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(Constraints on alternative gravity theories)



Alternatives to Dark Matter (e.g. modified gravity) must:

- explain the galaxy rotation curves, distribution of gas in elliptical galaxies and clusters

- match gravitational lensing cosmic shear measurements

- satisfy classical tests of GR (Solar system tests: precession of Mercury, Shapiro time 
delay, pulsar period decay, ...)

- fit LIGO’s gravitational wave signals, which already rule out many models (for DE) 

- fit the background expansion (distance-redshift relationship)

- fit the CMB and large-scale structure measurements

(Some of these features may have different explanations, but this would not be economical.
This does not matter for this paper, anyway.)
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
cles) and z = 1100 (open-circles). The low-redshift power
spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.

into the sky), �⌧⇤ is the width of the last scattering sur-
face, m̂ is a 2D unit vector on the plane of the sky, m̂⇤

is its complex conjugate, and v is the baryon velocity on
the sky2.

As an example to gain more intuition, let m̂ = x̂ + iŷ
and consider n̂ = ẑ. Then:

Q(n̂)+iU(n̂) ⇡ 0.17�⌧⇤ [(@xvx + @
y

v
y

) + i(@
x

v
y

� @
y

v
x

)] .
(7)

In other words, Q / r · v and U / r ⇥ v. Note that
the velocity due to density perturbations is irrotational,
which implies that U = 0. However, this is only for one
particular direction (along the ẑ-axis). In general, we
must consider all directions on the sky and there will be
both Q and U polarization.

Now consider the small-angle approximation. Here we
specify that all wavevectors, ~k, are close to our n̂. In
Fourier space, this gives the equation:

�
p

(n̂,~k) ⇡ 0.17�⌧⇤ikvb , (8)

where k = |~k|. Then, the polarization power spectrum
on small scales is:
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2 Note that the dipole moment of the CMB temperature gives us
the final, radial component of the velocity, vr.

Typically, polarization results are reported using E
and B-modes, which are just a rotation of the Q-U basis.
This basis is specifically chosen such that there are no
B-modes on small scales in the early Universe – instead
all of the polarization is given by E-modes. Thus, the
polarization power spectrum is just the E-mode power
spectrum3:
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Now we must connect this equation to the baryon density
power spectrum.
Prior to recombination, the baryons and photons can

be treated as a single fluid. In a universe with no DM,
the behavior is simple inside the horizon:
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where ˙ ⌘ d

d⌧

(conformal time) and c
s

is the sound speed.
In ⇤CDM, there would be an additional forcing term on
the right-hand side, �3�̇, where � is the cold dark matter
potential.
For adiabatic initial conditions, this admits the solu-

tion:
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where r
s

is the sound horizon:
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The density can be related to the velocity via the continu-
ity equation. At small scales, we can ignore any changes
in the potential and simply treat the baryon-photon fluid
as a normal Newtonian fluid. Then the continuity equa-
tion in Fourier space is:
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This gives:
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From Equation 10, we have:
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We can find A(k) using the observed EE power spec-
trum and then use Equation 12 to find the density power
spectrum. Note that velocity overshoot may shift the
peak positions here, but will not change the overall shape
of the power spectrum. There is also a small e↵ect

3 There is an extra term related to fixing the basis for the E-B
decomposition. However, this should be ⇠ 1 under the small-
angle approximation.

The point made by this paper:

- at recombination the baryon density power spectrum shows strong BAO oscillations

- at z~0 the baryon density power spectrum shows weak (subdominant) BAO oscillations

It is difficult to imagine how to explain this damping of BAO 
with time, without DM !

baryon density power spectrum

z=0.38

z=1100



How this is explained in LCDM:

- the initial fluctuations are adiabatic: overdense regions have an excess of 
baryons, dark matter, and photons 

- baryons & photons are tightly coupled and oscillate like sound waves

- DM has no self/cross interactions. It has no pressure and only feels gravity.
           DM does not show acoustic oscillations,
           its gravitational potential fluctuations keep growing (at a logarithmic rate)

- after recombination, baryons decouple from photons and fall into the DM 
gravitational potential wells

- baryons catch up with DM, and matter fluctuations now grow as 
with small (subdominant) BAO, because baryons are subdominant with respect to DM.

cs ⇠ c

� / a(t)

The “damping” of BAO is explained by an external component (DM), 
which has no BAO, is decoupled at z>1100 and dominant at low z.



Problem in baryons-only scenarios:

The damping of the BAO in the baryon density power spectrum 
must come from the self-dynamics of the baryons themselves, 
because there is no other component.

Somehow, these new dynamics (modified gravity) must include/
generate the BAO scale, to smooth the BAO features. 

This does not seem natural !



Let’s follow the paper:
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erases most of the signature of the sound waves. Thus,
the ⇤CDM model can explain why the acoustic oscilla-
tions in the cosmic microwave background temperature
and polarization fluctuations have O(1) amplitude and
the oscillations in the distribution of galaxies are subtle
with amplitude of O
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gravity theory will have to provide an alternative expla-

nation for this suppression of the acoustic fluctuations,

one of the distinctive e↵ects of dark matter.
In this Letter, we outline how to determine the re-

quired infrared (IR) behavior of any dark matter theory
based on linking the baryon density field at recombina-
tion (z ⇠ 1100) to the baryon power spectrum at low
redshift (z ⇠ 0). Any successful theory for dark mat-
ter, whether it invokes particles or alternative theories of
gravity, must properly explain how the baryon density
field at z ⇠ 1100 evolves into the one at z ⇠ 0. These
density fields are typically probed indirectly through fit-
ting the CMB power spectra and the matter power spec-
trum in tandem [e.g., 9, 10]. This necessarily assumes
⇤CDM (or some simple extension), as well as GR. The
test we propose here does not invoke GR nor a specific
cosmology. Instead it relies solely on small-scale physics –
Thomson scattering and the Newtonian continuity equa-
tion. Note that while similar tests have been proposed
before [24, 25], they have not been explicitly formulated
nor calculated for general modified gravity theories.

The polarization of the CMB on small scales is ex-
clusively due to Thomson scattering, which itself only
relies on the velocities of the electrons. Because protons
and electrons are tightly coupled via Coulomb scatter-
ing at early times, we can assume that the velocities of
the electrons exactly equals that of the protons. The
CMB polarization spectrum then directly measures the
velocity of the baryons at z ⇠ 1100. The Newtonian con-
tinuity equation, which is valid at small scales, relates
the velocities of the baryons to their density field. Thus,
the CMB polarization spectrum is a direct measurement
of the baryon velocity field at z ⇠ 1100. At z ⇠ 0,
the galaxy-galaxy correlation function traces the baryon
density field at large scales. With these two direct mea-
sures of the baryon density field, we can then define the
form a linear alternate theory of dark matter must take
in the IR. We combine observations of the CMB and the
galaxy power spectrum at low-redshift to determine the
required Green’s function of structure formation between
these redshifts for alternate theories. This Green’s func-
tion has a distinctive form as it must suppress the baryon
acoustic oscillations by nearly an order of magnitude, as
well as greatly increase power on small scales.

Below we describe the theoretical framework for deter-
mining the IR behavior of modified gravity theories for
dark matter. We first outline the general idea behind our
method, which will depend on the baryon power spec-
trum at both z ⇠ 0 and z ⇠ 1100. We then describe
how we calculate each of these power spectra. Finally,

we give the resulting necessary form for an alternative
dark matter theory and conclude.

INFRARED BEHAVIOR OF MODIFIED
GRAVITY

We assume that the modified gravity theory predicts
our universe is expanding with a scale factor, R(t), de-
termined by its dynamical equations and that the form
of R(t) fits the current measurements of the distance-
redshift relation. This assumption already places a very
profound constraint on any alternative to GR. Here we
focus on the evolution of fluctuations on large-scales and
in the linear regime.
As is usual in cosmology, we represent the density field

as the sum of a mean density field, ⇢(t), and spatial fluc-
tuation:

⇢(~x, t) = ⇢(t) [1 + �(~x, t)] , (1)

and expand the density field in Fourier modes: �(~k, t),

where ~k is an angular wavevector.
In alternative gravity theories, the acceleration en-

codes the deviation from GR – these theories generally
assume matter and momentum conservation. Thus, we
will also assume these conservation laws hold. In agree-
ment with the cosmological principle and observations of
large scale structure, we will also assume that any mod-
ifications to GR must be isotropic.
We assume that the acceleration in the modified grav-

ity theory only depends on the amplitude of the baryon
density fluctuations: ~a(�

b

). We then expand the function
as a series of sums of Fourier modes:

a(k, t) = F̂
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where k ⌘ k~kk, F̂
1

(k) is the linear response to the density
fluctuation (including both GR and modified terms), and
F̂
2

encodes the second order correction.
Since the density field is small, the linear term should

dominate the gravitational acceleration in most modified
gravity theories. Thus, we focus on linear modifications
to GR in this paper. Note that this linear term acts like a
transfer function – it has no explicit time dependence and
is simply multiplied with a given density configuration in
k-space to give the resulting acceleration force.
If the modified gravity theory has strong nonlinear

terms, then the theory will produce significant mode-
mode couplings that would be apparent in the large-scale
structure. The theory could evade the current strong con-
straints from Planck on non-Gaussianity [26] if the theory
is linear at early times. However, if the theory is non-
linear enough at late times to erase the baryon acoustic
oscillations, then these same nonlinearities would induce

However, assumes a background 
expansion close to LCDM. This is 

assumed to be implied by 
background data. 

small-scale physics 
on BAO scales, 
linear regime

The aim:



Obtaining baryon spectra from observations:
(instead of using a-priori models, with CAMB and LSS software, whose predictions 
are next fitted to the data)
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required Green’s function of structure formation between
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tion has a distinctive form as it must suppress the baryon
acoustic oscillations by nearly an order of magnitude, as
well as greatly increase power on small scales.

Below we describe the theoretical framework for deter-
mining the IR behavior of modified gravity theories for
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trum at both z ⇠ 0 and z ⇠ 1100. We then describe
how we calculate each of these power spectra. Finally,
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termined by its dynamical equations and that the form
of R(t) fits the current measurements of the distance-
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where ~k is an angular wavevector.
In alternative gravity theories, the acceleration en-

codes the deviation from GR – these theories generally
assume matter and momentum conservation. Thus, we
will also assume these conservation laws hold. In agree-
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(k) is the linear response to the density
fluctuation (including both GR and modified terms), and
F̂
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Since the density field is small, the linear term should

dominate the gravitational acceleration in most modified
gravity theories. Thus, we focus on linear modifications
to GR in this paper. Note that this linear term acts like a
transfer function – it has no explicit time dependence and
is simply multiplied with a given density configuration in
k-space to give the resulting acceleration force.
If the modified gravity theory has strong nonlinear

terms, then the theory will produce significant mode-
mode couplings that would be apparent in the large-scale
structure. The theory could evade the current strong con-
straints from Planck on non-Gaussianity [26] if the theory
is linear at early times. However, if the theory is non-
linear enough at late times to erase the baryon acoustic
oscillations, then these same nonlinearities would induce

z~1100:

CMB polarization

electron velocities

baryon power spectrum
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(k) is the linear response to the density
fluctuation (including both GR and modified terms), and
F̂
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encodes the second order correction.
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dominate the gravitational acceleration in most modified
gravity theories. Thus, we focus on linear modifications
to GR in this paper. Note that this linear term acts like a
transfer function – it has no explicit time dependence and
is simply multiplied with a given density configuration in
k-space to give the resulting acceleration force.
If the modified gravity theory has strong nonlinear

terms, then the theory will produce significant mode-
mode couplings that would be apparent in the large-scale
structure. The theory could evade the current strong con-
straints from Planck on non-Gaussianity [26] if the theory
is linear at early times. However, if the theory is non-
linear enough at late times to erase the baryon acoustic
oscillations, then these same nonlinearities would induce

z~0:
galaxy power spectrum

baryon power spectrum

Why CMB polarization and not CMB temperature anisotropies ?

CMB temperature:  mostly depends on the energy density and the gravitational potential

not appropriate if we modify gravity !

CMB polarization is a (more) robust measurement of the baryon density power spectrum !



Green’s function (or transfer function):
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In this Letter, we outline how to determine the re-

quired infrared (IR) behavior of any dark matter theory
based on linking the baryon density field at recombina-
tion (z ⇠ 1100) to the baryon power spectrum at low
redshift (z ⇠ 0). Any successful theory for dark mat-
ter, whether it invokes particles or alternative theories of
gravity, must properly explain how the baryon density
field at z ⇠ 1100 evolves into the one at z ⇠ 0. These
density fields are typically probed indirectly through fit-
ting the CMB power spectra and the matter power spec-
trum in tandem [e.g., 9, 10]. This necessarily assumes
⇤CDM (or some simple extension), as well as GR. The
test we propose here does not invoke GR nor a specific
cosmology. Instead it relies solely on small-scale physics –
Thomson scattering and the Newtonian continuity equa-
tion. Note that while similar tests have been proposed
before [24, 25], they have not been explicitly formulated
nor calculated for general modified gravity theories.

The polarization of the CMB on small scales is ex-
clusively due to Thomson scattering, which itself only
relies on the velocities of the electrons. Because protons
and electrons are tightly coupled via Coulomb scatter-
ing at early times, we can assume that the velocities of
the electrons exactly equals that of the protons. The
CMB polarization spectrum then directly measures the
velocity of the baryons at z ⇠ 1100. The Newtonian con-
tinuity equation, which is valid at small scales, relates
the velocities of the baryons to their density field. Thus,
the CMB polarization spectrum is a direct measurement
of the baryon velocity field at z ⇠ 1100. At z ⇠ 0,
the galaxy-galaxy correlation function traces the baryon
density field at large scales. With these two direct mea-
sures of the baryon density field, we can then define the
form a linear alternate theory of dark matter must take
in the IR. We combine observations of the CMB and the
galaxy power spectrum at low-redshift to determine the
required Green’s function of structure formation between
these redshifts for alternate theories. This Green’s func-
tion has a distinctive form as it must suppress the baryon
acoustic oscillations by nearly an order of magnitude, as
well as greatly increase power on small scales.

Below we describe the theoretical framework for deter-
mining the IR behavior of modified gravity theories for
dark matter. We first outline the general idea behind our
method, which will depend on the baryon power spec-
trum at both z ⇠ 0 and z ⇠ 1100. We then describe
how we calculate each of these power spectra. Finally,

we give the resulting necessary form for an alternative
dark matter theory and conclude.

INFRARED BEHAVIOR OF MODIFIED
GRAVITY

We assume that the modified gravity theory predicts
our universe is expanding with a scale factor, R(t), de-
termined by its dynamical equations and that the form
of R(t) fits the current measurements of the distance-
redshift relation. This assumption already places a very
profound constraint on any alternative to GR. Here we
focus on the evolution of fluctuations on large-scales and
in the linear regime.
As is usual in cosmology, we represent the density field

as the sum of a mean density field, ⇢(t), and spatial fluc-
tuation:

⇢(~x, t) = ⇢(t) [1 + �(~x, t)] , (1)

and expand the density field in Fourier modes: �(~k, t),

where ~k is an angular wavevector.
In alternative gravity theories, the acceleration en-

codes the deviation from GR – these theories generally
assume matter and momentum conservation. Thus, we
will also assume these conservation laws hold. In agree-
ment with the cosmological principle and observations of
large scale structure, we will also assume that any mod-
ifications to GR must be isotropic.
We assume that the acceleration in the modified grav-
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density fluctuations: ~a(�

b

). We then expand the function
as a series of sums of Fourier modes:

a(k, t) = F̂
1

(k)�
b

(k, t) +
X

k

0

F̂
2

(k, k0)�
b

(k, t)�
b

(k0, t) + . . .

(2)

where k ⌘ k~kk, F̂
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(k) is the linear response to the density
fluctuation (including both GR and modified terms), and
F̂
2

encodes the second order correction.
Since the density field is small, the linear term should

dominate the gravitational acceleration in most modified
gravity theories. Thus, we focus on linear modifications
to GR in this paper. Note that this linear term acts like a
transfer function – it has no explicit time dependence and
is simply multiplied with a given density configuration in
k-space to give the resulting acceleration force.
If the modified gravity theory has strong nonlinear

terms, then the theory will produce significant mode-
mode couplings that would be apparent in the large-scale
structure. The theory could evade the current strong con-
straints from Planck on non-Gaussianity [26] if the theory
is linear at early times. However, if the theory is non-
linear enough at late times to erase the baryon acoustic
oscillations, then these same nonlinearities would induce

why no time dependence ?
(extra fields could play the role of a clock ?)
but does not matter for the main argument
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terms, then the theory will produce significant mode-
mode couplings that would be apparent in the large-scale
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is linear at early times. However, if the theory is non-
linear enough at late times to erase the baryon acoustic
oscillations, then these same nonlinearities would induce

3

large non-Gaussian features in the large-scale distribu-
tion of structure. These are not seen in the large-scale
distribution of structure [27] and they will be further con-
strained by upcoming missions, such as SphereX1 [28].
Thus, it is unlikely that a strongly nonlinear theory could
produce the correct evolution for the baryons and evade
low-redshift non-Gaussianity constraints. Detailed cal-
culations showing this point are left to future work.

LINEAR MODIFICATION TO GENERAL
RELATIVITY

In this section, we constrain the properties of a linear
modification to GR. We show that the combination of
CMB polarization measurements and large-scale struc-
ture determine the form of the transfer function for the
growth of baryon fluctuations. This then determines the
form of the acceleration equation in any linear modified
gravity theory for dark matter.

In ⇤CDM after recombination, baryons fall into the
dark matter potentials. This imprints the large-scale dis-
tribution of the dark matter on the baryons. Thus, the
transfer function of CDM, along with the initial spectrum
of fluctuations, is all that is needed to accurately describe
the matter power spectrum. The baryon power spectrum
follows directly by using the CDM potential created by
the evolution of these perturbations. However, if we no
longer have CDM in our model, the baryon transfer func-
tion itself must encode all of this information. In modified

gravity theories of dark matter, the baryon transfer func-

tion must account for all of the changes in the baryon

perturbations from early to late times.

The matter power spectrum depends on the transfer
function as: P (k) / P

�

(k)T 2(k), where P
�

is the pri-
mordial spectrum of perturbations. In analogy to this,
we can define the transfer function:

T̂ 2

b

(k) =
P
bb

(k, z ⇠ 0)

P
bb

(k, z = 1100)
. (3)

T̂ 2

b

(k) describes how the baryon perturbations evolve
from z = 1100 to z ⇠ 0. We use the hat here indi-
cate the di↵erent normalization from the typical transfer
function used in cosmology.

Any theory for dark matter must adequately explain
both the shape and normalization of T̂ 2

b

(k). Our transfer
function can be exactly represented with measurable data
and does not rely on any assumptions about underlying
theories, outside of the small-scale physics described be-
low. It is also possible to find the theoretical solutions for
any dark matter or modified gravity theories. In this pa-
per, we will focus solely on the shape of T̂ 2

b

(k) – a more

1 https://spherex.caltech.edu/

precise analysis is required to use the normalization as
well.
As a way of building intuition, we will also consider

the Fourier pair of the transfer function – the Green’s
function:

Ĝ
b

(r) = G
0

Z
dk

k2

2⇡2

T̂
b

(k)j
0

(kr) , (4)

where j
0

(x) is a Spherical Bessel function of the first
kind and G

0

is a normalization term that we arbitrarily
set such that Ĝ(r = r

min

) = 1. Here r
min

is the minimum
physical radius resolvable from the data. This functions
shows, in real space, the inherent acceleration response
of the modified gravity.

The Baryon Power Spectrum at z ⇠ 0

The baryons at low redshift and large scales (&
10 Mpc) are well-traced by galaxies. Thus, we can take
the 3D power spectrum of galaxies as the baryon power
spectrum. This is given by:

P
bb

(k, z ⇠ 0) = b2
bg

P
gg

(k, z ⇠ 0) , (5)

where b
bg

is the bias of baryons relative to galaxies and
P
gg

is the 3D galaxy-galaxy power spectrum.
In reality, the galaxies are a biased tracer of the

baryons. Most of the baryonic mass in the universe is
in gas [29]. However, we expect that for k < 0.1 Mpc�1

the bias, b
bg

, approaches some constant value. This is
seen in numerical simulations [e.g., 30] and violating this
would require moving baryons large distances. Thus, the
galaxy-galaxy power spectrum should be a good measure
of the shape of the baryonic power spectrum at these
large scales.
We use the data from Ref. [31] for the galaxy-galaxy

power spectrum at low-z. Ref. [31] measures the BAO
signal from galaxies from z = 0.2� 0.75 using the Sloan
Digital Sky Survey-III [SDSS-III; 32] Baryon Oscillation
Spectroscopic Survey (BOSS) DR12 data set [33, 34].
As part of this measurement, they also calculate the 3D
galaxy-galaxy power spectrum in 3 di↵erent redshift bins.
We use the lowest redshift bin, z = 0.2 � 0.5, which has
an e↵ective redshift of z = 0.38. This is measured from
k = 0.016� 0.15 h Mpc�1. We use their fiducial value of
h = 0.676 to transform to physical units.

The Baryon Power Spectrum at z ⇠ 1100

The polarization of the CMB can be related to the
velocity of the baryons as [36]:
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(n̂, ~x) = Q(n̂) + iU(n̂) ⇡ 0.17�⌧⇤m̂
im̂⇤j@
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where �
p

is the polarization fluctuation, Q and U are
Stokes parameters, n̂ is the direction of observation (i.e.

- density fluctuations are small

- nonlinear terms would produce 
significant non-Gaussianities

assume linear evolution



linear evolution implies (?): �b(k, z = 0) = Tb(k, z = 0)�b(k, z = 1100)

obtained from the observed power spectra:
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is the polarization fluctuation, Q and U are
Stokes parameters, n̂ is the direction of observation (i.e.

This is the key quantity used in the paper.

This is based on:

- linear evolution

- there is only one relevant component: baryons
     modified-gravity models usually involve other components:
     * OK with this framework if these are slaved to the baryons (e.g., quasi-static    
        approximation) and can be integrated over (no independent degree of freedom).
     * Presumably, the authors consider that truly additional degrees of freedom 
        are equivalent to introducing a disguised DM ?

- the Green’s function is multiplicative (Fourier modes are decoupled)

Green’s function

�b(k, z = 0) 6=
Z

dk0 Tb(k, k
0; z = 0)�b(k

0, z = 1100)



Such a convolution could smooth the power spectrum and explain the damping of the BAO

Remark:   if we had:

However, this is not allowed by homogeneity and isotropy (?):

�b(k, z = 0) =

Z
dk0 Tb(k, k

0; z = 0)�b(k
0, z = 1100)

convolution                         multiplication
Fourier transf.

�b(x, z = 0) = Tb(x)�b(x, z = 1100)

However, because of statistical homogeneity            cannot depend on x,
more precisely, it should be invariant under
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
cles) and z = 1100 (open-circles). The low-redshift power
spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.

into the sky), �⌧⇤ is the width of the last scattering sur-
face, m̂ is a 2D unit vector on the plane of the sky, m̂⇤

is its complex conjugate, and v is the baryon velocity on
the sky2.

As an example to gain more intuition, let m̂ = x̂ + iŷ
and consider n̂ = ẑ. Then:

Q(n̂)+iU(n̂) ⇡ 0.17�⌧⇤ [(@xvx + @
y

v
y

) + i(@
x

v
y

� @
y

v
x

)] .
(7)

In other words, Q / r · v and U / r ⇥ v. Note that
the velocity due to density perturbations is irrotational,
which implies that U = 0. However, this is only for one
particular direction (along the ẑ-axis). In general, we
must consider all directions on the sky and there will be
both Q and U polarization.

Now consider the small-angle approximation. Here we
specify that all wavevectors, ~k, are close to our n̂. In
Fourier space, this gives the equation:

�
p

(n̂,~k) ⇡ 0.17�⌧⇤ikvb , (8)

where k = |~k|. Then, the polarization power spectrum
on small scales is:

h�
p

(n̂,~k)�⇤
p

(n̂,~k)i ⇡ (0.17)2�⌧2⇤k
2v2

b

(9)

2 Note that the dipole moment of the CMB temperature gives us
the final, radial component of the velocity, vr.

Typically, polarization results are reported using E
and B-modes, which are just a rotation of the Q-U basis.
This basis is specifically chosen such that there are no
B-modes on small scales in the early Universe – instead
all of the polarization is given by E-modes. Thus, the
polarization power spectrum is just the E-mode power
spectrum3:

P
EE

(k) ⇡ (0.17�⌧⇤)
2k2v2

b

(k) . (10)

Now we must connect this equation to the baryon density
power spectrum.
Prior to recombination, the baryons and photons can

be treated as a single fluid. In a universe with no DM,
the behavior is simple inside the horizon:

�̈
b

+ c2
s

k2�
b

= 0 , (11)

where ˙ ⌘ d

d⌧

(conformal time) and c
s

is the sound speed.
In ⇤CDM, there would be an additional forcing term on
the right-hand side, �3�̇, where � is the cold dark matter
potential.
For adiabatic initial conditions, this admits the solu-

tion:

�
b

= A(k) cos(kr
s

) , (12)

where r
s

is the sound horizon:

r
s

=

Z
d⌘ c

s

, (13)

The density can be related to the velocity via the continu-
ity equation. At small scales, we can ignore any changes
in the potential and simply treat the baryon-photon fluid
as a normal Newtonian fluid. Then the continuity equa-
tion in Fourier space is:

�̇
b

(k) + ikv
b

(k) = 0 . (14)

This gives:
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b
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k
�̇
b

(k) = �ic
s

A(k) sin(kr
s

) . (15)

From Equation 10, we have:

P
EE

(k) ⇡ (0.17�⌧⇤)
2c2

s

k2|A(k)|2 sin2(kr
s

) (16)

We can find A(k) using the observed EE power spec-
trum and then use Equation 12 to find the density power
spectrum. Note that velocity overshoot may shift the
peak positions here, but will not change the overall shape
of the power spectrum. There is also a small e↵ect

3 There is an extra term related to fixing the basis for the E-B
decomposition. However, this should be ⇠ 1 under the small-
angle approximation.

observed power spectra
5

from the finite thickness of the last scattering surface
– this amplifies scales that are smaller than the thickness
of the surface. To account for this e↵ect, we multiply
Equation 16 by an exponential factor, exp[k/k

�⌧⇤ ], with
�⌧⇤ = 19 Mpc [37].

For the EE power spectrum, we use the Planck 2018
[35] and the Atacama Cosmology Telescope ACTPol Two
Season [38] angular power spectra. We add the data in
quadrature. The data is given as multipoles, CEE

l

, of
the 2D power spectrum. We must convert this to the 3D
power spectrum, P

EE

(k). We approximate l = k⌘⇤ � 1

2

,
where ⌘⇤ is the conformal distance to the last scattering
surface4[39]. Then, to order unity, the 3D power spec-
trum is [39, 40]:

P
EE

(k) ⇠ ⇡l2

k3
CEE

l=k⌘⇤� 1
2
. (17)

We bin the CEE

l

data into l-bins with width �l = 50 to
increase the signal-to-noise. We also only use l  2000,
due to the high noise in the data above this point.

In Figure 1, we show the baryon power spectrum at
z = 1100 and z = 0.38. As can be seen, the proper dark
matter theory must somehow explain how the z = 1100
spectrum smooths out and increases in power on small
scales. Note that the BAO ‘wiggles’ in the low-redshift
power spectrum look much weaker than those in the
CMB-derived spectrum. This is just due to the nor-
mal evolution of perturbations over time. Also note that
our peaks do not precisely line up with the CAMB5-
derived peaks at low-k. This occurs because we ignore
the cold dark matter driving-term in the continuity equa-
tion, which is more prominent at low-k (i.e. velocity
overshoot; cf. [21, 41, 42]).

We also indicate the acoustic scale by the dashed, black
line on all plots in this paper. We use the Ref. [10]
value for the sound horizon size at the drag epoch, r

d

=
147.09 Mpc and the comoving distance to this time, ⌘

?

,
to set l⇤ = ⇡⌘⇤/rs. Finally, we obtain the k value using
k⇤ = l⇤/⌘⇤ � 1

2

.

Constraining the form of linearly modified gravity
theories

We will now derive the transfer and Green’s functions
for the modified gravity theory. We only use the data

4 This does require setting a cosmology. We use the measured dis-
tance to the last scattering surface from Ref. [10]. Since we
require that the modified gravity must also fit the measured
distance-redshift relation, the distance from last scattering can-
not deviate too wildly from the Planck value. In principle, it
may be possible to set ⌘⇤ without setting a cosmology – instead,
we might be able to use the alignment of the peaks in each of
the power spectra.
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FIG. 2. Baryon transfer function from z = 1100 to z = 0.38.
The black line shows the transfer function computed by ap-
plying the analytical model for the EE power spectrum to
the Planck data and combining it with the large-scale struc-
ture data. The blue, dotted line shows the transfer function
computed assuming ⇤CDM. The di↵erence between the two
shows the limitations of the analytical approximation used to
derive the Green’s function. The gray region shows the 1-�
error from the data. Any alternative gravity theory must pre-
dict something close to this transfer function if it is to explain
how the fluctuations in the baryon density traced by the po-
larization signal at z ⇠ 1100 evolve to the galaxy density field
seen at low redshift.

from each survey where they both overlap in k. This
range, k ⇠ 0.01� 0.1Mpc�1, corresponds to small scales
(i.e. much smaller than the horizon) today and at recom-
bination.
The transfer function is shown in Figure 2. We also

include the CAMB-derived transfer function, which we
derive by taking the baryon power spectrum at the
same redshifts as our data and dividing them. The
transfer function makes the exact evolution of pertur-
bations needed apparent. Power should grow the most
on small scales and should oscillate to smooth out the
baryon acoustic oscillations. This aligns with the stan-
dard ⇤CDM picture.
We show the associated Green’s function, computed

using the hankel python package6, in Figure 3. Because
the transform includes an integral over all k-modes, the
exact form of the Green’s function depends on the be-
havior of the transfer function outside of our data range.
For the purposes of determining the Green’s function,
we need to extrapolate the high-k range as it deter-
mines the small-r behavior. We cannot directly probe

6
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observed transfer function

The transfer function shows a series of “inverted” BAO features. 
They are needed to compensate for the initial BAO oscillations, 
in order to produce a flat power spectrum at low redshift.
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large non-Gaussian features in the large-scale distribu-
tion of structure. These are not seen in the large-scale
distribution of structure [27] and they will be further con-
strained by upcoming missions, such as SphereX1 [28].
Thus, it is unlikely that a strongly nonlinear theory could
produce the correct evolution for the baryons and evade
low-redshift non-Gaussianity constraints. Detailed cal-
culations showing this point are left to future work.

LINEAR MODIFICATION TO GENERAL
RELATIVITY

In this section, we constrain the properties of a linear
modification to GR. We show that the combination of
CMB polarization measurements and large-scale struc-
ture determine the form of the transfer function for the
growth of baryon fluctuations. This then determines the
form of the acceleration equation in any linear modified
gravity theory for dark matter.

In ⇤CDM after recombination, baryons fall into the
dark matter potentials. This imprints the large-scale dis-
tribution of the dark matter on the baryons. Thus, the
transfer function of CDM, along with the initial spectrum
of fluctuations, is all that is needed to accurately describe
the matter power spectrum. The baryon power spectrum
follows directly by using the CDM potential created by
the evolution of these perturbations. However, if we no
longer have CDM in our model, the baryon transfer func-
tion itself must encode all of this information. In modified

gravity theories of dark matter, the baryon transfer func-

tion must account for all of the changes in the baryon

perturbations from early to late times.

The matter power spectrum depends on the transfer
function as: P (k) / P

�

(k)T 2(k), where P
�

is the pri-
mordial spectrum of perturbations. In analogy to this,
we can define the transfer function:

T̂ 2

b

(k) =
P
bb

(k, z ⇠ 0)

P
bb

(k, z = 1100)
. (3)

T̂ 2

b

(k) describes how the baryon perturbations evolve
from z = 1100 to z ⇠ 0. We use the hat here indi-
cate the di↵erent normalization from the typical transfer
function used in cosmology.

Any theory for dark matter must adequately explain
both the shape and normalization of T̂ 2

b

(k). Our transfer
function can be exactly represented with measurable data
and does not rely on any assumptions about underlying
theories, outside of the small-scale physics described be-
low. It is also possible to find the theoretical solutions for
any dark matter or modified gravity theories. In this pa-
per, we will focus solely on the shape of T̂ 2

b

(k) – a more

1 https://spherex.caltech.edu/

precise analysis is required to use the normalization as
well.
As a way of building intuition, we will also consider

the Fourier pair of the transfer function – the Green’s
function:

Ĝ
b

(r) = G
0

Z
dk

k2

2⇡2

T̂
b

(k)j
0

(kr) , (4)

where j
0

(x) is a Spherical Bessel function of the first
kind and G

0

is a normalization term that we arbitrarily
set such that Ĝ(r = r

min

) = 1. Here r
min

is the minimum
physical radius resolvable from the data. This functions
shows, in real space, the inherent acceleration response
of the modified gravity.

The Baryon Power Spectrum at z ⇠ 0

The baryons at low redshift and large scales (&
10 Mpc) are well-traced by galaxies. Thus, we can take
the 3D power spectrum of galaxies as the baryon power
spectrum. This is given by:

P
bb

(k, z ⇠ 0) = b2
bg

P
gg

(k, z ⇠ 0) , (5)

where b
bg

is the bias of baryons relative to galaxies and
P
gg

is the 3D galaxy-galaxy power spectrum.
In reality, the galaxies are a biased tracer of the

baryons. Most of the baryonic mass in the universe is
in gas [29]. However, we expect that for k < 0.1 Mpc�1

the bias, b
bg

, approaches some constant value. This is
seen in numerical simulations [e.g., 30] and violating this
would require moving baryons large distances. Thus, the
galaxy-galaxy power spectrum should be a good measure
of the shape of the baryonic power spectrum at these
large scales.
We use the data from Ref. [31] for the galaxy-galaxy

power spectrum at low-z. Ref. [31] measures the BAO
signal from galaxies from z = 0.2� 0.75 using the Sloan
Digital Sky Survey-III [SDSS-III; 32] Baryon Oscillation
Spectroscopic Survey (BOSS) DR12 data set [33, 34].
As part of this measurement, they also calculate the 3D
galaxy-galaxy power spectrum in 3 di↵erent redshift bins.
We use the lowest redshift bin, z = 0.2 � 0.5, which has
an e↵ective redshift of z = 0.38. This is measured from
k = 0.016� 0.15 h Mpc�1. We use their fiducial value of
h = 0.676 to transform to physical units.

The Baryon Power Spectrum at z ⇠ 1100

The polarization of the CMB can be related to the
velocity of the baryons as [36]:

�
p

(n̂, ~x) = Q(n̂) + iU(n̂) ⇡ 0.17�⌧⇤m̂
im̂⇤j@

i

v
j

(6)

where �
p

is the polarization fluctuation, Q and U are
Stokes parameters, n̂ is the direction of observation (i.e.
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this with our current data and so we try a few di↵erent
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) = 0 (solid, black line); 2)
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) = T 2(k
max

) (dotted, black line). These
assumptions mostly change the height and phase of the
secondary peaks in the Green’s function.

Regardless of the assumptions at high-k, the Green’s
function changes sign near the BAO scale. The Green’s
function shows the response a modified gravity theory of
dark matter must have in order to explain the evolution
of baryons on large scales. Thus, any alternative gravity
theory would need to: 1) contain this scale to suppress
the BAO features over time – changing them from dom-
inant at z ⇠ 1100 to very low amplitude at z ⇠ 0.4; and
2) have an acceleration law that changes sign around this
scale.
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FIG. 3. Green’s function for the baryon-only transfer function
in Figure 2. The shape at small scales depends on the assumed
shape of the transfer functions at k & 0.1 Mpc�1. The solid,
black line shows the results when we set the values in this
range to 0. The dotted, black line gives the results if we set
T 2(k > k

max

) = T 2(k = k
max

). The errors are dominated by
the extrapolation choice, thus we exclude the statistical error
bars.

CONCLUSIONS

Cosmological observations place strong constraints on
the form of any modification to General Relativity. In the
absence of dark matter, the modified theory must explain
how density fluctuations grow from the electron velocity
field traced by the CMB polarization at z = 1100 to the
galaxy density field seen in the local universe. In this
paper, we show that any theory that depends linearly on
the density field must have the peculiar Green’s function
shown in Figure 3.

Modified Newtonian dynamics (MOND) [43] and emer-
gent gravity (EG) [44] both predict that gravity behaves

as predicted by GR at early times and deviates from GR
at weak acceleration (MOND) or when dark energy plays
an important role (EG). If they are similar to GR at early
times, they would both seem to predict significant devi-
ations from the CMB fluctuation spectrum as they do
not contain any dark matter. Neither of these theories
have cosmologies associated with them, so it is di�cult
to definitively apply any cosmological test. If we try to
compare them to the constraints on the growth rate of
structure discussed in this paper, their Newtonian forms
at large scales do not seem promising. The accelerations
from point sources in both theories scale as ⇠ 1/R and
this form is often evoked on cosmological scales [45, 46].
This would then predict a power-law Green’s function:
nothing like what is needed to fit the cosmological obser-
vations. In particular, neither predict a special scale at
the BAO scale or oscillating acceleration signature. Per-
haps, mode-mixing at early times could allow for this to
be remedied [24]; however, it is unclear how this could
occur while still leading to the 1/R force law and not
defying primordial non-Gaussianity constraints.

Perhaps it is possible to use the Green’s function of
the form found above to find a modified gravity theory
that can fit cosmological constraints and all other GR
tests. However, given the extreme form of the function,
it is not clear that this is possible – in particular, the sign
changes would induce quite extreme dynamics within the
local volume. CDM remains the simplest explanation for
the growth of structure.
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MOND,  emergent gravity:   1/r force from point sources. 
This would give power-law Green’s functions. 
They do not predict a special scale close to BAO scale nor oscillations.
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perturbations from early to late times.

The matter power spectrum depends on the transfer
function as: P (k) / P

�

(k)T 2(k), where P
�

is the pri-
mordial spectrum of perturbations. In analogy to this,
we can define the transfer function:

T̂ 2

b

(k) =
P
bb

(k, z ⇠ 0)

P
bb

(k, z = 1100)
. (3)

T̂ 2

b

(k) describes how the baryon perturbations evolve
from z = 1100 to z ⇠ 0. We use the hat here indi-
cate the di↵erent normalization from the typical transfer
function used in cosmology.
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b

(k). Our transfer
function can be exactly represented with measurable data
and does not rely on any assumptions about underlying
theories, outside of the small-scale physics described be-
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b

(k) – a more

1 https://spherex.caltech.edu/

precise analysis is required to use the normalization as
well.
As a way of building intuition, we will also consider

the Fourier pair of the transfer function – the Green’s
function:

Ĝ
b

(r) = G
0

Z
dk

k2

2⇡2

T̂
b

(k)j
0

(kr) , (4)

where j
0

(x) is a Spherical Bessel function of the first
kind and G

0

is a normalization term that we arbitrarily
set such that Ĝ(r = r

min

) = 1. Here r
min

is the minimum
physical radius resolvable from the data. This functions
shows, in real space, the inherent acceleration response
of the modified gravity.

The Baryon Power Spectrum at z ⇠ 0

The baryons at low redshift and large scales (&
10 Mpc) are well-traced by galaxies. Thus, we can take
the 3D power spectrum of galaxies as the baryon power
spectrum. This is given by:

P
bb

(k, z ⇠ 0) = b2
bg

P
gg

(k, z ⇠ 0) , (5)

where b
bg

is the bias of baryons relative to galaxies and
P
gg

is the 3D galaxy-galaxy power spectrum.
In reality, the galaxies are a biased tracer of the

baryons. Most of the baryonic mass in the universe is
in gas [29]. However, we expect that for k < 0.1 Mpc�1

the bias, b
bg

, approaches some constant value. This is
seen in numerical simulations [e.g., 30] and violating this
would require moving baryons large distances. Thus, the
galaxy-galaxy power spectrum should be a good measure
of the shape of the baryonic power spectrum at these
large scales.
We use the data from Ref. [31] for the galaxy-galaxy

power spectrum at low-z. Ref. [31] measures the BAO
signal from galaxies from z = 0.2� 0.75 using the Sloan
Digital Sky Survey-III [SDSS-III; 32] Baryon Oscillation
Spectroscopic Survey (BOSS) DR12 data set [33, 34].
As part of this measurement, they also calculate the 3D
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We use the lowest redshift bin, z = 0.2 � 0.5, which has
an e↵ective redshift of z = 0.38. This is measured from
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The Baryon Power Spectrum at z ⇠ 1100

The polarization of the CMB can be related to the
velocity of the baryons as [36]:

�
p

(n̂, ~x) = Q(n̂) + iU(n̂) ⇡ 0.17�⌧⇤m̂
im̂⇤j@

i

v
j

(6)

where �
p

is the polarization fluctuation, Q and U are
Stokes parameters, n̂ is the direction of observation (i.e.

galaxy power spectrum

baryon power spectrum

approximation: constant bias
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the critical, both in open universes as well as in spatially
flat models with a nonvanishing cosmological constant,
with scale-invariant scalar fluctuations as the source of
the anisotropy. Section VI rounds up the conclusions.

II. ANALYTIC APPROACH

A. Tight coupling approximation

The Boltzmann equations for the photon distribution
function in realistic cold dark matter cosmological mod-
els with energy-density linear fluctuations have been nu-
merically solved, and the predictions for the CMB tem-
perature correlation function on all angular scales have
been analyzed in great detail [9,21,11]. The Boltzmann
code was also used to study the dependence of the mi-
crowave background anisotropies upon various cosmolog-
ical parameters [22]. Notwithstanding the thoroughness
of these numerical studies, it is very useful to have some
analytic approximation to the exact solution, to gain
even further insight into the nature and origin of the
CMB anisotropies. Some analytic methods and approxi-
mations to compute with reasonable accuracy the CMB
anisotropies on all angular scales were recently developed
[20,23,24], improving upon the original work of Sachs and
Wolfe [25].
Here we extend to the polarized case the analytic ap-

proach that Hu and Sugiyama introduced to compute
CMB anisotropies [20]. The method is in turn an ex-
tension of the standard tight coupling analysis [26,27]
to include realistic time-dependent gravitational poten-
tials, described in a gauge-invariant formalism [28—30].
It is based upon an expansion of the CMB temperature
fluctuation in inverse powers of the differential optical
depth. In the tight coupling regime, when the eKective-
ness of Thomson scattering of CMB photons with free
electrons makes the differential optical depth high, a per-
turbative expansion to first order constitutes a very good
approximation to the exact result. While photons and

1

A(n, k) = ) (2l + 1)AiP((p, ) (2 1)

with Pj the Legendre polynomials and p, :—cos 8 = k n/k
[32].
In a spatially flat Robertson-Walker metric with linear

density fluctuations described by gauge-invariant poten-
tials 4, 4, and after angular integration of the collisional
term of the Boltzmann equations [3], made easier by the
axial symmetry, the evolution equations for the Fourier
mode of wave vector k of the gauge-invariant tempera-
ture fluctuation and polarization read [20,11,33]

baryons are tightly coupled, all higher multipoles of the
temperature fluctuation can be evaluated in terms of the
monopole, which in turn obeys the equation of a forced
and damped oscillator [20]. We will see now how to in-
clude the polarization dependence of Thomson scattering
into this formalism.
The CMB gauge-invariant temperature fluctuation for

a given direction of observation, described in terms of
polar angles 8, P, is the relative temperature ffuctuation
around the incan evaluated in the shear-free (Newtonian)
gauge: AT (0, P) = AT(9, P)/T. We compute first the
temperature fluctuations induced by only one Fourier
mode of the scalar fluctuations in the gravitational po-
tential, with wave vector k. Then it is convenient to use a
reference frame such that z

~~ k, since there is axial sym-
metry around the direction of k. The degree of linear
polarization A~ is defined in terms of the Stokes param-
eters Q and U [3] of the CMB radiation. We choose
the two orthogonal directions into which the intensity is
projected to define the Stokes parameters as 0 and P of
spherical coordinates. The advantage is that, in this ba-
sis, U = 0, and the only nonvanishing Stokes parameter
is Q = Is —I~/Is + I~ = Ay [31].
Given the axial symmetry around the direction of

k
~~ z, the multipole expansion of either the tempera-

ture fluctuation or the polarization in a given direction
of observation n can be written as

AT' + Zkp(6& + 0 ) = O —K(L LT —ATp —pVb —2 P2(p) [ET2 + +P2 +Pp] )

b I +ikpAp = —ic(kg+. 2[1—P2(p)][AT2+ AJ 2 —Ay p]), (2 2)

where an overdot means derivative with respect to the conformal time w = 1'dtap/a, with a(t) the scale factor of
the spatially flat Robertson-Walker metric, and ap ——a(tp) its value at present time. We shall write in this work
the present value of the Hubble coefficient as Hp ——h100 kms Mpc . ic = x,n, oTa/ap is the differential optical
depth for Thomson scattering, with x, the fraction of ionized electrons with number density n„and o.T the Thomson
scattering cross section. Vb is the velocity of the baryons. C, 4 are the Fourier modes of the gravitational potentials
[28,30].
The equation of motion for the baryons reads

a K
Vb = ——V, —ik4 + —(34» —Vb)a R (2.3)

where R—:3pb/4p~, the ratio between baryonic and radiation densitites.
Equations (2.2) can be formally integrated

CMB polarization             electron velocities             baryon density power spectrum

Expand photons temperature and polarization fluctuations over multipoles:

n:  direction of the photon propagation (direction to the sky) k:  wave number of the temperature field

Evolution eqs.:
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Eq. of motion of the baryons:
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differential optical depth
the photon dipole pushes the electrons 

(Thomson scattering), hence the baryons 
(electrons and protons tightly coupled by 

Coulomb scattering) 
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Tp
ik P, (T—Tp ) —]C(rp, T)

X(K(ATO + @+ PVb + 2P2(P)[AT2 + AP2 APO]) C + @)
Tp

Ap = — dwe'"" ' ice " ' 2[1—P2(p)][A T2+ EP2 —Apo],
0

(2.4)

where

K Vp)7 (2.5)

tribution being isotropic, Thomson scattering does not
polarize the CMB.
Now we expand Eqs. (2.6) to first order in vc = K

and get

+T DTO /LVb —2 P2 (P) (AT2 + +P2 —+Po)
= —v~[KT +ikP, (AT + 4) + I],

+p + —,
' [1—P2(V)] [&T2 + &P2 —&po]

= —~(EP + 'kpAP)

dM,Ti —Vb = w~R o —(O,Vb) + ik@d7 (2.6)

and expand all quantities of interest in powers of w~ =ic, the conformal time between Compton (or Thomson)
scatterings, assumed large for the tight coupling to be a
sensible approximation.
In the strict tight coupling limit, that is, to order zero

in w~ ——v, the solutions to these equations read

is the optical depth to photons emitted at conformal time
The combination ve " is called the conformal time

visibility function. It is the probability that photons last
scattered within d7 of 7 . For standard recombination this
function has a sharp peak at the conformal time of de-
coupling ~i2 [34]. Thus, the integral for Ap in Eq. (2.4)
is dominated by the value of the integrand around decou-
pling. In other words, for standard recombination histo-
ries, with no reionization, the polarization of the CMB
we observe today was produced just before decoupling.
In order to approximately solve the integral for LP in

Eq. (2.4), we need to know the value of the combina-
tion Sp = [kpo —AT2 —Ap2] around decoupling. We
can evaluate the erst multipoles of the CMB tempera-
ture fluctuations and polarization before decoupling in
the tight coupling approximation [20], i.e., by a pertur-
bative expansion in inverse powers of the difFerential op-
tical depth K, which is high before decoupling. In order
to perform this perturbative expansion we erst rewrite
the evolution equations (2.2) in the forin

&Ti =
&TI, =

= 15+PO = 4+T2
—(ATO+ 4),
LP) ——0 if l &3,

+» = i5 ik~~LT i

(2.8)Pi ——0.

R k2
&To+ R&TO+ R &To1+R 3 1+R

R k2C
1+B 3

. (2 9)

The solution to this equation, for a given cosmological
model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.

B. Polarization

Here we evaluate the integral for the polarization LP
in Eq. (2.4), which can be rewritten as

These equations also have a simple interpretation.
The polarization of the CMB is proportional to the
quadrupole of the photon distribution function (a dipole
does not induce polarization). The quadrupole in the
temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
coupling approximation is actually valid when kw~ (( 1,
i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
monopole, through the relation ikATi ———(ATo + 4).
The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:

LTi ———Vb, LT) ——0 if / & 2,
LP ——0

(2.7)

The interpretation of these formulas is very simple. In
the lowest order approximation the photons and baryons
are so strongly coupled that the photon distribution is
isotropic in the baryon's rest frame. The photon dis-

Tp

b, p = —(1—p') d~e'""~ 'lice "~ ' ~S, (2.10)4

where we have de6ned

(2.11)~P = +PO +T2 +P2 ~

Because the visibility function ke "t " ) is strongly

Integral form:
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Eq. (2.4), we need to know the value of the combina-
tion Sp = [kpo —AT2 —Ap2] around decoupling. We
can evaluate the erst multipoles of the CMB tempera-
ture fluctuations and polarization before decoupling in
the tight coupling approximation [20], i.e., by a pertur-
bative expansion in inverse powers of the difFerential op-
tical depth K, which is high before decoupling. In order
to perform this perturbative expansion we erst rewrite
the evolution equations (2.2) in the forin
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The solution to this equation, for a given cosmological
model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.

B. Polarization

Here we evaluate the integral for the polarization LP
in Eq. (2.4), which can be rewritten as

These equations also have a simple interpretation.
The polarization of the CMB is proportional to the
quadrupole of the photon distribution function (a dipole
does not induce polarization). The quadrupole in the
temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
coupling approximation is actually valid when kw~ (( 1,
i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
monopole, through the relation ikATi ———(ATo + 4).
The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:

LTi ———Vb, LT) ——0 if / & 2,
LP ——0

(2.7)

The interpretation of these formulas is very simple. In
the lowest order approximation the photons and baryons
are so strongly coupled that the photon distribution is
isotropic in the baryon's rest frame. The photon dis-
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model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.
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model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
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IV the solution of Eq. (2.9) for a specific, realistic cos-
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The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:

LTi ———Vb, LT) ——0 if / & 2,
LP ——0

(2.7)

The interpretation of these formulas is very simple. In
the lowest order approximation the photons and baryons
are so strongly coupled that the photon distribution is
isotropic in the baryon's rest frame. The photon dis-

Tp

b, p = —(1—p') d~e'""~ 'lice "~ ' ~S, (2.10)4

where we have de6ned

(2.11)~P = +PO +T2 +P2 ~

Because the visibility function ke "t " ) is strongly

3278 MATIAS ZALDARRIAGA AND DIEGO D. HARARI 52

Tp
ik P, (T—Tp ) —]C(rp, T)

X(K(ATO + @+ PVb + 2P2(P)[AT2 + AP2 APO]) C + @)
Tp

Ap = — dwe'"" ' ice " ' 2[1—P2(p)][A T2+ EP2 —Apo],
0

(2.4)

where

K Vp)7 (2.5)

tribution being isotropic, Thomson scattering does not
polarize the CMB.
Now we expand Eqs. (2.6) to first order in vc = K

and get

+T DTO /LVb —2 P2 (P) (AT2 + +P2 —+Po)
= —v~[KT +ikP, (AT + 4) + I],

+p + —,
' [1—P2(V)] [&T2 + &P2 —&po]

= —~(EP + 'kpAP)

dM,Ti —Vb = w~R o —(O,Vb) + ik@d7 (2.6)

and expand all quantities of interest in powers of w~ =ic, the conformal time between Compton (or Thomson)
scatterings, assumed large for the tight coupling to be a
sensible approximation.
In the strict tight coupling limit, that is, to order zero

in w~ ——v, the solutions to these equations read

is the optical depth to photons emitted at conformal time
The combination ve " is called the conformal time

visibility function. It is the probability that photons last
scattered within d7 of 7 . For standard recombination this
function has a sharp peak at the conformal time of de-
coupling ~i2 [34]. Thus, the integral for Ap in Eq. (2.4)
is dominated by the value of the integrand around decou-
pling. In other words, for standard recombination histo-
ries, with no reionization, the polarization of the CMB
we observe today was produced just before decoupling.
In order to approximately solve the integral for LP in

Eq. (2.4), we need to know the value of the combina-
tion Sp = [kpo —AT2 —Ap2] around decoupling. We
can evaluate the erst multipoles of the CMB tempera-
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The solution to this equation, for a given cosmological
model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.

B. Polarization

Here we evaluate the integral for the polarization LP
in Eq. (2.4), which can be rewritten as

These equations also have a simple interpretation.
The polarization of the CMB is proportional to the
quadrupole of the photon distribution function (a dipole
does not induce polarization). The quadrupole in the
temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
coupling approximation is actually valid when kw~ (( 1,
i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
monopole, through the relation ikATi ———(ATo + 4).
The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:
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The interpretation of these formulas is very simple. In
the lowest order approximation the photons and baryons
are so strongly coupled that the photon distribution is
isotropic in the baryon's rest frame. The photon dis-
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we observe today was produced just before decoupling.
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can evaluate the erst multipoles of the CMB tempera-
ture fluctuations and polarization before decoupling in
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tical depth K, which is high before decoupling. In order
to perform this perturbative expansion we erst rewrite
the evolution equations (2.2) in the forin

&Ti =
&TI, =

= 15+PO = 4+T2
—(ATO+ 4),
LP) ——0 if l &3,

+» = i5 ik~~LT i

(2.8)Pi ——0.

R k2
&To+ R&TO+ R &To1+R 3 1+R

R k2C
1+B 3

. (2 9)

The solution to this equation, for a given cosmological
model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.

B. Polarization

Here we evaluate the integral for the polarization LP
in Eq. (2.4), which can be rewritten as

These equations also have a simple interpretation.
The polarization of the CMB is proportional to the
quadrupole of the photon distribution function (a dipole
does not induce polarization). The quadrupole in the
temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
coupling approximation is actually valid when kw~ (( 1,
i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
monopole, through the relation ikATi ———(ATo + 4).
The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:
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model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.
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quadrupole of the photon distribution function (a dipole
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temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
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i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
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the equation of a forced and damped oscillator [20]:

LTi ———Vb, LT) ——0 if / & 2,
LP ——0

(2.7)

The interpretation of these formulas is very simple. In
the lowest order approximation the photons and baryons
are so strongly coupled that the photon distribution is
isotropic in the baryon's rest frame. The photon dis-

Tp

b, p = —(1—p') d~e'""~ 'lice "~ ' ~S, (2.10)4

where we have de6ned

(2.11)~P = +PO +T2 +P2 ~

Because the visibility function ke "t " ) is strongly

3278 MATIAS ZALDARRIAGA AND DIEGO D. HARARI 52

Tp
ik P, (T—Tp ) —]C(rp, T)

X(K(ATO + @+ PVb + 2P2(P)[AT2 + AP2 APO]) C + @)
Tp

Ap = — dwe'"" ' ice " ' 2[1—P2(p)][A T2+ EP2 —Apo],
0

(2.4)

where

K Vp)7 (2.5)

tribution being isotropic, Thomson scattering does not
polarize the CMB.
Now we expand Eqs. (2.6) to first order in vc = K

and get

+T DTO /LVb —2 P2 (P) (AT2 + +P2 —+Po)
= —v~[KT +ikP, (AT + 4) + I],

+p + —,
' [1—P2(V)] [&T2 + &P2 —&po]

= —~(EP + 'kpAP)

dM,Ti —Vb = w~R o —(O,Vb) + ik@d7 (2.6)

and expand all quantities of interest in powers of w~ =ic, the conformal time between Compton (or Thomson)
scatterings, assumed large for the tight coupling to be a
sensible approximation.
In the strict tight coupling limit, that is, to order zero

in w~ ——v, the solutions to these equations read

is the optical depth to photons emitted at conformal time
The combination ve " is called the conformal time

visibility function. It is the probability that photons last
scattered within d7 of 7 . For standard recombination this
function has a sharp peak at the conformal time of de-
coupling ~i2 [34]. Thus, the integral for Ap in Eq. (2.4)
is dominated by the value of the integrand around decou-
pling. In other words, for standard recombination histo-
ries, with no reionization, the polarization of the CMB
we observe today was produced just before decoupling.
In order to approximately solve the integral for LP in

Eq. (2.4), we need to know the value of the combina-
tion Sp = [kpo —AT2 —Ap2] around decoupling. We
can evaluate the erst multipoles of the CMB tempera-
ture fluctuations and polarization before decoupling in
the tight coupling approximation [20], i.e., by a pertur-
bative expansion in inverse powers of the difFerential op-
tical depth K, which is high before decoupling. In order
to perform this perturbative expansion we erst rewrite
the evolution equations (2.2) in the forin

&Ti =
&TI, =

= 15+PO = 4+T2
—(ATO+ 4),
LP) ——0 if l &3,

+» = i5 ik~~LT i

(2.8)Pi ——0.

R k2
&To+ R&TO+ R &To1+R 3 1+R

R k2C
1+B 3

. (2 9)

The solution to this equation, for a given cosmological
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[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
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sensible approximation.
In the strict tight coupling limit, that is, to order zero
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coupling ~i2 [34]. Thus, the integral for Ap in Eq. (2.4)
is dominated by the value of the integrand around decou-
pling. In other words, for standard recombination histo-
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we observe today was produced just before decoupling.
In order to approximately solve the integral for LP in

Eq. (2.4), we need to know the value of the combina-
tion Sp = [kpo —AT2 —Ap2] around decoupling. We
can evaluate the erst multipoles of the CMB tempera-
ture fluctuations and polarization before decoupling in
the tight coupling approximation [20], i.e., by a pertur-
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tical depth K, which is high before decoupling. In order
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The solution to this equation, for a given cosmological
model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.

B. Polarization

Here we evaluate the integral for the polarization LP
in Eq. (2.4), which can be rewritten as

These equations also have a simple interpretation.
The polarization of the CMB is proportional to the
quadrupole of the photon distribution function (a dipole
does not induce polarization). The quadrupole in the
temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
coupling approximation is actually valid when kw~ (( 1,
i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
monopole, through the relation ikATi ———(ATo + 4).
The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:
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Fig. 6 .9 (a) Isotropy implies t hat the Thomson scattering does not generate any polarization. 
The polarization amplitude of the waves propagating in the d irections x and yare equal. The 
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(c) Case of a quadrupole anisotropy: the outgoing wave has a polarization along y , inherited 
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6.3.3. 8 Temperature and polarization hierarchy 
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as 

. . (h 
n'oi --+ in' ki = iy 3 kYlO( n). 

This term will multiply the angular dependence of the temperature and the polar-
ization. This introduces terms of the form YlOY£m and YlO±2Yfm that are expressed 
as 

{hy y; sKe y; _ ms y; Y3 las fm= )(2£+1)(2£- 1)S f-1m £(£+ l) S fm 

m + s Ki+l y; 
)(2£ + 1)(2£ + 3) s i+lm, 

(6.222) 

wit h 

(6.223) 

Peter & Uzan



3278 MATIAS ZALDARRIAGA AND DIEGO D. HARARI 52

Tp
ik P, (T—Tp ) —]C(rp, T)

X(K(ATO + @+ PVb + 2P2(P)[AT2 + AP2 APO]) C + @)
Tp

Ap = — dwe'"" ' ice " ' 2[1—P2(p)][A T2+ EP2 —Apo],
0

(2.4)

where

K Vp)7 (2.5)

tribution being isotropic, Thomson scattering does not
polarize the CMB.
Now we expand Eqs. (2.6) to first order in vc = K

and get

+T DTO /LVb —2 P2 (P) (AT2 + +P2 —+Po)
= —v~[KT +ikP, (AT + 4) + I],

+p + —,
' [1—P2(V)] [&T2 + &P2 —&po]

= —~(EP + 'kpAP)

dM,Ti —Vb = w~R o —(O,Vb) + ik@d7 (2.6)

and expand all quantities of interest in powers of w~ =ic, the conformal time between Compton (or Thomson)
scatterings, assumed large for the tight coupling to be a
sensible approximation.
In the strict tight coupling limit, that is, to order zero

in w~ ——v, the solutions to these equations read

is the optical depth to photons emitted at conformal time
The combination ve " is called the conformal time

visibility function. It is the probability that photons last
scattered within d7 of 7 . For standard recombination this
function has a sharp peak at the conformal time of de-
coupling ~i2 [34]. Thus, the integral for Ap in Eq. (2.4)
is dominated by the value of the integrand around decou-
pling. In other words, for standard recombination histo-
ries, with no reionization, the polarization of the CMB
we observe today was produced just before decoupling.
In order to approximately solve the integral for LP in

Eq. (2.4), we need to know the value of the combina-
tion Sp = [kpo —AT2 —Ap2] around decoupling. We
can evaluate the erst multipoles of the CMB tempera-
ture fluctuations and polarization before decoupling in
the tight coupling approximation [20], i.e., by a pertur-
bative expansion in inverse powers of the difFerential op-
tical depth K, which is high before decoupling. In order
to perform this perturbative expansion we erst rewrite
the evolution equations (2.2) in the forin

&Ti =
&TI, =

= 15+PO = 4+T2
—(ATO+ 4),
LP) ——0 if l &3,

+» = i5 ik~~LT i

(2.8)Pi ——0.

R k2
&To+ R&TO+ R &To1+R 3 1+R

R k2C
1+B 3

. (2 9)
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model, explains the properties of the CMB anisotropies
[20], and will also determine its polarization properties,
as we show in the next subsection. We postpone to Sec.
IV the solution of Eq. (2.9) for a specific, realistic cos-
mological model, and the analysis of its most significant
features, such as Doppler peaks, etc.

B. Polarization
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in Eq. (2.4), which can be rewritten as

These equations also have a simple interpretation.
The polarization of the CMB is proportional to the
quadrupole of the photon distribution function (a dipole
does not induce polarization). The quadrupole in the
temperature fluctuation, in its turn, is produced by the
"free streaming" of the dipole between collisions. We
see this from the relation LT2 oc k~~L~i. The tight
coupling approximation is actually valid when kw~ (( 1,
i.e. , for wavelengths much larger than the photon mean
free path. The dipole in the temperature fluctuation
can be derived from the gravitational potential and the
monopole, through the relation ikATi ———(ATo + 4).
The monopole itself obeys, in the tight coupling limit,
the equation of a forced and damped oscillator [20]:
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Substitute into the integral form. Use that the visibility function is strongly peaked 
around the time of decoupling,
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peaked around the time of decoupling, 7~, to calculate
the polarization today it is only necessary to know S~
near decoupling. Right before decoupling, and to first
order in the tight coupling expansion, valid for scales
such that kw~ && 1, S~ can be approximated, using Eqs.
(2.8), as

4.Sp = —xk~~LT g3 (2.12)

But since 7~ ——K grows very fast during recombina-
tion, we need to know the time dependence of SJ around
decoupling with better approximation than this. From
(2.2) we find that Sp satisfies the equation

SP + ip KSP —&k[5+Tl + 5 (+T3 + +P3 +Pl)]
(2.13)

During recombination we can approximate the right-
hand side of this equation by its tight coupling expansion
to erst order, and thus keep just LTi, as given by Eq.
(2.8). In this case the approximate solution for Sp is

T

Sp(T) = sik dT'bT ie
0

(2.14)

dx ——..SP(T) = sikdLTi(TD)bTDe " " —e
i X

(2.15)

where we have changed the integration variable &om ~'
to x = K(Tp, T)/K(Tp T ). Now, neglecting also the time
variation of e'"l"~ '~ during recombination, we get

4 (1 P )e sikh@'1 (TD) +TD
OO OO

x dKe 1o" —e
0 1 X

= (1—P )e*"" D ' 0 51ikaT i(TD)ATD.

(1 2) 'Ekgk(T~ —O)P(k)7 (2.16)

We now replace this in the integrand of Eq. (2.10)
for L~. The integral is dominated by the contribu-
tion around decoupling, since the visibility function is
strongly peaked around 7D, the conformal time of de-
coupling. The conformal time visibility function is well
approximated by a Gaussian, of width STD [35,34]. This
means that photons were able to travel a distance of
order Leo between their last two scatterings. This is
the time the quadrupole had to grow, and thus the 6nal
polarization should be proportional to kL&~LTi. To
see that this is indeed the case, we perform the inte-
grals leading to Sp(T) around decoupling and to Ap un-
der the following approximations, analogous to those in
Refs. [16,13]. We first approximate K(Tp, T)
which is justified by the Gaussian nature of the visi-
bility function during recombination. Notice also that
K(T, T ) = K(Tp T ) —K(Tp, T). We also neglect the time
variation of Arq during the decoupling transition. Then
we can write, for v around decoupling,

We here defined, for shortness and later reference, the
quantity P(k). Expression (2.16) is one of our main an-
alytic results. It gives, for standard recombination his-
tories, the polarization induced upon the CMB by one
Fourier mode of wave vector k of the linear density fluc-
tuations, in terms of the value of the dipole in the total
temperature fluctuation at the time of decoupling. It
is proportional to the width of the last scattering sur-
face LTD because it is actually the quadrupole in the
temperature fluctuation during the last few scatterings
that induces the polarization, and the quadrupole itself
is proportional to the dipole times the width of the last
scattering surface.
Expression (2.16) is strictly valid only for scales such

that kLTD « 1, since we took the exponential out of the
integral and simply evaluated it at w = ~D. For scales
such that kL&D && 1, the oscillations in the integrand
produce a cancellation. In other words, the 6nite thick-
ness of the last scattering surface damps the final polar-
ization on these scales. The degree of polarization is thus
largest for modes of wavelength comparable to L&D.
In the long wavelength limit, the expression (2.16) re-

duces to our previous analytic estimate of the polariza-
tion on large angular scales [13], based on the method
developed by Polnarev [16], once the dependence of Az i
with the gravitational potentials is replaced.
The polarization properties of the CMB are very sen-

sitive to the details of the ionization history, and could
very well serve to trace it back [5,36]. The proportion-
ality in AvD in our solution is a hint of this. In a sce-
nario with an appreciable reionization, the polarization
would increase, because the quadrupole of the tempera-
ture anisotropy in the electron's rest frame, which is the
source of polarization, would be greatly enhanced.
A very important conclusion that can be drawn from

Eq. (2.16) is that one can determine the value of the
dipole of the temperature fluctuations at recombina-
tion measuring the present polarization properties of the
CMB radiation, at least if there was no reionization af-
ter recombination. This is a very interesting perspective,
since it could also serve, for instance, to test alterna-
tive evolutions after recombination. The value of the
dipole at recombination, AT i(TD), can be derived from
the monopole and the gravitational potentials using Eq.
(2.8), and the monopole itself solving Eq. (2.9), in the
tight coupling approximation. The oscillatory behavior
of LT corresponds to the so-called Doppler peaks. In
the case of adiabatic density fluctuations, the monopole
turns out to be proportional to cos p with p = k Jp dTc„
where c, = [3(1 + R)] i~2 is the photon-baryon Ruid
sound speed, while the dipole is proportional to sing
[20]. Thus, in the case of adiabatic perturbations the
peaks in the polarization L~ are located at wave vectors
such that p(TD) = (m + z)n with m an integer. For
models with low Og where c, const ~, the peaks
are at '~~ ——(m, + z)m. In the case of isocurvature per-~3
turbations the monopole is proportional to sin P, and the
peaks in the polarization are instead at P(TD) = mm. A
test that the relative locations of the peaks in LT and
L~ verify these relations may serve as a test if the re-
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
cles) and z = 1100 (open-circles). The low-redshift power
spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.

into the sky), �⌧⇤ is the width of the last scattering sur-
face, m̂ is a 2D unit vector on the plane of the sky, m̂⇤

is its complex conjugate, and v is the baryon velocity on
the sky2.

As an example to gain more intuition, let m̂ = x̂ + iŷ
and consider n̂ = ẑ. Then:
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In other words, Q / r · v and U / r ⇥ v. Note that
the velocity due to density perturbations is irrotational,
which implies that U = 0. However, this is only for one
particular direction (along the ẑ-axis). In general, we
must consider all directions on the sky and there will be
both Q and U polarization.

Now consider the small-angle approximation. Here we
specify that all wavevectors, ~k, are close to our n̂. In
Fourier space, this gives the equation:

�
p

(n̂,~k) ⇡ 0.17�⌧⇤ikvb , (8)

where k = |~k|. Then, the polarization power spectrum
on small scales is:
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2 Note that the dipole moment of the CMB temperature gives us
the final, radial component of the velocity, vr.

Typically, polarization results are reported using E
and B-modes, which are just a rotation of the Q-U basis.
This basis is specifically chosen such that there are no
B-modes on small scales in the early Universe – instead
all of the polarization is given by E-modes. Thus, the
polarization power spectrum is just the E-mode power
spectrum3:

P
EE
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2k2v2

b

(k) . (10)

Now we must connect this equation to the baryon density
power spectrum.
Prior to recombination, the baryons and photons can

be treated as a single fluid. In a universe with no DM,
the behavior is simple inside the horizon:
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(conformal time) and c
s

is the sound speed.
In ⇤CDM, there would be an additional forcing term on
the right-hand side, �3�̇, where � is the cold dark matter
potential.
For adiabatic initial conditions, this admits the solu-

tion:
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is the sound horizon:
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The density can be related to the velocity via the continu-
ity equation. At small scales, we can ignore any changes
in the potential and simply treat the baryon-photon fluid
as a normal Newtonian fluid. Then the continuity equa-
tion in Fourier space is:
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This gives:
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From Equation 10, we have:
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(k) ⇡ (0.17�⌧⇤)
2c2

s

k2|A(k)|2 sin2(kr
s

) (16)

We can find A(k) using the observed EE power spec-
trum and then use Equation 12 to find the density power
spectrum. Note that velocity overshoot may shift the
peak positions here, but will not change the overall shape
of the power spectrum. There is also a small e↵ect

3 There is an extra term related to fixing the basis for the E-B
decomposition. However, this should be ⇠ 1 under the small-
angle approximation.
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We can find A(k) using the observed EE power spec-
trum and then use Equation 12 to find the density power
spectrum. Note that velocity overshoot may shift the
peak positions here, but will not change the overall shape
of the power spectrum. There is also a small e↵ect

3 There is an extra term related to fixing the basis for the E-B
decomposition. However, this should be ⇠ 1 under the small-
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Thus, we obtain the baryon velocity power spectrum from the polarization power spectrum.
This is only kinematics (and scatterings), no dependence on gravity nor on DM !

We now need to relate the velocity power spectrum to the density power spectrum.
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
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spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
cles) and z = 1100 (open-circles). The low-redshift power
spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.
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are arbitrarily normalized.
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spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.
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Q(n̂)+iU(n̂) ⇡ 0.17�⌧⇤ [(@xvx + @
y

v
y

) + i(@
x

v
y

� @
y

v
x

)] .
(7)

In other words, Q / r · v and U / r ⇥ v. Note that
the velocity due to density perturbations is irrotational,
which implies that U = 0. However, this is only for one
particular direction (along the ẑ-axis). In general, we
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are arbitrarily normalized.

into the sky), �⌧⇤ is the width of the last scattering sur-
face, m̂ is a 2D unit vector on the plane of the sky, m̂⇤

is its complex conjugate, and v is the baryon velocity on
the sky2.

As an example to gain more intuition, let m̂ = x̂ + iŷ
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We can find A(k) using the observed EE power spec-
trum and then use Equation 12 to find the density power
spectrum. Note that velocity overshoot may shift the
peak positions here, but will not change the overall shape
of the power spectrum. There is also a small e↵ect

3 There is an extra term related to fixing the basis for the E-B
decomposition. However, this should be ⇠ 1 under the small-
angle approximation.
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
cles) and z = 1100 (open-circles). The low-redshift power
spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.
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from the finite thickness of the last scattering surface
– this amplifies scales that are smaller than the thickness
of the surface. To account for this e↵ect, we multiply
Equation 16 by an exponential factor, exp[k/k

�⌧⇤ ], with
�⌧⇤ = 19 Mpc [37].

For the EE power spectrum, we use the Planck 2018
[35] and the Atacama Cosmology Telescope ACTPol Two
Season [38] angular power spectra. We add the data in
quadrature. The data is given as multipoles, CEE

l

, of
the 2D power spectrum. We must convert this to the 3D
power spectrum, P

EE

(k). We approximate l = k⌘⇤ � 1

2

,
where ⌘⇤ is the conformal distance to the last scattering
surface4[39]. Then, to order unity, the 3D power spec-
trum is [39, 40]:

P
EE

(k) ⇠ ⇡l2

k3
CEE

l=k⌘⇤� 1
2
. (17)

We bin the CEE

l

data into l-bins with width �l = 50 to
increase the signal-to-noise. We also only use l  2000,
due to the high noise in the data above this point.

In Figure 1, we show the baryon power spectrum at
z = 1100 and z = 0.38. As can be seen, the proper dark
matter theory must somehow explain how the z = 1100
spectrum smooths out and increases in power on small
scales. Note that the BAO ‘wiggles’ in the low-redshift
power spectrum look much weaker than those in the
CMB-derived spectrum. This is just due to the nor-
mal evolution of perturbations over time. Also note that
our peaks do not precisely line up with the CAMB5-
derived peaks at low-k. This occurs because we ignore
the cold dark matter driving-term in the continuity equa-
tion, which is more prominent at low-k (i.e. velocity
overshoot; cf. [21, 41, 42]).

We also indicate the acoustic scale by the dashed, black
line on all plots in this paper. We use the Ref. [10]
value for the sound horizon size at the drag epoch, r

d

=
147.09 Mpc and the comoving distance to this time, ⌘

?

,
to set l⇤ = ⇡⌘⇤/rs. Finally, we obtain the k value using
k⇤ = l⇤/⌘⇤ � 1

2

.

Constraining the form of linearly modified gravity
theories

We will now derive the transfer and Green’s functions
for the modified gravity theory. We only use the data

4 This does require setting a cosmology. We use the measured dis-
tance to the last scattering surface from Ref. [10]. Since we
require that the modified gravity must also fit the measured
distance-redshift relation, the distance from last scattering can-
not deviate too wildly from the Planck value. In principle, it
may be possible to set ⌘⇤ without setting a cosmology – instead,
we might be able to use the alignment of the peaks in each of
the power spectra.

5
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FIG. 2. Baryon transfer function from z = 1100 to z = 0.38.
The black line shows the transfer function computed by ap-
plying the analytical model for the EE power spectrum to
the Planck data and combining it with the large-scale struc-
ture data. The blue, dotted line shows the transfer function
computed assuming ⇤CDM. The di↵erence between the two
shows the limitations of the analytical approximation used to
derive the Green’s function. The gray region shows the 1-�
error from the data. Any alternative gravity theory must pre-
dict something close to this transfer function if it is to explain
how the fluctuations in the baryon density traced by the po-
larization signal at z ⇠ 1100 evolve to the galaxy density field
seen at low redshift.

from each survey where they both overlap in k. This
range, k ⇠ 0.01� 0.1Mpc�1, corresponds to small scales
(i.e. much smaller than the horizon) today and at recom-
bination.
The transfer function is shown in Figure 2. We also

include the CAMB-derived transfer function, which we
derive by taking the baryon power spectrum at the
same redshifts as our data and dividing them. The
transfer function makes the exact evolution of pertur-
bations needed apparent. Power should grow the most
on small scales and should oscillate to smooth out the
baryon acoustic oscillations. This aligns with the stan-
dard ⇤CDM picture.
We show the associated Green’s function, computed

using the hankel python package6, in Figure 3. Because
the transform includes an integral over all k-modes, the
exact form of the Green’s function depends on the be-
havior of the transfer function outside of our data range.
For the purposes of determining the Green’s function,
we need to extrapolate the high-k range as it deter-
mines the small-r behavior. We cannot directly probe

6

https://github.com/steven-murray/hankel
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FIG. 1. Baryon power spectra at z = 0.38 (filled-in cir-
cles) and z = 1100 (open-circles). The low-redshift power
spectrum is derived from Ref. [31]. The high-redshift power
spectrum is derived from Ref. [35]’s EE power spectrum using
Equations 12 & 16. As these equations make several simpli-
fying assumptions, the di↵erence between the circles and the
spectrum produced by a full treatment by the CAMB code
for each redshift (blue dotted line) provides an estimate of the
error in the approximation. The black, dashed line gives the
acoustic scale, as given by Ref. [10]. All high-redshift curves
are arbitrarily normalized.
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In other words, Q / r · v and U / r ⇥ v. Note that
the velocity due to density perturbations is irrotational,
which implies that U = 0. However, this is only for one
particular direction (along the ẑ-axis). In general, we
must consider all directions on the sky and there will be
both Q and U polarization.

Now consider the small-angle approximation. Here we
specify that all wavevectors, ~k, are close to our n̂. In
Fourier space, this gives the equation:
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the final, radial component of the velocity, vr.

Typically, polarization results are reported using E
and B-modes, which are just a rotation of the Q-U basis.
This basis is specifically chosen such that there are no
B-modes on small scales in the early Universe – instead
all of the polarization is given by E-modes. Thus, the
polarization power spectrum is just the E-mode power
spectrum3:
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The density can be related to the velocity via the continu-
ity equation. At small scales, we can ignore any changes
in the potential and simply treat the baryon-photon fluid
as a normal Newtonian fluid. Then the continuity equa-
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We can find A(k) using the observed EE power spec-
trum and then use Equation 12 to find the density power
spectrum. Note that velocity overshoot may shift the
peak positions here, but will not change the overall shape
of the power spectrum. There is also a small e↵ect

3 There is an extra term related to fixing the basis for the E-B
decomposition. However, this should be ⇠ 1 under the small-
angle approximation.
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enough, then the optical depth T{rj[nit) will be extremely large. Therefore, the first 
term on the right side of Eq. (8.45) vanishes. This corresponds to the fact that 
any initial anisotropy is completely erased by Compton scattering. By the same 
reasoning, we can set the lower limit on the integral to zero: any contribution to 
the integrand from r/ < rjinit is completely negligible. Thus, the solution for the 
perturbations is 

e{k,fi,r]o)= / dr/5(A:,/i,77)e^'^^(^-^°)-^^^^ (8.46) 
Jo 

Equation (8.46) looks simple, but of course all of the complication is hidden in 
the source function 5. Notice that S depends somewhat on the angle /i. If it did 
not depend on /i, we could immediately turn Eq. (8.46) into an equation for each 
of the ©/'s. For, we could multiply each side by the Legendre polynomial Vi{ii) and 
then integrate over all /x. By Eq. (4.99), the left side would give (—i)^9/ and the 
right would contain the integral 

/ 
' ^Vi{fi)e''^^^^-^o) ^ J_j^ [^(^ _ ^^)] (8.47) 
1 2 {~iy 

where ji is the spherical Bessel function. This approach looks so promising that we 
should pursue it to its end, again forgetting for the moment that S really does have 
some n dependence. The expression for 0/ would be 

rvo 
e/(fc,r;o) = (-1)^ / dr^S{k,r^)e-^^^^ji [k{r^ - r/o)]. (8.48) 

Jo 

What about the // dependence in 5? We can account for this by noting that S 
multiplies the exponential e^^^^'^~'^^^ in Eq. (8.46). Thus, everywhere we encounter 
a factor of // in 5 we can replace it with a time derivative: 

Let me demonstrate this explicitly with the —ikji^ term in S. The integral is 

r̂ o /-̂ o _ ^ r'no fno 
-ik / dr] ^^e^^^(^-^o)-^(^) = - / dry^e-^(^^-^e^^''(^-^°^ 

^0 Jo 

Jo ' 

dr] 

d 

dr] L 
^e-^(^) (8.50) 

where the last line follows by integration by parts. Note that the surface terms can 
be dropped: at ry = 0 they are damped by the e"^^^^ factor. The terms at r/ = r/o 
are not small, but they are irrelevant since they have no angular dependence. They 
alter the monopole, an alteration which we cannot detect. Thus, accounting for the 
integration by parts changes the substitution rule of Eq. (8.49) by a minus sign, 
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FIG. 1. Polarization power spectrum, as de6ned by Eq.
(3.9), normalized to the COBE-DMR measurement of the
quadrupole temperature anisotropy, for a cold dark matter
model with Ao ——1, h = 0.75, and Ag ——0.03.

FIG. 2. Polarization correlation function multipoles nor-
malized to COBE for a cold dark matter model with Oo ——1,
h = 0.75, and Og = 0.03.
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The result for the multipoles of the polarization corre-
lation function is plotted in Fig. 2. The main features
of this plot are easily understood &om the shape of the
power spectrum in Fig. l.
The results in Figs. 1 and 2 are comparable to the

numerical results obtained by Bond and Efstathiou in
Ref. [11],more specifically to their figures (4b) and (7a).
The qualitative structure of peaks is well reproduced.
Our quantitative results for the heights and locations

larization. Finally, the contribution to the polarization
by smaller scales decays due to Silk damping and due to
the cancellations produced by the finite width of the last
scattering surface.
We have also calculated the polarization correlation

function multipoles according to Eq. (3.6). Since the
largest contribution and the most interesting structure in
the polarization power spectrum occurs at intermediate
wavelengths, which correspond to L )) 1, we can approx-
imate c~+2, c~, and c~ 2 by unity, their large L limit. In
that case the combination of Bessel functions appearing
in Eq. (3.6) can be approximated by (& ) ji(kr) On.
the other hand due to the large value of r, this Bessel
functions wildly oscillate, and it is a good approximation
to replace them by their approximate average

of the Grst peaks are relatively good, but accurate only
up to 20—30%%uo. For instance, the first four peaks in our
Fig. 1 appear at k —24, 56, 100, 125 Gpc, respectively,
with heights W(k) = 0.1 x 10 ii, 0.6 x 10 ii, 1.35 x10,1.6 x 10,while in Fig. (4b) of Ref. [11]they ap-
pear at k = 16,50, 80, 100 Gpc with heights (after ad-
justment by a factor 15.4 to account for different conven-
tions and normalization [40]) W(k) = 0.1 x 10 ii, 0.6 x10,1.6 x 10,2.6 x 10 . The first four peaks in
our Fig. 2 appear at L —18P, 420, 710, 1000, respectively,
with L C~ —0.4 x 10,2.0 x 10 4.0 x 10 4.5 x
10 ii, while in Fig. (7a) of Ref. [11] they appear at
l = 130,320, 560, 800 with heights (after adjustment
by a factor 7.7 to account for different normalization)
L | = 0.3 x 10,1.5 x 10 4.9 x 10,6.2 x lp
The quantitative discrepancies in the location of the

peaks can be partially attributed to the simplifying ap-
proximation made in this section that the photon-baryon
sound speed was constant. This quantity varies by
around 15'%%up from the big bang to the time of decoupling.
Neglect of its time dependence induces an error in our
calculation of the phase of the oscillations and thus in
the location of the peaks. In addition, we cannot expect
a good quantitative agreement of the peak heights on
scales comparable to the horizon at the time of matter-
radiation equality due to our crude approximation for
the potential at these wavelenghths. We also cannot ex-
pect good quantitative agreement for small wavelengths
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