Fujita and Miyazawa (FM) [6] and arise
because nucleons are composite particles. The FM 3N
mechanism is due to one nucleon virtually exciting a
second nucleon to the !ð1232 MeVÞ resonance, which is
deexcited by scattering off a third nucleon, see Fig. 3(e).

Three-nucleon interactions arise naturally in chiral ef-
fective field theory (EFT) [7], which provides a systematic
basis for nuclear forces, where nucleons interact via pion
exchanges and shorter-range contact interactions. The re-
sulting nuclear forces are organized in a systematic expan-

sion from leading to successively higher orders, and
include the! excitation as the dominant part of the leading
3N forces [7]. The quantitative role of 3N interactions has
been highlighted in recent ab initio calculations of light
nuclei with A ¼ N þ Z & 12 [8,9].
We first discuss why the oxygen anomaly is not repro-

duced in shell-model calculations derived from micro-
scopic NN forces. This can be understood starting from
the stable 16O and adding neutrons into single-particle
orbitals (with standard quantum numbers nlj) above the
16O core. We will show that correlations do not change this
intuitive picture. Starting from 16O, neutrons first fill the
0d5=2 orbitals, with a closed subshell configuration at 22O
(N ¼ 14), then the 1s1=2 orbitals at 24O (N ¼ 16), and
finally the 0d3=2 orbitals at 28O (N ¼ 20). For simplicity,
we will drop the n label in the following.

FIG. 1 (color online). Stable and unstable nuclei with Z & 14
and neutron number N [35]. The oxygen anomaly in the location
of the neutron drip line is highlighted. Element names and years
of discovery of the most neutron-rich nuclei are given. The axis
numbers indicate the conventional magic numbers.

PRL 105, 032501 (2010) P HY S I CA L R EV I EW LE T T E R S
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0031-9007=10=105(3)=032501(4) 032501-1 ! 2010 The American Physical Society

state have been exchanged and this leads to the exchange of
the final (or initial) orbital labels j, m and j0, m0. Because
this process reflects a cancellation of the lowering of the
SPE, the contribution from Fig. 3(d) has to be repulsive for
two neutrons. Finally, we can rewrite Fig. 3(d) as the FM
3N force of Fig. 3(e), where the middle nucleon is summed
over core nucleons. The importance of the cancellation
between Figs. 3(a) and 3(e) was recognized for nuclear
matter in Ref. [21].

The process in Fig. 3(d) corresponds to a two-valence-
neutron monopole interaction, schematically illustrated in
Fig. 4(d). The resulting SPE evolution is shown in Fig. 2(c)

for the G matrix formalism, where a standard pion-N-!
coupling [22] was used and all 3N diagrams of the same
order as Fig. 3(d) are included. We observe that the repul-
sive FM 3N contributions become significant with increas-
ing N and the resulting SPE structure is similar to that of
phenomenological forces, where the d3=2 orbital remains
high. Next, we calculate the SPEs from chiral low-
momentum interactions Vlow k, including the changes due

to the leading (N2LO) 3N forces in chiral EFT [23], see
Figs. 3(f)–3(h). We consider also the SPEs where 3N-force
contributions are only due to ! excitations [24]. The lead-
ing chiral 3N forces include the long-range two-pion-
exchange part, Fig. 3(f), which takes into account the
excitation to a ! and other resonances, plus shorter-range
3N interactions, Figs. 3(g) and 3(h), that have been con-
strained in few-nucleon systems [25]. The resulting SPEs
in Fig. 2(d) demonstrate that the long-range contributions
due to ! excitations dominate the changes in the SPE
evolution and the effects of shorter-range 3N interactions
are smaller. We point out that 3N forces play a key role for
the magic number N ¼ 14 between d5=2 and s1=2 [26], and
that they enlarge theN ¼ 16 gap between s1=2 and d3=2 [5].
The contributions from Figs. 3(f)–3(h) (plus all ex-

change terms) to the monopole components take into ac-
count the normal-ordered two-body parts of 3N forces,
where one of the nucleons is summed over all nucleons
in the core. This is also motivated by recent coupled-cluster
calculations [27], where residual 3N forces between three
valence states were found to be small. In addition, the
effects of 3N forces among three valence neutrons should
be generally weaker due to the Pauli principle.
Finally, we take into account many-body correlations by

diagonalization in the valence space. The resulting ground-
state energies of the oxygen isotopes are presented in
Fig. 4. Figure 4(a) (based on phenomenological forces)
implies that many-body correlations do not change our
picture developed from the SPEs: The energy decreases
to N ¼ 16, but the d3=2 neutrons added out to N ¼ 20

FIG. 3 (color online). Processes involving 3N contributions.
The external lines are valence neutrons. The dashed and thick
lines denote pions and ! excitations, respectively. Nucleon-hole
lines are indicated by downward arrows. The leading chiral 3N
forces include the long-range two-pion-exchange parts, diagram
(f), which take into account the excitation to a ! and other
resonances, plus shorter-range one-pion exchange, diagram (g),
and 3N contact interactions, diagram (h).
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Nuclear Interactions from
Chiral Effective Field Theory
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Weinberg’s 3rd Law of Progress in 
Theoretical Physics:
“You may use any degrees of freedom you 
like to describe a physical system, but if 
you use the wrong ones, you’ll be sorry!”
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??
presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting

Interactions from Chiral EFT

• organization in powers               allows systematic improvement

• consistent NN, 3N, ... interactions & operators (electromagnetic & 
weak transitions, etc.) 

[figure by H. Krebs]

( / χ)
ν

work in 
progress



Similarity Renormalization 
Group

Review: 
S. Bogner, R. Furnstahl, and A. Schwenk, Prog. Part. Nucl. Phys. 65 (2010), 94

E. Anderson, S. Bogner, R. Furnstahl, and R. Perry, Phys. Rev. C82 (2011), 054001
E. Jurgenson, P. Navratil, and R. Furnstahl, Phys. Rev. C83 (2011), 034301
R. Roth, S. Reinhardt, and H. H., Phys. Rev. C77 (2008), 064003 
H. H. and R. Roth, Phys. Rev. C75 (2007), 051001
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• quarks, gluons

• pions, nucleons, ...

• nuclear interactions

• few-nucleon systems

• finite nuclei

• nuclear structure & reactions

Scales of the Strong Interaction

TheoreticalContext

RobertRoth–TUDarmstadt–05/2011

b
e
tte

r
re
so
lu
tio

n
/
m
o
re

fu
n
d
a
m
e
n
ta
l!finitenuclei

!few-nucleonsystems

!nuclearinteraction

!hadronstructure

!quarks&gluons

!deconfinement Q
u
a
n
tu
m

C
h
ro
m
o
d
y
n
a
m
ic
s

N
u
c
le
a
r
S
tru

c
tu
re

2

m
om

en
tu

m
 t

ra
ns

fe
r 

(re
so

lu
tio

n)

   
   

   
   

   
   

  C
hi

ra
l E

FT
   

   
   

Q
C

D

(Which) Details 
necessary?

chiral symmetry



H. Hergert - The Ohio State University - ESNT Program “Radioactive Ion Beam Experiments and Three-Nucleon Forces”, CEA Saclay, 04/07/14

Similarity Renormalization Group

• evolved Hamiltonian

• flow equation:

• choose        to achieve desired behavior, e.g. decoupling of 
momentum or energy scales

• consistently evolve observables of interest

Basic Concept

continuous unitary transformation of the Hamiltonian to band-
diagonal form w.r.t. a given “uncorrelated” many-body basis

( ) = ( ) †( ) ≡ + ( )

( ) =
�
η( ), ( )

�
, η( ) =

( ) †( ) = −η†( )

η( )
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SRG in Two-Body Space
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⇔ decoupling of low and high 

momenta elimination of 
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• SRG is a unitary transformation in A-body space

• up to A-body interactions are induced during the flow:

• state-of-the-art: evolve in three-body space, truncate 
induced four- and higher many-body forces                      
(Jurgenson, Furnstahl, Navratil, PRL 103, 082501; Hebeler, PRC 85, 021002 )

• λ-dependence of eigenvalues is a diagnostic for size of 
omitted induced interactions

Induced Interactions

λ
=

��� † ,
�

† †
� �� �

�
,
�

† †
� �� �

�
= . . .+

�
† † †

� �� �+ . . .
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chiral NN + 3N
N3LO + N2LO  (3H fit)

SRG in Three-Body Space
SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space

α = 0.020 fm4

Λ = 2.66 fm−1

Jπ = 1
2

+
, T = 1

2 ,ℏΩ = 28MeV

3B-Jacobi HO matrix elements

0 → E → 18 20 22 24 26 28
(E, )

28

26

24

22

20

18

↓
E′

↓

0

.

(E
′ ,
′
)

NCSM ground state 3H

0 2 4 6 8 101214161820
Nmx

-8

-6

-4

-2

0

2

.

E
[M

e
V
]

22

SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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3B Jacobi-HO Matrix Elements

SRG Evolution in Three-Body Space
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SRG Evolution in Three-Body Space
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3H ground-state (NCSM)

λ =  ! fm-1λ =  3.16 fm-1λ =  2.66 fm-1λ =  2.24 fm-1λ =  1.88 fm-1λ =  1.58 fm-1λ =  1.33 fm-1

suppression of 
off-diagonal coupling 

greatly improved
convergence

π =
+
, = , � =

[figures by R. Roth, A. Calci, J. Langhammer]



In-Medium SRG

H. H., S. K. Bogner, S. Binder, A. Calci, J. Langhammer, R. Roth, and A. Schwenk, 
Phys. Rev. C 87, 034307 (2013)

K. Tsukiyama, S. K. Bogner, and A. Schwenk, Phys. Rev. Lett. 106, 222502 (2011)
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Decoupling in A-Body Space

� �� �� �
excitations relative 
to reference state:
! normal-ordering
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Decoupling in A-Body Space

aim: decouple reference state  
(0p-0h) from excitations

� �� �� � � �� (∞)
�� �

�� �
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Normal Ordering

• second quantization:

• particle- and hole density matrices:

• define normal-ordered operators recursively:

• algebra is simplified significantly because

• Wick’s theorem gives simplified expansions (fewer terms!) 
for products of normal-ordered operators

λ =
� �� �� �

−→ δ , ∈ { , }
ξ = λ − δ −→ − δ ≡ −( − )δ

...
... = † . . . † . . .

...
... = : ...

... : +λ : ...
... : +

+
�
λ λ − λ λ

�
: ...

... : + + . . .

� �� : ...
... :

�� �
=



H. Hergert - The Ohio State University - ESNT Program “Radioactive Ion Beam Experiments and Three-Nucleon Forces”, CEA Saclay, 04/07/14

Normal-Ordered Hamiltonian

Normal-Ordered Hamiltonian

= +
�

: : +
�

: : +
�

: :

E0  =              +                   +                         

two-body formalism with 
in-medium contributions from 

three-body interactions

f     =              +                   +                         

Γ    =              +                   

W  =             
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Choice of Generator

� �� �� �
=

� � �� : :: :
�� �

= − ¯

� �
�

�� �� �
=

� � �� :
�
� :: :

�� �
∼

�
�

Off-Diagonal Hamiltonian & Generator

≡ + , ≡
�

: : + , ≡
�

� �

�
� :

�
� : +

→ η =
�

,
�
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In-Medium SRG Flow Equations

0-body Flow

1-body Flow

= ＋

=                        ＋                        ＋                   ＋

~ 2nd order MBPT for H(s)
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In-Medium SRG Flow Equations

2-body Flow

=                   ＋                －                 －                

＋              ＋                ＋                       －

only linked diagrams contribute, 
IM-SRG size-extensive

s channel t channel u channel

ladders rings
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In-Medium SRG Flow: Diagrams

(δ ) ∼

( δ ) ∼
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In-Medium SRG Flow: Diagrams

& many
more...

non-
perturbative 
resummation

(δ ) ∼

( δ ) ∼
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Decoupling

off-diagonal couplings 
are rapidly driven to zero
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Results for Finite Nuclei

H. H., S. Binder, A. Calci, J. Langhammer, and R. Roth, Phys. Rev. Lett 110, 242501 (2013)
H. H., S. K. Bogner, S. Binder, A. Calci, J. Langhammer, R. Roth, and A. Schwenk, 

Phys. Rev. C 87, 034307 (2013)
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Hamiltonians

• NN: chiral interaction at N3LO (Entem & Machleidt)

• 3N: chiral interaction at N2LO  (cD,cE fit to 3H energy & half-life)

 Initial Hamiltonian

• NN + 3N-induced: start with initial NN Hamiltonian, keep 
two- and three-body terms

• NN + 3N-full: start with initial NN + 3N Hamiltonian, keep 
two- and three-body terms

 SRG-Evolved Hamiltonians
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He4 O16 O24 Ca40 Ca48 Ni48 Ni56
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Results: Closed-Shell Nuclei

NN + 3N-ind.

Phys. Rev. C 87, 034307 (2013), arXiv: 1212.1190 [ nucl-th]
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experiment

validate chiral
Hamiltonians
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Results: Oxygen Chain

• reference state: number-projected Hartree-Fock-Bogoliubov vacuum 
(pairing correlations)

• consistent results for different many-body methods (also SCGF)                                                                                       
(HH et al., PRL 110, 242501, (2013); Cipollone et al., PRL 111, 062501 (2013) )

NN + 3N-ind.

no refit of
3N interaction

exp.
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• variation of initial 3N 
cutoff only

• diagnostics for chiral 
interactions 

• dripline at A=24 is 
robust under variations

NN + 3N-full (400)

Phys. Rev. Lett. 110, 242501 (2013)
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• improved free-space 3N SRG evolution for input Hamiltonian          
(S. Binder et al., arXiv:1312.5685 [nucl-th])

• calculations for pf-shell nuclei in progress, heavier nuclei in reach   

= , =



IM-SRG + Shell Model

S. K. Bogner, H. H., J. D. Holt, A. Schwenk, S. Binder, A. Calci, J. Langhammer, R. Roth, 
arXiv:1402:1407 [nucl-th]

K. Tsukiyama, S. K. Bogner, and A. Schwenk, Phys. Rev. C 85, 061304(R) (2012)
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Valence Space Decoupling

� �� �� �

valence 
particle states

hole states
(core)

non-valence 
particle states
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Valence Space Decoupling

• use White-type generator with off-diagonal Hamiltonian

� �� �� � � �� (∞)
�� �

� �
= { � , � , , ,

�
� ,

�
, �}
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Oxygen Spectra

• good description of low-lying states

NN+3N-full (400), = , = , � =
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Oxygen Spectra

• good description of low-lying states
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Oxygen Spectra

• good description of low-lying states
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Oxygen Spectra

• good description of low-lying states
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Oxygen Spectra

• good description of low-lying states
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Oxygen Spectra

• good description of low-lying states
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Oxygen Spectra

• good description of low-lying states

• easy approach to spectra, odd nuclei, intrinsic deformation

" but: numerical effort determined by shell-model calculation
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arXiv: 1402.1407 [nucl-th], [figures by J. Holt]

• 3N forces crucial

• IM-SRG improves on finite-order effective interaction

• competitive with phenomenological calculations



Conclusions
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Ab Initio Nuclear Structure

application of modern optimization and statistical methods, together
with high-performance computing, has revolutionized nuclear DFT
during recent years.
In our study, we use quasi-local Skyrme functionals15 in the

particle–hole channel augmented by the density-dependent, zero-
range pairing term. The commonly used Skyrme EDFs reproduce total
binding energies with a root mean square error of the order of
1–4MeV (refs 15, 16), and the agreement with the data can be signifi-
cantly improved by adding phenomenological correction terms17. The
Skyrme DFT approach has been successfully tested over the entire
chart of nuclides on a broad range of phenomena, and it usually per-
forms quite well when applied to energy differences (such as S2n), radii
and nuclear deformations. Other well-calibrated mass models include

the microscopic–macroscopic finite-range droplet model (FRDM)18,
the Brussels–Montreal Skyrme–HFB models based on the Hartree–
Fock–Bogoliubov (HFB) method17 and Gogny force models19,20.
Figure 2 illustrates the difficulties with theoretical extrapolations

towards drip lines. Shown are the S2n values for the isotopic chain of
even–even erbium isotopes predicted with different EDF, SLy421, SV-
min13, UNEDF015, UNEDF122, and with the FRDM18 and HFB-2117

models. In the region for which experimental data are available, all
models agree and well reproduce the data. However, the discrepancy
between various predictions steadily grows when moving away from
the region of known nuclei, because the dependence of the effective
force on the neutron-to-proton asymmetry (neutron excess) is poorly
determined. In the example considered, the neutron drip line is
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Figure 2 | Calculated and experimental two-neutron separation energies of
even–even erbium isotopes. Calculations performed in this work using SLy4,
SV-min, UNEDF0 andUNEDF1 functionals are compared to experiment2 and
FRDM18 andHFB-2117 models. The differences betweenmodel predictions are
small in the region where data exist (bracketed by vertical arrows) and grow

steadily when extrapolating towards the two-neutron drip line (S2n5 0). The
bars on the SV-min results indicate statistical errors due to uncertainty in the
coupling constants of the functional. Detailed predictions around S2n5 0 are
illustrated in the right inset. The left inset depicts the calculated and
experimental two-proton separation energies at N5 76.
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Figure 1 | Nuclear even–even landscape as of 2012. Mapof bound even–even
nuclei as a function of Z and N. There are 767 even–even isotopes known
experimentally,2,3 both stable (black squares) and radioactive (green squares).
Mean drip lines and their uncertainties (red) were obtained by averaging the
results of different models. The two-neutron drip line of SV-min (blue) is

shown together with the statistical uncertainties at Z5 12, 68 and 120 (blue
error bars). The S2n5 2MeV line is also shown (brown) together with its
systematic uncertainty (orange). The inset shows the irregular behaviour of the
two-neutron drip line around Z5 100.
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exact: NCSM, GFMC, ...

Coupled Cluster,
IM-SRG, Green’s Functions

near closed shell: IM-SRG, CC, SCGF, ... 
open shell: IM-SRG, Gor’kov-SCGF, (...)
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Conclusions

• new era of ab initio nuclear structure and reaction theory, 
driven by SRG and EFT methods

• chiral interactions maintain stringent link to QCD

• consistent, universal framework, but some open issues 
remain

• SRG to systematically change resolution scales of 
interactions (and observables)

• improved convergence & control over approximations

• enhanced reach of exact many-body methods

• In-Medium SRG as an innovative new many-body method

• many exciting applications ahead ...
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